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Abstract

Recently the Ruelle-Perron-Frobenius theorem was proved for Holder potentials de-
fined on the symbolic space Q@ = MY, where (the alphabet) M is any compact metric
space. In this paper, we extend this theorem to the Walters space W(£2), in similar
general alphabets. We also describe in detail an abstract procedure to obtain the Fréchet-
analyticity of the Ruelle operator under quite general conditions and we apply this result
to prove the analytic dependence of this operator on both Walters and Holder spaces.
The analyticity of the pressure functional on Holder spaces is established. An exponential
decay of the correlations is shown when the Ruelle operator has the spectral gap property.

A new (and natural) family of Walters potentials (on a finite alphabet derived from
the Ising model) not having an exponential decay of the correlations is presented. Because
of the lack of exponential decay, for such potentials we have the absence of the spectral
gap for the Ruelle operator. The key idea to prove the lack of exponential decay of the
correlations are the Griffiths-Kelly-Sherman inequalities.

Key-words: Thermodynamic formalism, Ruelle operator, one-dimensional lattice, Analyticity of
Pressure, Spectral Gap.
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1 Introduction

The Ruelle-Perron-Frobenius theorem is one of the most important results in modern thermody-
namic formalism. Nowadays the Ruelle operator have become a standard tool in many different
areas in dynamical systems and other branches of Mathematics and Mathematical Physics. The
literature about Ruelle-Perron-Frobenius theorem is vast, the following is a partial list of books
and papers on this subject [2, [6] 14}, 15], 20, 32} 34], 42].

The classical thermodynamic formalism was in its origin developed in the Bernoulli space
MY, with M being a finite alphabet, see [32]. This assumption on M allows one conjugates,
using a Markov partitions, the shift maps on the Bernoulli space with uniform hyperbolic maps
in differentiable manifolds.



The Ruelle operator formalism is also proved useful in the multifractal analysis context.
Bowen in the seminal work [7] established a relationship between Hausdorff dimension of cer-
tain fractal sets and topological pressure in the context of conformal dynamics in one dimension.
This technique is known as Bowen’s equation and in subsequent works it was extended by Man-
ning and McCluskey for dynamical systems on surfaces aiming to compute fractal dimension
of horseshoes, see for more details [7, [30, [31] and also the introductory texts [3| [33].

The motivation to consider more general alphabets from dynamical system point of view is
given, for example, in [36] [38] where proposed models with infinite alphabet M = N is used
to describe non-uniformly hyperbolic maps, for example, the Manneville-Pomeau maps. In
Classical Statistical Mechanics uncountable alphabets shows up, for example, in the so-called
O(n) models with n > 2. In these models the alphabet is S*™! the unit sphere in the Euclidean
space R™, for details see [I7]. Unbounded alphabets as general standard Borel spaces, which
includes compact and non-compact, are considered in details in [2I]. We should mention that
ergodic optimization problems are also being considered in infinite countable alphabets, see
[, [T, 19, 36].

Walters work [44] marked the beginning of three decades of great activity in thermodynamic
formalism where less regular than Holder potentials were considered. This class of potentials
is called Walters class or alternatively Walters space. A rather complete theory in Walters
space were developed for finite and countable alphabets, see [I1]. In the Walters paper, the
dynamical system is supposed to be defined on a class of compact sets, expansive and mixing
and the potentials can be any positive summable variation function.

The aim of this work is to extend some results obtained in [44] as the Ruelle-Perron-Frébenius
theorem, the analytic dependence the Ruelle operator with respect to the potential, spectral
properties of this operator and some consequences of either presence or absence of the spectral
gap, as for example the pressure analyticity. The main difficulty in carrying out the construction
of the Ruelle operator for uncountable alphabets is overcome by the introduction of what we

call an a-priori probability measure on M, which is a common strategy in the theory of general
DLR-Gibbs measures.

This paper is organized as follows. In Section 2, we prove under quite general conditions the
analyticity of the Ruelle operator and its dual with respect to the potential f. The result is
more general, in fact we show that if the Ruelle operator .Z leaves invariant a Banach algebra
K C C(Q) for all f € K, then the maps K > f — £, K* > f — &} are analytic. We use
this result in Section 5 with L = C7(Q2) to obtain the analyticity of the topological pressure
P : C7(Q) — R, which extends the analogous results known in finite/discrete alphabets. We
shall remark that even for discrete case, despite this being a folkloric result we were not able
to find its rigorous proof in the literature.

Section 3 deals with the Walters space, notation W (€2). In the discrete setting there are
several known equivalent characterizations of the Walters condition, however in a more general
setting as compact metric spaces, things are more subtle. We show that the natural general-
ization of the two most popular characterizations of the Walters class are not equivalent when
the alphabet is uncountable. We give an explicit example illustrating this fact. We introduce
what we call weak and strong Walters conditions. Finally a generalization of [44] is proved for
general compact alphabets. We remark that this theorem is also a non-trivial generalization of



one the main theorems in [1l, 27] where the Ruelle operator on uncountable alphabet are taken
into account.

In Section 7 we introduce a new family of potentials for which the Ruelle operator has ab-
sence of the spectral gap. This section is heavily based on the ideas borrowed from Statistical
Mechanics and the Griffiths-Kelly-Sherman (GKS) inequalities, [23] 24, 25| 26]. For the conve-
nience of the reader we precisely stated all the theorems we need only in the needed generality
but we provide its classical references where general settings are presented. Some Ising model
routine computations are presented in details in order to make our exposition self-contained
for non-specialists in Statistical Mechanics. These potentials belong to a infinite dimensional
linear subspace of C' (€2, R) whose intersection with the Walters space is an infinite dimensional
linear subspace not contained in the Holder space. On that space Dobrushin in [I0] by using
estimates of mean value of exponential functionals of random processes and latter Cassandro
and Olivieri [§] employing a renormalization group idea together with the cluster expansion
proved analyticity of the pressure. It worth mention that the subexponential decay obtained in
Section 5 can not be recovered from the seminal Sarig’s work [37] about subexponential decay
of correlations and neither from the improvement provided by Gouézel in [22]. The examples
presented in Section 5 can shed some light in potential applications of the GKS inequalities to
study the absence of the spectral gap in other situations.

2 Basic Definitions

In this section we setup the notation and present some preliminaries results. Let M = (M, d)
be a compact metric space, equipped with a Borel probability measure p : Z(M) — [0, 1]
having the whole space M as its support. We shall denote by Q = MY the set of all sequences
x = (r1,x9,...), where x; € M, for all i € N. We denote by o : Q@ — Q the left shift mapping
which is given by o(z1,x9,...) = (z2,3,...). We consider the metric dg on 2 given by

i Q%d (s Yn)
n=1

The metric dg induces the product topology and therefore follows from the Tychnoff Theorem
that (€2, dq) is a compact metric space. The space of all the continuous real functions C(€2, R)
is denoted simply by C(€2). For any fixed 0 < v < 1 we denote by C7(2) the space of all
~v-Holder continuous functions, i.e, the set of all functions f : Q — R satisfying

Hol(f) = sup —F——— <+
(f) x,yGQg;éy dQ(x7 y)’y
We equip C7(€2), 0 < v < 1 with the norm || - ||, which is defined for v = 0 by ||f|lo =
Sup,eq | f(z)| and for 0 < v < 1 by ||f|l, = || fllo + Hol(f). We recall that ( Q) - 15) is a

Banach space for any 0 < v < 1.

Our potentials will be elements of C'(€2) and in order to have a well defined Ruelle operator
when (M, d) is a general compact metric space we need to consider an a priori measure which is



simply a Borel probability measure p : Z(M) — R, where Z(M) denotes the Borel o-algebra
of M. For many of the most popular choices of an uncountable space M there is a natural a
priori measure p. Throughout this paper the a priori measure p is supposed to have the whole
space M as its support. The Ruelle operator .25 : C7(Q) — C7(f) is the mapping sending
@ — Z(p) which is defined for any x € Q by the expression

L)) = [ S plar)in(a)

M
where ax denotes the sequence ax = (a, z1,xs,...) € (L.

This operator is a generalization of the classical Ruelle operator and has been appeared
lately in the Thermodynamic Formalism literature, see for example [1, 27, B9]. The classical
Ruelle operator can be recovered on this setting by considering M = {0,1,...,n} and the a
priori p as the counting measure. Our starting point is the following theorem.

Theorem 2.1 (Ruelle-Perron-Frobenius). Let (M,d) be a compact metric space, jn a Borel
probability measure of full support on M and f be a potential in C7(S2), where 0 <y < 1. Then
L C7(Q) = C(Q) have a simple positive eigenvalue of mazimal modulus Ay, and there are
a strictly positive function hy and a Borel probability measure vy on € such that,

i) the remainder of the spectrum of Z; : C7(Q) — CV(Q) is contained in a disc of radius
strictly smaller then \g;

ii) for all continuous functions ¢ € C(£2) we have

nh_{](r)lo H)\f".,fjf‘go — hf/ wdvs|| =0.
Q 0
Proof. See [1] for the case M = S* and [27] for more general compact metric spaces. O

Remark 2.2. Strictly speaking, in [1] and [27] the item (ii) above was proved only for HAYlder
continuous potentials. However this is enough since the space of the HAqlder continuous po-
tentials is dense in (C(Q),| - |lo). Therefore a straightforward computation shows that the
convergence on the item (ii) holds for all ¢ € C(2). The denseness of C7(2), 0 < v < 1
in C(Q) is a consequence of the Stone Weierstrass Theorem. Indeed, C7(Q2) is an algebra of
functions containing all the constant functions and if x # y € QQ, then the function f given by
fly) = da(y,x)?, separates x and y and f € CV(2). Since 2 is compact the result follows.

Following [Il, 27] we define the entropy of a shift invariant measure v € M, and the pressure
of the potential f, respectively, as follows

hv)= inf {—/Qfdu—klog)\f} and  P(f) = sup {h(u)+/ﬂfdu}.

feC(Q) VEMo

Proposition 2.3. For each f € C7(Q) we have for all x € Q that

P(f)= lim llog;[.i”;‘(l)(m)] = log A;.

n—oo N
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Proof. See [27] Corollary 1. O

Definition 2.4. Let be f € C(Q2) and consider £ the associated Ruelle operator. We say
that the Ruelle Theorem holds for £y when £ has the properties given by itens (i) and (i) of
Theorem [2.1)

If the Ruelle Theorem holds for . then we can write the pressure as P(f) = log Ay. Another
important property of the Ruelle operator is its analytic dependence (in the Fréchet’s sense)
with respect to the potential. The lemma below state it precisely.

Lemma 2.5. The map © : C?(Q2) — L(C7(2),C7(Q)) sending f € CV(Q) to the Ruelle

operator £ assoctated to the potential f, is an analytic map.
Proof. See [39] Theorem 3.5. O

One of the aims of this work is to extend the previous mentioned results to potentials on
the Walters space W () (to be defined in the next section), where 2 is the infinite Cartesian
product of a general compact metric space (M, d).

We shall prove that the Ruelle operator and its dual depends analytically on the potential
in C7(€2) and then derive the analyticity of the pressure. In order to formulate these results
using an unified setting, we need to introduce some additional notation. Let I C C(Q) be
an arbitrary linear subspace of C'(2), endowed with a norm || - ||. We use the notation K* to
denote the topological dual of (K, ||+ ||). As usual, we define the norm of an element ¢ € K* by
lloll« = sup{|p(f)| : f € K and ||f|| = 1}. To lighten the notation, the space L(KC, ) of the all
continuous (strong topology) linear operators acting on I will be denote by V' = L(K, K).

Definition 2.6. Let K C C(2) be a linear subspace. We say that K is invariant for the Ruelle
operator, if for all f € K we have Z3K C K.

The central examples of invariant subspaces for the Ruelle operator appearing here are the
spaces C7(Q2), 0 < v < 1, and the Walters Space W (£2).

The next proposition plays a key role in the study of the analyticity of the pressure. Its first
statement is a simple generalization of the Theorem 3.5 in [39], which is presented here for the
reader’s convenience. The second one follows from the first after some work.

Proposition 2.7. Suppose that K C C(R2) is equipped with a norm || - || so that (K, | -||) is a
Banach Algebra, K is invariant for the Ruelle operator and for any f € K assume that £ € V.
Then both mappings © and ©F given by

K> f— % e LK K) and K> fw 2 e LK, K")
define analytic functions.

Before proving the above proposition we state an immediate corollary of it which is an
important tool to obtain the analyticity of the pressure functional.



Corollary 2.8. For each 0 < v <1, both mappings
C'(Q) > f— L e L(C7(R),C7(2)) and C'(Q) > f= ZF € L(C7(Q),C7(Q))
define analytic maps.

Proof. Notice that the subspace C7(2) is invariant for the Ruelle operator and (C7(€2),| - ||+)
is a Banach Algebra (see [39]), so we are done. O

Proof of the Proposition [2.7]
We first prove the analyticity of ©. Given f, h € K and ¢ € C(2) we have for any = € 2 the
following equality

Of + W)(@)(x) — BN))@) = Zru(e)(a) — Z1()(a)
= [ ere e plardp(a) - [ o p(a)duta)

:? ) ) e
_ / (ef(‘m)gp(ax) g [h(ff)]n) dp(a) .

As long as the Fubini Theorem applies we get
o0 1 .
O(f + h)(¢)(a) - -3 / plas) b(az)"du(a)
n=1

which is equivalent to O(f + h)(¢)(z) — O(f)(p)(z) = Do, ZO(f)(p - h")(z). This equality

n=1 n!
can be rewritten, by omitting the dependence on = and ¢, simply as follows

o

O(f +h)—06(f) = n,@(f)((-)h") : (1)

To justify the applicability of the Fubini Theorem in this case is sufficient to prove that the
above sum converges in (IC, ||-||). We first observe that for any A4, ..., h; in K, the mapping ¢
O(f)(phy ... hg) from K to itself defines a continuous linear operator, i.e., O(f)((-)hy ... hg) € V
whose its norm is bounded by

1O (b - hi)llv < NZplv Ihall - Al (2)

which is proved by a routine computation using that .2y € V and (I, || - ||) is a Banach algebra.
As a consequence of this inequality we get

00 1 § 0o 1 )
Z SOAOR)lv = Zangfuv(uhu) = 1y {e — 1}
n=1 n=1



which immediately implies that the series >~ (1/n1)O(f)((-)[h]") converges in V.
Claim 1. For any k € N and hq, ..., h; € K, we have that
DO(f)(hi,. .- ha) = OC)(Vhns- . ).

The verification will be carried out by induction on k. In what follows L¥ = L*(KC, V') denotes
the set of all continuous k—linear functions [ :  x ... x K =V, from K x ... x K (k— copies
of K) into V. The norm || - ||+ of L* is given by

lUl|e = sup ||i(he,... ;)|lv, L€ LF.
[lh;ll=1
i=1,...k

Let us prove that the statement is true for £ = 1: in fact, by using we have,
O(f + 1) = O(f) = O(f)((")h1) + O1(h1)

where, O1(h1) = > 7 ,(1/n))O(f)((-)[h1]™). The inequality (2) implies that ||©(f)((-)h1)|lv <
H.,fvathH and thus the mapping hy — O(f)((-)h1) isin L'. Again, in view of the inequality
we have

10:)lly = 1S~ OO < 3 12 v (A"

showing that (1/||h]|)][|O1(h1)]]v — 0, when ||| — 0. Therefore, D*O(f)(hy) = O(f)((-)h1)
and the statement is true for £ = 1. Now, let us suppose the statement is true for k —1, k > 2,
ie.,

D*'O(f) (R, hie1) = O(F)((Vha oo hi—1) s hayoo himg €K (3)
We shall verify that the statement is true for k, i.e.
DFO(f)(h1,- .. he) = O(F) (Vb1 hg) , hi,....hx €K. (4)

By the induction hypothesis , given hq,...hg_1,h; and h in K we have,

DFYO(f + ) (ha, ... hy1)(h) — D*O(f)(ha, ..., he—1)(h)
= O(f 4+ hi)(hhy ... hy_1) — O(f)(hhy ... hg_1).

From follows that
DYO(f + hi)(hy, ... he—1)(h) — D*'O(f)(hy, ..., he_1)(h)
-y %@(f)(hhl e ™).
n=1 :

Clearly, the above equation shows that

DFYO(f 4 hy)(hy, . .. 1) — D" O(f)(hy, . . . hg)
- @(f)()hl e hk—lhk) + Ok(hk)(hl e hk_1>,



where Oy (hy) is the element of L*~1 given by

o0

Orlhe) (hy - hi) = %@(f)((-)hl e[,

n=2

These upper bounds together with the inequality ({2 . enable us to Conclude that the map
(hy...hg) = O(F)((-)hy ... hy) is an element of L*. The inequality (2)) and the definition of
Ok (hy) give us the upper bound

=1
1Ok () (ha - )l <> m”gf”Vth” oo Mgl (TR [)"
n=2 :

and consequently (1/[|hx|)||Ok(h)|lv — 0, when ||hy|| — 0. Therefore, D*O(f)(hy,...hy) =
O(f)((-)hy1 ... hg) and the claim is proved.

By using the Claim 1 and the above estimates for the remaining the analyticity of the
mapping K 3 f — Z; € V follows.

Analitycity of O*. Let f,g and h be potentials in I and ¢* € K*. From the expansion (/1)
for ©(f + h) we get

O (f +h)(97)g = ¢"(O(f + h)(9) = ¢ < i@(f)(g[h]”)(~)>

Claim 2. Consider the derivative map DO* : K — L(K, L(K*,K*)), then for any f € K and
h € K we have that DO*(f)(h) : K* — K* is given by (DO*(f)(h)(¢*))g = (©*(f)(¢*))(gh).
Indeed, consider O : K — L(K*,K*) defined by O(h)(¢*) = > 7, (1/n1)©*(¢*)((-)[R]") then

we have

IO L sy = sup [[O(R)(¢7)]+
o+ l=1 el

P[22 e @)

< sup Z 197 (ORI, - (6)

le*lle=1 725 g

Next step is to upper bound the quantity I.

I=1e" (@O Il = sup [[©°(F) (@) (9" = sup [[¢*(OF)((g9)[A]"))]l

llgll=1 llgll=1

< l¢*lle sup [|[©CF) (DA < [l¢"[I-[[OC)lv sup [lgh]"]

llgll=1 lgll=1

AN

< |[@"[l10(Hllv sup [[gl[[[[A]"*[| < const.|[A[|".

lgl=1



By replacing (7)) in (6)) we get that

1
HC) |th*KW jg:'ﬁ— OnSﬁHhH
n=2

therefore ||O(h) || Licr ) /||R]| — 0 when ||h]| — 0.

It is possible to show that the higher orders derivatives D*©* : K — L(K*, L(K*, K*)) for
k > 2, are given by the following expression

D*O*(f)(ha, ..., h)d"(9) = O (f)* (h1 -~ hig) = ¢*(ZLy(ha - - hig)).

The proof is similar to the previous one and so it will be omitted.

3 The Ruelle Operator on the Walters Space

To simplify the notation for any f € C'(Q2) and z,y € ), we write
Sof(@) = f(@) + flo(x) +...4+ f(e" H(x)) and d,(z,y) = max do(c*z,oy).

0<k<n

Definition 3.1. We say that a continuous function f : Q) — R is in the Walters class if given
e > 0 there exists n > 0 such that

Vn > 1,Vx,y € Q, dy(z,y) <n=|Suf(z) = S.f(y)| <e (7)
The space of all continuous function satisfying the above condition is denoted by W (£2).
If a continuous function f :  — R satisfies the condition (7)), we say that f satisfies the
Walters condition.

Definition 3.2. Consider a continuous function f:Q — R and define C¢(z,y) by
Cf(*rv y) = sup sup Snf(a‘r) - Snf<ay> (8)

n>1 aeMn

We say that f satisfies the weak Walters condition if C¢(z,y) — 0 when do(x,y) — 0.

Example. Consider the metric space (M,d) were M = [0,1] and d = | -|. Now let f be the
potential defined on Q = MY by f(x) = zy, i.e., f depends only on the first coordinate. We
claim that f satisfies the weak Walters condition but not the (strong) Walters condition. In
fact, we have that S, f(az) = S, f(ay) = Y., a; for any a = (ay,...,a,) € M™. Therefore f
clearly satisfies the weak Walters condition. Now we show that f does not satisfy that Walters
condition. Indeed, consider z = (0,0...) the null vector and y = (1,7, ...) for a small . Notice
that do(z,y) = d,(z,y) = n. On the other hand, S, f(z) =0 and S,,f(y) = n - n, then

S f(x) = Suf(y)| =n-n.

From this is clear that f does not satisfy the Walters condition.

On the other hand the opposite implication is always truth:

9



Proposition 3.3. Let be f € C(Q) satisfying the Walters condition then [ satisfies the weak
Walters condition.

Proof. Let f € W(Q), then by definition given € > 0 arbitrarily there exists 7 > 0 such that
Vn > 1,Vz,w € Q with d,(z,w) < n we have |S,,f(z) — S, f(w)| < e. Note that d,(az,ay) <
d(z,y) for any a € M". Therefore d(z,y) < n = d,(azr,ay) < n = |S,f(ax) — S, f(ay)| <
€, Ya e M" Vn > 1. By taking the supremum over all a € M"™ and n > 1 the result
follows. O

The space W () is clearly a linear space. Let S denote the expansivity constant of the
mapping o. In [5] it was shown that for s € (0, 5) the following expression

[ llw, = 21[fllo +sup  max |5, f(x) = Suf(y)]

n>1 dn(z,y)<s
defines a family of equivalent norms and (W (), || - ||w.) is a Banach Space. Since the family
of norms (|| - ||w.)o<s<s provides the same topology, there is no lost of generality in taking a
particular value s € (0,.5) and develop the theory with the norm | - ||lw = || -

En route to the proof of this work’s main theorem, we need an extra structure of this space
which is the structure of the Banach algebra. This is the content of the next lemma.

Lemma 3.4. The space W(Q) with the norm || - ||w is a Banach algebra over R. i.e., W(2) is
a real Banach space and for all f,g € W(Q2) we have || fgllw < ||fllwllg|lw-

Proof. Let f,g € W(Q2) and define I = I(f,g) b
I = sup max [Sy(fg)(x) —Su(f9)(y)|

n>1 dn(z,y)<s

i
L

n—1

= sup max |3 (fg)oo’(z) = Y_(fg) o o’(y)

n>1 dn(z,y)<s
J=1

[
Il
—

i
L

n—1

= sup max Z(fg)oaj(x)— fod(z)god(y)

d <
n>1 dn(z,y)<s = 7

[
Il

i
L

+Zfoa] )goal(y) =Y (fg)od(y)|.

j=1
By applying the Triangular Inequality we get that
n—1
I<sup max Z fod(x) [g oo’(z) —go Uj(y)} |
-t .
+ili[1>dnr(€?lx<s 2 god(y [foaj( )—foaj(y)}‘
< |[fllo-sup max [S,g(x) = Sng(y)| + llgllo - sup max |5, f(x) = Suf(y)l-

n>1 dn(z,y)<s n>1 dn(z,y)<s

10



The last upper bound readily implies that

1fgllw < 2[[fgllo + [If1lo sup  max [Sng(x) — Sng(y )|+||9||o sup | max 55(2) = Suf(y)l.

dn(z,y)< dn(z,y)<

On the other hand, it follows from the definition of || - || that

1 llw - llglw = 4l fllollgllo + 2[[fllo - sup  max [Spg(z) — Sng(y)|

n>1 dn(z,y)<s

+2|\gllo - sup max |Sy(z) — Snf(y)|
n>1 dn(2,y)<s

+sup max |Shg(z) — Spg(y)| -sup max [S,f(z) — Snf(y)l.

n>1 dn(z,y)<s n>1 dn(z,y)<s
This identity and the previous estimates readily implies that || fgllw < ||f|lw - |lg]lw- O
Proposition 3.5. If f € W(Q), then £ (W(Q)) C W(Q).

Proof. We claim that for any fixed a € M, if f € W(Q) then the function z — f(az) also
belongs to W(£2). In fact, given € > 0 we choose > 0 such that the Walters condition is
satisfied for f. Note that d,(z,y) < 0 = d,(ax,ay) < d,(z,y) < n. From the definition we
have that d,,(z,y) < n implies |S, f(ax) — S, f(ay)| < € for all n > 0 and therefore the claim is
proved.

The next step is to prove that the function r : @ — R given by r(x) = [, h v P(az)dp(a) belongs
to W () whenever h € W(Q). From the previous claim follows that x +— h(ax) is in W(Q)
since h € W(R2). Given € > 0 we now choose 1 > 0 such that the condition (7)) is satisfied for
x +— h(az). Since d,(z,y) < n = d,(az,ay) < n, the Walters condition for r follows from the
inequality

St () = Sur(y)| < /M |Snh(ax) — Suh(ay)| du(a) < e - p(M).

By hypothesis the potential f € W({2), since the Walters space is a Banach algebra we have
that exp(f) € W(Q). For the same reason, for any ¢ € W (2) we have ¢ - exp(f) € W(Q2). As
argued above, for any a € M, the mapping x — ¢(az)-exp(f(ax)) belongs to W (). Using the
result proved above for the function r, with h(x) = ¢(x) exp(f(z)), it follows that the mapping

- /M p(az) exp(f (az)) du(a) = Z5(0) (x)

is in the Walters space for any ¢ € W(2) which finishes the proof. O

4 The Ruelle Theorem On Walters space

The proof of this version of the Ruelle Theorem is inspired in the original proof presented in
Walters [43].

11



To prove the Ruelle Theorem we concentrate attention on a certain subclass of C'(€2) which
is given by

GO(Q):{geC(Q):g>O and /

M

g(az)du(a) =1Vx € Q} :

If f:Q — R is a potential given by f = logg, where g € Go(f2), then the weak Walters
condition for f can be rephrased in terms of g by saying that

1 .

‘a
Dy(z,y) = sup sup g(a' ?)
n>1acnmn i 9(0'ay)

exists, is bounded for a constant D, and Dy(x,y) — 1 when do(z,y) — 0. Equivalently:

g(otar)
D (z, sup su -1
g( y) n>I1) aEZ\}[)” H Uzay)

<D,—1

for all z,y with do(z,y) < € and Dj(z,y) — 0 when dg(z,y) — 0.

Theorem 4.1. Let g € Go(2) be a function such that log g satisfies the weak Walters condition.
Then there is a probability measure v : B(Q) — [0, 1] such that

Il
Loz — V(p)

for all ¢ € C(Q). Moreover v is the unique probability measure satisfying £y, ;v =

Proof. The proof is based on a simple modification of the arguments given in [44] and it is
presented here for the reader’s convenience.

Let us introduce the temporary notation .Z for %, ,. We begin by proving that {Z"¢, n >
0} is equicontinuous family for any fixed ¢ satisfying the weak Walters condition. Indeed, from
the definition of the Ruelle operator we have

L p(x) — L™ (y)| <

/ [ exp(S,, log g(ax))p(az) — exp(S, log g(ay))p(ay) Hdu a;)

n—1 n

<|[ st @)le(ar) - sty ] dufa)
el etaw [Hg ﬁgway))]Hdu(aa

The two terms in the rhs above can be bounded by

sup {lifar) — o(ay)) ‘ / g(o'(ax)) [ dia(as)




Since g € Go(Q2) it follows from the Fubini Theorem that the iterated integral on the first
term above is equal to one. The second term can be bound similarly by using the definition of
D3 (x,y), which give us the following inequality

[£p(x) = ZL%y)| < sup {|p(az) = p(ay)l} + liello - Dy, ).
acM™
Since ¢ is a continuous function and log g satisfies the weak Walters condition the above in-
equality ensures that the family {-Z"p, n > 0} is equicontinuous.

Recalling that g € Go(€2) we get from the definition of the Ruelle operator for all n € N that
IZ"pllo < |l¢llo for any ¢ € C(2). This inequality implies that the closure in the uniform
topology of { £y, n > 0} is uniformly bounded in C(£2). Therefore we can apply the Arzela-
Ascoli Theorem for the family {<£"¢, n > 0} to guarantee that there exist a subsequence
(n;) € N and function ¢* € C(2) so that .£" ¢y — ¢* uniformly.

Let us proceed by showing that ¢* is a constant function. Notice that the identity Z(1) =
implies the following inequalities min(p) < min(Z(p)) < --- < min(¢*). Claim 1. For any k €
N we have min(.Z*¢*) = min(p*). Indeed, we have that min(£*¢*) = min(L*(lim .£"p)) =
min(lim £ ) = lim(min(£" ™)) = min(p*), where the last equality it follows from the
monotonicity of the sequence min .#*y and min.#" ¢ — min ¢*. Given ¢ > 0 choose x € Q
and N € N such that min(ZV¢*) = £Vy*(z) and {ax, a € MV} is e-dense in Q. Claim 2.
For all y € 0™z we have ¢*(y) = min(¢*). From the Claim 1 and the choice of z, we have
LN o*(z) = min(¢*). Let 2z € Q be such that ¢*(z) = min(y*), then

/M _glaz)g(oar)--- (o™ ar)p*(az) H dp(a;) = LN " () = min(p*) = ¢ (2).

By using the identity 1 = .Zjé\fg gz x), it follows from the above equation that

N

0= [ starig(ras)--o(*ar) [ (ar) = ()] [[dute

=1

By using the continuity of ¢* and the assumption supp(p) = M it is easy to see that ¢*(az) =
©*(z) for any a € M¥. Since * is continuous and constant over {ax, a € MY} which is
e-dense in 2, follows that ¢* is a constant function.

We now shown the existence and uniqueness of the fixed point for Z* = £ . Define the
linear functional F' : C'(2) — R by F(¢) = ¢*. The functional F' sends the cone of positive
continuous functions to itself and satisfies F'(1) = 1. Then it follows from the Riesz-Markov
Theorem that there exists an unique Borel probability measure v € M (£2) that represents F.
It is a simple matter to show that Z*r = v. For the uniqueness suppose that there exists
another probability measure 7 € M(Q) such that £*y = ~. Of course, (£*)"y = v for every

n € N and

/gpdvz/gpd ()" /X”gpch / lim Z”(pd'y:/go*dvch*:/godl/.
Q Qe Q Q

Since ¢ € C(Q) is arbitrary it follows that v = v. O
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Lemma 4.2. Let f satisfying the weak Walters condition, then Ye > 0, there exists N > 0 and
a € R such that Yo,y € Q, Fw € o Nx N By, (y, €) with Sy f(w) > a.

Proof. See [44] page 126. O

Lemma 4.3. Let f € C(Q) be a potential. Then there exists a real number X > 0 and a Borel
probability measure v € M(S2) such that ZLfv = Av.

Proof. The mapping v +— Zfv/(Zfv)(1) define a continuous function from M(2) to itself.
The Schauder-Tychonoff fixed point theorem ensures the existence of a fixed point v for this
mapping. By taking A = (Zfv)(1) the theorem follows. O

We are now able to prove the main theorem of this section which is the Ruelle Theorem for
Walters potentials defined over an infinite cartesian product of general metric compact spaces.

Theorem 4.4. Let f be a potential satisfying the weak Walters condition and consider the
Ruelle operator L5 : C(2) — C(2) associated to f. Then there are a real number Ay > 0, a
strictly positive continuous function hy and a unique Borel probability measure vy such that

Z) gfhf = )\fhf s f;Vf = )\fl/f.

ii) For any ¢ € C(§2) we have

— 0, when n — o0.
0

H)\}T”‘ffnap—hf/ﬂgpduf

Proof. The proof will be divided into three steps.
Claim 1. Let v and X as given by the Lemma 4.3 Then for any f satisfying the weak Walters
condition and €y > 0 the set

A={pcCQ) 920, v(p) =1 and p(z) <exp(Cs(z,y))p(y) if dalz,y) < co}

is convex, closed, bounded and uniformly equicontinuous.

Let us first prove that A is not empty. Indeed, for any x,y € €2 we have

$f1($):/ ef(az) du(a):/ ef(ay) o f (az)—f(ay) dy(a)
M M

< exp (sup f(a) = flen)) [ duta) < exp (Cole ) Z110)

aeM

The set A is clearly closed and convex. Now we shall prove that A is a bounded set. Let x,y € €.
By the Lemma 4.2 given ¢ > 0 and a € R there is N € N and yy = agz, where ag = a; ... ay,
such that do(yo,y) < € and Syf(yo) > a. Given 6; > 0 it follows from the continuity of ¢
that we can choose § > 0 such that for any point a in the closed ball Blag,d] C M” we have
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Syf(ar) > a — 6,. In particular, we can choose § such that Blyy,d] C Bly,€]. Therefore it
follows from the definition of the Ruelle operator and the choice of § that

V()= [ ST pfan) ] dufa)

N
M i=1

N N
= [Tt [ Lauta + [ 5970 ptan) [ o)
ap,

i=1 Blag,] =1

N
> [ eeyan [ duta)
B[ao,ﬁ] i=1

> X .. X M(B[ao,(s])ea_(slSp(wO)v

where wy minimizes the function (aq, ...,ayx) — @(a; ...ayz) in Bly,d]. Now observe that wy €
Bly, €], by using the compactness of 2 and the definition of A we get for all 2,y € € the following
inequality o(y) < Const - 7% Np(z). Recalling that ZLiv = A and v(p) = 1, we obtain
by integrating both sides of the previous inequality that o(y) < Const - e“+1= (LN p(z)) =
Const - €“T9172\N Hence A is bounded. The uniform equicontinuity of A is proved as in [44],
p. 129] mutatis mutandis.

Claim 2. The operator A™'.%; maps A into A.
Let ¢ € A and z,y € Q with do(z,y) < €. Then

1 1 ,
(Zote) =5 [ e plar) dufa)
A Ny
<1 / 1) o ay) (e a0 ~1(@0) Crlaz.an)y g1, (q)
)\ M N -~ -
Secf(mvy)
1
<< / e/ W p(ay)er V) du(a)
A
1
= 1 Zre(y)e” Y

where the inequality ef(@®)=F(ay)Crlaz.ay) < Cr(@) ig justified by observing that Cy(az, ay) is
equal to

sup sup {(f(aaz) — f(aay)) + (f(caz) — f(oaay)) + - + (f(o" 'aaz) — (0" "aay))}.

n>1 aeM™

From this is clearly that C(az, ay) + (f(ax) — f(ay)) < Cr(z,y).

Claim 3. If g = e/h/(Ah o T), then g € Go(2) and Dj(x,y) — 0 when dq(z,y) — 0. The
proof is similar to the one given by [44, p. 130].

The Claims 1 and 2 allow us to use the Schauder-Tychonoff fixed point theorem to obtain
a fixed point h € A for the operator A™'.Z. This fixed point h satisfies Zh = Ah, v(h) = 1
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and h(z) < e“r@Yh(y) whenever dg(z,y) < €. We shall show that h > 0. Suppose that there
exist some x € ) such that h(z) = 0. For all n € N we have Z"h(z) = A\"h(z) = 0, so h must
be 0 on the set {o7"x,n € N}, which is dense, using that p has full support we have h = 0
contradicting the fact that v(h) = 1.

By the Theorem we have that £, ¢ e p(p) for all p € C(Q2), where p € M(Q) is
the fixed point of £}, in M(2). On the other hand

log g

L e(n) = () (L (/D))

then it follows that 1/A"Zf'p Wy g, p(p/h). We shall show that pu(¢/h) = v(p). Let be

m € M(Q) defined by m(¢) = v(hg). Then

m(%ogg@) - V(h : ﬁogggp) - % = V(‘i’ﬁf(gp ’ h) = m(gp)

5 Spectral Gap and Analyticity of the Pressure

We mean by “presence of the spectral gap” in the Ruelle operator the existence of a single
isolated eigenvalue of maximum modulus. The presence of the spectral gap in the Ruelle
operator is the key property to prove analyticity of the pressure and also implies the exponential
decay of correlations with respect to the Gibbs measures. These are classical results and very
well known for Holder potentials when the state space M is finite. We shall here analyze
the generalizations of this results in the sense of the state space M and the regularity of the
potential.

The main difference between the Ruelle Theorem operator for f € W(Q2) and for f € C7(Q2)
is the fact that in the first case we do not have much information about the spectrum of .Z%.
In particular, it seems a hard problem to decide whether we have presence or absence of the
spectral gap for the Ruelle operator %%, which is crucial property to get deep understanding
of the associated Gibbs measure.

Theorem 5.1. Let KK C C(Q2) be an invariant subspace of C(2). A sufficient condition for the
analyticity of the pressure is the analyticity of the map K > f — £ € K, the Ruelle Theorem
hold for £, f € K and the presence of the spectral gap in the spectrum of the Ruelle operator.

In order to prove the Theorem we shall use the following lemma, which seems to be a
well known fact on the community. We decided to give a proof for this lemma either to keep
the text as self contained as possible and because we were not able to find its reference.

Recall that in this paper we are using the expression simple eigenvalue to refer to an
eigenvalue A of an operator T' : X — X such that the image of the spectral projector
7 = [,p(M — L)~ 'dX is some one-dimensional subspace of X.
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Lemma 5.2. Let T : X — X be a bounded linear operator possessing an isolated simple
eigenvalue N € C. Let D be a closed disc centered at \ such that D Mspec(T) = {A}. Then
there is a neighborhood U of T' in L(X, X) so that the mapping U 5 L — (L) € C, where \(L)

is the unique point in spec(L) Nint(D) is well defined and moreover this mapping is analytic.

Corollary 5.3. For any fired 0 < ~v <1 both mappings
C'(Q) > f—=hreC’(Q) and C'(Q) > f—=rpe(C7(Q)"
are analytic.

Proof. Choose f arbitrarily in C7(Q). Let U and U be neighborhoods of .%; and £}, respec-

tively such that for all £, € U and £ € U the images of the spectral projectors ¢, and
Ty are the one-dimensional spaces associated to the eigenvalue A;. Consider a neighborhood

W C C7(2) of fsothat £, € U and £ € U, respectively whenever g € W. Therefore we have
that mg.vp =c- v, then c=c- Joldvy=c- (v, 1) = <7rgg*l/f, 1> S0 vy = <7rgg*l/f, 1>71 T ly
Being the rhs of the last expression a composition of analytic functions follows that g — v, is
analytic in a neighborhood of f. On the other hand, ¢ hy = C-h, so by a suitable choice of the
eigenfunction it follows that C' = C'- (v, hy) = <Vg, nghf>, therefore h, = <1/g, nghf>_1 T, hy
which is again a composition of analytic functions and so g = hy is analytic in a neighborhood
of f. [

Now we are ready to state and prove the main result of this section.

Proof of the Theorem [5.1]

Proof. The proof is based on the analyticity of both functions £ 3 f +— Zyand U 2 T —
MT) € R. The analyticity of the first map is the content of the Proposition (2.7). The
analyticity of the second mapping follows from the existence of spectral gap hypothesis and
the Lemma[5.2] To finish the proof it is enough to observe that, the Ruelle Theorem holds for
Z by hypotesis, so the mapping K 3 f — P(f) € R is given by P(f) = logA;, which is a
composition of the following analytic mappings: log, K> f+— ZLyand U > T — ANT) e R. O

An imediate consequence of the above theorem is the following corollary

Corollary 5.4. The function defined by C7(Q2) > f — P(f) € R is real analytic function.

Proof of the Lemma [5.2] The argument is based on the following two claims.

Claim 1. There is a neighborhood U of T"in L(X, X) such that spec(L)N0D = @ forall L € U.
This claim is proved by contradiction. Suppose that for each n there exist L, € B(T,1/n) C
L(X, X) so that Ay, € spec(L,) NID and the operator Ay, I — L, is not invertible. Since 0D
is compact we can find a convergent subsequence {\ Lnj} C 0D so that A Ln, = AL € 0D. Since
L, — T we have that (Ap, I — L,;) — (ALl —T) in the strong topology. Since (ALl — T')
is invertible and the space of the invertible bounded linear operators is open we thus have a
contradiction.
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Claim 2. We can shrink U so that for all L € U we have that spec(L) Nint(D) is a simple
eigenvalue of L. In fact, for each L € U let 7w be the spectral projector given by

mp = / (M — L)""dA.
oD

Notice that the mapping U 5 L + m;, € L(X, X) is continuous, so by the Proposition ({8.7))
if necessary one can shrink U so that for all L € U the application 7, has the same rank as
7. This fact together with the Remark implies that the portion of the spectrum of L € U
which lies in int(D) is not empty, call it 3(L). Define Xy1) = 7. X and Ty = T‘XE(L)' It is
well know [28, p. 98] that spec(Txzy) = X(L). If ¥(L) is not an unitary set, then Xy is not a
uni-dimensional subspace and therefore 1 # dim(Xy(z)) = dim(7pX) = 1. This contradiction
shows that there is a unique simple eigenvalue A\(L) of L inside D.

By using the two previous claims one have a well defined mapping U > L — A(L) € C,
where A(L) is the unique simple eigenvalue of L inside int(D). Now we proceed to the proof
that this mapping is analytic. Fix v € X such that 7 v is a non zero vector and choose w € X*
such that w(rpv) = (w, 7 v) # 0 (Hahn Banach) for all L in a small enough neighborhood
of T. According to the Proposition the operator L commutes with 7, then we get that
(w, m(Lv)) = (w, L7 (v)) = ML) (w, 7 (v)) and consequently

(w, mp(Lv))

MO = )

(9)

From the Definition and the above equality we obtain the analyticity of the mapping
Us L~ \L)eC. [

6 Spectral Gap and Exponential Decay

In this section we will follow closely [2].

Definition 6.1. Consider the probability space (2, F,v). Let o be the left shift on Q2. For each
©1 and o2 in L*(Q,v) we define the correlation function Cy, ,,, : Z — R by

Con o) = / (10 0™)pa dus — / o1 dv / o dv. (10)
Q 0 (9]

Theorem 6.2. Suppose that f € W(2) is a potential for which the Ruelle operator £ has the
spectral gap property. Consider the measure iy = hyvy, where vy is the eigenmeasure given by

the Theorem . Then the correlation function Cy, ,, ., (n) decays exponentially fast. More
precisely, there are 0 < 7 < 1 and C(7T) > 0 such that for all p1,py € W(Q) the correlation
function satisfies:

|C<m79027uf (TL) |

/(90100")902 duf—/solduf/m duf‘ <G (11)
Q Q Q

where C; = C'(7~')||hf||0(f9 |901|de)||¢2||'
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Before prove the above theorem, we present two auxiliary lemmas.

Lemma 6.3. The spectral projection my = Ty, is given by mws(p) = (fQ (pdl/f) - hy.

Proof. We know that 7y and .Z; commutes. By the Ruelle Theorem (Theorem |4.4) we have
that limy, o (1/X")Z} 0 = hy [, @ dvy uniformly. Since 7y is bounded we get that

— 0,
0

Wf(A_"ffsﬁ—hf/ﬂsode)

snmwbﬂz%w—m[ng

0

when n — oo. Since m; (A" LY p)) = A" LEmr(p) = A"AT s () = Tr(p) We get that
mr(p) = my (hf/QSDde) Z/ﬂwd’/f'ﬂf(hf) :/QSOde'hf-

Lemma 6.4. Let be 1,02 € W(Q) then L} (p1 00" - 02 - hy) = p1. L7 (p2hy).

Proof. The proof is an easy calculation. Let x € Q and p € W(Q) then we have that Z}'p(z) =
[on p(az)e®@dp(a). Since 1 0 o™(ax) = ¢i(z) Vaz, a € M™ and Vo € Q we get that

L (10 0™pshg)(x) = [1yn 01 0 0" ahp(ax)eS @ dp(a) = o1 (x) [, (2hy)(az)eS @ dp(a).
0

Proof of the Theorem Since py = hydvy it follows from the definition of the correlation
function that

|C4P17<P27#f (n>| -

/(gplOU”)QOthde—/g&lhfdyf/@ghfdyf
Q Q Q

Notice that (£f)"vy = Njvy and therefore the rhs above is equal to

‘/Q)‘fngf((%oan)%hf)dw—/Qsoﬂlf d’/f/QSOth dvy

By using the Lemma and performing simple algebraic computations we get

r@WMNMS(mew)Wﬂ%(mw—m[gmmW)

We are supposing that the spectrum of 2 : W(€2) — W (2) consists in a simple eigenvalue
Ar > 0 and a subset of a disc of radius strictly smaller than A;. Set 7 = sup{|z|; |2| < 1 and z-
Ar € 0(Zf)}. The existence of the spectral gap guarantees that 7 < 1. Let 7, the spectral
projection associated to eigenvalue A¢, then by the Proposition , the spectral radius of the
operator Z¢(I — my) is exactly 7 - As. Since the commutator [.Z}, ¢] = 0, we get Vn € N that
(L (I — mp)]" = Z7(I — 75). From the spectral radius formula it follows that for each

(12)

0
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choice of 7 > 7 there is ng = no(7) € N so that for all n > ng we have || £ (p — mpp)|| <
it |oll, Vo € W(S2). Therefore there is a constant C'(7) > 0 such that for every n > 1

127 (o —mpe)| < COAFT ol Vo € W(K).
By using the Lemma and the above upper bound in the inequality we obtain

vy ()] < ( / |so1|duf) O sty | < CF) Iyl ( / |sol|duf) 0

7 Absence of the Spectral Gap in the Walters Space

In this section we present the so-called long-range Ising model on the lattice N in the Thermo-
dynamic Formalism setting. The goal is to exhibit explicitly a potential in the Walters space
for which the associated Ruelle operator do not have the spectral gap.

Throughout this section we assume the metric space (M, d) is given by ({—1,1},|-|), where
| - | is the modulus function and the a priori probability measure v = (1/2)[6;_1} + d{13]. Fix
a > 1 and consider the potential f: ) — R given by

@) == ot

n>2

This potential is not y-Hélder continuous for any 0 < v < 1, see [9]. When 1 < a < 2, Dyson
[12] proved that this model has spontaneous magnetization for sufficiently low temperatures.
This fact for these models implies non-uniqueness of the DLR-Gibbs measures at such temper-
atures and also that the pressure can not be Fréchet-differentiable on a suitable Banach space.
For o = 2 this phase transition result was proved by Frolich and Spencer [16]. On the other
hand, when o > 2 the potential f is in the Walters class. Indeed, for any choice of n,p € N we
have var, ., ( f(z) + f(o(z)) + ... + f(o" Hx))) = (n+p) T+ (n+p—1)"F 4 . +pof!
which implies that

neN

sup [Varn+p(f<x> + flo(x)) + ... + f(e" }(x)) )] ~ Zj—oz—i—l ~ ot

and then the Walters condition. For this reason, in what follows we assume that o > 2. In
this case as mentioned in the introduction the potential f belongs to an infinite dimensional
subspace of C'(Q) as defined in [8] where the pressure is FrA©chet-analytic. Note that the
previous computation implies that this space can not be contained in the Holder space.

In the Statistical Mechanics setting the potential f is normally replaced/constructed by the
absolutely uniformly summable interaction ® = (®4) sen, given by
TnTom

O4(z) =< In—ml*’
0, otherwise.

if A={n,m} CNandm #n;
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The relationship between the potential f and the interaction ® is detailed described in [9] and
expressed by the following equality

Hu(x)= ) Pa(e) = f(z)+ flox) +...+ f(o" ). (13)

AeN
ANAR#£D

Following [9, 2], B5] we construct a DLR-Gibbs measure as follows. Fix a potential f, and
a boundary condition, which here for convenience will be chosen as y = (1,1,...) € ). Now we
take any cluster point (with respect to the weak topology) of the sequence (v¢)nen in Z2(2, F),
where v¥ : F — [0,1] is the probability measure defined for each F' € F by the following
expression:

1

VI(F) = 7 Z lp(x)exp(Hy(x)), where ZY = Zexp(Hn(x)).
" €l T€Q;
o™ (z)=c"(y) o (x)=c"(y)

Since a > 2 it is well-known that the sequence (1Y), ey has a unique cluster point which will
be denoted by ry. A proof of this classical fact, with a dynamical system point of view, using
a consequence of the Dobrushin uniqueness theorem and also the Ruelle operator formalism is
presented in [9].

Our next step is to construct a probability measure v on the symbolic space Q = {-1,1}2 =
{—1,1}20(=2000 5 {11} such that

w(F) = vy ({—1, 112020 5 ) YF € F. (14)

Let us denote Diag(Z x Z) = {(r,r) : r € Z} and M = Z x Z \ Diag(Z x Z). We define
a linear space J C RM = {J;; € R : (i,j) € M} as being the set of points in R satisfying
SUDjez D jezsjzi |Jijl < 00. Let Jz and Jy be two points in J defined by (Jz);; = [i — j|~ for all
(1,7) € M and (Jy)ij = (Jz)i; if 4,7 € N with ¢ # j and (Jy);; = 0 otherwise. For each n € N
and J € J we define the function 7%, : Q x J = R by

I (z,J) = Z Z Jij zi2;. (15)
i=—n jEZL:jF#i

For any fixed J € Jand g = (...,1,1,1,...) € (:2 we can define, similarly as above, a probability

measure v/ such that for each borelian F' of © we have

yg:%ﬁ):% S 1p() exp(Halz, ), where 717 = Y exp(dal(z, ). (16)

zefl;zizl zeﬂ;zizl

By straightforward computation we obtain, for each n € N and 2z € Q fixed, the following
identities:

1. %(27 JN) = Hn(zh 22y .- )a
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2. 7w = gntl zu.
3. 1{{—1,1}Zﬁ(_°°70]><F}(Z> = ]-F(Zlu 29,y .. )

Using the above three identities one can immediately see that

1
VyJN({{ 1 1}20 —00,0] ><F) 2"+1Zy Z 1p(z1, 22, . ..) exp(—Hp (21, 22, . . .)

= VI(F). (17)

Recalling that a > 2, it follows from classical results about DLR-Gibbs measures that the
sequence (v77%), oy has a unique cluster point which we call vz. From the previous equality it
easy to conclude that is valid.

According to the definition of v97 for any fixed measurable set F and n € N the function
J > J — v?%/(F) is Fréchet-analytic, since it is just a finite sum of analytic functions. A
straightforward computation shows that for each fixed (7, j) € M we have

%ngJ: Z exp(H, (2, J)) - aij(ymz, J)) = Z exp( (2, J)) - 2z,
2€Q); z;=1 2€€); z;=1
VieZ\{—n,...,n} VieZ\{—n,...,n}

By multiplying and dividing the rhs above by Z?7 and use the definition of the Lebesgue
integral we get

0 X
3JZJZ Zy‘]/ﬁzizj dv?’ (2).

Performing similar computations and using the quotient rule, we have for any bounded mea-
surable function ¢ : 2 - R

0 o . 1
L gd O
3Jij7/n (¥) a.J;; [ZQ,J QZ 11P(Z) exp(,%ﬁ(Z?J))]
vien( Z%T.v,
AR LRy RCLZAC) ECTEA A
Q

Before proceed we state the GKS-II inequality but only in the generality required in this
section. For more general cases, see [13] 23, 25| 26].

Theorem 7.1 (GKS-II Inequality [25, 26]). Fizn € N and {ny,no,...,nx} an arbitrary subset
of {—n,...,n}. If J € J satisfies J;; = 0 for all (i,7) € M, then

/ Zpy e 2yt R 2 dug"](z) — / Zpy e Zny, dyg"](z) / 2 - % dl/n@”](z) >0,
O O O

where V97 denotes the probability measure defined in .
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From now on we use ¢ to denote the function p(z) = z;. Strictly speaking ¢ is defined on Q
but we will abuse notation and also use ¢(z) to denote the projection on the first coordinate of
an element in Q. If J € J is such that j;]- > 0 for all (4,75) € M it follows from and GKS-II
inequality that

0 47

J=J

This inequality implies that the mapping J 3 J +— v97(p) is coordinatewise non-decreasing
in J N[0, +00)™. This monotonicity together with the inequalities (J);; < (Jz)i; immediately
implies that

/QSO(Z) v () g/sp(z) i (2).

Q

Since ¢ is a simple function taking only the values —1 and 1 the lhs above is, from definition
of the Lebesgue integral and the identity , equals to

/ o(2)dvii(2) =0 {ze Qi =1}) =P (z e Qg = 1)
Q
=v/{reQ:zy=1}) —vl(r €Q:xy = —1)

—A¢mmﬂ@. (19)

Replacing this last expression in the above inequality we arrive at

| et an@ < [ o)), (20)

Q

One can prove that v¥7° — v and ¥ — uy, see [I3]. We remark that v is different from
vz, above defined. By using the previous inequality we get from the definition of the weak
convergence

| ete)inie) < [ pane) 1)

Q

To prove that the lhs above is non-negative we will use the GKS-I inequality. Again the
statement is given only in the needed generality. Its proof as well as its more general version
can be found in [13, 23] 24].

Theorem 7.2 (GKS-I Inequality [24]). Fiz a natural numbern > 1 and subset {ny,na, ... ,ng} C
{—n,...,n} and J € J satisfying J;; = 0 for all (i,7) € M. If v¥’ denotes the probability mea-
sure defined in , then

/an gz 2y dv(2) 20,
O
By applying GKS-I inequality to the lhs of we get

Oééw@m%Wdééwwmﬂﬂ
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By taking the weak limit, when n — oo, in the second integral above and using follows

that
Og/ng(x) dvn(x) g/ﬁgo(z) dv(z).

Since a > 2, there is a theorem ensuring that [ @ dr(z) = 0, see [I3]. Therefore we have
proved that

/ng(x) dvn(z) = 0. (22)

To get the lower bound we are interested we consider for n > 1 the element J{:"+1 € J given
by (JEr ) = n=if (4,5) = (1,n + 1) and (JIH),; = 0 otherwise. Similarly as above,
we obtain by another application of the GKS-II inequality the coordinatewise monotonicity of
the mapping J > J — v%7(2,,121), whenever m > n, therefore we can conclude that

/zn+1zl duﬁg‘l{mm(z) <[Zn+121 dvi(z).
Q Q

Notice that the lhs above can be explicitly computed as follows (and its value is independent
of m)

~1
L J{itnt1} Zn+121 Zn+121
/znﬂzldl/fn (z) = E E Zn+121 €xp( E E
O

Zn+1==%1 z1==%1 Zny1=x1 z1==%1

_ 2exp(n™®) — 2exp(n~%)
~ 2exp(n=®) + 2exp(n—®)

= tanh(n™ ).

On the other hand, by using the previous equality and we get for any m > n

tanh(n™) < / Zny121 AV (2) = / Tpi1ry dvl () = /(gp oo™)pdvy.
Q Q Q

By Taylor expanding the hyperbolic tangent and taking the weak limit when m — oo, we get
for some constant C' > 0 the following inequality

C

[nje

/Q(gpoa )¢ dvy > tanh(n™%) >

Piecing together the previous inequality and we finally arrived at

¢ < /(9000 )gOdZ/N—/ngI/N/gpdyN_CLp%VN(n) (23)

E

It was shown in [9] that duf = hydvs, where vy and hy is given by Theorem belongs to
GPLE(f). The authors also shown that for a > 2 the set GPLE(f) is a singleton and therefore
py = vy. This fact together with the continuity of hy and the previous inequality shows that
Copou;(n) can not decays exponentially fast. Since p(x) = 1 is in the Walters class it follows
from the Theorem that £ has not the spectral gap property.
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8 Appendix

Analyticity on Banach Spaces

Definition 8.1. Let (X, | - ||x) and (Y, | - |ly) be Banach spaces and U an open subset of X.
For each k € N, a function F: U — Y 1is said to be k-differentiable in x if for j € {1,...,k},
there exist a j-linear bounded transformation DIF(z) : X7 —Y such that

Dj_lF(I + Uj)(Ul, ...,Uj_l) - Dj_lF(J/’)(Ul, . Uj—l) = DjF(I)(’Ul, ...,Uj) + Oj(Uj)
where 0; : X =Y is such that lim,_q [|o;(v)]ly/(||v]|x) = 0.

We say that I’ has derivatives of all orders in U, if for any £ € N, and any = € U, F' is
k-differentiable in x.

Definition 8.2. Let X and Y be Banach spaces and U an open subset of X. A function
F: U — Y 1s called analytic on U, when F' has derivatives of all orders in U, and for each
x € U there exists an open neighborhood U, of x in U such that for all v € U,, we have that

=1
F(x +v) — Zm
7j=1

where DF(z)v? = DIF(z)(v,...,v) and D?F(x) is the j-th derivative of F in x.

If F: U — Y is analytic on U, then for each n € N, the Taylor expansion of order n is

D?*F(x)v?  D3F(x)v3 D"F(x)u"
L

where 0,11 (v) = 3272 (1/n!) DI F(2)v7 satisfies lim, o [lon1(v) [y /]J0l% = 0.

F(z+v)=F(x) + D'F(z)v + +opt1(v), (24)

Some background on spectral theory

In this section we list some classical results of Spectral Theory for more details and proofs see
[28]. Let X be a Banach space and T': X — X a bounded operator, we define the spectrum of

the operator T by
spec(T) = {\ € C; (M — T)~" do not exists}.

The resolvent set p(T') of T is defined as the complement of spec(T'). The resolvent set of a
bounded operator is an open set while the spectrum is a compact set. The spectral radius of
the operator 7' is defined as 7(7") = sup{|x — y|; =,y € spec(T")}. The spectral radius has the
following characterization

r(T) = liminf |T"||= = lim ||T"||=. (25)
n n—oo

It is also known that spec(T") C B(0,7(T)) and spec(T') = spec(T*), where T% : X* — X* is
the adjoint of T.
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Definition 8.3. Let T : X — X be a bounded linear operator and vy a rectifiable Jordan curve
that lies in p(T'), then we define the spectral projection mp : X — X as follows

1
mr=— [ (A =T) 'dA.

27 J,
Remark 8.4. If the interior of v lies in the interior of p(T) then mp = 0. On the other hand
if spec(T) lies entirely in the interior of v then 7, = Id.

Proposition 8.5. If T : X — X is bounded then 7y is a projection, i.e, 7% = wp. Moreover
mr commutes with T

A subset of spec(T") which is both open and closed in spec(T) is called a spectral set. Let
X(T) C spec(T) be a spectral set, and «y a rectifiable Jordan curve which lies in p(T") containing
¥(T) in its interior. Denote by 77 x(r) the spectral projection associated with 7" and v, i.e.,

1
WT,Z(T) = — (/\I — T)_ld)\,

27T7

where 7 is any rectifiable Jordan curve surrounding the spectral set 3(7"), completely contained
in the p(T') and such that any other point in the spectrum is outside ~.

We use the notation Xy = X and Ty =T Xs(r -
Proposition 8.6. Let be X(T') a spectral set of spec(T) then spec(Txry) = X(T)).

Proposition 8.7. Let m,m : X — X be linear projections, then there exists € > 0 such that
if ||m1 — ma|| < € then w1 and mo has the same rank, i.e, dimm;(X) = dim mo(X).
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