HOMOGENIZATION AND CORRECTOR RESULTS FOR A NONLINEAR REACTION-DIFFUSION EQUATION IN DOMAINS WITH SMALL HOLES

Joel Souza Airton Kist

Abstract

This paper is mainly devoted to the homogenization for a nonlinear reaction-diffusion equation with homogeneous Dirichlet boundary condition in a domain containing tiny holes periodically distributed in each direction of the axis. For holes within a critical size (for example, in the three dimensional case, the obstacles have a size of ε^3 and are located at the nodes of a regular mesh of size ε), the proofs are performed in the abstract framework introduced by D. Cioranescu and F. Murat for the study of homogenization of elliptic problems in domains with tiny holes. This is based on the use of suitable test functions adapted to the geometry of the problem.

1 Introduction

In this paper, we study the homogenization and corrector for a nonlinear reactiondiffusion equation with homogeneous Dirichlet boundary condition in a domain containing “tiny” holes periodically distributed in each direction of the axis.

Let Ω be a fixed bounded domain of R^N (N ≥ 2). Denote by Ω_ε the domain

obtained by removing from Ω a set S_ε = N(ε)⋃ i=1 S^i_ε of N(ε) tiny closed subsets of

Ω, namely, Ω_ε = Ω − N(ε)⋃ i=1 S^i_ε. Here, ε > 0 denotes a parameter which takes its

values in a sequence which tends to zero while N(ε) tends to infinity. Finally, let T > 0 be fixed. We consider the following nonlinear reaction-diffusion equation

u^′_ε − βΔu_ε + |u_ε|^ρu_ε + α^2u_ε = f_ε in Q_ε = Ω_ε × (0, T ), u_ε = 0 on Σ_ε = ∂Ω_ε × (0, T ), u_ε(x, 0) = u^0_ε(x) in Ω_ε,

(1.1) where β and ρ are positive constants and α ∈ R.

The study of this equation is motivated by the reaction-diffusion equation that appears in Brèzis [3], { u^′ − MΔu = f(u) in Ω × (0, T ) + Boundary conditions and initial data,

where u(x, t) is a vector with N components, M is a N × N diagonal square matrix and f : R^N → R^N is a nonlinear application.

We are considering a decoupled vector equation, thus, it suffices to study the equation with only one component, i.e., in the scalar form. Such reactiondiffusion equations model phenomena that appear in several fields of the science such that: chemistry, biology, neurofisilogy, epidemiology, combustion, genetics of population, etc.

The work that we develop here follows from [9] and is essentially based on [7]. The homogenization of the reaction-diffusion equation is also studied here by using some techniques established since 1977, by Luc Tartar (see [18]).

In the whole paper, the sets Ω_ε satisfy the conditions of the abstract framework introduced by Doina Cioranescu and François Murat [9] (see hypothesis (2.1)). The study of the homogenization of elliptic problems in perforated domains with “tiny” holes, with homogeneous Dirichlet boundary conditions.

The model case to our study is provided by a periodically perforated domain (with a period 2ε in the direction of each coordinative axis) with holes of size a_Si_ε , where a_Si_ε is asymptotically equal to the “critical size” a_ε. This critical size a_ε is given by

a_ε = { δ_ε exp(−C_0/ε^2) for N = 2, C_0ε^{N/(N−2)} for N ≥ 3,

(1.2)

where C_0 > 0 is fixed and ε^2 log δ_ε → 0, where ε → 0 (see [7], Section 2).

This condition is fundamental in the construction of the abstract framework of hypotheses about the holes. The proofs given in this paper are based on the existence of such an abstract framework of hypotheses.

We observe that the main difficulty of our work is that, due to the hypotheses about the data of the problem, we only obtain weak convergence of the term Δu_ε. This motivates us to use the abstract framework (2.1) about the holes.

Thus, it will be possible the passage to the limit in this term in the variational formulation. We still observe that for the treatment of this problem other techniques would be possible, such as compensated compactness or the Bloch- Waves Method (see [10]).

This paper is only concerned with homogeneous Dirichlet boundary data. We observe that the case of homogeneous Neumann boundary conditions gives completely different results, with “critical” size being a_ε = ε (c.f. [6], for the homogenization of this problem).

The present paper is organized as follows:

In §2, we recall the abstract framework of [9] on the geometry of the holes. We present the main result of this paper in §3, which gives us the convergence of the homogenization process of the nonlinear reaction-diffusion equation. Lower semicontinuity of the corresponding energy is also demonstrated. In §4, we still present the corrector result for the nonlinear reaction-diffusion equation in a perforated domain. At last, in §5, we present similar results in the case where the size of the holes is smaller than the critical one.

We have the following result.

Theorem 1.1 (Existence and uniqueness) Assume Ω_ε as above and that the functions f_ε and u^0_ε satisfy the following hypotheses { u^0_ε ∈ H^2_0 (Ω_ε), f^′_ε ∈ L^1(0, T ; L^2(Ω_ε)), f_ε(0) ∈ L^2(Ω_ε), ρ - any real number, when N = 2, and ρ ≤ 2 N − 2 , when N ≥ 3.

(1.3)

Then, there exists only one function u_ε : Q_ε → R such that

u_ε ∈ L^∞(0, T ; H^1_0 (Ω_ε)), (1.4)

u^′_ε ∈ L^2(0, T ; H^1_0 (Ω_ε)) ∩ L^∞(0, T ; L^2(Ω_ε)), (1.5) and u^′_ε − βΔu_ε + |u_ε|^ρu_ε + α^2u_ε = f_ε on Q_ε = Ω_ε × (0, T ), u_ε(x, 0) = u^0_ε(x) on Ω_ε, u_ε ∈ C^0([0, T ]; H^1_0 (Ω_ε)).

(1.6)

Proof. Standard (see, for example, [16], pg. 8). □

Remark 1.1 Applying the Faedo-Galerkin method, we obtain that the approximate solution u_{εm} satisfies

|u^′_{εm}|_L∞_{(0,T ;L}2_{(Ωε))} ≤ C, and ‖u^′_{εm}‖_L2_{(0,T ;H}1_{0 (Ωε))} ≤ C, (1.7) where C = C ( |f_ε(0)|_L2_{(Ωε)}, ‖u^0_ε‖_H2_{0 (Ωε)}, ‖f^′_ε‖_L1_{(0,T ;L}2_{(Ωε))} ) , is independent of m, for each ε > 0 fixed. Thus, from (1.3)_1, (1.7) and Lemma 1.1 of Temam [19], pg. 250, we obtain

‖u_{εm}‖_C0_{([0,T ];H}1_{0 (Ωε))} ≤ C, (1.8)

independent of m, for each ε > 0 fixed (see also [16], pg. 8).

2 Preliminary results

2.1 Geometric setting

Instead of making direct geometric assumptions on the holes S^i_ε, we adopt here the abstract framework introduced by D. Cioranescu and F. Murat (c.f.,[9]) where the assumption on the geometry of the holes is made by assuming the existence of a suitable family of test functions. Precisely we will assume that

there exists a sequence of functions (w_ε, μ_ε, γ_ε) such that (i) w_ε ∈ H^1(Ω) ∩ L^∞(Ω), ‖w_ε‖_L∞_{(Ω)} ≤ M_0,

where M_0 is a fixed positive constant. (ii) w_ε = 0 on S_ε, (iii) w_ε ⇀ 1, weakly in H^1(Ω), and a.e. in Ω, (iv) −Δw_ε = μ_ε − γ_ε, where μ_ε, γ_ε ∈ H^{−1}(Ω), μ_ε → μ, strongly in H^{−1}(Ω), and ⟨γ_ε, ν_ε⟩_Ω = 0, for any ν_ε ∈ H^1_0 (Ω), such that ν_ε = 0 on S_ε.

(2.1)

In (2.1) and henceforth, ⟨· , ·⟩_Ω denotes the duality pairing between H^{−1}(Ω) and H^1_0 (Ω), while ⟨· , ·⟩_{Ωε} will denote the duality pairing between H^{−1}(Ω_ε) and H^1_0 (Ω_ε).

Remark 2.1 Examples, where the hypothesis (2.1) is satisfied, are provided in [7], Section 2.1; [9], Example model 2.1; and [14], Chapter 1.

From the abstract framework of hypothesis (2.1) the following result can be proved

Lemma 2.1 If (2.1) holds true, the distribution μ ∈ H^{−1}(Ω), which appears in (iv), is given by

⟨μ, φ⟩_D′_{(Ω),D(Ω)} = lim_{ε→0} ∫ Ω φ|∇w_ε|^2dx, ∀ φ ∈ D(Ω). (2.2) Thus, μ is a positive Radon’s measure as well as an element of H^{−1}(Ω); moreover μ(Ω) is finite.

Proof. See [9], Chapter 1, and [15], Paragraph 2. □ We now present a result of 1950s, due to J. Deny and included in [4], that is fundamental for what we desire.

Theorem 2.1 Let Ω be an open set of R^N and μ a positive Radon’s measure such that μ ∈ H^{−1}(Ω). Let v ∈ H^1_0 (Ω), then one has that v ∈ L^1(Ω, dμ) and ⟨μ, v⟩_Ω = ∫ Ω vdμ. (2.3) □ This allows one to define, without ambiguity, the space

V = H^1_0 (Ω) ∩ L^2(Ω, dμ) (2.4) as a Hilbert space with the scalar product a(u, v) = ∫ Ω ∇u · ∇vdx + ∫ Ω uvdμ. (2.5)

Finally, for any v ∈ L^2(Ω_ε), we define ~v as the extension of v, which is zero outside Ω_ε, i.e., ~v(x) = { v(x) if x ∈ Ω_ε, 0 if x ∈ S_ε. (2.6)

Based on [9] and [15], we recall the following result about lower semicontinuity of the energy concerning the homogenization of elliptic problems.

Theorem 2.2 Assume that (2.1) holds true and consider a sequence z_ε such that

z_ε ∈ H^1_0 (Ω), z_ε = 0 on S_ε, z_ε ⇀ z, weakly in H^1_0 (Ω).

(2.7)

Then, z ∈ V, lim inf ε→0 ∫ Ω |∇z_ε|^2dx ≥ ∫ Ω |∇z|^2dx + ∫ Ω |z|^2dμ. (2.8) Moreover, when z_ε also satisfies ∫ Ω |∇z_ε|^2dx → ∫ Ω |∇z|^2dx + ∫ Ω |z|^2dμ, (2.9) one has { z_ε = w_εz + r_ε, r_ε → 0, strongly in W^{1,1}_0 (Ω).

(2.10)

Finally, if z belongs to H^1_0 (Ω) ∩ C^0(Ω), the convergence of r_ε in (2.10) takes place in the strong topology of H^1_0 (Ω). □ 2.2 Compactness results

Now, we recall some compactness results. When X and Y are two reflexive Banach spaces, and X ⊂ Y with compact and dense embedding, we have the following results:

Proposition 2.1 Assume that { v_ε ⇀ v, weakly in L^1(0, T ; X), v^′_ε ⇀ v^′, weakly in L^1(0, T ; Y ). (2.11)

Then, v_ε −→ v, strongly in C^0([0, T ]; Y ). (2.12)

Proposition 2.2 Assume that (2.1) holds true and consider a sequence of functions v_ε in L^∞(0, T ; H^1_0 (Ω_ε)) ∩ W^{1,∞}(0, T ; L^2(Ω_ε)) satisfying { ~v_ε ⇀^∗ v, weakly-star in L^∞(0, T ; H^1_0 (Ω)), ~v^′_ε ⇀∗ v^′ , weakly-star in L∞(0, T ; L2(Ω)). (2.13)

Then, ⟨θ, ~v_ε(·)⟩_Ω → ⟨θ, v(·)⟩_Ω, strongly in C^0([0, T ]), (2.14)

for any θ ∈ H^{−1}(Ω), and, on the other hand,

v ∈ L^∞(0, T ; V ) ∩ W^{1,∞}(0, T ; L^2(Ω)).

The proofs of these results are classical and can be found in [7] and [17].

3 The homogenization result

After we have obtained a solution of the nonlinear reaction-diffusion equation in the domain Ω_ε, for each ε > 0, fixed, we will obtain in this section a solution of this equation in the whole domain Ω. For this, we will make ε → 0. This is what we call the homogenization result, which is presented in the following Theorem.

Theorem 3.1 Assume that (2.1) holds true and consider a sequence of data which satisfy

~u0_ε ⇀ u0, weakly in H 1_0 (Ω), ~f_ε → f, strongly in L1(0, T ; L2(Ω)), with ~f^′_ε and ~f_ε(0) uniformly bounded, respectively, in L^1(0, T ; L^2(Ω)) and L^2(Ω).

(3.1)

Then, the sequence of solutions u_ε of (1.1) satisfies ~u_ε → u, strongly in C^0([0, T ]; L^2(Ω)), ~u_ε ⇀^∗ u, weakly-star in L^∞(0, T ; H^1_0 (Ω)), ~u^′_ε ⇀∗ u^′ , weakly-star in L∞(0, T ; L2(Ω)), ~u^′_ε ⇀ u^′ , weakly in L2(0, T ; H 1_0 (Ω)),

(3.2)

where u = u(x, t) is the unique solution of the homogenized nonlinear reactiondiffusion equation

u^′ − βΔu + βμu + |u|^ρu + α^2u = f in Q = Ω × (0, T ), u = 0 in Σ = ∂Ω × (0, T ), u(x, 0) = u^0(x) in Ω, u ∈ C^0([0, T ]; V ),

(3.3)

where V = H^1_0 (Ω)∩L^2(Ω, dμ) and μ is a Radon measure given by Lemma (2.1).

Remark 3.1 In view of definition (2.5) of the scalar product a(·, ·) in V , the variational formulation of the reaction-diffusion equation (3.3)_1 is d dt ∫ Ω u(x, t)v(x)dx + βa(u(t), v) + ∫ Ω |u(x, t)|^ρu(x, t)v(x)dx + α^2 ∫ Ω u(x, t)v(x)dx = ∫ Ω f(x, t)v(x)dx, in D^′(0, T ), ∀ v ∈ V u ∈ L^∞(0, T ; V ) ∩ W^{1,∞}(0, T ; L^2(Ω)).

Note that, according to Theorem 2.2, the function u^0 (which is the weak limit in H^1_0 (Ω) of functions ~u^0_ε vanishing on the holes S_ε) belongs to V , so there is no contradiction between the two assertions u(x, 0) = u^0 and u ∈ C^0([0, T ]; V ).

Proof. We proceed in four steps. First step - A priori estimates

From (1.7) and (1.8), making use of Banach-Steinhaus’ Theorem, it follows that there exists a subsequence, still denoted by the same symbol, such that ~u_ε ⇀^∗ u, weakly-star in L^∞(0, T ; H^1_0 (Ω)), ~u^′_ε ⇀∗ u^′ , weakly-star in L∞(0, T ; L2(Ω)), ~u^′_ε ⇀ u^′ , weakly in L2(0, T ; H 1_0 (Ω)).

(3.4)

Now, from (3.4) and Proposition 2.1, considering X = H^1_0 (Ω), and Y = L^2(Ω), we have

~u_ε → u, strongly in C^0([0, T ]; L^2(Ω)), (3.5)

and from Lions’ Lemma, making use of the limitation of | ~u_ε|^ρ~u_ε in L^2(Q), we have that

| ~u_ε|^ρ~u_ε ⇀ |u|^ρu, weakly in L^2(0, T ; L^2(Ω)). (3.6)

On the other hand, in view of Proposition 2.2, we have

u ∈ L^∞(0, T ; V ) ∩ W^{1,∞}(0, T ; L^2(Ω)) ∩ W^{1,2}(0, T ; H^1_0 (Ω)). (3.7) Second step - Passage to the limit in the equation (1.1)_1

Using the test function ψ(t)w_ε(x)φ(x), with ψ ∈ D(0, T ), φ ∈ D(Ω) and w_ε of the abstract framework (2.1), we obtain ⟨u^′_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} + ⟨−βΔu_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} + ⟨|u_ε|^ρu_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} +⟨α^2u_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} = ⟨f_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} , (3.8)

where ⟨· , ·⟩_{Qε} will henceforth denote the duality pairing L^1(0, T ; H^{−1}(Ω_ε)) and L^∞(0, T ; H^1_0 (Ω_ε)).

Integrating by parts the second term of (3.8), with respect to the variable x, we obtain ⟨−Δu_ε, ψw_εφ⟩_{Qε} = ∫ Q_ε ∇u_ε · ψ∇w_εφdxdt + ∫ Q_ε ∇u_ε · ψw_ε∇φdxdt. (3.9)

On the other hand, we also have ∫ Q_ε ∇u_ε · ψ∇w_εφdxdt = ⟨−Δw_ε, ψu_εφ⟩_{Qε} − ∫ Q_ε ∇w_ε · ψu_ε∇φdxdt. (3.10)

Thus, combining (3.8)-(3.10), we arrive at ⟨u^′_ε, ψw_εφ⟩_{Qε} + ⟨−βΔw_ε, ψu_εφ⟩_{Qε} − β ∫ Q_ε ∇w_ε · ψu_ε∇φdxdt +β ∫ Q_ε ∇u_ε · ψw_ε∇φdxdt + ⟨|u_ε|^ρu_ε, ψ(t)w_ε(x)φ(x)⟩_{Qε} +⟨α^2u_ε, ψw_εφ⟩_{Qε} = ⟨f_ε, ψw_εφ⟩_{Qε} . (3.11)

Next, we are going to analyze only the convergence of the 2^{nd}, 4^{th} and 5^{th} terms of the equation (3.11), since the convergence of the others terms don’t offer any difficulty.

2^{nd} term. Now, consider the function U_ε ∈ H^1_0 (Ω) defined by U_ε = ∫_T 0 ψ ~u_εdt. The convergence (3.4)_1 implies that the sequence U_ε satisfies

U_ε(x) ⇀ ∫_T 0 ψudt, weakly in H^1_0 (Ω) and strongly in L^2(Ω) U_ε(x) = 0, on T_ε.

(3.12)

In view of the hypothesis (2.1)(iv), −Δw_ε = μ_ε − γ_ε, and applying Fubini’s Theorem, we have: ⟨−Δw_ε, ψu_εφ⟩_{Qε} = ⟨(μ_ε − γ_ε), ψu_εφ⟩_{Qε} = ⟨(μ_ε − γ_ε), (∫_T 0 ψ ~u_εdt ) φ⟩_H−1_{(Ω),H}1_{0 (Ω)} = ⟨μ_ε, U_εφ⟩_H−1_{(Ω),H}1_{0 (Ω)}, (3.13) since ⟨γ_ε, U_εφ⟩_H−1_{(Ω),H}1_{0 (Ω)} = 0.

Thus, from (3.12) and hypothesis (2.1)(iv), we obtain the following convergence in (3.13) ⟨−Δw_ε, ψu_εφ⟩_{Qε} → ⟨μ, (∫_T 0 ψudt ) φ⟩_H−1_{(Ω),H}1_{0 (Ω)}. (3.14)

4^{th} term. Applying Fubini’s Theorem, we obtain ∫ Q_ε ∇u_ε · ψw_ε∇φdxdt = ∫ Ω w_ε∇φ · ∇ (∫_T 0 ψ ~u_εdt ) dx. (3.15)

From (3.12)_1, for a subsequence still denoted by the same symbol, we see that ∇ (∫_T 0 ψ ~u_εdt ) ⇀ ∇ (∫_T 0 ψudt ) , weakly in [L^2(Ω)]^N . (3.16)

But, from the hypothesis (2.1)(iii), and Relich-Kondrachoff’s Theorem, for a subsequence, still denoted by the same symbol, we have

w_ε → 1, strongly in L^2(Ω). (3.17)

Thus, from (3.16) and (3.17), we obtain the following convergence in (3.15) ∫ Q_ε ∇u_ε · ψw_ε∇φdxdt → ∫ Ω ∇φ · ∇ (∫_T 0 ψudt ) dx. (3.18)

5^{th} term. Analogously applying Fubini’s Theorem, we obtain ⟨|u_ε|^ρu_ε, ψw_εφ⟩_{Qε} = ∫ Ω w_εφ (∫_T 0 ψ| ~u_ε|^ρ ~u_εdt ) dx. (3.19)

From the convergence (3.6), for a subsequence still denoted by the same symbol, we see that ∫_T 0 ψ| ~u_ε|^ρ ~u_εdt ⇀ ∫_T 0 ψ|u|^ρudt, weakly in L^2(Ω). (3.20)

Thus, from (3.20) and (3.17), we obtain the following convergence in (3.19) ⟨|u_ε|^ρu_ε, ψw_εφ⟩_{Qε} → ∫ Ω φ (∫_T 0 ψ|u|^ρudt ) dx. (3.21)

It is now easy to pass to the limit in each term of (3.11). Using Fubini’s Theorem and Deny’s Theorems (see Theorem (2.1)), we obtain ⟨ ∫ Ω u^′ φ dx, ψ⟩_D′_{,D(0,T )} + ⟨β ∫ Ω uφ dμ, ψ⟩_D′_{,D(0,T )} +⟨β ∫ Ω ∇u · ∇φ dx, ψ⟩_D′_{,D(0,T )} + ⟨ ∫ |u|^ρuφ dx, ψ⟩_D′_{,D(0,T )} +⟨α^2 ∫ Ω uφ dx, ψ⟩_D′_{,D(0,T )} = ⟨ ∫ Ω fφ dx, ψ⟩_D′_{,D(0,T )}. (3.22)

Since ψ ∈ D(0, T ) is arbitrary, we have that ∫ Ω u^′ φ dx + β ∫ Ω uφ dμ + β ∫ Ω ∇u · ∇φ dx + ∫ Ω |u|^ρuφ dx +α^2 ∫ Ω uφ dx = ∫ Ω fφ dx, (3.23)

for any φ ∈ D(Ω).

In view of (3.7), and the density of D(Ω) in V (see [7], Appendix) we have that (3.23) allows one to extend to every function v ∈ V . Thus, we have proved (3.3)_1 in the weak sense.

Third step - Passing to the limit in the initial data

From Proposition 2.2 we deduce that ⟨φ, ~u_ε(·)⟩_H−1_{(Ω),H}1_{0 (Ω)} → ⟨φ, u(·)⟩_H−1_{(Ω),H}1_{0 (Ω)}, strongly in C^0([0.T ]), (3.24)

for any φ ∈ H^{−1}(Ω). Since ~u_ε(0) = ~u^0_ε tends to u^0, weakly in H^1_0 (Ω), from uniqueness of the limit, we obtain u(x, 0) = u^0.

Fourth step - End of the proof

In conclusion, we proved that, up to the extraction of a subsequence still denoted by {u_ε}, the subsequence {u_ε} satisfies (3.2), where the limit u ∈ L^∞(0, T ; V ) ∩ W^{1,∞}(0, T ; L^2(Ω)) ∩ W^{1,2}(0, T ; H^1_0 (Ω)) and satisfies (3.3)_1 − (3.3)_3 in the weak sense.

The uniqueness of the solution of (3.3) allows us to deduce that the whole sequence satisfies (3.3)_4. This completes the proof of Theorem 3.1. □ Now, we will make some observations.

Remark 3.2 We can rewrite the equation (1.1)_1 in the form

u^′_ε − βΔu_ε + α^2u_ε = g_ε, (3.25)

where g_ε = f_ε − |u_ε|^ρu_ε is bounded in L^∞(0, T ; L^2(Ω_ε)), since |u_ε|^ρu_ε is bounded in L^∞(0, T ; L^2(Ω_ε)) and f_ε is bounded in L^∞(0, T ; L^2(Ω_ε)) due to the assumption (3.1)_3.

We also have that g^′_ε = f^′_ε − (ρ + 1)|u_ε|^ρu^′_ε. Thus, from the Sobolev’s embedding, using that^2_q +^2_N = 1, by the Hölder’s inequality, we obtain ∫ Ω_ε ||u_ε|^ρu^′_ε|^2 dx = ∫ Ω_ε |u_ε|^{2ρ}|u^′_ε|^2dx ≤ (∫ Ω_ε |u_ε|^{ρN} dx ) 2_N (∫ Ω_ε |u^′_ε|^qdx ) 2_q < ∞, (3.26) because ρN ≤ q what implies H^1_0 (Ω_ε) → L^q(Ω_ε) → L^{ρN} (Ω_ε). So, from (3.26), (1.4) and (1.5), we conclude |u_ε|^ρu^′_ε ∈ L^2(0, T ; L^2(Ω_ε)). Therefore, g^′_ε ∈ L^1(0, T ; L^2(Ω_ε)).

In the same way, the homogenized equation takes the following form

u^′ − βΔu + βμu + α^2u = g, (3.27)

where g = f − |u|^ρu, with g ∈ L^1(0, T ; L^2(Ω)) and g^′ ∈ L^1(0, T ; L^2(Ω)).

4 Energy and corrector results

This section is dedicated to the establishment of the corrector result for the nonlinear reaction-diffusion equation, using the article of D. Cioranescu et al., [7]. An important result in this section is the strong convergence of the energy in C^0[0, T ]). However, before we state the strong convergence of the energy we establish the pointwise convergence in time and lower semi-continuity property of the energy.

Proposition 4.1 Assume that the hypotheses of Theorem 3.1 are satisfied. Then, for all fixed t ∈ [0, T ], we have

~u_ε(t) ⇀ u(t), weakly in H^1_0 (Ω), (4.1) ∫ Ω |u(x, t)|^2dx = lim_{ε→0} ∫ Ω_ε |u_ε(x, t)|^2dx, (4.2) ∫_t 0 ∫ Ω |∇u(x, s)|^2dxds + ∫_t 0 ∫ Ω |u(x, s)|^2dμ(x)ds ≤ lim inf_{ε→0} ∫_t 0 ∫ Ω_ε |∇u_ε(x, s)|^2dxds, (4.3)

E(t) ≤ lim inf_{ε→0} E_ε(t), (4.4)

where the energy E_ε(·), associated to the equation (3.25)), is defined by

E_ε(t) = 1 2 |u_ε(t)|^2_L2_{(Ωε)} + β ∫_t 0 |∇u_ε(s)|^2_{[L}2_{(Ωε)]}N ds + α^2 ∫_t 0 |u_ε(s)|^2_L2_{(Ωε)}ds,

and the energy E(·), associated to the equation (3.27)), is defined by E(t) = 1 2 |u(t)|^2_L2_{(Ω)} + β ∫_t 0 |∇u(s)|^2_{[L}2_{(Ω)]}N ds +β ∫_t 0 ‖u(s)‖^2_L2_{(Ω,dμ)}ds + α^2 ∫_t 0 |u(s)|^2_L2_{(Ω)}ds.

Proof. The convergence (4.1) has been proved in the third step of the proof of Theorem 3.1 (see (3.24)). Thus, since H^1_0 (Ω) is compactly embedded in L^2(Ω), we obtain (4.2). Now, in order to obtain (4.3), it is sufficient to apply Theorem 2.2, since ~u_ε(t), for any t ∈ [0, T ], satisfies the hypotheses of this theorem. Then, we integrate on (0, t), employing Fatou’s Lemma. From (4.2) and (4.3), we immediately obtain (4.4). □ Now, we state the following proposition about the strong convergence of the energy. For this, due to Remark 3.2, we have that { ~g_ε}_ε is uniformly bounded in L^∞(0, T ; L^2(Ω)).

Proposition 4.2 Assume that the hypotheses of Theorem 3.1 are satisfied, then

E_ε(t) → E(t), strongly in C^0([0, T ]). (4.5)

Proof. We have the following energy identities

E_ε(t) = E_ε(0) + ∫_t 0 ∫ Ω_ε g_ε(x, s)u_ε(x, s)dxds, (4.6)

E(t) = E(0) + ∫_t 0 ∫ Ω g(x, s)u(x, s)dxds, (4.7) with E_ε(0) = 1 2 |u^0_ε|^2_L2_{(Ωε)} and E(0) = 1 2 |u^0|^2_L2_{(Ω)}.

In view of (3.5) and from the fact that, in particular, ~g_ε ⇀ g, in L^1(0, T ; L^2(Ω)), we have ∫_t 0 ∫ Ω_ε g_ε(x, s)u_ε(x, s)dxds → ∫_t 0 ∫ Ω g(x, s)u(x, s)dxds, (4.8) for any t ∈ [0, T ]. On the other hand, (4.2) implies that

E_ε(0) → E(0) (4.9)

Therefore, E_ε(t) → E(t), for any t ∈ [0, T ], (4.10) which is a pointwise convergence in time.

In order to obtain the uniform convergence of the energy, we apply the Ascoli-Arzela’s Theorem. Thus, we need to show that the family of energies {E_ε(t)}_{ε>0} is equicontinuous. In fact, given any t ∈ [0, T ], and h > 0 small enough, we have |E_ε(t + h) − E_ε(t)| = | | | | ∫_{t+h} t ∫ Ω ~g_ε(x, s)~u_ε(x, s)dxds | | | | ≤ ‖~g_ε‖_L∞_{(0,T ;L}2_{(Ω))} ∫_{t+h} t ‖~u_ε(s)‖_L2_{(Ω)}ds. Since ~g_ε is bounded in L^∞(0, T ; L^2(Ω)) and since, in particular, ~u_ε converges strongly in L^1(0, T ; L^2(Ω)), this implies that

|E_ε(t + h) − E_ε(t)| → 0, as h → 0, (4.11)

uniformly on ε, which proves that the family of functions {E_ε(t)}_{ε>0} is equicontinuous.

Thus, from (4.10), (4.11) and Ascoli-Arzela’s Theorem, it follows the uniform convergence of the energy (4.5). □

Now we define, e_ε(v)(t) = 1 2 |v(t)|^2_L2_{(Ωε)} + β ∫_t 0 |∇v(s)|^2_{[L}2_{(Ωε)]}N ds + α^2 ∫_t 0 |v(s)|^2_L2_{(Ωε)}ds, (4.12) for v ∈ C^0([0, T ]; H^1_0 (Ω_ε)), and e(v)(t) = 1 2 |v(t)|^2_L2_{(Ω)} + β ∫_t 0 |∇v(s)|^2_{[L}2_{(Ω)]}N ds +β ∫_t 0 ⟨μv(s), v(s)⟩_Ωds + α^2 ∫_t 0 |v(s)|^2_L2_{(Ω)}ds,

(4.13)

for v ∈ C^0([0, T ]; V ).

From these definitions, we present the following result Proposition 4.3 Assume that the hypotheses of Proposition 4.2 are satisfied. Then,

e_ε(u_ε − w_εφ)(·) −→ e(u − φ)(·), strongly in C^0([0, T ]) (4.14) for every φ ∈ D(0, T ; D(Ω)). Proof. We have

e_ε(u_ε − w_εφ)(t) = e_ε(u_ε)(t) + e_ε(w_εφ)(t) − ∫ Ω ~u_ε(x, t)w_ε(x)φ(x, t)dx −2β ∫_t 0 ∫ Ω ∇~u_ε(x, s) · ∇(w_ε(x)φ(x, s))dxds −2α^2 ∫_t 0 ∫ Ω ~u_ε(x, s)w_ε(x)φ(x, s)dxds. (4.15) We will pass successively to the limit in each term on the right hand side of (4.15).

First term. Since e_ε(u_ε)(t) = E_ε(t), we have from Proposition 4.2 that e_ε(u_ε)(·) → e(u)(·), strongly in C^0([0, T ]). (4.16)

Second term. Differentiating in time, one shows that the function |w_εφ(·)|^2_{L2(Ωe)} is bounded in W^{1,∞}(0, T ) → C^0([0, T ]) with compact embedding, from Rellich- Kondrachov’s Theorem. Thus, using (2.1)(iii), we obtain

|w_εφ(·)|^2_L2_{(Ωe)} = |w_εφ(·)|^2_L2_{(Ω)} → |φ|^2_L2_{(Ω)}, strongly in C^0([0, T ]), (4.17) and also that ∫_t 0 |w_εφ(s)|^2_L2_{(Ωe)}ds → ∫_t 0 |φ(s)|^2_L2_{(Ω)}ds, strongly in C^0([0, T ]). (4.18) On the other hand, ∫_t 0 |∇(w_εφ(s))|^2_{[L}2_{(Ωε)]}N ds = ∫_t 0 |∇(w_εφ(s))|^2_{[L}2_{(Ω)]}N ds = − ∫_t 0 ⟨Δw_εφ(s), w_εφ(s)⟩_Ωds − 2 ∫_t 0 ∫ Ω ∇w_ε · ∇φ(s)w_εφ(s)dxds − ∫_t 0 ∫ Ω Δφ(s)|w_ε|^2φ(s)dxds Still, in view of (2.1)(iii) and (iv), we can pass to the limit in each term on the right hand side and observe that each term is bounded in W^{1,∞}(0, T ). As a result, we obtain ∫_t 0 ∫ Ω Δφ(s)|w_ε|^2φ(s)dxds → ∫_t 0 ∫ Ω Δφ(s)φ(s)dxds, strongly in C^0([0, T ]). (4.19) and 2 ∫_t 0 ∫ Ω ∇w_ε · ∇φ(s)w_εφ(s)dxds → 0, strongly in C^0([0, T ]). (4.20) Using (2.1)(iv), we have that ⟨−Δw_εφ(s), w_εφ(s)⟩_Ω = ⟨μ_ε, w_εφ^2(s)⟩_Ω → ⟨μ, φ^2(s)⟩_Ω, strongly in C^0([0, T ]). Therefore, ∫_t 0 ⟨Δw_εφ(s), w_εφ(s)⟩_Ωds → ∫_t 0 ⟨μ, φ^2(s)⟩_Ωds, strongly in C^0([0, T ]). (4.21) Now, combining (4.17)-(4.21), we obtain that e_ε(w_εφ(·)) → e(φ)(·), strongly in C^0([0, T ]). (4.22)

Third term. Since ~u_ε is bounded in W^{1,∞}(0, T ; L^2(Ω)) (see (3.2)), the function t → ∫ Ω ~u_ε(x, t)w_ε(x)φ(x, t)dx is bounded in W^{1,∞}(0, T ), thus relatively compact in C^0([0, T ]). This implies that ∫ Ω ~u_ε(x, t)w_ε(x)φ(x, t)dx → ∫ Ω u(x, t)φ(x, t)dx, strongly in C^0([0, T ]). (4.23)

Fourth term. We have ∫_t 0 ∫ Ω ∇~u_ε(x, s) · ∇(w_ε(x)φ(x, s))dxds = ∫_t 0 ⟨−Δw_ε(x)φ(x, s), ~u_ε(x, s)⟩_Ωds −2 ∫_t 0 ∫ Ω ~u_ε(x, s)∇w_ε(x) · ∇φ(x, s)dxds − ∫_t 0 ∫ Ω ~u_ε(x, s)w_ε(x)Δφ(x, s)dxds. (4.24) Now we consider the funtion t −→ −2 ∫_t 0 ∫ Ω ~u_ε(x, s)∇w_ε(x) · ∇φ(x, s)dxds − ∫_t 0 ∫ Ω ~u_ε(x, s)w_εΔφ(x, s)dxds. From (3.2), ~u_ε is bounded in W^{1,∞}(0, T ; L^2(Ω)). Thus, this family of functions is bounded in W^{1,∞}(0, T ) and therefore is relatively compact in C^0([0, T ]), due to the compact embedding of W^{1,∞}(0, T ) in C^0([0, T ]). This implies that −2 ∫_t 0 ∫ Ω ~u_ε(x, s)∇w_ε(x) · ∇φ(x, s)dxds − ∫_t 0 ∫ Ω ~u_ε(x, s)w_εΔφ(x, s)dxds −→ − ∫_t 0 ∫ Ω u(x, s)Δφ(x, s)dxds = ∫_t 0 ∫ Ω ∇u(x, s) · ∇φ(x, s)dxds, (4.25) strongly in C^0([0, T ]).

Consider now the remaining term ⟨−Δw_ε, ~u_ε(t)φ(t)⟩_Ω. We have from (2.1)(iv), that ⟨−Δw_ε, ~u_ε(t)φ(t)⟩_Ω = ⟨μ_ε, ~u_ε(t)φ(t)⟩_Ω, since ~u_εφ(t) = 0 on S_ε.

On the other hand, using the fact that W^{1,2}(0, T ) → C^0([0, T ]) with compact embedding, we have that

⟨−Δw_ε, ~u_ε(t)φ(t)⟩_Ω → ⟨μ, u(t)φ(t)⟩_Ω, strongly in C^0([0, T ]). (4.26) Therefore, ∫_t 0 ⟨−Δw_ε, ~u_ε(s)φ(s)⟩_Ωds → ∫_t 0 ⟨μφ(s), u(s)⟩_Ωds, strongly in C^0([0, T ]). (4.27)

Fifth term. Considering the last term in (4.15), from (4.23), it immediately follows that ∫_t 0 ∫ Ω ~u_ε(x, s)w_ε(x)φ(x, s)dxds → ∫_t 0 ∫ Ω u(x, s)φ(x, s)dxds, (4.28) strongly in C^0([0, T ]).

Furthermore, putting together, (4.15), (4.16), (4.22), (4.23),(4.25), (4.27) and (4.28), we obtain (4.14). The proof of Proposition 4.3 is now complete. □ We now present the corrector result.

Theorem 4.1 Assume that the hypotheses of Proposition 4.2 are satisfied. If u denotes the unique solution of the homogenized problem (3.3), then the sequence of solutions {u_ε}_{ε>0} of the problem (1.1) satisfies ~u_ε → u, in C^0([0, T ]; L^2(Ω)), (4.29) ~u_ε = w_εu + r_ε, with (4.30) r_ε → 0, strongly in L^2(0, T ; W^{1,1}_0 (Ω)). (4.31) Moreover, if u ∈ C^0([0, T ]; C^1(Ω)), then

r_ε → 0, strongly in L^2(0, T ; H^1_0 (Ω)) ∩ C^0([0, T ]; L^2(Ω)). (4.32) Proof. We now observe that due to (3.4) and the Proposition 2.1, we easily obtain that ~u_ε → u, strongly in C^0([0, T ]; L^2(Ω)), and therefore (4.29) is shown. From Theorem 3.1, we know that, in particular, u ∈ C^0([0, T ]; H^1_0 (Ω)). Then, let us consider a sequence φ_k in D(Q) such that φ_k → u, strongly in C^0([0, T ]; H^1_0 (Ω)), as k → ∞. (4.33) From Proposition 4.3 we have

lim sup ε→0 { ‖~u_ε − w_εφ_k‖^2_L∞_{(0,T ;L}2_{(Ω))} + 2β ∫_T 0 |∇(~u_ε(s) − w_εφ_k(s))|^2_L2_{(Ω)}ds +2α^2 ∫_T 0 |~u_ε(s) − w_εφ_k(s)|^2_L2_{(Ω)}ds } ≤ 3‖e(u − φ_k)‖_L∞_{(0,T )}, and thus,

lim_{k→∞} lim sup_{ε→0} { ‖~u_ε − w_εφ_k)‖^2_L∞_{(0,T ;L}2_{(Ω))} + 2β ∫_T 0 |∇(~u_ε(s) − w_εφ_k(s))|^2_L2_{(Ω)}ds

+2α^2 ∫_T 0 |~u_ε(s) − w_εφ_k(s)|^2_L2_{(Ω)}ds } = 0.

(4.34) On the other hand, we have ‖∇(~u_ε − w_εu)‖_L2_{(0,T ;L}1_{(Ω))}

≤ C‖∇(~u_ε − w_εφ_k)‖_L2_{(0,T ;L}2_{(Ω))} + ‖∇w_ε(φ_k − u)‖_L2_{(0,T ;L}1_{(Ω))}

+ ‖w_ε∇(φ_k − u)‖_L2_{(0,T ;L}1_{(Ω))}

≤ C‖∇(~u_ε − w_εφ_k)‖_L2_{(0,T ;L}2_{(Ω))} + C‖∇w_ε‖_{[L}2_{(Ω)]}N · ‖φ_k − u‖_C0_{([0,T ];L}2_{(Ω))} + C‖w_ε‖_L2_{(Ω)} · ‖φ_k − u‖_C0_{([0,T ];H}1_{0 (Ω)}. (4.35) By (2.1), (4.33), (4.34) and (4.35) we conclude that

∇r_ε = ∇(~u_ε − w_εu) → 0, strongly in L^2(0, T ; L^1(Ω)). Thus, (4.31) is proved.

Now, if u ∈ C^0([0, T ]; C^1(Ω)), then r_ε → 0, strongly in L^2(0, T ; H^1_0 (Ω)) In fact, is such case, an approximating sequence φ_k may be also chosen to satisfy the hypothesis φ_k → u, strongly in C^0([0, T ]; C^1(Ω)).

In this case, we can estimate ∇(~u_ε − w_εu) in L^2(0, T ; L^2(Ω)) and not only in L^2(0, T ; L^1(Ω)), as it was previously done in (4.35). In fact, we have ‖∇(w_ε(φ_k − u))‖_L2_{(0,T ;L}2_{(Ω))}

≤ ‖∇w_ε(φ_k − u)‖_L2_{(0,T ;L}2_{(Ω))} + ‖w_ε∇(φ_k − u)‖_L2_{(0,T ;L}2_{(Ω))}

≤ C‖∇w_ε‖_{[L}2_{(Ω)]}N · ‖φ_k − u‖_C0_{([0,T ];C}0_{(Ω))}

+ C‖w_ε‖_L2_{(Ω)} · ‖φ_k − u‖_C0_{([0,T ];C}1_{(Ω))}, which is sufficient to obtain the result (4.32) above.

We also observe that we can similarly show the following convergence r_ε → 0, strongly in C^0([0, T ]; L^2(Ω)). □

5 The case of holes smaller than the critical

In this section we will consider the particular case where the holes are smaller than the critical size. In this case, we assume that the function w_ε of the abstract framework (2.1) strongly converges in H^1(Ω), which implies that μ = 0. And thus, all the results of the Sections 3 and 4 hold true.

We assume that the holes S_ε are such that

there exists a sequence of test functions w_ε satisfying (i) w_ε ∈ H^1(Ω), ‖w_ε‖_L∞_{(Ω)} ≤ M_0, (ii) w_ε = 0 on S_ε, (iii) w_ε → 1, strongly in H^1(Ω).

(5.1)

Remark 5.1. The assumption (5.1) means that the size of the holes a_Si_ε is smaller than the critical one given by (1.2), i.e. that

ε^2 log a_Si_ε → −∞, if N = 2, ε^{N/(N−2)} a_Si_ε → +∞, if N ≥ 3. (5.2)

The main differences between the hypotheses in (2.1) and (5.1) is that, in (5.1)(iii), we assume the strong convergence of w_ε. In this case, (2.1)(iv) is obviously satisfied with γ_ε = 0, μ_ε = −Δw_ε and μ = 0.

Examples where the assumption (5.1) is satisfied can be found in [7]. Under the hypothesis (5.1), all the results of Sections 3 and 4 obviously hold true, but the strong convergence of the data now implies strong convergence of the solutions.

Theorem 5.1 Assume that (5.1) holds true and consider a sequence of data that satisfy (3.1). Then the sequence u_ε of solutions of (1.1) satisfies ~u_ε ⇀^∗ u, weakly-star in L^∞(0, T ; H^1_0 (Ω)), ~u′_ε ⇀^∗ u^′ , weakly-star in L^∞(0, T ; L^2(Ω)), ~u′_ε ⇀ u^′ , weakly in L^2(0, T ; H^1_0 (Ω)),

(5.3) and ~u_ε(t) ⇀ u(t), weakly in H^1_0 (Ω), for all t ∈ [0, T ], where the limit u is the unique solution of u^′ − βΔu + |u|^ρu + α^2u = f in Q = Ω × (0, T ), u = 0 on Σ = ∂Ω × (0, T ), u(x, 0) = u^0(x) in Ω, u ∈ C^0([0, T ]; H^1_0 (Ω)).

(5.4)

Moreover, { ~u_ε → u strongly in C^0([0, T ]; L^2(Ω)), ~u_ε → u strongly in L^2(0, T ; H^1_0 (Ω)). (5.5)

Proof. The first part of the theorem involves passing to the limit in (1.1)), which is a mere rewriting of Theorems 3.1 and 3.2.

To prove (5.5)_2 we proceed as in the proof of Theorem 4.1. Thus, let φ_k ∈ D(Q) be a sequence satisfying (4.33). We have

‖∇(~u_ε − u)‖_L2_{(0,T ;[L}2_{(Ω)]}N_) ≤ ‖∇(~u_ε − w_εφ_k)‖_L2_{(0,T ;L}2_{(Ω))}

+‖∇((1 − w_ε)φ_k)‖_L2_{(0,T ;L}2_{(Ω))} + ‖∇(φ_k − u)‖_L2_{(0,T ;L}2_{(Ω))}.

(5.6)

Arguing as in the proof of Theorem 4.1, and using the strong convergence of w_ε to 1, in H^1(Ω), in the second term on the right side of inequality (5.6), we obtain (5.5)_2. □ References

[1] Allaire, G., Homogénéisation des èquations de Navier-Stokes, Thèse, Universitè Paris VI, (1989).

[2] Brahim, S.-Otsmane; Francfort, G. A.; Murat, F., Correctors for the homogenization of the wave and heat equations, J. Math. Pures et Appl. 71:3 (1992), 197-231.

[3] Brézis, H., Análisis funcional, Teoría y aplicaciones, Alianza Editorial, S.A., Madrid, (1984).

[4] Brézis, H.; Browder, F.E., Some properties of higher order Sobolev spaces, J. Math. Pures et Appl. 61, (1982), 242-259.

[5] Cioranescu, D.; Donato, P., An introduction to homogenization, Oxford lecture series in mathematics and its applications; 17, Oxford University Press Inc, New York, (1999).

[6] Cioranescu, D.; Donato, P., Exact internal controllability in perforated domains, J. Math. Pures et Appl. 68, (1989), 185-213.

[7] Cioranescu, D.; Donato, P.; Murat, F.; Zuazua, E., Homogenization and correctors for the wave equation in domains with small holes, Ann. Scuola Norm. Sup. Pisa 18, (1991), 251-293.

[8] Cioranescu, D.; Donato, P.; Zuazua, E., Exact bondary controllability for the wave equation in domains with small holes, J. Math. Pures et Appl., 71, (1992), 343-377.

[9] Cioranescu, D.; Murat, F., Un terme étrange venu d’alleurs, Nonlinear Partial Differential Equations and Their Applications (H. Brézis and J. L. Lions, eds), Collège de France Seminar, vol. II e III, Research Notes in Mathematics, vol. 60 and 70, Pitman, (1982), 93-138 and 154-178.

[10] Conca, C.; Planchard, J.; Vanninathan, M., Fluids and periodic strutures, Research in Applied Mathematics, John Wiley & Sons, New York, (1995).

[11] Hrouslov, E.Ja., The method of orthogonal projections and the Dirichlet problem in domains with a fine-grained boundary, Math. USSR Sb., 17, (1972), 37-59.

[12] Hrouslov, E.Ja., The first boundary value problem in domains with a complicated boundary for higher order equations. Math. Sb., 32, (1977), 535- 549.

[13] Hrouslov, E.Ja.; Marcenko, V.A., Problèmes aux limites dans des domaines avec frontières finement granulées, (en russe). Naukova Dumka, Kiev, (1974).

[14] Kacimi, H., Homogénéisation de problèmes de Dirichlet avec des petitstrous, Thése de 3éme cycle, Université Paris VI, (1987).

[15] Kacimi, H.; Murat, F., Estimation de l’erreur dans des problémes de Dirichlet où apparaît un terme e’trange, Partial Differential Equations and the Calculus of Variations (F. Colombini, A. Marino, L. Modica and S. Spagnolo), vol.II, Essays in Honor of Ennio de Giorgi, Birkhäuser, Boston, (1989), 612-693.

[16] Lions, J.-L., Quelques méthodes de résolution des problèmes non linéaires, Dunod, Paris, (1969).

[17] Lions, J.-L.; Magenes, E.,Problèmes aux limites non homogènes et applications, Vol. 1, Dunod, Paris, (1968).

[18] Tartar, L., Cours Peccot au Collège de France mar (1977), partially written in: F. Murat, H-Convergence, Séminaire d’Analyse Fonctionelle et Numérique de l’Université d’Alger, duplicated, (1978), 34.

[19] Temam, R., Navier-Stokes equations, theory and numerical analysis, North-Holland, Amsterdam, (1984).

J. Souza A. Kist Departamento de Matemática Departamento de Matemática Univ. Federal de Santa Catarina Univ. Estadual de Ponta Grossa Caixa Postal 476 Uvaranas 88040-900 Florianópolis, Brasil 84030-000 Ponta Grossa, Brasil

jsouza@mtm.ufsc.br kist@uepg.br