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Abstract

We consider a family of potentials f, derived from the Hofbauer poten-
tials, on the symbolic space Q2 = {0,1}" and the shift mapping o acting
on it. A Ruelle operator framework is employed to show there is a phase
transition when the temperature varies in the following senses: the pres-
sure is not analytic, there are multiple eigenprobabilities for the dual of
the Ruelle operator, the DLR-Gibbs measure is not unique and finally the
Thermodynamic Limit is not unique. Additionally, we explicitly calculate
the critical points for these phase transitions. Some examples which are not
of Hofbauer type are also considered. The non-uniqueness of the Thermo-
dynamic Limit is proved by considering a version of a Renewal Equation.
We also show that the correlations decay polynomially and compute the
decay ratio.
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1 Introduction

In this work we are interested in the study of the phase transition phenomenon,
as temperature varies, for some systems defined on the one-dimensional lattice N.
Our study focus mainly on the models which are generalizations of the so called
Hofbauer models on © = {0, 1} (see [26] and [54]). The Hofbauer models, besides
being interesting mathematical objects, are also related to the B. Fedelhorf and
M. Fisher models (see [17] and [I§]) which appear in the Physics literature (see
also [56] and [57]). They are also studied in [36], [19], [27] and [34], and are
associated to a family of continuous potentials. They are also singled out for
being fixed points of a certain renormalization mapping (see [4], [9] and [10]).

The analysis of Phase Transitions in Thermodynamic Formalism is a problem
which can be understood in several different settings (see [35] [47] [40] [45] [38]
[37] [49] [13]). Loosely speaking, in most cases a phase transition is defined by
an abrupt qualitative change of the model in terms of some of its parameters
(in general, the inverse of the temperature) in a neighborhood of a special value,
called critical point or phase transition point.

We will present here several results on phase transitions for the one dimen-
sional lattice N. Concepts and results which are common in Statistical Mechan-
ics are explored here in the setting of Thermodynamic Formalism. We would
like to mention the very interesting work [48] where this unifying point of view
is explored and nice results are carefully presented. We refer the reader to the
references [41], [2] and [52] for basic results in Thermodynamic Formalism and
Ergodic Theory and [44], [32], [8], [50], [1], [15] and [24], [28] for basic results
in Statistical Mechanics. In the companion paper [12] the authors presented in
detail several concepts and results which are used here.

To give precise statements of the main results of this paper we introduce some
notations and definitions. We consider the Bernoulli space or sometimes called
symbolic space Q@ = {0,1} and the full left shift o : © — € acting on this
symbolic space.

The main focus in the paper are potentials defined on the set = {0, 1}
instead of the usual space Q = {0,1}%. This is the setting where one can apply
the Ruelle operator formalism (see [44]). The final result applies to Q = {0, 1}*
as we will describe in full detail in the last section. It is just a technical issue of
using coboundary functions to go from one setting to the other.

A potential is a continuous function f : {2 — R which describes the interaction
of spins in the lattice N . We denote by M, (o) the set of invariant probabilities
measures (over the Borel sigma algebra of ) under o.

Definition 1 (Pressure). For a continuous potential f : Q) — R the Pressure of
f s given by

P= {h(u) - fdu},
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where h(p) denotes the Shannon-Kolmogorov entropy of u (see [52] for defini-
tion,).

Definition 2 (Equilibrium State). A probability measure p € M (o) is called
an equilibrium state for f if

)+ [ Fau=P(p).

Remark. If f is continuous there always exists at least one equilibrium state
(see [53]). For any potential in the class W(X,T) or Bow(X,T') the equilibrium
state is unique (see [55]). When f is assumed to be only a continuous function
there are examples where we have more than one equilibrium state for f. The
existence of more than one equilibrium state is a possible meaning for phase
transition. An example is given in [26] and here we present some other examples.
As we mention before there are several definitions of phase transition. They
are not necessarily equivalents. On this paper we investigate five types of phase
transition (listed below) and exhibit a continuous potential f where these different
notions coincides on a single critical value 5. > 0.

1. The function p(5) = P(B f) is not analytic at 3 = .

2. There are more than one equilibrium state, that is, at least two probability
measures maximizing h(u) + 8. [, f dp.

3. The dual of Ruelle operator (to be defined later) has more than one eigen-
probability for 8.f

4. There exist more than one DLR (to be defined later) probabilities measures
for the potential S.f.

5. There is more than one Thermodynamic Limit (to be defined later).

We refer the reader to [I2] where the equivalences among the definitions 3,4
and 5 are proved for Bowen potentials. As far as we know there is no general
theory on Phase Transitions and examples are handled in a case by case basis.

Decay of correlation of exponential type (for a large class of observable func-
tions) occurs for the equilibrium probability of a Holder potential. By the other
hand, in some cases where there is phase transition (not Holder), for the equi-
librium probability (at the transition temperature) one gets polynomial decay of
correlation. We show in Section [9] that this is indeed the case for the example we
analyze in the paper. In the proof we use Renewal Theory.

There are interesting questions related to what happens near this critical point
and regarding the properties of the model at it. For example, the problem of
maximizing probabilities and selection or non-selection at zero temperature in



distinct models were analyzed in [5], [11], [51], [33], [22] [7] and [39]. In some
cases, there is more than one selected ground state. For the potentials considered
here (the Double Hofbauer potentials) we analyze questions about selection or
non-selection at a positive critical temperature for both symmetric and asym-
metric cases. The term “phase transition” shall hereby be solely employed when
the critical temperature is strictly positive.

Regarding to the first notion of phase transition given a continuous potential f
a natural question is whether the Pressure P(f f) is differentiable or even analytic
as a function of 3, the inverse temperature. In such generality this question is
very hard but if f is a Holder potential then the mapping § — P(Sf) is real
analytic function for any 8 > 0 (see [41] and [2]).

In the sequel we introduce the basic concepts we used in the phase transition
notions listed above.

Definition 3. Given a continuous function f : 0 — R, consider the Ruelle
operator (or transfer) Ly : C(2) — C(2) (for the potential f) defined in such
way that for any continuous function v : Q@ — R we have L;(¢) = ¢, where

plz) = LrW)x) = Y V().

yeQ;o(y)=x

Remark. When f is a Holder function then £; sends the space of Holder func-
tions to itself.

This operator (which is also called transfer operator) is a very helpful tool in
the analysis of equilibrium states in Thermodynamic Formalism. One important
issue is the existence or not of an strictly positive continuous eigenfunction for
such operator.

Definition 4. The dual operator L} acts on the space of probability measures. It
sends a probability measure p to a probability measure E}(u) = v defined in the
following way: the probability measure v is unique probability measure satisfying

[ vaci = [ war= [ £twn

for any continuous function 1.

Definition 5 (Gibbs Measures). Let f : Q@ — R be a continuous function. We
call a probability measure v a Gibbs probability for f if there exists a positive
A >0 such that L3(v) = Av. We denote the set of such probabilities by G*(f).



In general, for any continuous function f the set G*(f) # . We should remark
that a probability measures on G*(f) is not necessarily translation invariant, even
if f is Lipchitz or Holder.

For a Hoélder potential f there exist a value A > 0 (the spectral radius) which
is a common eigenvalue for both Ruelle operator and its dual (see [4I]). The
eigenprobability v associated to the maximal A is unique. This probability v
(which is unique) is a Gibbs state according to the above definition.

A natural question is: for a Holder continuous potential f is it possible to have
different eigenprobabilities vy, 5 € G*(f) for L%, associated to different eigenval-
ues A; and Ao? This is not possible due to properties of the involution kernel (see
[39]). These two eigenprobabilities would determine via the involution kernel two
positive eigenfunctions for another Ruelle operator L+, with the eigenvalues \;
and Ay (see [25]), where f* is the dual potential for f. This is not possible (see
for instance [41] or Proposition 1 in [39]). Anyway, eigendistributions for £ may
exist (see [25]).

This eigenvalue A is the spectral radius of the operator L;. If Li(p) = Ap
and L3(v) = Av, then up to normalization (to get a probability measure) the
probability measure = @ v is the equilibrium state for f.

Because of this last mentioned fact the Gibbs probability v helps to identify the
equilibrium probability p. If ¢ is constant equal to 1 then the Gibbs probability
measure is the equilibrium probability.

These are non trivial results and the detailed proofs can be found in [41].
Several properties of the equilibrium state p (mixing, exponential decay of cor-
relations, central limit theorem, etc...) are obtained using this formalism in the
Holder case (see [41]). The bottom line is: several nice properties of the Gibbs
state follow from the use of Ruelle operator properties. All these are extended to
the equilibrium state via this formalism.

Under the square summability of the variation for normalized potentials there
exist just one eigenprobability (see [40] and [29]) and therefore there is no phase
transition in this case in this sense.

When there exists a positive continuous eigenfunction for the Ruelle operator
(of a continuous potential f) it is unique (the proof in [41] works for a continuous
potential f). We remark that for a general continuous potential may not exist a
positive continuous eigenfunction. We present some examples here. On the other
hand, eigenprobabilities always exists for a continuous potential since the space
Q is compact (see Theorem . If for a continuous potential f there exists an
eigenfunction ¢ and an eigenprobability v, then y = ¢ v defines an equilibrium
state for f (see Section 2 in [41]).

For a Holder potential f we do not have phase transintion in any above de-
scribed notions. One heuristic reason is in the Holder case the influence over the
state in fixed site n in the lattice, by any other site decays exponentially fast with
respect to the distance between them.



We will consider in this paper some continuous potentials defined by P. Walters
in [54] on the Bernoulli space {0, 1}". The values of a potential f in this class are
defined just by the first strings of zeroes and ones. To be more precise consider
four sequence of real numbers a,, b,, ¢,, d,, and constants a, b, ¢, d. The potential
f in this class satisfies

f(0"1z) = a,, f(0°)=a, f(10"1z)=d,, f(10%)=d,
f(01"0z) =b,, [f(01°)=b, f(1"0z)=c,, [f(1%)=c¢,

and is assumed that a,, — a, b, — b, ¢, — ¢ and d,, — d.
The existence of positive continuous eigenfunction for f is guaranteed (see
Theorem 3.1 in [54]) as long as the following inequality is satisfied

62+ Acita

7]
bl bj+1 (1)
: : eJ max(a,c) ’

In this case (see Theorem 3.5 in [54]) the eigenvalue A for the Ruelle operator
satisfies:

1

e2max(a,c)

1< d1+§ dﬁl—
ejmax a,c)

j=1

az+ a1 ]

1:—

d1+§ 6]“ €b1+§ e]Jrl

There are continuous potentials f of the above form such that the condition
(1) is not satified. Such potentials provide examples where the potential f is
continuous but the Ruelle operator associated to it do not have positive contin-
uous eigenfunction. When the eigenfunction do exists an explict formula for it
is given in [54] (see page 1341). We point out that all of the above formulas are
analytical expressions and even in the case where the r.h.s of is equal to 1
an explicit eigenfunction which is not continuous can be obtained (because, for
instance is oo just in the points 0> and 1°° but finite elsewhere). This extended
sense of eigenfunction will be considered here in the critical point in some of
our examples.

(2)

a2+ +aJ+1]

02+ +Cj+1]

In [6] it is analyzed the zero temperature limit for such family of potentials.

We will define in the next section the double Hofbauer model which is obtained
from a certain potential g : {0, 1} = Q — R, depending of two fixed parameters
~ and 0.

The potential view of renormalization is presented in [4]. The double Hofbauer
potential is a fixed point for a renormalization operator. In this sense it is a
model of special interest. We will explain briefly this point.

We define H : Q = {0, 1} — Q by: for ¢; > 2

H((0,...,0,1,...,10,...,0,1,..)) = (0,...,0,1,...,10,...,0,1,...),
S—— N —— N

c1 c2 c3 2c1 c2 c3



o((1,...,1,0,...,01,...,1,1,...)) =(1,...,1,0,...,01,...,1,1,...).
—— ——— T/ —— —
c1 co c3 C1 Cc2 Cc3
We define the renormalization operator R in the following way: given the
potential V; : Q@ — R we get Vo = R(V;) where for = of the form (0,...,0 1...), or
——

Cc1

(1,..,11...), with ¢; > 2:
——

Va(x) = Vi(o((H(2)))) + Vi(H (),
and for x of the form (01...) or (10...) we set
Va(z) = Vi(z).

This defines V5, = R(V}).
It is easy to see that for v and ¢ fixed the corresponding double Hofbauer
potential g is fixed for R.

In [4] it is explained why this is the natural renormalization operator to be con-
sidered in the one-dimensional setting (which is inspired by the similar concept
in Statistical Mechanics). It is more common in dynamics to consider the renor-
malization of the transformation dynamics (the M. Feigenbaum point of view)
which is different from the reasoning described above.

2 The Double Hofbauer Model

Before present the model we need to introduce some notations. We define two
infinite collections of cylinder sets given by

L,=000..01 and R, =111...10, for alln > 1.
S—— S——

n n

Note that these cylinders are disjoint and U,>1(L, U R,,) = Q\ {0°,1°}. To
define the model we also need to fix two real numbers v > 1 and § > 1, satisfying
0 < ~. Using these parameters we can define a continuous potential g, 5 : Q@ — R,
which is simply denote by ¢, in the following way: for any z € 2

(—~log o, ifz € Ly, for some n > 2;
—dlog -*4, if z € R,, for some n > 2;
g(z) = —log((y), ifxe€ Ly
—log((0), ifx € Ry;
L0, if x € {1°°,0°},

7



where ((s) = »_,-, 1/n°. By using the canonical identification of a point of the
symbolic space Q2 with a point on the interval [0, 1] we can have a sketch of the
graph of the Double Hofbauer potential

0 i ; S

—— | —t——
. 0o o1 10 ST
: | . 3;““0%(%)
i_fﬂog(%) 5

' —log ((9)

E i —0log(2)
- —7log(2)

Figure 1: The Double Hofbauer potential represented on the interval [0, 1].

These potentials are particular cases of a more general class considered by
F.Hofbauer [26] and P. Walters [54]. They are not Holder pontetials and have
not summable variation (see [54] or [48]). In fact, following the notation of the
work [54] (page 1325) our potential are obtained by considering a, = —vlog %5,
a=0,c, =—0log-"7, ¢c=0,b, = —log((y), dy = —log((d), b = —log((v)
and d = —log ((9), n € N. For these choice of the sequences a,, b,, ¢,, d,, and the
constants a, b, ¢, d Walters proved in [54] that these potentials does not belongs
to W(X,T) neither Bow(X,T'). This fact follows from a simple application of
the Theorem 1.1 page 1326 in [54].

When 6 # 7 there is a competition of two regimes. This system has a much
more complex behaviour that the one presented in the Fisher-Fedelhorf model
described in [17].

When v = § we say that the potential g defined above is symmetric. To avoid
confusion we use the terminology Hofbauer model (indexed by ~ which differs
from the Double Hofbauer model which is indexed by + and ¢) for the family of
potentials considered in [36], [4] and [I9]. There are, of course, some similarities
between the two models.

For a while we will not assume that the potential is symmetric. When we need
such hypothesis we will make it clear.



3 Phase Transition I.
Non-differentiability of the Pressure

Note that the delta Dirac dyp~ and d1~ are both equilibrium states for g. On
page 1341 in [54] it is presented the explicit expression for the eigenfunction g
associated to the eigenvalue A(3) for the Ruelle operator of the potential fg.

One important issue is to show that the pressure p(3) of the potential 3 g is
equal to log (), where A(/3) is the main eigenvalue of Ruelle operator for f g.
This is the claim of Theorem [I10] As we will see the Theorem [I(] says that

sup {h(u)+5 /Q gdu} — P(B9) = p(8) = log \(8),

HEM (o)

where A(f) is the maximal eigenvalue of Lz,. Moreover we can show that

P(1g) =0 (see Theorems [12] and [13) and P(8g) > 0 for 8 < 1.

Remark. The function 8 — P(f g) is non-increasing and therefore for § > 1 we
have that P(8g) < 0. Since h(u) + 3 [, gdp = 0 for 1 = dgeo and p = 10 we
have that P(5g) =0 for g > 1.

We are interested in to determine equilibrium states pg for the family of po-
tentials g, when § approaches 1 from below. If 0 < f < 1 we have that
p(B) = P(Bg) > 0, because this function is monotone increasing and P(g) = 0
(see Theorem . These observations give rise to natural questions as: is there
a selection in the limit when 8 — 1 7 In other words, does pg converges to dpe
or to 0« when S — 17 In the negative case is still the weak limit of ;15 a convex
combination of these two probability measures ? In what follows we show some
computations that will help to answer these questions.

Using the general result described by Corollary 3.5 in [54] in our particular
case we have that the eigenvalue A(8) = exp(P(f8g)) = exp(p(5)) satisfies the
following identity

o0 n—’Yﬂ o0 n—fsﬁ
Z?’Lzl A(B)™ Zn:l A(B)™
¢(7)? ¢(6)7

1=

(3)

For different values of the parameter ~ the above family provides examples
where we have phase transition of type 1 and 2 as defined on the page [3] In all
these examples the critical inverse temperature (. can be explicitly obtained and
its value is 8. = 1. To be more precise if 2 > v > ¢ > 1 there exists just two
ergodic equilibrium probabilities at § = 1: the Dirac measure concentrated on 0>
and the Dirac measure concentrated on 1°°. In the case 7, > 2 there exists three
ergodic equilibrium probabilities at = 1: the Dirac measure concentrated on
0%, the Dirac measure concentrated on 1°° and a probability measure p; which
gives positive probability to open sets (which is described latter).

9



Question: Since 8 = 1 is a critical temperature for the Double Hofbauer model
it is interesting to know what is the asymptotic behavior of p(5) = P(f g) when
B — 1 with g < 1. Of course, the other lateral limit is trivial because pressure
vanish for § > 1.

Let p1(6) = log(A1(B)) denote the pressure for the Hofbauer model associated to
v > 1 and py(5) = log(A2(8)) be the pressure for the Hofbauer model associated
to d > 1 according to [36]. If 7,9 > 1 the asymptotics expansions of p; (/) and
pa2(3), when 5 — 1 from below, were determined in [36] (Theorem A) and for the
reader’s convenience we give the statement of the theorem below:

Theorem 6. For the Hofbauer model with parameter v we have:
a) () =308, s for B <1, for any y > 1,
b) If 1 <~ <2, then, when <1,  — 1, we get that

pi(B) = (C(V) 10_g1§((1v)_—7)7 C/(7)> o (1-— ﬁ)ﬁ + high order terms,

c) If 2 <~ < 3, then, when 5 <1,  — 1, there is constant A so that

C(v) log¢(y) —v¢'(7)
¢ (y—1)

In this case the entropy of the probability measure p (the equilibrium state
for the Hofbauer model) is

C(v) log ¢(y) —v¢'(7)
¢y —1) '

(1=08)+A1 =)' (1+0(1)).

Pl(ﬁ) =

The case v > 3 can be also analyzed but the formulas are more complez.
d) when f— 1,3 <m <~y <m-+1, we get the expansion
pi(B) = A (1=B)+A:(1-B)*+ -+ A1 (1-B)" "+ (C+o(1))(1—6)"".
for some constants Ay, As, ..., Ap,_1 and C.
Remark. Obviously, ps(3) has similar properties.

Theorem 7. If 1 < § < v < 2, then, p'(B) = %log)\(ﬂ) — 0, when 8 — 1,
B < 1. In the case v > 6 > 2, we have

Jim p(B) = % (ﬁlij{l_ pi(B) + Jim pz(ﬂ)) :

Since p(B) = 0 for > 1 there is a lack of analyticity of the pressure p(B) at
B=1.

10



Proof. 1t is known from [36] that

n 6 o noYB8

=M = Ty W
and
A+ e Y e
| = a(B)! Z<(52>22 Bt _ 2. C(lé;;(ﬁ) . (5)
If we assume that
: A(B) : A(B)
hr;f}lp ™) > 1 and hIglj}lp ) > 1, (6)

then by and , respectively, we have that

Zoo n—"YB8 oo np—B
lim sup :—’\()n < 1. and lim sup L)‘éﬁ)n < 1.
B—1 Cly B—1 ()

But this would contradict the equation (3). Therefore, it is not possible that
both inequalities in @ holds.

The functions p; () and py(f5) are convex, monotonous decreasing and differ-
entiable in 3, for 7,6 > 1 and ¢ < 1. It is also known that for 1 < d < v < 2, it
is true that p{(8) — 0 and p,(5) — 0, when § — 1, § < 1.

From Theorem @ item b) and the L’Hospital Rule follows that the limit

M) atsiglg(l-8) §-1
B1- Xo(B) 515?— ¢ + 525 log(1 — f) oy -1 <1 (")

Therefore, for 3 close to 1 we have that

A2(B) > Ai(B). (8)

Since A\(3), A1(B), and () are all convex as functions of /3 it is not possible that
A(B) < Ai(B), for B < 1 close to 1 (otherwise would contradict (3]) ). Therefore,
we get that A\y(5) > A(B) > A(B). It follows from Abel’s Theorem that

n—8 n ‘Sﬁ
e2p(8) - )\(ﬁ)2 I+ Zn 2 X8 ZL o1+ Zn 2 A(B)"1 1 (9)
@ en® ~ MB) M) 1+ Yo, )”fl 1+, A;gmﬁ P

when, § — 17, where p(8) = P(8 g) = P(B gxs)-
Since A;(f) > 1 it is not possible that A(8) > Ao (8) > A1 (B). Indeed, if it was
true then the two quotients on the right side of @ would be smaller than one and

11



this is a contradiction. For similar reason we can not have Ao(5) > A (8) > A(B).
Therefore, we get that Ao(5) > A(B) > Ai(B). From these observations follows
that p/(8) — 0, when § — 1, § < 1. Note that when 5 — 1 from below the right
hand side of @ goes to 1. Therefore,

i p(5) = 3 i () + Jim ().

The above equality shows the existence of phase transition, in the case v,6 > 2,
in the sense of lack of differentiability of the pressure. m

Theorem 8. Consider the Double Hofbauer model. If 2 < 6 < v < 3, then,

lim p(8) = ! (513{1 pi(B) + ﬂliﬁr{lf pg(ﬁ)) .

B—1- 2
Moreover,
. 1 (¢(v) log¢(v) =7 (v) | ¢(6) log¢(d) —d¢'(7)
am o) = 5 (e ) 1o

Since p(B) = 0 for B > 1 there is a lack of differentiability of the pressure at
g =1.

Proof. The proof is analogous to the previous one, but here we have to use[9] and
item c) of Theorem [f] and also to note that the function

C(7) log¢(y) —v¢'(7)

0
¢ (y—1) =

v

is monotonous decreasing for v > 2. [

4 The Main Eigenfunction

The eigenfunction of the Ruelle operator (when it exists) help us to understand
important properties of the equilibrium state of a given potential. Continuous
eigenfunctions of the Double Hofbauer model do exists for any 0 < 5 < 1,7 > 1
and 6 > 1. Indeed, given real number a > 0 let b(/3) be defined such that

e — 8
b(B) = (1 2 A‘g B)jl) ¢~

A(B)

12



Note that when f — 1 we have that b(8) — a. From the general result
described in [54] applied to our particular case we get that the eigenfunction ¢g,
for § <1 and n > 1 is given by

0s(0"...) = a (1 NPT Z Y +n_1 ) , (11)

05(190...) = b(B) <1+ 552 ”+q_1 ) (12)

s(0®)=a and  ¢p(1%) = b(B).

We remark that all the above series are absolutely convergent because A\(8) > 1
and from the definitions of (/) and b(53) follows that ¢3(10...) = a (A(5)—1){(9).

For 5 = 1 all the above is fine, up to ¢1(0>°) = 0o and ¢;(1°°) = co. In this case
1 is positive but it has infinite values just in these two points. Straightforward
calculations shown that

n n

1) ~ 1"0..) ~ )
p1(0"1..) — and  ¢1(170..) ~ =

(13)

From where it follows that ¢;(0°) = oo and ¢1(1*°) = co. We point out that
this will not be a big problem.

Note that if v > ¢, then {(7) < ((9), and pg(1°) = b(8) = w1(1°) = ¥1(0™),
when § — 17. In the symmetric case when 1 < v = § < 2 it follows from
Theorem 1 page 141 in [36] that

P(Bg) ~c(l— 5)ﬁ + high order terms, when g — 17.

In the non symmetric case it is not clear how to obtain the asymptotic expansion
of P(f3 g) near the critical point.

We also observe that for § = 1 the pressure vanish and £,(¢1) = 1, therefore
for any x € (2 we have that

Z eg 901('%)7

(y)=z

even for x = 0 and x = 1°°, because both sides of the above equality are equal
to +00. By extending the equality below in the obvious way we obtain for all

r €
Z eIy FHloger(y)—logei(o(y)) — 1

o(y)==

13



The function J = J, defined by logJ = g + log 1 — log(y1 0 o) is called the
Jacobian associated to g. Using the above observations we can define an operator
G which sends any continuous function 1 to G(¢)) = ¢, where ¢ is a function
defined on 2\ {0>°,1°} by

o(x) =GW)(x) = Y Jyy)v(y).

o(y)==

Since G(1) = 1 the dual operator G* acts on the space of probabilities measures
mapping a probability measure p on a probability measure G*(p) = v so that for
any continuous function 1 the following equality holds

/Q $dG* () = /Q v = /Q Gw)dp.

When 7, d > 2, there exists a probability p; (positive in open sets) which is fixed
by G*. We can show that in this case this probability measure p; is an equilibrium
state for the potential g (see [26], [36] and [19]). More detailed description of the
probability measure p; is given in the next section.

5 The Eigenprobability

By using the Caratheodory Extension Theorem we can define a finite measure 1
on the Borelians of €2 such that for any natural number ¢ > 1, we have

v (W) =q 7 and vy (1To) =q°. (14)

We chose below the values of v1(0) and v;(1) so that the measure v; satisfies
E;(ul) = 1. Note that this fixed point equation is equivalent to say that for any
function of the form g7 we have

q'V:/IOqldVl:/,Cg(qul)dyl,
Q Q

and, moreover for any function of the form /55 we have

qéz/fmdm:/ﬁg(lm)dyl.
Q Q

Let us compute the last integral above. First by the definition of the Ruelle
Operator we have

Ly(Igar)(z) = 69(0x)[m(0$) + eg(lx)fm(la:) = eg(ox)[m(():v).
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The last expression is nonzero if and only if € L,_;. Therefore,
q_’y
/ﬁg(forn)dVl = / 0 gy (0x)din (2) = ———=(¢— 1) =¢7".
0 0 (¢g—1)

Analogously we can compute the integral of I7z5. For the probability measure 14
to be a eigenprobability for g it must also satisfy

v1(0) :/Qlodz/l :/ch(fo)dul.

By using again the definition of the Ruelle Operator we have
Ly(I3)(x) = 9 [5(02) + 91 [5(12) = €90 I5(0x).

The point  must be in the cylinder 1 or, in the cylinder 0, which means in some
of the sets L,,, n > 1. Then,

11 (0) = /leg(ox)IO(Ox)dyl(x) + Z/ 902 I5(0z)dvy ().

Therefore, it follows from the definitions of g and the Lebesgue integral that

-

(7) "' (1) + 277w, (01) + 3—1/1(001) ...

v1(0) = 29—

I

In the same way we obtain v (1) = () 'v1(0) + ¢(d) — 1. Solving the system we
get that
¢ =<+ <) — 1

O == e

and
C(6) ¢y = CO) T +¢(9) — 1
1—=¢(6)~"¢(n! '

This measure v; is not necessarily a probability measure. Since it is a finite
measure all we have to do is multiplying it by a suitable constant in order to
get an eigenprobability. From now on, we will assume that v; is a probability
measure. If 7 > § then some tedious manipulation yields that v;(1) > v4(0).
This means that the eigenprobability v; gives more mass for regions where the
potential is less flat.

Piecing together all the observations on this section we have proved the follow-
ing proposition.

v (1) =
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Proposition 9. The above defined probability v, satisfies L7 (v1) = vy,

Now we need the following result:

Proposition 10. Suppose g : Q& — R is the continuous function we consider
above. For any B > 0 there exists a eigenprobability vs and eigenvalue A(B) such
that L ,vsg = N(B) vg. Moreover, A(8) = A(8) = logp(B), for all 0 < B < 1.

Proof. Since the potential 5 ¢ is continuous we can define a transformation 7 in
the space of probabilities measures over € such that 7 (u) = p, where for any
continuous function f we have

Eﬁg(f)dﬂ

/Qde(u)/Qfde-

By the Thichonov-Schauder Theorem there exists a fixed point vz for such
T and we have A(B) = [, Ls4(1)dvs. Finally, by using the same reasoning of
Section 2 in [41] we get that A(3) = A(B).

It remains to prove that A(f3), the eigenvalue of the dual operator, satisfies
log p(8) = A(fB). The proof is similar to the one given in [41] to the Proposition
3.4. In [41] the potential is Lipchitz but the same approach can be adopted to
the potential we are considering here. ]

6 Phase Transition II.
Non-Uniqueness of the Equilibrium State

In this section we show the existence of at least two equilibrium probability states
for the potential g at § = 1. Keeping the notation of the previous section, for
n > 1, B > 1, consider the finite measure pg such that

pa(Ln) = vi(Ln) pp(0"1...),  ps(Rn) = va(Ra) pp(1"0. . )

1s(0) =3, pnp(Ly) and pg(1) = Y, pp(Ry,). This defines the probability mea-
sure pg in a unique way. For instance, (not normalizing) we have u;(01) =
©1(01...)11(01) = ¢(7), and u1(001) = (001 .. .)r1(001) = 1(001...)277. The
bottom line is

i (091]) ~ ¢ and jua([170)) ~ g, (15)

Proposition 11. The above defined probability ps is invariant for o.
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Proof. Given a continuous f we have that

1
/QfOUdMﬁ:/Q<fOU)SOBdVﬁ:/QWﬁﬁg[(f00)¢ﬁ]dyﬁ-

by using the fact that for any x € Q we have Lg,[ (foo) ps|(z) = f(z)Lse[vs](2),
follows that the r.h.s. above is equal to

1 1
/meﬁﬁg(wﬁ)dVﬁZ/Q mfA(ﬁ)s%d%:/Qfd/w- U

For v,0 > 2, the probability u; is also invariant because is the weak limit of
invariant probabilities. Remember that when ~,0 < 2 such invariant probility
measures do not exist (the natural candidates would be invariant measure which
maximize pressure and are different from the Delta Diracs).

For § = 1 we have a small problem: the eigenfunction have the following
asymptotic behavior ¢1(0"1..) ~ n/(y — 1) and ¢1(1"0..) ~ n/(6 — 1) (compare
with expressions (4) and (8) pages 1077 and 1078 in [19]). To get a probability
measure using the above procedure, we have to assume that v,6 > 2. In the
cases 1 <y < 2or1l<d <2 the above method breaks down and we do not get
a probability measure at § = 1, just a o-finite measure. By assuming v, > 2
we have that p; is an equilibrium probability (which gives positive mass to open
sets at = 1) and the entropy of p; is positive. The lower semicontinuity of the
entropy (and the fact that p(5) — 0) implies that any weak limit v of ug, when
B — 1, is an equilibrium probability for g. Therefore, for v, > 2 we have that
(1 is an invariant and equilibrium probability for g.

An interesting question is: in the case 2 >~ > ¢ > 1 what happens with the
equilibrium probability p1, when 8 — 1. We claim that ps selects d1. Indeed,
any probability v which is not dge or i is such that [,gdv < 0. Now, we
consider for large and fixed n and § ~ 1 the quotient

E

pp(T0) _n”°

n
W;(O”l) n—"

(=2}
—

— OQ.

E

[y

2

The above asymptotic expansion means that measure gives much more mass to
the sets closest to the point 1°° than those close to the point 0°°. This shows our
claim.

The measure pup is a probability measure only if §,7 > 2. In this case by
using continuity arguments we can prove that pg converges to p;, when g — 1.
Therefore, p; is selected. It is interesting to remark that the mass of py(1) is
greater than the mass p;(0) using similar arguments we mentioned above. This
describes the influence of the flatness in the phase transition point.
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The Theorem [7| looks more natural taken in account the above analysis: for
1 < § <7 < 2 the left derivative of pressure at 5 = 1 is zero (the only selected
equilibrium state is d1~). On the other hand, for v = § > 2 we have that the
left derivative of pressure at § = 1 is non-zero (see Theorem 1 page 141 in [30]
for Hofbauer model where the lack of differentiability is obtained when we vary
the parameter v ). In this case we also have that the correlations with respect to
w1 of some cylinder functions decays polynomially fast (see for instance [36] and
Theorem 2.8 in [19] for the Hofbauer model). The decay ratio is also explicitly
determined as a function of ~.

Proposition 12. If v,6 > 2, then the above defined probability measure g,
0 < B <1 s a fized point for Gj, where for any ¢

Go(W)(x) = D Jaey) v(y),
o(y)=x

and log Jg g = B g +logws — (pgoo) —log \(B). This meaning that G5(1p) = pis.
Moreover, log(A(B)) = P(Bg) = p(B) is monotonous decreasing.

Proof. The proof follows from the fact that if v is such that £ (v5) = A(B)vs,

then the o-invariant probability s = @ v is fixed for L 11000 106(s500) —1og A(8)-

Indeed, given f : 2 — R we have

/Qgﬂ(f)d:uﬁ:/QL,Bg-‘rlog«pﬁ—(cpgoa)—log/\(ﬁ) (f) ¢pdvs

S I Y
_/QA(B) Lsg (fes) gpﬁdVﬁ /Qfs%dﬂ /Qfduﬁ-

Note that log Jg 4, = B9 + logys — (pgo o) —log A(B) is normalized, that is,
L34+ 1og0s — (psor)-log A3) (1) = 1, so we just shown that

ﬁgg-l—logzpﬁ — (ppoa)—log A(B) (Mﬁ) = Hg.

The Theorem 3.4 in [41] can be used under our hypothesis. In particular, we
concluded that the Pressure of Bg is equal to log A(f8) (that is, log of the main
eigenvalue). Since the supremum in the pressure definition is taken over all the
shift invariant probability measures it follows that

0> P(Bg + logws — (pgoa)—logA(B))
— P(3g —log A(9))
- {hm + [189 - 10g05) du}

= P(Bg) —log(\(B)).
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On the other hand, when i = dge € M;(0) we have that h(u) + 3 [, gdp=0
and therefore P(f g) = log(A(/)). This argument shown that there exists at least
two equilibrium states at the critical point 5, = 1.

The last statement follows from the nonpositivity of the potential g which
implies that the derivative p’(f) is nonpositive for 5 < 1. ]

As a consequence of this proposition we have the following corollary.

Corollary 13. The pressure of the potential g vanish, that is, P(g) = 0. More-
over, there are at least three equilibrium probabilities at the phase transition point
B=1 ford,v>2.

Proof. Note that the potential g + logy; — log(¢1 © o) is normalized, that is
L g110g o1 —log(100) (1) = 1. Moreover, ﬁEQ(M) = v1. If we consider pu; = 114,
then using the same reasoning of last proposition we get that

*nglog p1—log(pi00) (:ul) = M1.

Although ¢1(0°°) and ¢ (0%°) are not defined the above argument can be applied
because v; and p; has no atoms. By invoking the Theorem 3.4 of [41] again it
follows that P(g) < 0. Indeed, for y = dp, we have that h(p) + [, gdp = 0 and
therefore P(g) = 0. We also have that in any case dp and d;~ are equilibrium
states. [l

Remark 14. Among the equilibrium probabilities obtained above one of them
assign positive values to cylinders sets which is the one we got from the Ruelle
Operator. Therefore, there are at least three ergodic equilibrium states; of course,
convexr combinations of them are also equilibrium states. In this case, as we
mention before (by continuity arguments) we have that ug converges to py, when
B — 1. In this case there is selection of the limit probability in the phase transition
point.

7 Phase Transitions III.
Non-Uniquess of the DLR Measure

In this section we move towards a more probabilistic approach to obtain the
Gibbs measures. The exposition is based on the Section 2.1 of [48]. We refer
the reader to [12] for definitions and results on DLR probabilities and its relation
with Thermodynamic Limit probabilities.
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Conditional Expectation: basic facts and notation

Let B denote the Borel sigma-algebra on © = {0, 1} and X,, = 07"(B), that is,
the o-algebra generated by the random variables X,,, X,,11,... on the Bernoulli
space, where X, (z) = x, for all z € Q. Fixed a probability measure m defined
over € and given a cylinder set agay - - - a,—1, where a; € {0,1}, we define

Oasaran—(2) = En[lagar—an— | Anl,

where E,,,[f|X,] is the conditional expectation of f with respect to m given the
o-algebra X,. From a elementary property of the conditional expectation for any
fixed b,, by11, .., b, we have that

/ Tasar—a—(x) dm(x) :/ am(x)dm(x)-
Xn=bn,.... Xr=by Xn=bn,.... Xr=by

In other words

m (aoay . .. ap1by ... by) = / Ogsar—a—(r)dm(z).
Xn=bn ey Xr=by

The measurable functions with respect to X, are the functions of the form
(0™ (x)) where ¢ is Borel measurable. So we can characterize agsgr—— by the
following property: for any B-measurable (or continuous) ¢ : Q2 — R

/Q (0" (1)) Ir—es () din () = / POy F—

Q

Definition 15. Given a potential ¢ we say that a probability measure m is a
DLR probability for ¢ if for alln € N and any cylinder set ToZy - - - T,_1, we have
m-almost every z = (2, 21, 22, ...) that

P (2)+6(0(2)) ...+ (0" (2))

B (Issaran | Xn)(2) = Za”(z):U"(y) e?W)+o(eW)+-+d(e™ ()’

The set of all DLR probabilities for ¢ is denoted by GPL%(¢). In general this
set is not unique, but for a very large class of potentials GPER(3¢) is unique for
B large enough, by the Dobrushin Uniqueness Theorem. So a possible sense of
phase transition is the existence of a inverse temperature 3 so that GPLE(B¢)
posses more than one element.

In the sequel we shown among other things that the equilibrium probability
w1 is a DLR probability for the potential g. We refer the reader to [12] for more
results about DLR probabilities.
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Definition 16. A continuous positive function J : @ — R such that for any
x € Q we have 3, J(y) =1 is called a Jacobian.

Here we consider the case where ¢ = log J where J is a Jacobian (the general
case is analyzed in [12]). In this case the Ruelle operator L,y ; (for the potential
log J) is defined as usual for any continuous function v by

Elog](w>(‘r) - Z J(?J)lp(?/)
o(y)==

By the definition of a Jacobian we have that L, 7(1) = 1. Remember that the
dual operator Lf,, ; acts on the space of probability measures. Its action on p
give us a probability measure Lj;, ;(11) = v such that for any continuous function

1 we have
[ vaisto) = [ wiv= [ Lusstorin

Definition 17. A probability m is called a g—measure if it is a fived point for
ikogJ‘

Lemma 18. For any Jacobian J the operator Li,, ; has a fived point which is
inwvariant probability measure for o.

Proof. Since Liogs(1) = 1 then Lj, ; takes probability measures to probability
measures. So existence of a fixed point for L, ; is a straightforward application of
the Tychonov-Schauder Theorem. For the shift invariance of the fixed probability,
see below the Lemma 23] O

If the Jacobian J is in the Holder class the probability measure m provided by
the above lemma is unique, that is, the operator Lj,, ; has only one fixed point.
If J is not in the Holder class this is not always true.

In [3], [43] and [21] are presented examples where the Jacobian J is continuous
and strictly positive and such that there are at least two fixed points for Lf,, ;.
In these cases G*(log J) does not have cardinality one and so we have phase
transition in this sense. In [21] is presented a criteria for the existence of more
than one g-measure. We will show (see next theorem) how to use this criteria
to exhibit a class of examples, where we have phase transition in the sense of
existence of more than one DLR probability.

In the examples presented here, where we have more than one Gibbs probability
(see Sections [f] and [§) the Jacobian can be zero in some finite subset of .

For the potentials g, with ~,d > 2, which were considered in the previous sec-
tions it is also true that the m = p4 is the unique fixed point for the corresponding

log J,- Therefore, G*(log J;) has cardinality one.
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Proposition 19. Suppose that J is positive and continuous. If ﬁf‘ogj(m) =m
it follows that m s DLR probability for the potential ¢ = logJ. In other words,
G*(log J) C GPH(log J).

Remark 20. By using the criteria obtained in [21] and the above proposition it is
possible to shown the existence of more than one DLR probability for the Double
Hofbauer model.

In what follows we give the proof of the Proposition [I9 The proof will be
divided into three lemmas which the statements and proofs are given below.

Lemma 21. If Eikogj(m) = m, then for any continuous f and g we have

/Q Liogo(f) g dim = / f(goo)dm.

Proof. Since Liogs(f(go0)) = gLigs(f), it follows from the definition of the
dual operator that

/Qf<goo>dm=/Qf<goa>d£;;gjm=Lzlogj<f<goa>>dm
- / Liogs(f) g dm.

]

Remark 22. In the Hilbert space L*(Q, B, m) the dual of Lig s is the Koopman
operator g — K(g) = g o o.

Lemma 23. If £j,, ;(m) = m then m is invariant for o.

Proof. Indeed, given any continuous function g we have

/goadm:/(goa)dﬁfogJ(m):/ElogJ(goa)dm
Q Q Q

:/gﬁlogJ(l)dm:/gdm ]
Q Q

Lemma 24. If £j,, ;(m) = m then for any continuous function f : Q — R we
have that

B (f [ X0)(2) = Liog () (0" (2))-
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Proof. Let g : 2 — R be an arbitrary continuous function. Since for any n € N
we have Lit, ;(f (goo™)) = gLy, ;(f) it follows that

/Q (g0 0"(2)) f(x)dm(x) = / £p,, (g0 0™(@)) f(x) |dm(z)
- / 9(2) L3, (F)(x) dm(z)
- / 9(0™ (1)) L5 () (0" (2)) dm(a),

where in the last equality we use the fact that m is invariant for ¢. From the
previous lemma we get that

Enm(lasar—an= | Xn)(z) = ﬁgJ([m)(Un(iﬁ))

= > exp(logJ(y) +log J(o(y)) + .. +log J(6" ' (y))) T (¥)

o (y)=o"(x)
= CXp (10g J(Clo, A1y -y anflx) +ot lOg J<O'n71<a07 A1y ey anflx)))

_ €xXp (log J((lo, ai, .- anflx) + ot lOg J<Un_1<a07 A1y ey a’nflx)))
D on(y)=on(z) €XP (10g J(y) + ... +log J (0"} (y)))

Y

where in the denominator on last equality we use that Lo (1) = 1. O]

Piecing together the three previous lemmas we have proved the Proposition
. When ¢ = log J is such that Lf,, ; has two invariant probabilities then there
exist two DLR probabilities for ¢ = log J, meaning that we have phase transition
in the DLR sense.

From the Propositionwe get that pg is fixed by L, Js,

that ug defines a DLR probability (for more details see [12]). We observe that
for the Double Hofbauer potential the hypothesis required to prove that G*(g) C
GPLE(g) in [12] are also satisfied.

. So we can concluded

8 Phase Transition IV.
Non Uniqueness of T.L. - Renewal equation

In what follows we introduce the so called finite volume Gibbs measures with a
boundary condition y €  (see [48]). For a given n € N consider the probability
measure in (§2,.%) so that for any F' € .#, we have
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i(F)=—5 > Le(@)exp(=(f(2) + f(o(2)) + . + f(0"(2) )

where ZY is a normalizing factor called partition function given by

Zy= Y, ep(=(f(z)+ f(o(z) + ...+ fa" () ).
e,
o" (z)=0"(y)
A straightforward computations shows that p¥(-) is a probability measure.
This probability measure can be written in the Ruelle Operator formalism in the
following way:

L7 (1F) (0"(y) 1
f *1n
pn(F) = —5 or py = s [(£4)]" (donyy). (16)
£ (1) (0" (9)) cyMen () v
Definition 25. For a fized y € Q0 any weak limit of the subsequences 3, , when
k — oo is called Thermodynamic Limit with boundary conditions y. Now we
consider the collection of all the Thermodynamic Limits varying y € 2 and take
the closed convex hull of this collection. This set is denoted by GTL(f).

For a while we assume that the main eigenvalue A = 1 and f = log J where J
is a Jacobian. In this case, Zy =1 for alln € N and y € Q. If f is Holder it is
known (see [41]) that for any fixed y we have lim,, o L} (Iq)(y) = m([a]), where
m is the fixed point for the operator £} (which is the equilibrium state for log .J)
and [a] is any cylinder set. In this way the Thermodynamic Limit probability is
unique (independent of the boundary condition). In other words, if f = log J is
Holder, then for any y € €2 we have that

lim NZJ = K,

n—oo
where 4 is the equilibrium state for log.J. In this case GTL(f) has cardinality
one and there is no phase transition in the sense of the number of probability
measures in GT(f). For a discussion about non-normalized potentials f we refer
the reader to [12].

We want to analyze what happens in the case of f = log .J, (of previous section)
which is not in the Hoélder class. The main question is: for § = 1, the limits
lim, 00 7} and lim,, o, p2? can be different 7 The purpose of this section is to
answer this question. Before going into computational details we recall that in
this case we already know (from the previous section) that the phase transition
occurs in the DLR sense.

In this section we follow the results and ideas from [19]. From now we denote
log J the normalized Jacobian associated to g, where g is the Double Hofbauer
potential.
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Definition 26. We denote GLL the set of Thermodynamic Limits probabilities
obtained from all periodic points y.

We will show that the set GLE (log J) is the convex hull of the three probability
measures e, 010 and p; defined on the Section [6 Of course, this implies the
existence of phase transition in the Thermodynamic Limit sense.

An interesting remark is in [12] it is shown that for the potential log J as we are
considering here the set G*(log J) = GP%(log J). Note that G*(log J) = {1}
is strictly contained in GLE (log J). The set of equilibrium states for the pressure
is also equals to GEL (log J).

Our proof is based on some properties associated to a kind of Renewal Equa-
tion. Given a sequence a : N — R and a probability measure p defined on N
we can ask whether exists or not another sequence A : N — R satisfying the

following associated Renewal Equation: for all ¢ € N
A(q) = [A0)py+ A(D)pg—1+A(2) pg—2+ ...+ A(g—2)p2+ A(g— L)p1] +a(q). (17)

If M =% 7, qp, then the Renewal Theorem (Cap VII Theorem 6.1 in [30]
and Cap V Theorem 5.1 in [31]) claims that

Jin Al = =50

One important feature of the Renewal Theorem is that the limit value of A(q),
as ¢ — 00, is provided without knowing the explicit values of the A(q).
We want to investigate the Thermodynamic Limit

lim yij([a]) = Jim Ly, (I (0 (y)),

q—o0

for different points y in the Bernoulli space 2 for an arbitrary cylinder set [a].
We are interested in to find a fixed cylinder [a] for which the above limit does
depends on y € €. If such cylinder do exists one can say that the Double Hofbauer
model has phase transition in the TL sense. To accomplish this we will consider
the cylinder [0] and periodic points y in the Bernoulli space. We will show that:

Proposition 27. For the Double Hofbauer model

lim g ([0]) =1 and lim g ([0]) = 0.

q—o0 q—o0

This shows that there exist more than one probability on the set of Thermo-
dynamic Limits. This means a phase transition in this sense.

The proof of the above proposition will be presented later. Of course, the aim
of this proposition is to prove the existence of phase transition for the Double
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Hofbauer model in the Thermodynamic Limit sense. But much more can be said
in this case and we want to have the complete picture of this problem concerning
on what happens to this limit when we consider other points y € 2. In this
direction we obtained the following result.

Proposition 28. For any periodic points y and z € Q (being not the fized points)
we have
. y _ .
lim p22(00)) = lim (0]

As they were stated the above propositions characterize all the possible Ther-
modynamic Limit values for the cylinder [0] for any periodic boundary conditions.
It is possible to show more: for any cylinder set [a] the analogous result is true,
but its proof requires a more elaborate calculation and we will not present it here.

The proof of the Proposition [28| will follow easily from:

Proposition 29. The limit

lim £f ;(Ii) (1))

q— o0

is the same for any point of the form y = 000...01... or y = 111...10....

n n

To facilitate the understanding why the Proposition 2§ follows from Proposition
we compute the limit in a simple case. Let y be a periodic of the form
y = (011)*° = 011011011.... Assuming the Proposition [29] we have that the
following limits are equal

lim L3y (1) (011)® = lim L3745 (1) (110)>° = lim L3 (114)(101)>.

n—o0 n—oo logJ noo logJ
For this case the statement of the Proposition 28 holds true because of
a3™(011)® = (011)>®, o3"*1(011)™ = (110)* and ¢*""2(011)>® = (101)™.

In order to prove the Proposition 29| we will take advantage of some properties
of Renewal Theory. The proof is based on the geometric structure of the tree
graph generated by the pre-images of the point y that one has to consider to
compute the value of the Ruelle operator in the point y. This idea was used in
[19] but we should remark that the situation here is more complex. The Figure
helps to understand how the procedure works.

Proof of the Proposition The preimages of 0> are 0°° and 1 0*°. By using
that J(10%°) = 0 and J(0*°) = 1 we get that

0% ~ Liogs (1) (0(0%))
i 0 =7 W) e 07)

= Liogs (L)) (0(0%)) = Liog.s (1)) (0°) = 1.
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Figure 2: The tree graph representation.
We proceed by induction. By assuming that L3, ; (1) (0(0>°)) = 1 it is easy to
see that

Lies (L) (0(0%)) = J(0)Ligg s (L) (0%) + J(10%) Ligg y (L)) (10%) = 1.

Therefore, u2 ([0]) — 1, when n — oo. In the same manner we can see that
wl™([0]) = 0, when n — oo. O

Proof of the Proposition [29] The Jacobian for the Double Hofbauer potential
at the inverse temperature 5 = 1 is such that log J = g +log ¢ —log(y00). For
simplicity we introduce some notations and split the computation log J(x) in six
cases:

a) for ¢ > 2 and = € L, we have

_ q N -
log J(x) = —”ylogq | + log <1+q'y Z(n+q— 1) 7)

n=2

—bg@ﬂ%q—nv <n+q—m”>

n

= —~log g . +logr(q) —logr(q—1).
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b) for ¢ > 2 and x € R,, we have

log J(z) = —ylogqg ] + log <1+q‘5 Z(n+q— 1)_‘5>

n=2

—log (1—1—((1— 1)° (n+q—2)5>

n

= —dlog

d 1 +log s(q) —log s(q — 1).

q
—~
c) for x =0111...1 0... € L; we have

log J(z) = —log (1 +¢° Z(n +q— 1)_5> = —log(s(q)).

n=2

q

—~
d) for x =1000...0 1... € R; we have

log J(x) = —log (1 +q Z(n +q— 1)_7) = —log(r(q)).

n=2

e) for x =0 or x = 1*° we have J(z) = 1.
f) for z = 10 or = 01*° we have J(z) = 0.

We point out that log J(010..) = —log((y) = —log(r(1)) and log J(101..) =
—log ((8) = —log(s(1)). Simple computation shows that log J(10"1..) ~ n~! and
log J(01™0..) ~n~".

We proceed with the computation of Lf, ;(j4)(y) for y = 01... and [a] = [0].
Let us stress again that the idea is to follow [19] but here we use the scheme of
smaller trees on the right side (see Figure [2). Note that for all n € N the value

Li, ;(Iio))(y) is constant and independent of y € [01] (analogously for y € [10]).
One element in the sum determined by L{, ;(Ijo)(01...) is

exp | log J(000...0 1) + log J(000...0 1) 4+ log J(000...0 1) + ... +1log J(001...)
g+1 q q-1

which simplifies to

Nq+1)(q+1>”(ﬂm ( q )’ﬂ“<2>/vwm (¢+1)7r(g+1)

7(q) q q—1) \g—1



For ¢ = 1 this is simply given by ﬁllogj([[o])(()l..) = 277r(2)/((7). The general
term of L ;(Io))(01...) for 1 < j < g — 1 is given by the following expression

N
q—J q—J qg—j—1

{exp (log J(1000...0 1) + log J(000...0 1) + log J(000...0 1)

+ ...+ log J(O()l...))} Loy (1)) (10...)

which is equals to
(¢—J)"
¢(7)

Therefore for any g > 2 we have that

EfogJ(I[O])(lo)

Ch )01 = U £ ()10 + .
2=

+ ) Ll (Ig)(10..) +

(g+1)7r(g+1)

Cih(Io)(10..) + o)

1
YT (18)
¢(7)

The above expression is not exactly a renewal type of equation because of the
powers of operators involving on it for points of the form (01..) are described by
the powers of the operator evaluated on points of the form (10...). We need some
more work in order to get an true renewal equation. This is the main motivation

for our next step which is the computation of L}, ;([jq)(y) for y = 10.. and
[a] = [0] using the scheme of smaller trees on the left side.

Proceeding as above and splitting L, ;(/[))(10..) we find the following term

exp (log J(0111...1 0) +log J(111...1 0) 4+ log J(111...1 0) + ... +log J(1 10...)>

q q q—1

which can be reduced to the expression below by straightforward computations

1 ( g ) s(q) (q— 1)“ s(g—1) (g) LCIN
s \¢—1/) sl¢-1)\¢—=2) s(¢=2) \1/ (1) <)
Similarly to the previous step we can see that for all n € N we have that the value
of Li, ;({jo))(z) is constant and independent of z € [10]. Following the geometric
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picture of the Renewal Equation it is easy to see that

£ (Ty)(10..) = ﬁ ot ﬁ(q )Ll () (01 +
-5
+ ﬁ?ﬁ‘s LL5 I ) (01..) + % L822I (01..) + ﬁ L8 (i) (010..).

(19)

Similarly to the above expression is not exactly a renewal type equation and
to obtain a genuine renewal equation the idea is to replace in . By doing
this we obtain the identity below which we write down with several terms aiming
to help the reader to identify the pattern emerging from this replacement

L T (10.) = g7 + (g — 1) 222+
(0 =27y Lhys (T)(10.) + 3‘3(;@ "
ai(a =3 25 £l (L) (10.) + o5 £2,,(70)(10.) +
472(254)] LR
GE e s (T0)(10.) 4+ g5 L84 () (10..) +
(q—2)‘<”(7§(q—2)}+
727 [ Ll s (T0)(10.) + -+ 5 £8.% (T (10..) +

(g=1)~7 r(g—1)
<) ] -
1

() g(y)7 log 7 (L[0) (10..) + .. + C(l)ﬁfong(I[o)(lo..)+

q 7 r(q)}
¢tv) |°

By rearranging the terms of the sum and make the trivial simplifications we can
see that the above expression is equal to

L0y (g 1)0 2@ 196 (g=D77r(¢g=1) , 1 g r(q)

@ taee— D7 g Tt 2 & T T

1 (¢=2)"° 1 | (g=3)7% 27 275 (¢=3)"7 | 1 (=27

ElogJ(IWJ)(lO")[ o o T Tt @ T ]+
(@=3)~° 1 | (=H~° 27 279 (=977 | 1 (=377

ElogJ([[Oﬂ(lo“)[ ) ) T e T T @ T e ]+



Now we define A(0) =0, p; = 0 and for ¢ > 2, A(q) = L, ;({jg)(10..) and

(=D 1 (=278 2y 278 (¢=2)77 | 1 (=177
=" T T Ty T ) (20)
Let a(q) be the sequence defined for ¢ > 1 by
_ g% | (=127 (2 279 (¢—1)"7 r(g—1) a7 r(q)
) ={G+ % o tto o tay . (@D

From the definitions we have a(1) = 1/¢(J) = A(1) and

;pﬂ:;dv);m:1

By bringing together all the above results we obtain the following genuine renewal
equation

A(q) = [A0)pg + A(V)pg—1 + A2) pg—2 + .. + Alg — 2)p2 + Alg — )p1] + a(q)
Recalling that p; = 0 we have
A(q) = [A(V)pg-1 + A2) pg—2 + . + Alg = 2)p2] + a(q). (22)
Lemma 30. Let p, be the sequence above defined. Then when q — 0o we have
Pe~ g0, (23)

Proof. To prove this asymptotic behavior it is enough to prove that the quotient
py/(q 77 ¢ %) has a limit, when ¢ — oo. This quotient is explicitly given by

(D% 1 +(q72)‘5 27 2(;;)(%2)‘74_ 1 (g-1)™

o) <M ) (M () ¢ <)

qq g

which can be rewritten as

A\ 0 A\ Y
-1 1 (j =7
mem o 1 (1) (%)
Looking at this expression as Riemann sums we can guarantee that it has a limit,
when ¢ — oo, and

N N7
_ L N1 (g _ i \ 1 LS o\
C(7) <) &~j=1 ¢ (q) (1 q) RONG) Jo (1 —2)dx

which finish the proof of the lemma. O]
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By assuming that ¢ < v and using a similar argument as above one can show
that a(q) ~ ¢*°77. At this point we have proved that the hypothesis of the
Theorem 6.1 of the reference [30] holds and this theorem allow us to estimate the
limit we are interested in. It is very important to note that we are also able to
use the result appearing in a remark below the Theorem 6.1 of [30] (even though
p1 = 0). Let us denote M = Z;il qpg- If v > 2 then M is finite. The Renewal
Theorem assures that

lim £, ,(T)(10..) = lim A(q) = 2q-100)

gq—00 q—00 M

(24)

One can show that > a(q) =1 + X222, C('y

Now we proceed to another big step in this proof. In this step we need to
obtain a similar renewal equation for Lj_ ;(fjg)(01..). In the previous step we

have replaced ((18 . in (19). Now, we need 1nstead to replace ([19)) in ( . ). Starting

as before we write
E?ogJ(I[O])ml‘-) - (qg(lv))_7 T < C(f}?) [2(;55) + g(s ’ClogJ(I[O )(01. )]+
[ o+ w clogﬁ (01 + g ﬁlogj<f[o><01..>:+
[ @2 Ll (T (01.) + ...+
%’Clo_g%](][()])(()l“) 4(5) ﬁfog?i]( 07)(010. ) +
by [U + U L (T OL) + .+
25 LS To)(01.) + g Lfo‘g@(l[o])(om..)] +

(¢+1) 7 T(q+1)
+ <)

By performing obvious simplifications, the above expression becomes

(¢=1)—" 1 + (g=2)—" + .+ (Q*1)75 + (¢+1)—™ ’r'(q+1)_|_

@ t T ™)
Liog s ) [(q 2wt Sttt @ C?§;5]+
L s U) OL.) [t + (q_<2()v7 Wt éh
logJ([[O)(O ) C(’y 4(5) + 2 6)}+£logJ<[ MOL)WW'

Analogously we define B(0) =0, p; = 0 and for ¢ > 2, B(q) = L, ;(1g))(01..).
We also define the following sequence

_ (@)™ 1 (g—=2)=7 279 (¢=1)7% | (¢+1)77 r(g+1)
W) =Lt o @ttt o T o (29)
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Note that the first term of this sequence satisfies b(1) = 277 r(2)/((y) = B(1).
By using the identities established above we have proved the following renewal
equation:

B(q) = [B(0)pg + B(1)pg—1 + B(2) pg—2 + ... + B(q — 2)p2 + B(q — 1)p1] + b(q),

where p; is same sequence we consider in the previous step. Since B(0) = 0 we
have in fact

B(q) = [B(1)pg—1 + B(2) pg—2 + .. + B(q = 2)pa] + b(q). (26)
Again one can show that b(q) ~ ¢>~°~7. By applying the Renewal Theorem we
obtain
. . ZOL b(q)
lim Lio, ,(To)(01..) = lim B(g) = =*——. (27)

Since the following equality holds

o0

N
q:zlb@ T ;2 ()

we can define a constant K so that

Do bla) 32 alg)
K== ="

The above described procedure allows to obtain other Thermodynamic Limits.
For instance, if y = 110... we have

£l ,(g)(10.) = J(010..) c;fo—g{](z[o])(om..) + J(110..) c;’;glj(f[o})(no..)
1 279 5(2)

= 778y Llos s (1) (010.) + =0

Taking the limit in ¢ we get

L5 (1) (110..).

| 1 (o
lim Lo ;(Io)(110.) = Hy  where  H, = <K_ )K> 2‘5(8()2>

By performing simple algebraic manipulations we can see that H; = K. Let us
apply the method again but now for y = 001... From the equation

£y o) (01.) = J(110.) £E.!, (Tg) (101..) + J(0010..) £E, ', (Iig)(001..)
— 1 q—1 29 5(2) -1
~C(6) Liog s (10))(010-) + NOR Liog 7 Lo (110..),
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we get again, by taking the limits in ¢, that
qllglo ElqogJ(I[O])(001> =K.
After prove similar result for y = 1110.. we it is immediate to extend the method

for periodic points by a formal induction. For this particular case, we have

Li, ,(I)(110..) = J(0110..) £ (T (011..) + J(1110..) £5.Y (i) (1110..)

1 3795(3)
~ s(2) 2-05(2)

and we get in the same way that

L3 () (0110..) + LiL (T (1110..),

qlggo E?Ogj([[o})(lllo..) = K.

This finish the proof of Proposition [29

It is worth pointing out that for any y € €2 we have that

L s (To) () + L (I (y) = L ,(D(y) = 1.

Therefore for any point y € €2 for which the Proposition [29| applies we have

lim Lo, ;(Im)(y) =1 - K.

9 Polynomial Decay of Correlations

In this section we want to estimate the decay of correlation of the observable I
for the equilibrium probability at the critical inverse temperature.

That is, we will show that the integral below decays in a polynomial way, with
respect to ¢, and also determine its precise asymptotic behavior

/(1[01 00?) [Iig) — p[0] ] dpy ~ ¢*~°.
Q

The technique is similar to the one employed in [19] and here we will proofs
in full details. Other known results on polynomial decay of correlations are
presented in [30], [23] and [42].

To deduce the polynomial decay we will need several preliminary estimations.
We begin with the proof of the following asymptotic relation

:ul[o] - E?ogJ([[U])(Ol) ~ q276'
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Define V, = u[0] — B(q) = m[0] — Li,, ;(Ijo))(01..). We want to obtain the
behavior of V(g), when ¢ — co. From the renewal equation (26)) we get another
renewal equation: for ¢ > 3

V, = Z_: Vibg—j + | 1a[0] ij - b(Q)] : (28)

To simplify the notation for ¢ > 3. we denote by K, the last term on the above
equality, that is, K, = 11[0] Z;’i .Pi — b(q). Now consider the following formal
power series

FR)=) pid, V(i)=Y Viz, and K(z)=) K;2.
j=2 j=1 j=3

From the renewal equation (28) we get that V(2) f(2)+ K (z) = V(2) — V12— Va22.
Therefore
K(2)+Viz+ Va2  K(2)+Viz+Voz? 1—2z

s R O]

For ¢ and v large we have that f(z) is differentiable on z = 1 and the derivative
is not zero. From the previous estimations it is simple to see that K, ~ n'=".
Up to a bounded multiplicative constant we get

K(2) + Viz + Vo2?

Viz)~ 1—-2

from where we obtain (asymptotically)

(1—2)V(z) = Z‘/}zj —zzvjzj
=1 j=1
=Viz+ Vo2 4+ K323 + Ky2t + Ks2° + ...
= Zszj+‘/1z+V2z2

j=3

= K(2) + Vi(2) + Vaz*.

Note that

(K (2)4+Viz4+1v32?) = (142422 +234..) (Viz 4+ Va2 4+ K23+ Kyt +..) =

(1-2)
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Viz+ (Vi4+ V)22 + (Vi +Va+ K3)2* + (Vi + Va + K3 + Kq)2*...

In this way we get the following recurrence relation: V; = 0 and V,, = K3 +
K+ ..+ K,+V,. Once K,, ~ n'=7 we get that V,, ~ n?~7, where we have assumed
for last estimate to holds that 6 < . This argument complete the proof of

pa[0] = L ; (T (01..) ~ 077 (29)

By using the renewal equation and a similar estimation procedure one can
prove that
(0] — L8, (110 (10..) ~ 0?7077, (30)

Now for each s > 2 we need to evaluate the difference

,ul[()] - ,C?OgJ(I[O])(OO...O 1)

s

/-/S\ . .
Let By = L, ;(1j0))(00..01..), A; = L{,, ;(1jg)(10...) and for j > 1 p% = (s +j —

1)77r(s)"1s7. Using similar arguments presented above (see figure 3 page 1092
[19]) one can show that for any s,q > 2

B = J(100..01..) Ay + J(100..01..) Ay 5 + ... + J(100..01..) A,
s s+1 s+q—2

(s+q)r(s+q)

s7Y7r(s)
1 (s+1)7 (s+q—2)7" (s+¢q) 7r(s+q)
= ——A, _ -~ A _ e A
r(s) ¢ 1 r(s)s— ¢ 2 r(s) s 1 s7rr(s)
=piAg 1t Ag o+ i A+ alg,s). (31)

Note that Z;’;l p; = 1. Let us now consider for s > 2 and n > 1, the following
sequence V* = (0] — B?. Recalling the definitions given above if n = 1 we

have Vi = 11[0] — % We also introduce, for n > 1, the sequences

Ky = m[0] = Ay, and Uy = g [0] (p;, + Py +.-.) —a(n, s). Note that y[0] (p;, +
ph )~ s From the equation we deduce that

v—1

‘/qs = KQ*lpi + Kq72p§“' + Klp;—l - U;

1 (g+s) ™7t (s4q) "7 r(s+q)

The last term behavior is know to be U? ~ 1[0} P ey s and
we know from how to control K, that is, K, ~ ¢*>7°~7. Since Py1= %
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we get that for fixed s the dominant term as a function of ¢ in the right hand
(q+8)

+5) 1 because
S 7‘ S

side of the above inequality is U ~

q4—2~/—6
Kegapi + Koops... + Kip) | ~ (32)

st=

The above analysis is similar to the one in Lemma A4 page 1102 in [19].
Putting all these estimates together we finally obtain the estimation

(g +s)

s7r(s) (33)

Ml[O] - E?ogJ(I[O])(\OOO/l) ~

s

As mentioned before the Ruelle operator Lyog s is the dual (in the £2(Q, B, u1)
sense) of the Koopman operator (¢) = ¢ o o, using this duality we get that for
fixed ¢ that

/Q(I[O}OUQ)[I[O] — m[0]] dpnn Z/I[o] Liog [ Loy — 1[0]] dpua

N / Tio) () [Liog s Ty (%) — pa[0]] dpur ()

Z/QI()] OO 01. )[Ei]ogJ[[O}(O()Ol) —ul[O” d,ul

Jj=1 J J

:Z/“([QQ;Q” L T0/(00.01.) = pua[0]

J

Z Q+J 2.5

= Nq 5
JWQ)

where in the last equality we used and . We point out that the decay of
correlations of other observables can also be obtained by variations of the above

method.

10 Potentials on the lattices N and 7Z

In this section we describe the setting where the Ruelle operator provides results
for the one-dimensional lattice Z. This is a classical topic and we present it here
just for completeness (see [44], [32], [2], [12] and [41]).
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The elements of the symbolic space Q = {0, 1} as in the previous section are be
denoted by (zg, x1, 2, ..), while the elements in two-sided lattice O = {0,1}% are
denoted by (...x_y, x_y | 2o, &1, T3, ...). The action of the left shift & on Q = {0, 1}%
is described by o(...,z_9, 21| g, 1, T2, ...) = (..., x_9,X_1, X0 | T1, T2, ...).

Consider a potential f Q= {0,1}% — R and suppose that we are interested in

finding an equilibrium state [ for the potential f , that is, a probability measure
on () satisfying

P(f) = sup {h<v>+ / de}zh(ﬂH | i

veM(é)

Since there is no reason to consider the site 0 € Z a special one in the lattice,
then it is natural to looking for shift-invariant probability measures among those
solving the variational problem.

The crucial observation that relates one sided and two-sided lattices is the
following: the equilibrium probabilities for f and g : {0,1}2 — R, satisfying

f =g+h—hod for some continuous h : {0,1}2 — R are the same. When
such h do exists the above equation is called a coboundary equation. The main
point is that under some mild regularity assumptions on the potential f, one can
get a special g which depends just on future coordinates, that is, for any pair
= (o, T 9,2 1| T0,T1,%2,...) and y = (..., y_2,Yy_1 | o, T1, T2, ...) € Q), we have
g(z) = g(y). By abusing the notation we frequently write g(x) = g(xg, z1, x2, ...),
which allow us to think about g is a function on {0, 1}".

For the potential g one can apply the formalism of the Ruelle Operator £,
to study the properties of y (a probability measure on {0,1}Y), which is the
equilibrium state for g : {0,1} — R. In those cases it is possible to show

that the equilibrium state for f is the probability measure ji (a probability on
{0,1}%), which is given by the natural extension of yu (see [2] and [41]). Let
us elaborate on that: what we call the natural extension of the shift-invariant
probability measure u on {0, 1}" is the probability measure fi on {0, 1}% defined
in the following way: for any given cylinder set on the space Q of the form
[k, Gty -y G2, a1 | G0, A1, A2, Ak 4y), Where a; € {0,1} and j € {k,k+1, .., k+
n} C Z, we define

u([ak,akH, a1 | ag, ay, ...,ak+n]> = M([ak,&k+1, ey (1, g, A1, ..ak+n]>,

where [ag, Ggi1, ..., a_1, G0, A1, ..., Ag1y] 1S NOW a cylinder on . Notice that if p is
shift-invariant, then f is shift-invariant.

Given the potential f : {0 — R, it is natural to denote G*(f) as the set of
natural extensions 7 of the probabilities v which are eigenprobabilities of the
Ruelle operator £, (where g was the associated coboundary).
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All the above statements holds true if f is in Holder (and then we get that g

is also Holder) or Walters class (see [58]). In some cases where f (or g) is not
Holder, part of the above formalism also works. This is indeed the case of all
potentials we considered here.

We shall remind that in order to use the Ruelle operator formalism we have
to work with potentials f which are defined on the symbolic space €2, i.e.,
f:9Q={0,1} - R.
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