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\What's t wice elev en?" I said to P o oh.

\Twice what?" said P o oh to Me.

\I think it ough t to b e t w en t y-t w o."

\Just what I think m yself," said P o oh.

\It w asn't an easy sum to do,

But that's what it is," said P o oh, said he.

\That's what it is," said P o oh.

Where ev er I am, there's alw a ys P o oh,

There's alw a ys P o oh and Me.

\What w ould I do?" I said to P o oh.

\If it w asn't for y ou," and P o oh said: \T rue,

It isn't m uc h fun for One, but Tw o

Can stic k together," sa ys P o oh, sa ys he.

\That's ho w it is," sa ys P o oh.
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Little blue bird on m y shoulder.

It's the truth. It's actual.

Ev ery thing is satisfactual.

Zipp edy do dah, zipp edy a y;

w onderful feeling, w onderful da y .



Dedicated to Josh ua and Micah
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Preface

T o the Educator and the Studen t

These are a preliminary draft of notes to b e used in a t w elv e w eek, second or third y ear algorithms course. The

goal is to teac h the studen ts to think abstractly ab out algorithms and ab out the k ey algorithmic tec hniques

used to dev elop them.

Abstract Thinking: Studen ts are v ery go o d at learning ho w to ap-

ply a concrete algorithm to a concrete input instance. They tend,

ho w ev er, to �nd it di�cult to think abstractly ab out the prob-

lem. I main tain, ho w ev er, that the more abstractions a p erson

has from whic h to view the problem, the deep er his understand-

ing of it will b e, the more to ols he will ha v e at his disp osal, and

the b etter prepared he will b e to design his o wn inno v ativ e w a ys

to solv e the problems that ma y arise in other courses or in the

w ork place. Hence, w e presen t a n um b er of di�eren t notations,

analogies, and paradigms within whic h to dev elop and to think

ab out algorithms.

Not a Reference Bo ok: Our in ten tion is not to teac h a sp eci�c selection of algorithms for sp eci�c pur-

p oses. Hence, the notes are not organized according to the application of the algorithms but according

to the tec hniques and abstractions used to dev elop them. F or this, one ma y also w an t refer to Intr o-

duction to A lgorithms b y Cormen, Leiserson, and Riv est.

Dev eloping Algorithms: The goal is not to presen t completed algorithms in a nice clean pac k age; but to

go slo wly through ev ery step of the dev elopmen t. Man y false starts ha v e b een added. The hop e is

that this will help studen ts learn to dev elop algorithms on their o wn. The di�erence is a bit lik e the

di�erence b et w een studying carp en try b y lo oking at houses and b y lo oking at hammers.

Pro of of Correctness: Our philosoph y is not to follo w an algorithm with a formal pro of that it is correct.

Instead, this course is ab out learning ho w to think ab out, dev elop, and describ e algorithms in suc h

w a y that their correctness is transparen t.

Themes: There are some consisten t themes found in most algorithms. F or example, I strongly b eliev e that

lo op in v arian ts and recursion are v ery imp ortan t in the dev elopmen t and understanding of algorithms.

Within most textb o oks, these concepts are hidden within a complex pro of. One goal of the notes is to

presen t a uniform and clean w a y of thinking ab out algorithms.

Big Picture vs Small Steps: I attempt to giv e the big picture of eac h algorithm and to break it do wn

in to easy to understand steps.

P oin t F orm: The text is organized in to blo c ks eac h con taining a title and a single though t. Hop efully , this

will mak e the notes easier to lecture and to study from.
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TO EDUCA TOR AND STUDENT 1

Prerequisites: The course assumes that the studen ts ha v e completed a �rst y ear programming course and

ha v e a general mathematical maturit y . The �rst c hapter co v ers m uc h of the mathematics that will b e

needed for the course.

Homew ork Questions: A few homew ork questions are included. I am hoping to dev elop man y more along

with their solutions. Con tributions are w elcome.

Lev el of Presen tation: This material is di�cult: there is no getting around that. I ha v e tried to �gure

out where confusion ma y arise and to co v er these p oin ts in more detail.

Explaining: T o b e able to pro v e y ourself within a test or the w orld, y ou need to b e able to explain the

material w ell. In addition, explaining it to someone else is the b est w a y to learn it y ourself. Hence, I

highly recommend sp ending a lot of time explain the material o v er and o v er again out loud to y ourself,

to eac h other, and to y our stu�ed b ear.

Dreaming: When designing an algorithm, the tendency is to start

co ding. When studying, the tendency is to read or to do prob-

lems. Though these are imp ortan t, I w ould lik e to emphasis

the imp ortance of thinking, ev en da y dreaming, ab out the

material. This can b e done while going along with y our da y ,

while swimming, sho w ering, co oking, or la ying in b ed. Ask

questions. Wh y is it done this w a y and not that w a y? In-

v en t other algorithms for solving a problem. Then lo ok for

input instances for whic h y our algorithm giv es the wrong an-

sw er. Mathematics is not all linear thinking. If the essence

of the material, what the questions are really asking, is al-

lo w ed to seep do wn in to y our sub conscious then with time

little though ts will b egin to p ercolate up. Pursue these ideas.

Sometimes ev en 
ashes of inspiration app ear.

F eedbac k Requested

Though a few iterations of these notes ha v e b een made, they are still quite rough. Let me kno w what needs

to b e c hanged. What has b een helpful to y ou? What did y ou �nd hard to follo w? What w ould mak e it

easier to follo w? Please send feedbac k to je�@cs.y orku.ca. Thanks.

Dra wings: Some da y these notes ma y get published. Though I lo v e the p o oh dra wings, they are cop yrigh ted.

I am in terested in �nding someone to dra w me new pictures. Let me kno w if y ou are in terested.

Ac kno wledgmen ts

I w ould lik e to thank F ranc k v an Breugel for man y useful discussions, Jennifer W olfe for a fan tastic editing

job, and Carolin T aron for supp ort.
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Chapter 1

Relev an t Mathematics

W e will start b y lo oking at existen tial and univ ersal quan ti�ers; the time (and space) complexit y of algo-

rithms; BigOh and Theta notations; summations; and recurrence relations.

1.1 Existen tial and Univ ersal Quan ti�ers

Existen tial and univ ersal quan ti�ers pro vide an extremely useful language for making formal statemen ts.

Y ou m ust understand them. A game b et w een a pro v er and a v eri�er is a lev el of abstraction within whic h

it is easy to understand and pro v e suc h statemen ts.

The Lov es Example: Supp ose the relation (predicate) Lov es ( b; g ) means that the b o y b lo v es the girl g .

Expression Meaning

9 g Lov es ( S am; g ) \Sam lo v es some girl".

8 g Lov es ( S am; g ) \Sam lo v es ev ery girl".

9 b 8 g Lov es ( b; g ) \Some b o y lo v es ev ery girl".

8 b 9 g Lov es ( b; g ) \Ev ery b o y lo v es some girl".

9 g 8 b Lov es ( b; g ) \Some girl is lo v ed b y ev ery b o y".

De�nition of Relation: A relation lik e Lov es ( b; g ) states for ev ery pair of ob jects b = S am and g = M ar y

that the relation either holds b et w een them or do es not. Though w e will use the w ord r elation ,

Lov es ( b; g ) is also considered to b e a pr e dic ate . The di�erence is that a predicate tak es only one

argumen t and hence fo cuses on whether the prop ert y is tr ue or f al se ab out the giv en tuple h b; g i =

h S am; M ar y i .

Represen tations: Relations (predicates) can b e represen ted in a n um b er of w a ys.

F unctions: A relation can b e view ed as a function mapping tuples of ob jects either to tr ue to f al se ,

namely Lov es : f b j b is a b o y g � f g j g is a girl g ) f tr ue; f al se g or more generally Lov es :

f p

1

j p

1

is a p erson g � f p

2

j p

2

is a p erson g ) f tr ue; f al se g .

Set of T uples: Alternativ ely , it can b e view ed as a set con taining the tuples for whic h it is true,

namely Lov es = fh S am; M ar y i ; h S am; Ann i ; h B ob; Ann i ; : : : g . h S am; M ar y i 2 Lov es i�

Lov es ( S am; M ar y ) is true.

Directed Graph Represen tation: If the relation only has t w o argumen ts, it can b e represen ted b y

a directed graph. The no des consist of that ob jects in the domain. W e place a directed edge h g ; b i

b et w een pairs for whic h the relation is true. If the domains for the �rst and second ob jects are

disjoin t, then the graph is bipartite. Of course, the Lov es relation could b e de�ned to include

Lov es ( S am; B ob ). One w ould then need to also consider Lov es ( S am; S am ). See Figure 1.1 b elo w.
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Sam

Bob

Ron Jone

Ann

Mary Sam Mary

Bob

Ron Jone

Ann

Figure 1.1: A directed graph represen tation of the Lov es relation.

Quan ti�ers: Y ou will b e using the follo wing quan ti�ers and prop erties.

The Existence Quan ti�er: The exists quan ti�er 9 means that there is at

least one ob ject in the domain with the prop ert y . This quan ti�er re-

lates the b o olean op erator O R . F or example, 9 g Lov es ( S am; g ) �

[ Lov es ( S am; M ar y ) O R Lov es ( S am; Ann ) O R Lov es ( S am; J one ) O R : : : ].

The Univ ersal Quan ti�er: The univ ersal quan ti�er 8 means that all of the ob ject in the domain

ha v e the prop ert y . It relates the b o olean op erator AN D . F or example, 8 g Lov es ( S am; g ) �

[ Lov es ( S am; M ar y ) AN D Lov es ( S am; Ann ) AN D Lov es ( S am; J one ) AN D : : : ].

Com bining Quan ti�ers: Quan ti�ers can b e com bined. The order of op erations is suc h that

8 b 9 g Lov es ( b; g ) is understo o d to b e brac k eted as 8 b [ 9 g Lov es ( b; g )] , namely \Ev ery b o y has the

prop ert y \he lo v es some girl"". It relates to the follo wing b o olean form ula.

Loves(Sam,Mary) Loves(Sam,Ann) Loves(Sam,Jone)

OR
Mary

Ann Jone

Loves(Bob,Mary) Loves(Bob,Ann) Loves(Bob,Jone)

OR
Mary

Ann Jone

Loves(Ron,Mary) Loves(Ron,Ann) Loves(Ron,Jone)

OR
Mary

Ann Jone

AND
Ron

Sam
Bob

Order of Quan ti�ers: The order of the quan ti�ers matters. F or example, 8 b 9 g Lov es ( b; g ) and

9 g 8 b Lov es ( b; g ) mean di�eren t things. The second one states that \The same girl is lo v ed b y ev-

ery b o y". T o b e true, there needs to b e a Marilyn Monro e sort of girl that all the b o ys lo v e. The

�rst statemen t sa ys that \Ev ery b o y lo v es some girl". A Marilyn Monro e sort of girl will mak e this

statemen t true. Ho w ev er, it is also true in a monogamous situation in whic h ev ery b o y lo v es a di�eren t

girl. Hence, the �rst statemen t can b e true in more di�eren t w a ys than the second one. In fact, the

second statemen t implies the �rst one, but not vice v ersa.

De�nition of F ree and Bound V ariables: As I said, the statemen t 9 g Lov es ( S am; g ) means \Sam lo v es

some girl". This is a statemen t ab out Sam. Similarly , the statemen t 9 g Lov es ( b; g ) means \ b lo v es

some girl". This is a statemen t ab out the b o y b . Whether the statemen t is true dep ends on whic h

b o y b is referring to. The statemen t is not ab out the girl g . The v ariable g is used as a lo cal v ariable

(similar to f or ( i = 1; i < = 10; i + +)) to express \some girl". In this expression, w e sa y that the

v ariable g is b ound , while b is fr e e , b ecause g has a quan ti�er and b do es not.

De�ning Other Relations: Y ou can de�ne other relations b y giving an expression with free v ariables. F or

example, y ou can de�ne the relations Lov esS omeO ne ( b ) � 9 g Lov es ( b; g ).

Building Expressions: Supp ose y ou w an ted to state that \Ev ery girl has b een c heated on" using the l ov es

relation. It ma y b e helpful to break the problem in to three steps.

Step 1) Assuming Other Relations: Supp ose y ou ha v e the relation cheats ( sam; mar y ), indicating

that "Sam c heats on Mary". Ho w w ould y ou express the fact that "Ev ery girl has b een c heated

on"? The adv an tage of using this function is that w e can fo cus on this one part of the statemen t.

(Note that w e are not claiming that ev ery b o y c heats. F or example, one b o y ma y ha v e brok en
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ev ery girl's heart. Nor are w e claiming that an y girl has b een c heated on in ev ery relationship she

has had.)

Giv en this, the answ er is 8 g 9 b cheats ( b; g ).

Step 2) Constructing the Other Predicate: Here w e do not ha v e a cheats function. Hence, w e

m ust construct a sen tence from the l ov es function stating that "Sam c heats on Mary".

Clearly , there m ust b e another girl in v olv ed b esides Mary , so let's start with 9 g

0

. No w, in order

for c heating to o ccur, who to lo v e whom? (F or simplicit y's sak e, let's assume that c heating

means lo ving more than one p erson at the same time.) Certainly , Sam m ust lo v e the other girl.

He m ust also lo v e Mary . If he did not lo v e her, then he w ould not b e c heating on her. Must

Mary lo v e Sam? No. If Sam tells Mary he lo v es her dearly and then a momen t later he tells

Sue he lo v es her dearly , then he has c heated on Mary regardless of ho w Mary feels ab out him.

Therefore, Mary do es not ha v e to lo v e Sam. In conclusion, w e migh t de�ne cheat ( sam; mar y ) �

9 g

0

�

Lov es ( sam; mar y ) and Lov es ( sam; g

0

)

�

.

Ho w ev er, w e ha v e made a mistak e here. In our example, the other girl and Mary cannot b e the

same p erson. Hence, w e m ust de�ne the relation as cheat ( sam; mar y ) � 9 g

0

�

Lov es ( sam; mar y )

and Lov es ( sam; g

0

) and g

0

6= mar y

�

.

Step 3) Com bining the P arts: Com bining the t w o relations together giv es y ou

8 g 9 b 9 g

0

�

Lov es ( b; g ) and Lov es ( b; g

0

) and g

0

6= g

�

. This statemen t expresses that "Ev-

ery girl has b een c heated on". See Figure 1.2.

Sam

Mary

Ann

Jone

Bob

true

Sam

Bob

Mary

Ann

false

Figure 1.2: Consider the statemen t 8 g 9 b 9 g

0

( Lov es ( b; g ) and Lov es ( b; g

0

) and g 6= g

0

), \Ev ery girl has b een

c heated on". On the left is an example of a situation in whic h the statemen t is true, and on the righ t is one

in whic h it is false.

The Domain of a V ariable: Whenev er y ou state 9 g or 8 g , there m ust b e an understo o d set of v alues that

the v ariable g migh t tak e on. This set is called the domain of the v ariable. It migh t b e explicitly giv en

or implied, but it m ust b e understo o d. Here the domain is "the" set of girls. Y ou m ust mak e clear

whether this means all girls in the ro om, all the girls curren tly in the w orld, or all girls that ha v e ev er

existed.

The statemen ts 9 g P ( g ) and 8 g P ( g ) do not sa y an ything ab out a particular girl. Instead, they sa y

something ab out the domain of girls: 9 g P ( g ) states that at least one girl from the domain that has the

prop ert y and 8 g P ( g ) states that all girls from the domain ha v e the prop ert y . Whether the statemen t

is true dep ends on the domain. F or example,

8 x 9 y x � y = 1

asks whether ev ery v alue has an in v erse. Whether this is true dep ends on the domain. It is certainly

not true of the domain of in tegers. F or example, t w o do es not ha v e an in teger in v erse. It seems to b e

true of the domain of reals. Be careful, ho w ev er; zero do es not ha v e an in v erse. It w ould b e b etter to

write.

8 x 6= 0 ; 9 y x � y = 1

or equiv alen tly

8 x 9 y ( x � y = 1 O R x = 0)
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The Negation of a Statemen t: The negation of a statemen t is formed b y putting a negation on the left-

hand side. (Brac k ets sometimes help.) A negated statemen t, ho w ev er, is b est understo o d b y mo ving

the negation as deep (as far righ t) in to the statemen t as p ossible. This is done as follo ws.

Negating AN D and O R : A negation on the outside of an AN D or an O R statemen t can b e mo v ed

deep er in to the statemen t using De Morgan's la w. Recall that the AN D is replaced b y an O R

and the O R is replaced with an AN D .

:

�

Lov es ( S am; M ar y ) AN D Lov es ( S am; Ann )

�

i� : Lov es ( S am; M ar y ) O R : Lov es ( S am; Ann ) :

The negation of \Sam lo v es Mary and Ann" is \Either Sam do es not lo v e Mary or he do es

not lo v e Ann". He can lo v e one of the girls, but not b oth.

A common mistak e is to mak e the negation b e : Lov es ( S am; M ar y ) AN D : Lov es ( S am; Ann ).

Ho w ev er, this sa ys that \Sam lo v es neither Mary nor Ann".

:

�

Lov es ( S am; M ar y ) O R Lov es ( S am; Ann )

�

i� : Lov es ( S am; M ar y ) AN D : Lov es ( S am; Ann ) :

The negation of \Sam either lo v es Mary or he lo v es Ann" is \Sam do es not lo v e Mary and

he do es not lo v e Ann."

Negating Quan ti�ers: Similarly , a negation can b e mo v e past one or more quan ti�ers either to the

righ t or to the left. Ho w ev er, y ou m ust then c hange these quan ti�ers from existen tial to univ ersal

and vice v ersa.

:

�

9 g Lov es ( S am; g )

�

i� 8 g : Lov es ( S am; g ) : The negation of \There is a girl that Sam lo v es"

is \There are no girls that Sam lo v es" or \Ev ery girl is not lo v ed b y Sam." A common mistak e

is to state the negation as 9 g : Lov es ( S am; g ). Ho w ev er, this sa ys that \There is a girl that

is not lo v ed b y Sam".

:

�

8 g Lov es ( S am; g )

�

i� 9 g : Lov es ( S am; g ) : The negation of \Sam lo v es ev ery girl" is \There

is a girl that Sam do es not lo v e."

:

�

9 b 8 g Lov es ( b; g )

�

i� 8 b :

�

8 g Lov es ( b; g )

�

i� 8 b 9 g : Lov es ( b; g ) : The negation of \There

is a b o y that lo v es ev ery girl" is \There are no b o ys that lo v e ev ery girl" or \F or ev ery b o y ,

it is not the case that he lo v es ev ery girl" or \F or ev ery b o y , there is a girl that he do es not

lo v e".

:

�

9 g

1

9 g

2

Lov es ( S am; g

1

) AN D Lov es ( S am; g

2

) AN D g

1

6= g

2

�

i� 8 g

1

8 g

2

:

�

Lov es ( S am; g

1

) AN D Lov es ( S am; g

2

) AN D g

1

6= g

2

�

i� 8 g

1

8 g

2

: Lov es ( S am; g

1

) O R : Lov es ( S am; g

2

) O R g

1

= g

2

:

The negation of \There are t w o (distinct) girls that Sam lo v es" is \Giv en an y pair of (distinct)

girls, Sam do es not lo v e b oth" or \Giv en an y pair of girls, either Sam do es not lo v e the �rst

or he do es not lo v e the second, or y ou ga v e me the same girl t wice".

The Domain Do es Not Change: The negation of 9 x � 5 ; x + 2 = 4 is 8 x � 5 ; x + 2 6= 4. The

negation is NOT 9 x < 5 : : : . The reason is that b oth the statemen t and its negation are asking a

question ab out n um b ers greater than 5. Is there or is there not a n um b er with the prop ert y suc h

that x + 2 = 4?

Pro ving a Statemen t T rue: There are a n um b er of seemingly di�eren t tec hniques for pro ving that an

existen tial or univ ersal statemen t is true. The core of all these tec hniques, ho w ev er, is the same.

P ersonally , I lik e to view the pro of as a strategy for winning a game against an adv ersary .

T ec hniques for Pro ving 9 g Lov es ( S am; g ):

Pro of b y Example or b y Construction: The classic tec hnique to pro v e that something with

a giv en prop ert y exists is b y example. Y ou either directly pro vide an example, or y ou describ e

ho w to construct suc h an ob ject. Then y ou pro v e that y our example has the prop ert y . F or

the ab o v e statemen t, the pro of w ould state \Let g

0

b e the girl Mary" and then w ould to pro v e

that \Sam lo v es Mary".

Pro of b y Adv ersarial Game: Supp ose y ou claim to an adv ersary that \There is a girl that

Sam lo v es". What will the adv ersary sa y? Clearly he c hallenges, \Oh, y eah! Who?". Y ou

then meet the c hallenge b y pro ducing a sp eci�c girl g

0

and pro ving that Lov es ( S am; g

0

), that
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is that Sam lo v es g

0

. The statemen t is true if y ou ha v e a strategy guaran teed to b eat an y

adv ersary in this game.

� If the statemen t is true, then y ou can pro duce suc h a girl g

0

.

� If the statemen t is false, then y ou will not b e able to.

T ec hniques for Pro ving 8 g Lov es ( S am; g ):

Pro of b y Example Do es NOT W ork: Pro ving that Sam lo v es Mary is in teresting, but it do es

not pro v e that he lo v es all girls.

Pro of b y Case Analysis: The lab orious w a y of pro ving that Sam lo v es all girls is to consider

eac h and ev ery girl, one at a time, and pro v e that Sam lo v es her.

This metho d is imp ossible if the domain of girls is in�nite.

Pro of b y \Arbitrary" Example: The classic tec hnique to pro v e that ev ery ob ject from some

domain has a giv en prop ert y is to let some sym b ol represen t an arbitrary ob ject from the

domain and then to pro v e that that ob ject has the prop ert y . Here the pro of w ould b egin \Let

g

0

b e an y arbitrary girl". Because w e don't actually kno w whic h girl g

0

is, w e m ust either

pro v e Lov es ( S am; g

0

) (1) simply from the prop erties that g

0

has b e c ause she is a girl or (2)

go bac k to doing a case analysis, considering eac h girl g

0

separately .

Pro of b y Adv ersarial Game: Supp ose y ou claim to an adv ersary that \Sam lo v es ev ery girl".

What will the adv ersary sa y? Clearly he c hallenges, \Oh, y eah! What ab out Mary?" Y ou

meet the c hallenge b y pro ving that Sam lo v es Mary . In other w ords, the adv ersary pro vides

a girl g

0

. Y ou win if y ou can pro v e that Lov es ( S am; g

0

).

The only di�erence b et w een this game and the one for existen tial quan ti�ers is who pro vides

the example. In terestingly , the game only has one round. The adv ersary is only giv en one

opp ortunit y to c hallenge y ou.

A pro of of the statemen t 8 g Lov es ( S am; g ) consists of a strategy for winning the game. Suc h

a strategy tak es an arbitrary girl g

0

, pro vided b y the adv ersary , and pro v es that \Sam lo v es

g

0

". Again, b ecause w e don't actually kno w which girl g

0

is, w e m ust either pro v e (1) that

Lov es ( S am; g

0

) simply from the prop erties that g

0

has b ecause she is a girl or (2) go bac k to

doing a case analysis, considering eac h girl g

0

separately .

� If the statemen t 8 g Lov es ( S am; g ) is true, then y ou ha v e a strategy . No matter ho w the

adv ersary pla ys, no matter whic h girl g

0

he giv es y ou, Sam lo v es her. Hence, y ou can win

the game b y pro ving that Lov es ( S am; g

0

).

� If the statemen t is false, then there is a girl g

0

that Sam do es not lo v e. An y true adv ersary

(and not just a friend) will pro duce this girl and y ou will lose the game. Hence, y ou cannot

ha v e a winning strategy .

Pro of b y Con tradiction: A classic tec hnique for pro ving the statemen t 8 g Lov es ( S am; g ) is

pro of b y con tradiction. Except in the w a y that it is expressed, it is exactly the same as the

pro of b y an adv ersary game.

By w a y of con tradiction (BW OC) assume that the statemen t is false, i.e.,

9 g : Lov es ( S am; g ) is true. Let g

0

b e some suc h girl that Sam do es not lo v e. Then

y ou m ust pro v e that in fact Sam do es lo v e g

0

. This con tradicts the statemen t that

Sam do es not lo v e g

0

. Hence, the initial assumption is false and 8 g Lov es ( S am; g ) is

true.

Pro of b y Adv ersarial Game for More Complex Statemen ts: As I said, I lik e viewing the pro of

that an existen tial or univ ersal statemen t is true as a strategy for a game b et w een a pro v er and an

adv ersary . The adv an tage to this tec hnique is that it generalizes in to a nice game for arbitrarily

long statemen ts.

The Steps of Game:

Left to Righ t: The game mo v es from left to righ t, pro viding an ob ject for eac h quan ti�er.

Pro v er Pro vides 9 b : Y ou, as the pro v er, m ust pro vide an y existen tial ob jects.

Adv ersary Pro vides 8 g : The adv ersary pro vides an y univ ersal ob jects.
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T o Win, Pro v e the Relation Lov es ( b

0

; g

0

): Once all the ob jects ha v e b een pro vided, y ou

(the pro v er) m ust pro v e that the innermost relation is in fact true. If y ou can, then y ou

win. Otherwise, y ou lose.

Pro of Is a Strategy: A pro of of the statemen t consists of a strategy suc h that y ou win the

game no matter ho w the adv ersary pla ys. F or eac h p ossible mo v e that the adv ersary tak es,

suc h a strategy m ust sp ecify what mo v e y ou will coun ter with.

Negations in F ron t: T o pro v e a statemen t with a negation in the fron t of it, �rst put the state-

men t in to \standard" form with the negation mo v ed to the righ t. Then pro v e the statemen t

in the same w a y .

Examples:

9 b 8 g Lov es ( b; g ): T o pro v e that \There is a b o y that lo v es ev ery girl", y ou m ust pro duce a

sp eci�c b o y b

0

. Then the adv ersary , kno wing y our b o y b

0

, tries to pro v e that 8 g Lov es ( b

0

; g )

is false. He do es this b y pro viding an arbitrary girl g

0

that he hop es b

0

do es not lo v e. Y ou

m ust pro v e that \ b

0

lo v es g

0

".

:

�

9 b 8 g Lov es ( b; g )

�

i� 8 b 9 g : Lov es ( b; g ): With the negation mo v ed to the righ t, the

�rst quan ti�er is univ ersal. Hence, the adv ersary �rst pro duces a b o y b

0

. Then, kno wing

the adv ersary's b o y , y ou pro duce a girl g

0

. Finally , y ou pro v e that : Lov es ( b

0

; g

0

).

Y our pro of of the statemen t could b e view ed as a function G that tak es as input the

b o y b

0

giv en b y the adv ersary and outputs the girl g

0

= G ( b

0

) coun tered b y y ou. Here,

g

0

= G ( b

0

) is an example of a girl that b o y b

0

do es not lo v e. The pro of m ust pro v e that

8 b : Lov es ( b; G ( b ))

1.2 Logarithms and Exp onen tials

Logarithms log

2

( n ) and exp onen tials 2

n

arise often in this course and should b e understo o d.

Uses: There are three main reasons for these to arise.

Divide Logarithmic Num b er of Times: Man y algorithms rep eatedly cut the input instance in

half. A classic example is binary searc h. If y ou tak e some thing of size n and y ou cut it in half;

then y ou cut one of these halv es in half; and one of these in half; and so on. Ev en for a v ery large

initial ob ject, it do es not tak e v ery long un til y ou get a piece of size b elo w 1. The n um b er of times

that y ou need to cut it is denoted b y log

2

( n ). Here the base 2 is b ecause y ou are cutting them in

half. If y ou w ere to cut them in to thirds, then the n um b er of times to cut is denoted b y log

3

( n ).

A Logarithmic Num b er of Digits: Logarithms are also useful b ecause writing do wn a giv en in teger

v alue n requires d log

10

( n + 1) e decimal digits. F or example, supp ose that n = 1 ; 000 ; 000 = 10

6

.

Y ou w ould ha v e to divide this n um b er b y 10 six times to get to 1. Hence, b y our previous de�nition,

log

10

( n ) = 6. This, ho w ev er, is the n um b er of zeros, not the n um b er of digits. W e forgot the

leading digit 1. The form ula d log

10

( n + 1) e = 7 do es the tric k. F or the v alue n = 6 ; 372 ; 845, the

n um b er of digits is giv en b y log

10

(6 ; 372 ; 846) = 6 : 804333, rounded up is 7. Being in computer

science, w e store our v alues using bits. Similar argumen ts giv e that d log

2

( n + 1) e is the n um b er

of bits needed.

Exp onen tial Searc h: Supp ose a solution to y our problem is represen ted b y n digits. There are 10

n

suc h strings of n digits. One w a y to coun t them is b y computing the n um b er of c hoices needed

to c ho ose one. There are 10 c hoices for the �rst digit. F or eac h of those, there are 10 c hoices for

the second. This giv es 10 � 10 = 100 choices . Then for eac h of these 100 c hoices, there are 10

c hoices for the third, and so on. Another w a y to coun t them is that there are 1 ; 000 ; 000 = 10

6

in tegers represen ted b y 6 digits, namely 000 ; 000 up to 999 ; 9999. The di�cult y in there b eing so

man y p oten tial solutions to y our problem, is that doing a blind searc h through them all to �nd

y our fa v orite one will tak e ab out 10

n

time. F or an y reasonable n , this is a h uge amoun t of time.

Rules: There are lots of rules ab out logs and exp onen tial that one migh t learn. P ersonally , I lik e to minimize

it to the follo wing.



10 CHAPTER 1. RELEV ANT MA THEMA TICS

b

n

= (

n

z }| {

b � b � b � : : : � b ) : This is the de�nition of exp onen tiation. b

n

is n b 's m ultiplied together.

b

n

� b

m

= b

n + m

: This is simply b y coun ting the n um b er of b 's b eing m ultiplied.

(

n

z }| {

b � b � b � : : : � b ) � (

m

z }| {

b � b � b � : : : � b ) =

n + m

z }| {

b � b � b � : : : � b :

b

0

= 1: One migh t guess that zero b 's m ultiplied together is zero, but it needs to b e one. One argumen t

for this is as follo ws. b

n

= b

0+ n

= b

0

� b

n

. F or this to b e true, b

0

m ust b e one.

b

� n

=

1

b

n

: The fact that this needs to b e true can b e argued in a similar w a y . 1 = b

n +( � n )

= b

n

� b

� n

.

F or this to b e true, b

� n

m ust b e

1

b

n

.

( b

n

)

m

= b

n � m

: Again w e coun t the n um b er of b 's.

m

z }| {

(

n

z }| {

b � b � b � : : : � b ) � (

n

z }| {

b � b � b � : : : � b ) � : : : � (

n

z }| {

b � b � b � : : : � b ) =

n � m

z }| {

b � b � b � : : : � b :

If x = log

b

( n ) then n = b

x

: This is the de�nition of logarithms.

log

b

(1) = 0: This follo w from b

0

= 1.

log

b

( b

x

) = x and b

log

b

( n )

= n : Substituting n = b

x

in to x = log

b

( n ) giv es the �rst and substituting

x = log

b

( n ) in to n = b

x

giv es the second.

log

b

( n � m ) = log

b

( n ) + log

b

( m ): The n um b er of digits to write do wn the pro duct of t w o in tegers

is the n um b er to write do wn eac h of them separately (mo dulo rounding errors). W e pro v e it b y

applying the de�nition of logarithms and the ab o v e rules. b

log

b

( n � m )

= n � m = b

log

b

( n )

� b

log

b

( m )

=

b

log

b

( n )+log

b

( m )

. It follo ws that log

b

( n � m ) = log

b

( n ) + log

b

( m ).

log

b

( n

d

) = d � log

b

( n ): This is an extension of the ab o v e rule.

log

b

( n ) � log

b

( m ) = log

b

( n ) + log

b

(

1

m

) = log

b

(

n

m

): This is another extension of the ab o v e rule.

d

c log

2

( n )

= n

c log

2

( d )

: This rule states that y ou can mo v e things b et w een the base to the exp onen t

as long as y ou add or remo v e a log. The pro of is as follo ws. d

c log

2

( n )

=

�

2

log

2

( d )

�

c log

2

( n )

=

2

log

2

( d ) � c log

2

( n )

= 2

log

2

( n ) � c log

2

( d )

=

�

2

log

2

( n )

�

c log

2

( d )

= n

c log

2

( d )

.

log

2

( n ) = 3 : 32 :: � log

10

( n ): The n um b er of bits needed to express an v alue in teger n is 3.32.. times

the n um b er of decimal digits needed. This can b e seen as follo ws. Supp ose x = log

2

n . Then

n = 2

x

, giving log

10

n = log

10

(2

x

) = x � log

10

2. Finally , x =

1

log

10

2

log

10

( n ) = 3 : 32 :: log

10

n .

Whic h Base: W e will write �(log( n )) with out giving an explicit base. A high sc ho ol studen t migh t use

base 10 as the default, a scien tist base e = 2 : 718 :: , and computer scien tists base 2. My philosoph y is

that I exclude the base when it do es not matter. As seen ab o v e, log

10

( n ), log

2

( n ), and log

e

( n ), di�er

only b y a m ultiplicativ e constan t. In general, w e will b e ignoring m ultiplicativ e constan ts, and hence

whic h base used is irrelev an t. I will only include the base when the base matters. F or example, 2

n

and

10

n

di�er b y m uc h more than a m ultiplicativ e constan t.

The Ratio

log a

log b

: When computing the ratio b et w een t w o logarithms, the base used do es not matter b ecause

c hanging the base will in tro duce the same constan t b oth on the top and the b ottom, whic h will cancel.

Hence, when computing suc h a ratio, y ou can c ho ose whic h ev er base mak es the calculation the easiest.

F or example, to compute

log 16

log 8

, the ob vious base to use is 2, b ecause

log

2

16

log

2

8

=

4

3

. On the other hand,

to compute

log 9

log 27

, the ob vious base to use is 3, b ecause

log

3

9

log

3

27

=

2

3

.

1.3 The Time (and Space) Complexit y of an Algorithm

It is imp ortan t to classify algorithms based on their time and space complexities.

Purp ose:
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Estimate Duration: T o estimate ho w long a program will run.

Estimate Input Size: T o estimate the largest input that can reasonably b e giv en to the program.

Compare Algorithms: T o compare the e�ciency of di�eren t algorithms for solving the same prob-

lem.

P arts of Co de: T o help y ou fo cus y our atten tion on the parts of co de that are executed the largest

n um b er of times. This is the co de y ou need to impro v e to reduce running time.

Cho ose Algorithm: T o c ho ose an algorithm for an application.

� If the input w on't b e larger than six, don't w aste y our time writing an extremely e�cien t

algorithm.

� If the input size is a thousand, then b e sure the program runs in p olynomial not exp onen tial

time.

� If y ou are w orking on the Gnome pro ject and the input size is a billion, then b e sure the

program runs in linear time.

Time and Space Complexities are F unctions, T ( n ) and S ( n ): The time complexit y of an algorithm

is not a single n um b er but is a function indicating ho w the running time dep ends on the size of the

input. W e often denote this b y T ( n ), giving the n um b er of \op erations" executed on the w orst case

input instance of \size" n . An example w ould b e T ( n ) = 3 n

2

+ 7 n + 23. Similarly , S ( n ) giv es the

\size" of the rewritable memory the algorithm requires.

Ignoring Details, �( T ( n )) and O ( T ( n )): Generally , w e ignore the lo w order terms in the function T ( n )

and the m ultiplicativ e constan t in fron t. W e also ignore the function for small v alues of n and fo cus

the asymptotic b eha vior as n b ecomes v ery large. Some of the reasons are the follo wing.

Mo del Dep enden t: The m ultiplicativ e constan t in fron t of the time dep ends on ho w fast the com-

puter is and on the precise de�nition of \size" and \op eration".

T o o Muc h W ork: Coun ting ev ery op eration that the algorithm executes in precise detail is more

w ork than it is w orth.

Not Signi�can t: It is m uc h more signi�can t whether the time complexit y is T ( n ) = n

2

or T ( n ) = n

3

than whether it is T ( n ) = n

2

or T ( n ) = 3 n

2

.

Large n Matter: One migh t sa y that w e only consider large input instance in our analysis, b ecause

the running time of an algorithm only b ecome an issue when the input is large. Ho w ev er, the

running time of some algorithms on small input instances is quite critical. In fact, the size n of a

realistic input instance dep ends on b oth on the problem and on the application. The c hoice w as

made to consider only large n in order to pro vide a clean and consisten t mathematical de�nition.

See Theta and Big Oh notations in Section 1.4.

1.3.1 Di�eren t Mo dels of Time and Space Complexit y

A mo del of time complexit y is de�ned b y what is considered to b e the \size" of an input instance and what

is considered to b e a single algorithmic \op eration". Di�eren t mo dels are used for di�eren t applications

dep ending on what w e w an t to learn ab out the algorithm and at what lev el of detail.

T ypically , the de�nitions of \size" and an \op eration" are tied together. A basic unit is de�ned and then

the size of an input instance is de�ned to b e the n um b er of these units needed to express the input and a

single op eration is able to do basic op erations on one or t w o of these units. The follo wing are the classic

mo dels used.

Ignoring Multiplicativ e Constan ts: The follo wing mo dels are equiv alen t up to some m ultiplicativ e con-

stan t.
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In tuitiv e: Seconds. The ob vious unit to measure time complexit y is in seconds. In fact, a v ery

in tuitiv e de�nition of time complexit y T ( n ), is that an adv ersary is allo w ed to send y ou a hard

input instance along a narro w c hannel and T ( n ) is the n um b er of seconds that it tak es y ou to solv e

the problem as a function of the n um b er of seconds it tak es the adv ersary to send the instance.

The problem with this de�nition is that it is v ery dep enden t on the sp eed of comm unication

c hannel and of the computer used. Ho w ev er, this di�erence is only up to some m ultiplicativ e

constan t.

An algorithm is though t to b e slo w if an adv ersary can quic kly giv e y ou an instance to the problem

that tak es the algorithm a h uge amoun t of time to solv e, p erhaps ev en the age of the univ erse. In

con trast, the algorithm is considered fast, if in order to force it to w ork hard, the adv ersary m ust

also w ork hard comm unicating the instance.

In tuitiv e: The Size of Y our P ap er. Similarly , the size of an input instance can b e de�ned to b e

the n um b er of square inc hes of pap er used b y the adv ersary to write do wn the instance giv en a

�xed sym b ol size. Corresp ondingly , as single op eration w ould b e to read, write, or manipulate

one or t w o of these sym b ols. Similarly , the space requiremen ts of the algorithm is the n um b er of

square inc hes of pap er, with eraser, used b y the algorithm to solv e the giv en input instance.

F ormal: Num b er of Bits. In theoretical computer science, the formal de�nition of the size of an

instance is the n um b er of binary bits required to enco de it. F or example, if the input is 101001

2

,

then n = 6. The only allo w able op erations are AN D , O R and N O T of pairs of bits. The

algorithm, in this con text, can b e view ed as some form of a T uring Machine or a circuit of AN D ,

O R and N O T gates. Most p eople get nerv ous around this de�nition. Thats ok. W e ha v e others.

Practical: Num b er of Digits, Characters, or W ords. It is easier to think of in tegers written in

decimal notation and to think of other things as written in sen tences comp osed of the letters A-Z.

A useful de�nition of the size of an instance is the n um b er of digits or c haracters required to

enco de it. Y ou ma y argue that an in teger can b e stored as a single v ariable, but for a really big

v alue, y our algorithm will need a data structure consisting of a n um b er of 32-bit w ords to store

it. In this case, the size of an instance w ould b e the n um b er of these w ords needed to represen t

it.

F or eac h of these de�nitions of size, the de�nition of an op eration w ould b e a single action on a

pair of digits, c haracters, or 32-bit w ords.

Within a Constan t: These de�nitions of size are equiv alen t within a m ultiplicativ e constan t.

Giv en a v alue N , the n um b er of bits to represen t it will b e d log

2

( N + 1) e , the n um b er of

digits will b e d log

10

( N + 1) e = d

1

3 : 32

log

2

( N + 1) e , and the n um b er of 32-bit w ords will b e

d log

(2

32

)

( N + 1) e = d

1

32

log

2

( N + 1) e . See the rules ab out logarithms in Section 1.2.

Ignoring Logarithmic Multiplicativ e F actors: The follo wing mo del can b e practically easier to handle

then the bit mo del and it giv es the same measure of time complexit y except for b eing a few logarithmic

factors more p essimistic. This is not usually a problem, b ecause the only time when this text cares ab out

these factors is when di�eren tiating b et w een T ( n ) = n time and T ( n ) = n log

2

n time, particularly

when regarding algorithms for sorting.

Practical: Num b er of Bounded Elemen ts. Supp ose the input consists of an arra y , tree, graph,

or strange data structure consisting of n in tegers (or more complex ob jects), eac h in the range

[1 ::n

5

]. A reasonable de�nition of size w ould b e n , the n um b er of in tegers. A reasonable de�nition

of an op eration w ould something lik e adding or m ultiplying t w o suc h in tegers or indexing in to

arra y using one in teger in order to retriev e another.

Within a Log: Surprisingly p erhaps, the time complexit y of an algorithm is more p essimistic

under this mo del than under the bit mo del. Supp ose, for example, that under this mo del the

algorithm requires T ( n ) = n

3

in teger op erations. Eac h in teger in the range [1 ::n

5

] requires

log

2

n

5

= 5 log

2

n bits. Hence, the size of the en tire input instance is n

bit

= n � 5 log

2

n bits.

Adding t w o n

bit

bit in tegers requires some constan t times n

bit

bit op erations. T o b e concrete,

let us sa y 3 n

bit

bit op erations. This giv es that the total n um b er of bit op erations required b y
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the algorithm is T

bit

= (15 log

2

n ) � T ( n ) = 15 n

3

log

2

n . Rearranging n

bit

= n � 5 log

2

n giv es

n =

n

bit

5 log

2

n

and plugging this in to T

bit

= 15 n

3

log

2

n giv es T

bit

( n

bit

) = 15

�

n

bit

5 log

2

n

�

3

log

2

n =

0 : 12

(log

2

n )

2

( n

bit

)

3

bit op erations. This giv es the time complexit y of the algorithm in the bit mo del.

Note that this is t w o logarithm factors,

0 : 12

(log

2

n )

2

, b etter than time complexit y T ( n ) = n

3

within

the elemen t mo del.

An Ev en Stronger Complexit y Measure:

Practical: Num b er of Un b ounded Elemen ts. Again supp ose that the input consists of an arra y ,

tree, graph, or strange data structure consisting of n in tegers (or more complex ob jects), but no w

there is no b ound on ho w large eac h can b e. Again w e will de�ne the size of an input instance

to b e the n um b er of in tegers and a single op eration to b e some op eration on these in tegers, no

matter ho w big these in tegers are. Being an ev en more p essimistic measure of time complexit y ,

ha ving an algorithm that is faster according to this measure is a m uc h stronger statemen t. The

reason is that the algorithm m ust b e able to solv e the problem in the same T ( n ) in teger op erations

indep enden t of ho w big the in tegers are that the adv ersary giv es it.

T o o Strong A Complexit y Measure:

Incorrect: The V alue of an In teger. When the input is an in teger, it is tempting to denote its

v alue with n and use this as the size of the input. DO NOT DO THIS! The v alue or magnitude

of an in teger is v ery v ery di�eren t than the n um b er of bits needed to write it do wn. F or example,

N = 1000000000000 00 00 00 00 00 00 00 00 000 00 00 00 00 00 00 00 0 is a v ery big n um b er. It is bigger then

the n um b er of atoms in the univ erse. Ho w ev er, w e can write it on 4 inc hes of pap er, using 50

digits. In binary , it w ould require 166 bits.

An y of the ab o v e mo dels of time complexit y are reasonable except for the last one.

Whic h Input of Whic h Size:

Input Size n Is Assumed to Be V ery Large: Supp ose one program tak es 100 n time and another

tak es n

2

time. Whic h is faster dep ends on the input size n . The �rst is slo w er for n < 100, and

the second for larger inputs. It is true that some applications deal with smaller inputs, but in

order to ha v e a consisten t w a y to compare running times, w e assume that the input is v ery large.

This is done (1) b y considering only inputs whose size n is greater than some constan t n

0

or (2)

b y taking the limit as n go es to in�nit y .

Whic h Input Do W e Use T o Determine Time Complexit y?: T ( n ) is the time required to ex-

ecute the giv en algorithm on an input of size n . Ho w ev er, whic h input instance of this size do y ou

giv e the program to measure its complexit y? After all, there are 2

n

inputs instances with n bits.

Here are three p ossibilities:

A T ypical Input: The problem with this is that it is not clear who decides what a \t ypical"

input is. Di�eren t applications will ha v e v ery di�eren t t ypical inputs. It is v alid to design

y our algorithm to w ork w ell for a particular application, but if y ou do, this needs to b e clearly

stated.

Av erage Case or Exp ected: Av erage case analysis considers time a v eraged o v er all input in-

stances of size n . This is equiv alen t to the exp ected time for a "random" input instance of

size n . The problem with this de�nition is that it assumes that all instances are equally lik ely

to o ccur. One migh t just as w ell consider a di�eren t probabilit y distribution on the inputs.

W orst Case: The usual measure is to consider the instance of size n on whic h the giv en algorithm

is the slo w est. Namely , T ( n ) = max

I 2f I j j I j = n g

T ime ( I ). This measure pro vides a nice clean

mathematical de�nition and is the most easy to analyze. The only problem is that sometimes

the algorithm do es m uc h b etter than the w orst case, b ecause the w orst case is not a reasonable

input. One suc h example, w e will see is Quic k Sort.
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1.3.2 Examples

Example 1: Supp ose program P

1

requires T

1

( n ) = n

4

op erations and P

2

requires T

2

( n ) = 2

n

. Supp ose

that y our mac hine executes 10

6

op erations p er second.

1. If n = 1 ; 000, what is the running time of these programs?

� Answ er:

(a) T

1

( n ) =

�

10

3

�

4

= 10

12

op erations, = 10

6

seconds, = 11 : 6 da ys.

(b) T

2

( n ) = 2

(

10

3

)

op erations. The n um b er of y ears is

2

(

10

3

)

10

6

� 60 � 60 � 356

. This is to o big for

m y calculator. The log of this n um b er is

10

3

log

2

(10)

� log

10

10

6

� log

10

(60 � 60 � 356) =

301 : 03 � 6 � 6 : 12 = 288 : 91. Therefore, the n um b er of y ears is 10

288 : 91

. Don't w ait for it.

2. If y ou w an t to run y our program in 24 hrs, ho w big can y our input b e?

� Answ er: The n um b er of op erations is T = 24 � 60 � 60 � 10

6

= 8 : 64 � 10

10

. n

1

= T

1 = 4

= 542.

n

2

= log

2

T =

log T

log 2

= 36 :

3. Appro ximately , for whic h input size, do the program ha v e the same running times?

� Answ er: Setting n = 16 giv es n

4

= ( 16)

4

=

�

2

4

�

4

= 2

4 � 4

= 2

16

= 2

n

.

Example 2: Tw o simple algorithms, summation and factoring.

The Problems/Algorithms:

Summation: The task is to sum the N en tries of an arra y , i.e., A (1) + A (2) + A (3) + : : : + A ( N ).

F actoring: The task is to �nd divisors of an in teger N . F or example, on input N = 5917 w e

output that N = 97 � 61. (This problem is cen tral to cryptograph y .) The algorithm c hec ks

whether N is divisible b y 2, b y 3, b y 4, : : : b y N .

Time: Both algorithms require T = N op erations (additions or divisions).

Ho w Hard? The Summing algorithm is considered to b e v ery fast, while the factoring algorithm is

considered to b e v ery time consuming. Ho w ev er, b oth algorithms tak e T = N time to complete.

The time complexit y of these algorithms will explain wh y .

T ypical V alues of N : In practice, the N for F actoring is m uc h larger than that for Summation.

Ev en if y ou sum all the en tries in the en tire 8G hard driv e, then N is still only N � 10

10

. On the

other hand, the military w an ts to factor in tegers N � 10

100

.

Ho w ev er, assessing the complexit y of an algorithm should not b e based on ho w it happ ens to b e

used in practice.

Size of the Input: The input for Summation is n � 32 N bits.

The input for F actoring is n = log

2

N bits. Therefore, with a few h undred bits y ou can write

do wn a di�cult factoring instance that is seemingly imp ossible to solv e.

Time Complexit y: The running time of Summation is T ( n ) = N =

1

32

n , whic h is linear in its input

size.

The running time of F actoring is T ( N ) = N = 2

n

, whic h is exp onen tial in its input size.

This is wh y the Summation algorithm is considered to b e fe asible , while the F actoring algorithm

is considered to b e infe asible .

1.4 Asymptotic Notations and Their Prop erties

BigOh and Theta are a notation for classifying functions.

Purp ose:
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Time Complexit y: Generally for this course, the functions that w e will b e classifying with b e the

time complexities of programs. On the other hand, these ideas can also b e used to classify an y

function.

F unctions Gro wth: T o giv e an idea of ho w fast a function gro ws without going in to to o m uc h detail.

Example: While on a w alk in the w o o ds, someone asks me, "What is that?"

I could answ er:

"It is an adult male red-b ellied sapsuc k er of the American northeast v ariet y ."

or I could sa y:

"It's a bird."

Whic h is b etter? It dep ends on ho w m uc h detail is needed.

Classes of F unctions: T o classify functions in to di�eren t classes.

Classifying: W e classify the set of all v ertebrate animals in to mammal, bird, reptile, and so on; w e further

classify mammals in to h umans, cats, dogs, and so on; �nally , among others, the class of h umans

will con tain me. Similarly , w e will classify functions in to constan ts �(1), p oly-logarithms log

�(1)

( n ),

p olynomial n

�(1)

, exp onen tials 2

�( n )

, double exp onen tials 2

2

�( n )

, and so on; w e further classify the

p olynomials n

�(1)

in to linear functions �( n ), the time for sorting �( n log n ), quadratics �( n

2

), cubics

�( n

3

), and so on; �nally , among others, the class of linear functions �( n ) will con tain f ( n ) = 2 n +

3 log

2

n + 8.

Asymptotic Gro wth Rate: When classifying animals, Darwin decided to consider not whether or not it

sleeps during the da y , but whether it has hair. When classifying functions, complexit y theorists lik e

m y father decided not to consider its b eha vior on small v alues of n or ev en whether it is monotone

increasing, but ho w quic kly it gro ws when its input n gro ws really big. This is referred to as the

asymptotics of the function. Here are some examples of di�eren t gro wth rates.

F unction Appro ximate v alue of T ( n ) for n =

T ( n ) 10 100 1,000 10,000

log n 3 6 9 13 amo eba

p

n 3 10 31 100 bird

n 10 100 1,000 10,000 h uman

n log n 30 600 9,000 130,000 gian t

n

2

100 10,000 10

6

10

8

elephan t

n

3

1,000 10

6

10

9

10

12

dinosaur

2

n

1,024 10

30

10

300

10

3000

the univ erse

Note: The univ erse con tains appro ximately 10

80

particles.

1.4.1 The Classic Classi�cations of F unctions

The follo wing are the main classi�cations of functions that will arise in this course as the running times of

an algorithm or as the amoun t of space that it uses.

F unctions with A Basic F orm: Most functions considered will ha v e the basic form f ( n ) = c � b

an

� n

d

�

log

e

n , where a , b , c , d , and e are real constan ts. Suc h functions are classi�ed as follo ws.

Constan ts: �(1) f ( n ) = c , where c > 0.

Logarithms: �(log( n )) f ( n ) = c � log n , where c > 0.

P oly-Logarithms: log

�(1)

( n ) f ( n ) = c � log

e

n , where c > 0, and e > 0.

Linear F unctions: �( n ) f ( n ) = c � n , where c > 0.

Time for Sorting: �( n log n ) f ( n ) = c � n log n , where c > 0.

Quadratics: �( n

2

) f ( n ) = c � n

2

, where c > 0.

Cubics: �( n

3

) f ( n ) = c � n

3

, where c > 0.

P olynomial: n

�(1)

f ( n ) = c � n

d

� log

e

n , where c > 0, d > 0, e 2 ( �1 ; 1 ).

Exp onen tials: 2

�( n )

f ( n ) = c � b

an

� n

d

� log

e

n , where c > 0, a > 0, b > 1, d; e 2 ( �1 ; 1 ).

Double Exp.: 2

2

�( n )
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These classes will no w get discussed in more detail.

Constan ts �(1): A constan t function is one whose output do es not dep end on its input. F or example,

f ( n ) = 7. One algorithm for whic h this function arises is p opping an elemen t o� a stac k that is stored

as a link ed list. This tak es ma yb e 7 \op erations" indep enden t of the n um b er n of elemen ts in the

stac k. Someone else's implemen tation ma y require 8 \op erations". �(1) is a class of functions that

include all suc h functions. W e sa y �(1) instead of 7 when w e do not care what the actually constan t

is. Determining whether it is 7, 9, or 8.829 ma y b e more w ork than it is really w orth. A function

lik e f ( n ) = 8 + sin( n ), on the other hand, con tin ually c hanges b et w een 7 and 9 and f ( n ) = 8 +

1

n

con tin ually c hanges approac hing 8. Ho w ev er, if w e are not caring whether it is 7, 9, or 8.829, wh y

should w e care if it is c hanging b et w een them? Hence, b oth of these functions are included in �(1).

On the other hand, in most applications b eing negativ e f ( n ) = � 1 or zero f ( n ) = 0 w ould b e quite a

di�eren t matter. Hence, these are excluded. Similarly , the function f ( n ) =

1

n

is not included, b ecause

the only constan t that it is b ounded b elo w b y is zero and the zero function is not included.

Examples Included:

� f ( n ) = 7 and f ( n ) = 8 : 829

� f ( n ) = 8 + sin( n )

� f ( n ) = 8 +

1

n

� f ( n ) = f 1 if n is o dd, 2 if n is ev en g

Examples Not Included:

� f ( n ) = � 1 and f ( n ) = 0 (fails c > 0)

� f ( n ) = sin( n ) (fails c > 0)

� f ( n ) =

1

n

(to o small)

� f ( n ) = log

2

n (to o big)

Logarithms �(log ( n )): See Section 1.4 for ho w logarithmic functions lik e log

2

( n ) arise in this course and

for some of their rules. The class of functions �(log( n )) consists of those functions f ( n ) that are \some

constan t" times this initial function log

2

( n ). F or example, f ( n ) = 2 log

2

( n ) is included.

Slo wly Gro wing: The functions f ( n ) = log

2

( n ) and f ( n ) = log

10

( n ) gro w as n gets large, but v ery

slo wly . F or example, ev en if n is 10

80

, whic h is roughly the n um b er of particles in the univ erse,

still f ( n ) = log

10

( n ) is only 80. Because it gro ws with n , this function certainly is not included

in �(1). Ho w ev er, it is m uc h m uc h smaller than the linear function f ( n ) = n .

Whic h Base: W e write �(log( n )) with out giving an explicit base. As sho wn in the list of rules ab out

logarithms, log

10

( n ), log

2

( n ), and log

e

( n ), di�er only b y a m ultiplicativ e constan t. Because w e are

ignoring m ultiplicativ e constan ts an yw a y , whic h base is used is irrelev an t. The rules also indicate

that 8 � log

2

( n

5

) also di�ers only b y a m ultiplicativ e constan t. All of these functions are include in

�(log( n )). W e will only include the base when the base matters. F or example, 2

n

and 10

n

di�er

b y m uc h more than a m ultiplicativ e constan t.

Some Constan t: See �(1) ab o v e for what w e mean b y the \some constan t" that can b e m ultiplied

b y the log n .

Examples Included:

� f ( n ) = 7 log

2

n and f ( n ) = 8 : 829 log

10

( n )

� f ( n ) = log( n

8

) and f ( n ) = log( n

8

+ 2 n

3

� 10)

� f ( n ) = (8 + sin( n )) log

2

( n ), f ( n ) = 8 log

2

n +

1

n

, and f ( n ) = 3 log

2

n � 1 ; 000 ; 000

Examples Not Included:

� f ( n ) = � log

2

n (fails c > 0)

� f ( n ) = 5 (to o small)

� f ( n ) = (log

2

n )

2

(to o big)
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P oly-Logarithms log

�(1)

( n ): P o w ers of logs lik e ( log n )

3

are referred to as p oly-lo g . These are often

written as log

3

n = (log n )

3

. Note that this is di�eren t than log( n

3

) = 3 log n . The class is denoted

log

�(1)

( n ). It is a sup er set of �(log( n )), b ecause ev ery function in �(log( n )) is also in log

�(1)

( n ), but

f ( n ) = log

3

( n ) is included in the later but not the �rst.

Examples Included:

� f ( n ) = 7(log

2

n )

5

, f ( n ) = 7 log

2

n , and f ( n ) = 7

p

log

2

n

� f ( n ) = 7(log

2

n )

5

+ 6(log

2

n )

3

� 19 + 7(log

2

n )

2

=n

Examples Not Included:

� f ( n ) = n (to o big)

Linear F unctions �( n ): Giv en an input of n items, it tak es �( n ) time simply to lo ok at the input.

Lo oping o v er the items and doing constan t amoun t of w ork for eac h tak es another �( n ) time. Sa y ,

t

1

( n ) = 2 n and t

2

( n ) = 4 n for a total of 6 n time. No w if y ou do not w an t to do more than linear

time, are y ou allo w ed to do an y more w ork? Sure. Y ou can do something that tak es t

3

( n ) = 3 n time

and something else that tak es t

4

( n ) = 5 n time. Y ou are ev en allo w ed to do a few things that tak e a

constan t amoun t of time, totaling to sa y t

5

( n ) = 13. The en tire algorithm then tak es the sum of these

t ( n ) = 14 n + 13 time. This is still considered to b e linear time.

Examples Included:

� f ( n ) = 7 n and f ( n ) = 8 : 829 n

� f ( n ) = (8 + sin( n )) n and f ( n ) = 8 n + log

10

n +

1

n

� 1 ; 000 ; 000

Examples Not Included:

� f ( n ) = � n and f ( n ) = 0 n (fails c > 0)

� f ( n ) =

n

log

2

n

(to o small)

� f ( n ) = n log

2

n (to o big)

Time for Sorting �( n log n ): Another running time that arises often in algorithms is �( n log n ). F or

example, this is the n um b er of comparisons needed to sort n elemen ts. What should b e noted is that

the function f ( n ) = n log n is just sligh tly to o big to b e in the linear class of functions �( n ). This is

b ecause n log n is log n times n and log n is not constan t.

Examples Included:

� f ( n ) = 7 n log

2

( n ) and f ( n ) = 8 : 829 n log

10

( n ) + 3 n � 10

Examples Not Included:

� f ( n ) = n (to o small)

� f ( n ) = n log

2

n (to o big)

Time for Sorting �( n log n ): Another running time that

Quadratic F unctions �( n

2

): Tw o nested lo ops from 1 to n tak es �( n

2

) time if eac h inner iteration tak es

a constan t amoun t of time. An n � n matrix requires �( n

2

) space if eac h elemen t tak es constan t space.

Examples Included:

� f ( n ) = 7 n

2

� 8 n log n + 2 n � 17

Examples Not Included:

� f ( n ) =

n

2

log

2

n

and f ( n ) = n

1 : 9

(to o small)

� f ( n ) = n

2

log

2

n and f ( n ) = n

2 : 1

(to o big)

Cubic F unctions �( n

3

): Similarly , three nested lo ops from 1 to n and a n � n � n cub e matrix requires

�( n

3

) time and space.
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~

�( n ),

~

�( n

2

),

~

�( n

3

), and so on: Stating that the running time of an algorithm is �( n

2

) allo ws us to

ignore the m ultiplicativ e constan t in fron t. Often, ho w ev er, w e will in fact ignore logarithmic factors.

These factors migh t either arise b ecause w e sa y that the \size" of the input is n when in fact it consists

of n elemen ts eac h of �(log n ) bits or b ecause w e sa y that the algorithm do es �( n

2

) \op erations" when

in fact eac h op eration consists of adding together �(log n ) bit v alues. The only place that this b o ok

cares ab out these factors is when it is determining whether the running time of sorting algorithms is

�( n ) or �( n log n ). When one do es w an t to ignore these logarithmic factors, a notation sometimes

used is

~

�( n

2

). It is a short form for log

� �(1)

( n ) � �( n

2

). Though sometimes ma yb e w e should, w e do

not use this notation.

Examples Included:

� f ( n ) = 7 n

2

log

7

n + 2 n � 17

� f ( n ) = 7

n

2

log

7

n

+ 2 n � 17

Examples Not Included:

� f ( n ) = n

2 : 1

(to o big)

P olynomial n

�(1)

: As the notation n

�(1)

implies, the class of p olynomials consists of functions f ( n ) = n

c

where c > 0 is \some constan t" from �(1). F or example,

p

n , n , n

2

, n

3

, but not n

0

= 1 or n

� 1

=

1

n

.

By closing the class of functions under additions, this class includes functions lik e f ( n ) = 4 n

3

+ 7 n

2

�

2 n + 8. What ab out the function f ( n ) = n log n ? If the con text w as the study of p olynomials, I w ould

not consider this to b e one. Ho w ev er, what w e care ab out here is gro w rate. Though f ( n ) = n log n

b elongs neither to the class �( n ) nor to the class �( n

2

), it is b ounded b elo w b y the function f

1

( n ) = n

and ab o v e b y f

2

( n ) = n

2

. Both of these are included in the class n

�(1)

. Hence, f ( n ) = n log n m ust

also ha v e the righ t kind of gro w rate and hence it will b e included to o. In con trast, the function

f ( n ) = log n is not included, b ecause to mak e n

c

� log n , c w ould ha v e to b e zero and n

0

= 1 is not

included.

De�nition of a F easible Algorithm: An algorithm is considered to b e fe asible if it runs in p olyno-

mial time.

Examples Included:

� f ( n ) = 7 n

2

� 8 n log n + 2 n � 17

� f ( n ) = n

2

log

2

n and f ( n ) =

n

2

log

2

n

� f ( n ) =

p

n and f ( n ) = n

3 : 1

� f ( n ) = 7 n

3

log

7

n � 8 n

2

log n + 2 n � 17

Examples Not Included:

� f ( n ) = log n (to o small)

� f ( n ) = n

log n

and f ( n ) = 2

n

(to o big)

Exp onen tials 2

�( n )

: As the notation 2

�( n )

implies, the class of exp onen tials consists of functions f ( n ) =

2

cn

where c > 0 is \some constan t" from �(1). F or example, 2

0 : 001 n

, 2

n

, and 2

2 n

. Again, 2

0 n

= 1 and

2

� n

=

1

2

n

are not included.

De�nition of an Infeasible Algorithm: An algorithm is considered to b e infe asible if it runs in

exp onen tial time.

The Base: A t �rst it lo oks lik e the function 4

n

should not b e in 2

�( n )

, b ecause the base is 4 not

2. Ho w ev er, 4

n

= 2

2 n

and hence it is included. In general, the base of the exp onen tial do es

not matter when determining whether it is exp onen tial, as long as it is bigger then one. This is

b ecause for an y b > 1, the function f ( n ) = b

n

= 2

(log

2

b ) n

is included in 2

�( n )

, b ecause (log

2

b ) > 0

is a constan t. (See the logarithmic rules ab o v e.) In con trast, 4

n

is far to big to b e in �(2

n

)

b ecause

4

n

2

n

>> �(1).
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Incorrect Notation (�(1))

n

: One migh t think that w e w ould denoted this class of functions as

(�(1))

n

. Ho w ev er, this w ould imply f ( n ) � c

n

for some constan t c > 0. This w ould include

�

1

2

�

n

whic h decreases with n .

Examples Included:

� f ( n ) = 2

n

and f ( n ) = 3

5 n

� f ( n ) = 2

n

� n

2

log

2

n � 7 n

8

and f ( n ) =

2

n

n

2

Examples Not Included:

� f ( n ) = n

1 ; 000 ; 000

(to o small)

� f ( n ) = n ! � n

n

= 2

n log

2

n

and f ( n ) = 2

n

2

(to o big)

Double Exp onen tials 2

2

�( n )

: These function gro w v ery fast. The only algorithm that runs this slo wly

considered in this text is Ac k ermann's function. See Section 11.2.3.

1.4.2 Comparing The Classes of F unctions

These classes, except when one is a subset of the other, ha v e v ery di�eren t gro w rates. Lo ok at the c hart

ab o v e.

Linear vs Quadratic vs Cubic: Whether the running time is T ( n ) = 2 n

2

or T ( n ) = 4 n

2

, though a

doubling in time, will lik ely not c hange whether or not the algorithm is practical or not. On the other

hand, T

1

( n ) = n is a whole n times b etter than T

2

( n ) = n

2

. No w, one migh t argue that an algorithm

whose running time is T

1

( n ) = 1 ; 000 ; 000 n is w orse than one whose running time is T

2

( n ) = n

2

.

Ho w ev er, when n = 1 ; 000 ; 000, the �rst one b ecomes faster. In our analysis, w e will consider large

v alues of n . Hence, w e will consider T

1

( n ) = 1 ; 000 ; 000 n to b e b etter than T

2

( n ) = n

2

. Similarly , this

is b etter than T

3

( n ) = n

3

.

P oly-Logarithms vs P olynomials: F or su�cien tly large n , p olynomials are alw a ys asymptotically bigger

than an y p oly-logarithm. F or example, (log n )

1 ; 000 ; 000

is v ery big for a p oly-logarithmic function, but it

is considered to b e m uc h smaller than n

0 : 00001

, whic h in turn is v ery small for a p olynomial. Similarly ,

n

4

log

7

n is b et w een n

4

and n

4+ �

ev en for � = 0 : 00000001.

P olynomials vs Exp onen tials: F or su�cien tly large n , p olynomials are alw a ys asymptotically smaller

than an y exp onen tial. F or example, n

1 ; 000 ; 000

is v ery big for a p olynomial function, but is considered

to b e m uc h smaller than 2

0 : 00001 n

, whic h is v ery small for an exp onen tial function.

When BigOh Notation Can Be Misleading:

� Sometimes constan t factors matter. F or example, if an algorithm requires 1 ; 000 ; 000 ; 000 � n time,

then sa ying that it is O ( n ) is true but misleading. In practice, constan ts are generally small.

� One algorithm ma y only b e b etter for unrealistically large input sizes. F or example, (log n )

100

has a lo w er complexit y than n . Ho w ev er, n only gets bigger when n is appro ximately 2

1024

.

(log n )

100

= (log 2

1024

)

100

= 1024

100

= 2

(10 � 100)

< 2

1024

= n .

1.4.3 Other Useful Notations

The follo wing are di�eren t notations for comparing the asymptotic gro w of a function f ( n ) to some \constan t"

times the function g ( n ).

Greek Letter Standard Notation My Notation Meaning

Theta f ( n ) = �( g ( n )) f ( n ) 2 �( g ( n )) f ( n ) � c � g ( n )

BigOh f ( n ) = O ( g ( n )) f ( n ) � O ( g ( n )) f ( n ) � c � g ( n )

Omega f ( n ) = 
( g ( n )) f ( n ) � 
( g ( n )) f ( n ) � c � g ( n )

Little Oh f ( n ) = o ( g ( n )) f ( n ) << o ( g ( n )) f ( n ) << g ( n )

Little Omega f ( n ) = ! ( g ( n )) f ( n ) >> ! ( g ( n )) f ( n ) >> g ( n )
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Examples:

Same: 7 � n

3

is within a constan t of n

3

. Hence, it is in �( n

3

), O ( n

3

), and 
( n

3

). Ho w ev er, b ecause it

is not m uc h smaller than n

3

, it not in o ( n

3

) and b ecause it is not m uc h bigger, it not in ! ( n

3

).

Smaller: 7 � n

3

is asymptotically m uc h smaller than n

4

. Hence, it is in O ( n

4

) and in o ( n

4

), but it is

not in �( n

4

), 
( n

4

), or ! ( n

4

).

Bigger: 7 � n

3

is asymptotically m uc h bigger than n

2

. Hence, it is in 
( n

2

) and in ! ( n

2

), but it is not

in �( n

2

), O ( n

2

), or in o ( n

2

)

Y ou should alw a ys giv e the smallest p ossible appro ximation. Ev en when someone asks for BigOh

notation, what they really w an t is Theta notation.

Notation Considerations:

\ 2 " vs \=": I consider �( n ) to b e a class of functions. Giv en this one should use the set notation,

f ( n ) 2 �( g ( n )), to denote mem b ership.

On the other hand, the meaning is that, ignoring constan t m ultiplicativ e factors f ( n ) has the

same asymptotic gro wth as g ( n ). Giv en this, the notation 7 n = �( n ) mak es sense. This notation

is standard.

Ev en the statemen ts 3 n

2

+ 5 n � 7 = n

�(1)

and 2

3 n

= 2

�( n )

mak e b etter sense when when y ou think

of the sym b ol � to mean \some constan t." Ho w ev er, b e sure to remem b er that 4

n

� n

2

= 2

�( n )

is

also true.

\=" vs \ � ": 7 n = O ( n

2

) is also standard notation. This mak es less sense to me. Because it means

that 7 n is at most some constan t times n

2

, a b etter notation w ould b e 7 n � O ( n

2

). The standard

notation is ev en more a wkw ard, b ecause O ( n ) = O ( n

2

) should b e true, but O ( n

2

) = O ( n ) should

b e false. What sense do es this mak e?

Running Time of an Algorithm:

�: \My algorithm runs in �( n

2

) time" means that it runs in c � n

2

time for some constan t c .

O : \My algorithm runs in O ( n

2

) time" means that it w as di�cult to determine exactly ho w long the

algorithm will run. Y ou ha v e managed to pro v e that for ev ery input, it do es not tak e an y more

than this m uc h time. Ho w ev er, it migh t actually b e the case that for ev ery input it runs faster

than this.


: \My algorithm runs in 
( n

2

) time" means that y ou ha v e found an input for whic h y our algorithm

tak es more than some constan t c times n

2

time. It ma y tak e ev en longer.

o : Supp ose that y ou are pro ving that y our algorithm runs in �( n

3

) time, and there is a subroutine

that gets called once that requires only �( n

2

) time. Because n

2

= o ( n

3

), its running time is

insigni�can t to the o v er all time. Hence, y ou w ould sa y , \Don't w orry ab out the subroutine,

b ecause it runs in o ( n

3

) time."

Time Complexit y of a Problem: The time complexit y of a computational problem is the time of the

fastest algorithm to solv e the problem.

O : Y ou sa y a problem has time complexit y O ( n

2

) when y ou ha v e a �( n

2

) algorithm for it, b ecause

there ma y b e a faster algorithm to solv e the problem that y ou do not kno w ab out.


: T o sa y that the problem has time complexit y 
( n

2

) is a big statemen t. It not only means that

nob o dy kno ws a faster algorithm; it also means that no matter ho w smart y ou are, it is imp ossible

to come up with a faster algorithm, b ecause suc h an algorithm simply do es not exist.

�: \The time complexit y of the problem is �( n

2

)" means that y ou ha v e an upp er b ound and a lo w er

b ound on the time whic h matc h. The upp er b ound pro vides an algorithm, and the lo w er b ound

pro v es that no algorithm could do b etter.
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1.4.4 Di�eren t Lev els of Detail When Classifying a F unction

One can decide ho w m uc h information ab out a function they w an t to rev eal. W e ha v e already discussed ho w

w e could reviel only that the function f ( n ) = 7 n

2

+ 5 n is a p olynomial b y stating that it is in n

�(1)

or reviel

more that it is a quadratic b y stating it is in �( n

2

). Ho w ev er, there are ev en more options. W e could giv e

more detail b y sa ying that f ( n ) = (7 + o (1)) n

2

. This is a w a y of writing 7 n

2

+ o ( n

2

). It reviels that the

constan t in fron t of the high-order term is 7. W e are told that there ma y b e lo w-order terms, but not what

they are. Ev en more details w ould b e giv en b y sa ying that f ( n ) = 7 n

2

+ �( n ).

As another example, let f ( n ) = 7 � 2

3 n

5

+ 8 n

4

log

7

n . The follo wing classi�cations of functions are sorted

from the least inclusiv e to the most inclusiv e, meaning that ev ery function included in the �rst is also included

in the second, but not vice v ersa. They all con tain f , giving more and more details ab out it.

f ( n ) = 7 � 2

3 n

5

+ 8 n

4

log

7

n

2 7 � 2

3 n

5

+ �( n

4

log

7

n )

� 7 � 2

3 n

5

+

~

� ( n

4

)

� 7 � 2

3 n

5

+ n

�(1)

� (7 + o (1))2

3 n

5

� �(2

3 n

5

)

� 2

�( n

5

)

� 2

n

�(1)

Exercise 1.4.1 (Se e solution in Se ction 20) F or e ach of these classes of functions, give a function that is

in it but not in the next smal ler class.

1.4.5 Constructing and Deconstructing the Classes of F unctions

W e will understand b etter whic h functions are in eac h of these classes, b y carefully considering ho w b oth

the classes and the functions within them are constructed and con v ersely , deconstructed.

The Class of F unctions �( g ( n )): Ab o v e w e discussed the classes of functions �(1), �(log n ), �( n ),

�( n log n ), �( n

2

), and �( n

3

). Of course, w e could similarly de�ne �( n

4

). Ho w ab out �(2

n

� n

2

� log

3

n )?

Y es, this is a class of functions to o. F or ev ery function g ( n ), �( g ( n )) is the class of functions that are

similar within a constan t factor in asymptotic gro wth rate to g ( n ). In fact, one w a y to think of the

class �( g ( n )) is �(1) � g ( n ). Note that the classes log

�(1)

( n ), n

�(1)

, and 2

�( n )

do not ha v e this form.

W e will co v er them next.

Constructing The F unctions in The Class: A class of functions lik e �( n

2

) is constructed b y

starting with some function g ( n ) = n

2

and from it constructing other functions b y rep eatedly

doing one of the follo wing:

Closed Under Scalar Multiplication: Y ou can m ultiply an y function f ( n ) in the class b y a

strictly p ositiv e constan t c > 0. This giv es us that 7 n

2

and 9 n

2

are in �( n

2

).

Closed Under Addition: The class of functions �( g ( n )) is closed under addition. What this

means is that if f

1

( n ) and f

2

( n ) are b oth functions in the class, then their sum f

1

( n ) + f

2

( n )

is also in it. More o v er, if f

2

( n ) gro ws to o slo wly to b e in the class then f

1

( n ) + f

2

( n ) is still

in it and so is f

1

( n ) � f

2

( n ). F or example, 7 n

2

b eing in �( n

2

) and 3 n + 2 gro wing smaller

giv es that 7 n

2

+ 3 n + 2 and 7 n

2

� 3 n � 2 are in �( n

2

).

Bounded Bet w een: Y ou can also thro w in an y function that is b ounded b elo w and ab o v e b y

functions that y ou ha v e constructed b efore. 7 n

2

and 9 n

2

b eing in �( n

2

) giv es that (8 +

sin ( n )) n

2

is in �( n

2

). Note that 7 n

2

+ 100 n is also in �( n

2

) b ecause it is b ounded b elo w b y

7 n

2

and ab o v e b y 8 n

2

= 7 n

2

+ 1 n

2

, b ecause the 1 n

2

ev en tually dominates the 100 n .
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Determining Whic h Class �( g ( n )) of F unctions f ( n ) is in: One task that y ou will often b e

ask ed to do is giv en a function f ( n ) determine whic h \�" class it is in. This amoun ts to �nding

a function g ( n ) that is as simple as p ossible and for whic h f ( n ) is con tained in �( g ( n )). This can

b e done b y deconstructing f ( n ) in the opp osite w a y that w e constructed functions to put in to the

class of functions �( g ( n )).

Drop Lo w Order T erms: If f ( n ) is a n um b er of things added or subtracted together, then eac h

of these things is called at term . Determine whic h of the terms gro ws the fastest. The slo w er

gro wing terms are referred to as low-or der terms . Drop them.

Drop Multiplicativ e Constan t: Drop the m ultiplicativ e constan t in fron t of the largest term.

Examples:

� Giv en 3 n

3

log n � 1000 n

2

+ n � 29, the terms are 3 n

3

log n , 1000 n

2

, n , and 29. Dropping

the lo w order terms giv es 3 n

3

log n . Dropping the m ultiplicativ e constan t 3, giv es n

3

log n .

Hence, 3 n

3

log n � 1000 n

2

+ n � 29 is in the class �( n

3

log n ).

� Giv en 7 � 4

n

� n

2

= log

3

n + 8 � 2

n

+ 17 � n

2

+ 1000 � n , the terms are 7 � 4

n

� n

2

= log

3

n , 8 � 2

n

, 17 � n

2

,

and 1000 � n . Dropping the lo w order terms giv es 7 � 4

n

� n

2

= log

3

n . Dropping the m ultiplicativ e

constan t 7, giv es 4

n

� n

2

= log

3

n . Hence, this function 7 � 4

n

� n

2

= log

3

n + 8 � 2

n

+ 17 � n

2

+ 1000 � n

is in the class �(4

n

� n

2

= log

3

n ).

�

1

n

+ 18 is in the class �(1). Since

1

n

is a lo w er-order term than 18, it is dropp ed.

�

1

n

2

+

1

n

is in the class �(

1

n

) b ecause

1

n

2

is a smaller term.

The Class of F unctions ( g ( n ))

�(1)

: Ab o v e w e discussed the classes of functions log

�(1)

( n ), n

�(1)

, and

2

�( n )

. Instead of forming the class �( g ( n )) b y m ultiplying some function g ( n ) b y a constan t from

�(1), the form of these classes is ( g ( n ))

�(1)

and hence are formed b y raising some function g ( n ) to the

p o w er of some constan t from �(1).

Constructing The F unctions in The Class: The p oly-logarithms log

�(1)

( n ), p olynomial n

�(1)

,

and exp onen tial 2

�( n )

are constructed b y starting resp ectiv ely with the functions g ( n ) = log n ,

g ( n ) = n , and g ( n ) = 2

n

and from them constructing other functions b y rep eatedly doing one of

the follo wing:

Closed Under Scalar Multiplication and Additions: As with �( g ( n )), if f

1

( n ) is in the

class and f

2

( n ) is either in it or gro ws to o slo wly to b e in it, then cf

1

( n ), f

1

( n ) + f

2

( n ), and

f

1

( n ) � f

2

( n ) are also in it. F or example, n

2

and n b eing in n

�(1)

and log n gro wing smaller

giv es that 7 n

2

� 3 n + 8 log n is in it as w ell.

Closed Under Multiplication: Unlik e �( g ( n )), these classes are closed under m ultiplication

as w ell. Hence, f

1

( n ) � f

2

( n ) is in it as w ell, and if f

2

( n ) is su�cien tly smaller that ev erything

do es not cancel, then so is

f

1

( n )

f

2

( n )

. F or example, n

2

and n b eing in n

�(1)

and log n gro wing

smaller giv es that n

2

� n = n

3

,

n

2

n

= n , n

2

� log n , and

n

2

log n

are in it as w ell.

Closed Under Raising to Constan t c > 0 P o w ers: F unctions in these classes can b e raised

to an y constan t c > 0. This is wh y log

c

( n ) is in log

�(1)

( n ), n

c

is in n

�(1)

, and (2

n

)

c

= 2

cn

is

in 2

�( n )

.

Di�eren t Constan t b > 1 Bases: As sho wn in Section 1.2, b

n

= 2

log

2

( b ) n

. Hence, as long as

b > 1, it do es not matter what the base is.

Bounded Bet w een: As with �( g ( n )), y ou can also thro w in an y function that is b ounded b elo w

and ab o v e b y functions that y ou ha v e constructed b efore. F or example, n

2

� log n is in n

�(1)

b ecause it is b ounded b et w een n

2

and n

3

.

Determining Whether f ( n ) is in the Class: Y ou can determine whether f ( n ) is in log

�(1)

( n ),

n

�(1)

, or 2

�( n )

b y deconstructing it.

Drop Lo w Order T erms: As with �( g ( n )), the �rst step is to drop the lo w order terms.

Drop Lo w Order Multiplicativ e F actors: No w instead of just m ultiplicativ e constan ts in

fron t of the largest term, w e are able to drop lo w order m ultiplicativ e factors.
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Drop Constan ts c > 0 in the Exp onen t: Drop the 3 in log

3

n , n

3

, and 2

3 n

, but not the -1 in

2

� n

.

Change Constan ts b > 1 in the Base to 2: Change 3

n

to 2

n

, but not (

1

2

)

n

.

Examples:

� Giv en 3 n

3

log n � 1000 n

2

+ n � 29, w e drop the lo w order terms to get 3 n

3

log n . The factors

of this term are 3, n

3

, and log n . Dropping the lo w order ones giv es n

3

. This is n to the

p o w er of a constan t. Hence, 3 n

3

log n � 1000 n

2

+ n � 29 is in the class n

�(1)

.

� Giv en 7 � 4

n

� n

2

= log

3

n + 8 � 2

n

+ 17 � n

2

+ 1000 � n , w e drop the lo w order terms to get

7 � 4

n

� n

2

= log

3

n . The factors of this term are 7, 4

n

, n

2

, and log

3

n . Dropping the lo w order

ones giv es 4

n

. Changing the base giv es 2

n

. Hence, 7 � 4

n

� n

2

= log

3

n + 8 � 2

n

+ 17 � n

2

+ 1000 � n

is in the class 2

�(1)

.

1.4.6 The F ormal De�nition of � and O Notation

W e ha v e giv en a lot of in tuition ab out the ab o v e classes. W e will not giv e the formal de�nitions of these

classes.

The F ormal De�nition of �( g ( n )): Informally , �( g ( n )) is the class of functions that are some \constan-

t" times the function g ( n ). This is complicated b y the fact that the \constan t" can b e an ything c ( n )

in �(1), whic h includes things lik e 7 + sin ( n ) and 7 +

1

n

. The formal de�nition, whic h will b e explained

in parts b elo w, for the function f ( n ) to b e included in the class �( g ( n )) is

9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; c

1

g ( n ) � f ( n ) � c

2

g ( n )

Concrete Examples: T o mak e this as concrete as p ossible for y ou, substitute in the constan t 1

for g ( n ) and in doing so de�ne �(1). The name c onstant for this class of functions is a bit of

a misnomer. Bounde d b etwe en strictly p ositive c onstants w ould b e a b etter name. Once y ou

understand this de�nition within this con text, try another one. F or example, set g ( n ) = n

2

in

order to de�ne �( n

2

).

Bounded Belo w and Ab o v e b y a Constan t Times g ( n ): W e pro v e that the asymptotic gro wth

of the function f ( n ) is comparable to a constan t c times the function g ( n ), b y pro ving that it is

b ounde d b elow b y c

1

times g ( n ) for a su�cien tly small constan t c

1

and b ounde d ab ove b y c

2

times

g ( n ) for a su�cien tly large constan t c

2

. See Figure 1.3. This is expressed in the de�nition b y

c

1

g ( n ) � f ( n ) � c

2

g ( n )

c
2

1
c

f(n)

c g(n)
2

c g(n)
1

f(n)

g(n)

Figure 1.3: The left �gure sho ws a function f ( n ) 2 �(1). F or su�cien tly large n , it is b ounded ab o v e and

b elo w b y some constan t. The righ t �gure sho ws a function f ( n ) 2 �( g ( n )). F or su�cien tly large n , it is

b ounded ab o v e and b elo w b y some constan t times g ( n ).

Requiremen ts on c

1

and c

2

:
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Strictly P ositiv e: Because w e w an t to include neither f ( n ) = � 1 � g ( n ) nor f ( n ) = 0 � g ( n ), w e

require that c

1

> 0. Similarly , the function f ( n ) =

1

n

� g ( n ) is not included, b ecause this is

b ounded b elo w b y c

1

� g ( n ) only when c

1

= 0.

Allo wing Big and Small Constan ts: W e migh t not care whether the m ultiplicativ e constan t

is 2, 4, or ev en 100. But what if it is 1,000, or 1,000,000, or ev en 10

10

10

? Similarly , what if it

is 0.01, or 0.00000001, or ev en 10

� 100

? Surely , this will mak e a di�erence? Despite the fact

that these concerns ma y lead to miss leading statemen ts at times, all of these are included.

An Un b ounded Class of Bounded F unctions: One migh t argue that allo wing �(1) to

include arbitrarily large v alues con tradicts the fact that the functions in are b ounded.

Ho w ev er, this is a mistak e. Though it is true that the class of function in not b ounded,

eac h individual function included is b ounded. F or example, though f ( n ) = 10

10

10

big, in

itself, it is b ounded.

Reasons: There are a few reasons for including all of these big constan ts. First, if y ou

w ere to set a limit, what limit w ould y ou set. Ev ery application has its o wn de�nitions of

\reasonable" and ev en these are op en for debate. In con trast, including all strictly p ositiv e

constan ts c is a m uc h cleaner mathematical statemen t. A �nal reason for including all of

these big constan ts is b ecause they do not, in fact, arriv e often and hence are not a big

concern. In practice, one writes �( g ( n )) to mean g ( n ) times a \reasonable" constan t. If

it is an unreasonable constan t, one will still write �( g ( n )), but will include a fo ot note to

the fact.

Existen tial Quan ti�er 9 c

1

; c

2

> 0: No requiremen ts are made on the constan ts c

1

and c

2

other

then them b eing strictly p ositiv e. It is su�cien t that constan ts that do the job exist. F ormally ,

w e write

9 c

1

; c

2

> 0 ; c

1

g ( n ) � f ( n ) � c

2

g ( n )

In practice, y ou could assume that c

1

= 0 : 00000001 and c

2

= 1 ; 000 ; 000, ho w ev er, if ask ed

for the b ounding constan ts for a giv en function, it is b etter to giv e constan ts that b ound as

tigh tly as p ossible.

Whic h Input V alues n :

Univ ersal Quan ti�er 8 n : W e ha v e not sp ok en y et ab out for whic h input n , the function f ( n )

m ust b e b ounded. Ideally for all inputs. F ormally , this w ould b e

9 c

1

; c

2

> 0 ; 8 n; c

1

� f ( n ) � c

2

Order of Quan ti�ers Matters: The follo wing is wrong.

8 n; 9 c

1

; c

2

> 0 ; c

1

� f ( n ) � c

2

The �rst requires the existence of one constan t c

1

and one constan t c

2

that b ound the

function for all input n . The second allo ws there to b e a di�eren t constan t for all n . This

is m uc h easier to do. F or example, the follo wing is true. 8 n; 9 c

1

; c

2

> 0 ; c

1

� n � c

2

.

Namely , giv en an n , simply set c

1

= c

2

= n .

Su�cien tly Large n : Requiring the function to b e b ounded for all input n , excludes the func-

tion f ( n ) =

1

n � 3

+ 1 from �(1), b ecause it go es to in�nit y for the one momen t that n = 3.

It also excludes f ( n ) = 2 n

2

� 6 n from �( n

2

), b ecause it is negativ e un til n is 3. No w one

ma y fairly argue that suc h functions should not b e included, just as one ma y argue whether

a plat ypus is a mammal or a tomato is a fruit. Ho w ev er, it turns out to b e useful to include

them. Recall, when classifying functions, w e are not considering its b eha vior on small v alues

of n or ev en whether it is monotone increasing, but on ho w quic kly it gro ws when its input

n gro ws really big. All three of the examples ab o v e are b ounded for all su�cien tly large n .

This is wh y they are included. F ormally , w e write

9 c

1

; c

2

> 0 ; 8 n � n

0

; c

1

� f ( n ) � c

2

where n

0

is our de�nition of \su�cien tly large" input n .
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F or Some De�nition of Su�cien tly Large 9 n

0

: Lik e with the constan ts c

1

and c

2

, dif-

feren t applications ha v e di�eren t de�nitions of ho w large n needs to b e to b e \su�cien tly

large". Hence, to mak e the mathematics clean, w e will simply require that there exists

some de�nition n

0

of su�cien tly large that w orks.

The F ormal De�nition of �( g ( n )): This completes the discussion of the formal requiremen t for

the function f ( n ) to b e included in �( g ( n )).

9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; c

1

g ( n ) � f ( n ) � c

2

g ( n )

The F ormal De�nitions of BigOh and Omega: The de�nition of f ( n ) = O ( g ( n )) includes only the

lo w er b ound part of the Theta de�nition.

9 c > 0 ; 9 n

0

; 8 n � n

0

; 0 � f ( n ) � c � g ( n )

Similarly , the de�nition of f ( n ) = 
( g ( n )) includes only the upp er b ound part.

9 c > 0 ; 9 n

0

; 8 n � n

0

; f ( n ) � c � g ( n )

Note that f ( n ) = �( g ( n )) is true if b oth f ( n ) = O ( g ( n )) and f ( n ) = 
( g ( n )) are true.

The F ormal De�nition of P olynomial n

�(1)

and of Exp onen tial 2

�( n )

: The function f ( n ) is in-

cluded in the class of p olynomials n

�(1)

if

9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; n

c

1

� f ( n ) � n

c

2

and in the class of exp onen tials 2

�( n )

if

9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; 2

c

1

n

� f ( n ) � 2

c

2

n

Bounded Belo w and Ab o v e: The function f ( n ) = 2

n

� n

2

is in 2

�

( n ) b ecause it is b ounded b elo w

b y 2

n

and ab o v e b y 2

2 n

= 2

n

� 2

n

, b ecause the 2

n

ev en tually dominates the factor of n

2

.

The F ormal De�nitions of Little Oh and Little Omega: Another useful w a y to compare f ( n ) and

g ( n ) is to lo ok at the ratio b et w een them for extremely large v alues of n .

Class lim

n )1

f ( n )

g ( n )

= A practically equiv alen t de�nition

f ( n ) = �( g ( n )) Some constan t f ( n ) = O ( g ( n )) and f ( n ) = 
( g ( n ))

f ( n ) = o ( g ( n )) Zero f ( n ) = O ( g ( n )), but f ( n ) 6= 
( g ( n ))

f ( n ) = ! ( g ( n )) 1 f ( n ) 6= O ( g ( n )), but f ( n ) = 
( g ( n ))

� 2 n

2

+ 100 n = �( n

2

) and lim

n )1

2 n

2

+100 n

n

2

= 2.

� 2 n

3

+ 100 n = ! ( n

2

) and lim

n )1

2 n

3

+100 n

n

2

= 1 .

� 2 n + 100 = o ( n

2

) and lim

n )1

2 n +100

n

2

= 0.

� Another p ossibilit y not listed is that the limit lim

n )1

f ( n )

g ( n )

do es not exit, b ecause the ratio

oscillates b et w een t w o b ounded constan ts c

1

and c

2

. See Figure 1.3. In this case, f ( n ) = �( g ( n )).

This o ccurs with Sine, but will not o ccur for functions that are expressed with n , real constan ts,

plus, min us, times, divide, exp onen tiation, and logarithms. See Figure 1.8.
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1.4.7 F ormal Pro ofs

Sometimes y ou are ask ed to formally pro of that a function f ( n ) is in �( g ( n ) or that it is not.

Pro ving f ( n ) 2 �( g ( n ): Use the pro v er-adv ersary game for pro ving statemen ts with existen tial and uni-

v ersal quan ti�ers to pro v e the statemen t 9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; c

1

g ( n ) � f ( n ) � c

2

g ( n ).

� Y ou as the pro v er pro vide c

1

, c

2

, and n

0

.

� Some adv ersary giv es y ou an n that is at least y our n

0

.

� Y ou then pro v e that c

1

g ( n ) � f ( n ) � c

2

g ( n ).

Example 1: F or example, 2 n

2

+ 100 n = �( n

2

). Let c

1

= 2, c = 3 and n

0

= 100. Then, for all

n � 100, c

1

g ( n ) = 2 n

2

� 2 n

2

+ 100 n = f ( n ) and f ( n ) = 2 n

2

+ 100 n � 2 n

2

+ n � n = 3 n

2

= c

2

g ( n ).

The v alues of c

1

, c

2

, and n

0

are not unique. F or example, n

0

= 1, c

2

= 102, and n

0

= 1 also w ork

b ecause for all n � 1, f ( n ) = 2 n

2

+ 100 n � 2 n

2

+ 100 n

2

= 102 n

2

= c

2

g ( n ).

Example 2: Another example is 2 n

2

� 100 n 2 �( n

2

). This is negativ e for small n , but is p ositiv e

for su�cien tly large n . Here w e could set c

1

= 1, c

2

= 2, and n

0

= 100. Then, for all n � 100,

c

1

g ( n ) = 1 n

2

= 2 n

2

� n � n � 2 n

2

� 100 n = f ( n ) and f ( n ) � 2 n

2

= c

2

g ( n ).

Negation of f ( n ) 2 �( g ( n ) is f ( n ) 62 �( g ( n ): Recall that to tak e the negation of a statemen t, y ou

m ust replace the existen tial quan ti�ers with univ ersal quan ti�ers and vice v ersa. Then y ou mo v e the

negation in to the righ t. The formal negation of

9 c

1

; c

2

> 0 ; 9 n

0

; 8 n � n

0

; c

1

g ( n ) � f ( n ) � c

2

g ( n )

is

8 c

1

; c

2

> 0 ; 8 n

0

; 9 n � n

0

; [ c

1

g ( n ) > f ( n ) or f ( n ) > c

2

g ( n )]

Note that f ( n ) can either b e excluded b ecause it is to o small or b ecause it is to o big. T o see wh y is

it not 8 c � 0 review the p oin t \The Domain Do es Not Change" within the \Existen tial and Univ ersal

Quan ti�ers" section.

Pro ving f ( n ) 62 �( g ( n ):

� Some adv ersary is trying to pro v e that f ( n ) 2 �( g ( n ). Y ou are trying to pro v e him wrong.

� Just as y ou did y ou when y ou w ere pro ving f ( n ) 2 �( g ( n )), the �rst step for the adv ersary is

to giv e y ou constan ts c

1

, c

2

, and n

0

. T o b e fair to the adv ersary , y ou m ust let him c ho ose an y

constan ts he lik es.

� Y ou as the pro v er m ust consider his c

1

, c

2

, and n

0

and then come up with an n . There are t w o

requiremen ts on this n .

{ Y ou m ust b e able to b ound f ( n ). F or this y ou mak e need to mak e n large and p erhaps ev en

b e selectiv e as to whic h n y ou tak e.

{ Y ou m ust resp ect the adv ersary's request that n � n

o

.

One option is to c ho ose an n that is the maxim um b et w een the v alue that meets the �rst require-

men t and the v alue meeting the second.

� Finally , y ou m ust either pro v e that f ( n ) is to o small, namely that c

1

g ( n ) > f ( n ), or that it is to o

big, namely that f ( n ) > c

2

g ( n ).

Example T o o Big: W e can pro v e that f ( n ) = 14 n

8

+ 100 n

6

62 �( n

7

) as follo ws. Let c

1

, c

2

, and n

0

b e arbitrary v alues. Here, the issue is that f ( n ) is to o big. Hence, w e will ignore the constan t c

1

and let n = max( c

2

; n

0

). Then w e ha v e that f ( n ) = 14 n

8

+ 100 n

6

> n � n

7

� c

2

� n

7

.

Similarly , w e can pro v e that 2

2 n

6= �(2

n

) as follo ws: Let c

1

, c

2

, and n

0

b e arbitrary v alues. Let

n = max (1 + log

2

c

2

; n

0

). Then w e ha v e that f ( n ) = 2

2 n

= 2

n

� 2

n

> c

2

� g ( n ).



1.5. ADDING MADE EASY APPR O XIMA TIONS 27

Example T o o Small: W e can pro v e that f ( n ) = 14 n

8

+ 100 n

6

62 �( n

9

) as follo ws. Let c

1

, c

2

, and n

0

b e arbitrary v alues. Here, the issue is that f ( n ) is to o small. Hence, w e will ignore the constan t

c

2

. Note that the adv ersary's goal is to pro v e that c

1

n

9

is smaller than f ( n ) and hence will lik ely

c ho ose to mak e c

1

something lik e 0 : 00000001. The smaller he mak es his c

1

, the larger w e will

ha v e to mak e n . Let us mak e n = max(

15

c

1

; 11 ; n

0

). Then w e demonstrate that c

1

g ( n ) = c

1

n

9

=

n � c

1

n

8

�

15

c

1

� c

1

n

8

= 14 n

8

+ n

8

= 14 n

8

+ n

2

� n

6

� 14 n

8

+ (11)

2

� n

6

> 14 n

8

+ 100 n

6

= f ( n ).

1.4.8 Solving Equations b y Ignoring Details

One tec hnique for solving equations is with the help of Theta notation. Using this tec hnique, y ou can k eep

making b etter and b etter appro ximations of the solution un til it is as close to the actual answ er as y ou lik e.

F or example, consider the equation x = 7 y

3

(log

2

y )

18

. It is in fact imp ossible to solv e this equation for y .

Ho w ev er, w e will b e able to appro ximate the solution. W e ha v e learned that the y

3

is m uc h more signi�can t

than the (log

2

y )

18

. Hence, our �rst appro ximation will b e x = 7 y

3

(log

2

y )

18

2 y

3+ o (1)

=

�

y

3

; y

3+ �

�

. This

appro ximation can b e solv ed easily , namely , y = x

1

3+ o (1)

. This is a fairly go o d appro ximation, but ma yb e w e

can do b etter.

Ab o v e, w e ignored the factor (log

2

y )

18

b ecause it made the equation hard to solv e. Ho w ev er, w e

can use what w e learned ab o v e to appro ximate it in terms of x . Substituting in y = x

1

3+ o (1)

giv es

x = 7 y

3

(log

2

y )

18

= 7 y

3

(log

2

x

1

3+ o (1)

)

18

=

7

(3+ o (1))

18

y

3

(log

2

x )

18

. This appro ximation can b e solv ed eas-

ily , namely , y =

(3+ o (1))

6

7

1

3

x

1

3

(log x )

6

=

�

3

6

7

1

3

+ o (1)

�

x

1

3

(log x )

6

= �

�

x

1

3

(log x )

6

�

.

In the ab o v e calculations, w e ignored the constan t factors c . Sometimes, ho w ev er, this constan t CANNOT

b e ignored. F or example, supp ose that y = �(log x ). Whic h of the follo wing is true: x = �(2

y

) or x = 2

�( y )

?

E�ectiv ely , y = �(log x ) means that y = c � log x for some unkno wn constan t c . This giv es log x =

1

c

y and

x = 2

1

c

y

= 2

�( y )

. It also giv es that x =

�

2

1

c

�

y

6= �(2

y

), b ecause w e do not kno w what c is.

With practice, y ou will b e able to determine quic kly what matters and what do es not matter when solving

equations.

Y ou can use similar tec hniques to solv e something lik e 100 n

3

= 3

n

. Setting n = 10 : 65199 giv es 100 n

3

=

3

n

= 120 ; 862 : 8. Y ou can �nd this using binary searc h or using Newton's metho d. My quic k and dirt y metho d

uses appro ximations. As b efore, the �rst step is to note that 3

n

is more signi�can t than 100 n

3

. Hence, the

\ n " in the �rst is more signi�can t than the one in the second. Let's denote the more signi�can t \ n " with

n

i +1

and the less signi�can t one with n

i

. This giv es 100( n

i

)

3

= 3

n

i +1

. Solving for the most signi�can t \ n "

giv es n

i +1

=

log (100)+3 log ( n

i

)

log 3

. Th us w e ha v e b etter and b etter appro ximations of n . Plugging in n

1

= 1

giv es n

2

= 4 : 1918065, n

3

= 8 : 1052849, n

4

= 9 : 9058778, n

5

= 10 : 453693, n

6

= 10 : 600679, n

7

= 10 : 638807,

n

8

= 10 : 648611, n

9

= 10 : 651127, n

10

= 10 : 651772, n

11

= 10 : 651937, n

12

= 10 : 651979, and n

13

= 10 : 65199.

Exercise 1.4.2 L et x b e a r e al value. As you know, b x c r ounds it down to the next inte ger. Explain what

e ach of the fol lowing do: 2 � b

x

2

c ,

1

2

� b 2 � x c , and 2

b log

2

x c

.

Exercise 1.4.3 L et f ( n ) b e a function. As you know, �( f ( n )) dr ops low or der terms and the le ading

c o e�cient. Explain what e ach of the fol lowing do: 2

�(log

2

f ( n ))

, and log

2

(�(2

f ( n )

)) . F or e ach, explain

abstr actly how the function is appr oximate d.

1.5 Adding Made Easy Appro ximations

Sums arise often in the study of computer algorithms. F or example, if the i

th

iteration of a lo op tak es time

f ( i ) and it lo ops n times, then the total time is f (1) + f (2) + f (3) + : : : f ( n ). This w e denoted b y

P

n

i =1

f ( i ).

Note that, ev en though the individual terms are indexed b y i , the total is a function of n .

The goal no w is to appro ximate

P

n

i =1

f ( i ) for v arious functions f ( i ). W e will �rst summarize the results

and of this section. Then w e will pro vide the classic tec hniques for computing

P

n

i =1

2

i

,

P

n

i =1

i , and

P

n

i =1

1

i

.

Bey ond kno wing these tec hniques, w e do not co v er ho w to ev aluate sums exactly , but only ho w to appro ximate
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them to within a constan t factor. W e will giv e a few easy rules with whic h y ou will b e able to compute

�(

P

n

i =1

f ( i )) for almost ev ery function f ( n ) that y ou will encoun ter.

1.5.1 Summary

This subsection summarizes what will b e discussed a length within in this section.

Example: Consider the follo wing nested lo ops.

algorithm E g ( n )

lo op i = 1 ::n

lo op j = 1 ::i

lo op k = 1 ::j

put \Hi"

end lo op

end lo op

end lo op

end algorithm

The inner lo op requires time

P

j

k =1

1 = j .

The next requires

P

i

j =1

P

j

k =1

1 =

P

i

j =1

j = �( i

2

).

The total is

P

n

i =1

P

i

j =1

P

j

k =1

1 =

P

n

i =1

�( i

2

) = �( n

3

).

Range of Examples: The follo wing examples, include the classic sums as w ell as some other examples

designed to demonstrate the v arious patterns that the results fall in to. The examples are sorted from

the sum of v ery fast gro wing functions to the sum of v ery fast decreasing functions.

Classic Geometric Increasing:

P

n

i =0

2

i

= 2 � 2

n

� 1 = �(2

n

) = �( f ( n )).

P olynomial:

P

n

i =1

i

2

=

1

6

(2 n

3

+ 3 n

2

+ n ) = �( n

3

) = �( n � f ( n )).

Classic Arithmetic:

P

n

i =1

i =

1

2

n ( n + 1) = �( n

2

) = �( n � f ( n )).

Constan t:

P

n

i =1

1 = n = �( n ) = �( n � f ( n )).

Ab o v e Harmonic:

P

n

i =1

1

n

0 : 999

� 1 ; 000 n

0 : 001

= �( n

0 : 001

) = �( n � f ( n )).

Harmonic:

P

n

i =1

1

n

= log

e

( n ) + �(1) = �(log n ).

Belo w Harmonic:

P

n

i =1

1

n

1 : 001

� 1 ; 000 = �(1).

1 o v er a P olynomial:

P

n

i =1

1

n

2

�

�

6

� 1 : 5497 :: = �(1).

Classic Geometric Decreasing:

P

n

i =1

(

1

2

)

i

= 1 � (

1

2

)

n

= �(1).

F our Di�eren t Solutions: All of ab o v e examples, in fact all sums that w e will consider, ha v e one of four

di�eren t t yp es of solutions. These results are summarized in the follo wing table.

Determining the Solution: Giv en a function f ( n ), one needs to determine whic h of these four

classes the function falls in to. F or eac h, a simple rule then pro vides the appro ximation of the sum

�(

P

n

i =1

f ( i )).

F unctions with a Basic F orm: Most functions that y ou will need to sum up will �t in to the basic

form f ( n ) = �( b

an

� n

d

� log

e

n ), where a , b , d , and e are real constan ts. The table pro vides whic h

ranges of v alues lead to eac h t yp e of solution.

More General F unctions using � Notation: These rules can b e generalized using Theta notation

ev en further to include an ev en wider range of functions f ( n ). These generalizations, ho w ev er,

only w ork for simple analytical functions.

De�nition of Simple Analytical F unction f ( n ): A function is said to b e simple analytic al if

it can b e expressed with n , real constan ts, plus, min us, times, divide, exp onen tiation, and log-

arithms. Oscillating functions lik e sine and cosine, complex n um b ers, and non-di�eren tiable

functions are not allo w ed.

See Section 1.5.3 for an explanation of these general classi�cations.
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Geometric Increasing Arithmetic Harmonic Bounded T ail

P

n

i =1

f ( i ) = �( f ( n ))

P

n

i =1

f ( i ) = �( n � f ( n ))

P

n

i =1

f ( i ) = �(log n )

P

n

i =1

f ( i ) = �(1)

If the terms gro w v ery

quic kly , the total is dom-

inated b y the last and

biggest term f ( n ).

If half of the terms are

roughly the same size,

the total is roughly the

n um b er of terms times

the last term.

A uniquely

strange sum.

If the terms shrink

quic kly , the total is

dominated b y the �rst

and biggest term f (1),

whic h is assumed here to

b e �(1).

f ( n ) is an exp onen tial

f ( n ) is a p olynomial

or slo wing decreasing

f ( n ) is on the b oundary f ( n ) is quic kly decreasing

f ( n ) = �( b

an

� n

d

� log

e

n ),

a > 0, b > 1, d; e 2 ( �1 ; 1 )

f ( n ) = �( n

d

� log

e

n )

d > � 1, e 2 ( �1 ; 1 )

f ( n ) = �(

1

n

)

f ( n ) = �(

log

e

n

n

d

)

d > 1, e 2 ( �1 ; 1 )

f ( n ) = �(

n

d

� log

e

n

b

an

)

a > 0, b > 1, d; e 2 ( �1 ; 1 )

f ( n ) � 2


( n )

f ( n ) = n

�(1) � 1

f ( n ) � n

� 1 � 
(1)

n
-0.9999

n-1.0001 n
-1

n
10,000

(1.0001)
n

Arithmetic
 Qf(n) = S ( nf(n) )

Q(1)f(n) = S
Bounded Tail

 Q( f(n) )f(n) = S
Geometric

 

Figure 1.4: Boundaries b et w een geometric, arithmetic, harmonic, and b ounded tail.

Examples:

Geometric Increasing:

�

P

n

i =1

2

i

i

100

= �(

2

n

n

100

).

�

P

n

i =1

3

i log i

+ 5

i

+ i

100

= �(3

n log n

).

�

P

n

i =1

2

i

2

+ i

2

log i = �(2

n

2

).

�

P

n

i =1

2

2

i

� i

2

= �(2

2

n

� n

2

).

Arithmetic (Increasing):

�

P

n

i =1

i

4

+ 7 i

3

+ i

2

= �( n

5

).

�

P

n

i =1

i

4 : 3

log

3

i + i

3

log

9

i = �( n

5 : 3

log

3

n ).

Arithmetic (Decreasing):

�

P

n

i =1

1

p

i

= �( n � f ( n )) = �(

p

n ).

�

P

n

i =2

1

log i

= �(

n

log n

).

�

P

n

i =1

log

3

i

i

0 : 6

= �( n

0 : 4

log

3

n ).

Bounded T ail:

�

P

n

i =1

1

i

2

= �(1).
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�

P

n

i =1

log

3

i

i

1 : 6

+3 i

= �(1).

�

P

n

i =1

i

100

2

i

= �(1).

�

P

n

i =1

1

2

2

i

= �(1).

1.5.2 The Classic T ec hniques

W e no w presen t a few of the classic tec hniques for computing sums.

Geometric: A sum is said to b e ge ometric if f ( i ) = b

i

for some constan t b 6= 1. F or example,

P

n

i =0

2

i

=

1 + 2 + 4 + 8 + : : : + 2

n

= 2 � 2

n

� 1. (See Figure 1.5:a.) The k ey thing here is that eac h term is b times

more than the previous term.

The Ev aluation of a Geometric Sum: It can b e summed as follo ws.

S =

n

X

i =0

b

i

= 1 + b + b

2

+ : : : b

n

b � S = b + b

2

+ b

3

+ : : : b

n +1

Subtract the ab o v e t w o lines

(1 � b ) � S = 1 � b

n +1

S =

1 � b

n +1

1 � b

or

b

n +1

� 1

b � 1

=

f (0) � f ( n + 1)

1 � b

or

f ( n + 1) � f (0)

b � 1

= �(max ( f (0) ; f ( n )))

The sum is within a constan t of the maxim um term.

Ratio Bet w een T erms: One test to see if a function f ( i ) gro ws geometrically is whether for ev ery

su�cien tly large i , the ratio

f ( i +1)

f ( i )

b et w een consecutiv e terms is at least 1 + � for some �xed � > 0.

F or example, for f ( i ) =

2

i

i

, the ratio b et w een consecutiv e terms is

f ( i +1)

f ( i )

=

2

i +1

i +1

�

i

2

i

= 2 �

i

i +1

=

2 �

1

1+

1

i

whic h is at least 1.99 for su�cien tly large i . On the other hand, the arithmetic function

f ( i ) = i has a ratio b et w een the terms of

i +1

i

= 1 +

1

i

. Though this is alw a ys bigger than one, it

is not b ounded a w a y from one b y some constan t � > 0.

A pro of that for an y suc h function

P

n

i =1

f ( n ) = �( f ( n )) is as follo ws. If for ev ery su�cien tly

large i , the ratio

f ( i +1)

f ( i )

is at least 1 + � , then it follo ws using induction bac kw ard that f ( i ) �

f ( n ) �

1

(1+ � )

n � i

. This giv es that

P

n

i =1

f ( i ) �

P

n

i =1

f ( n ) �

1

(1+ � )

n � i

= f ( n ) �

P

n � 1

j =1

�

1

1+ �

�

j

. Recall

that

P

n � 1

i =0

b

i

=

f (0) � f ( n )

1 � b

. This giv es

P

n

i =1

f ( n ) � f ( n ) �

1 � (1 = (1+ � ))

n

1 � (1 = (1+ � ))

�

1

�

f ( n ) � O ( f ( n )).

Con v ersely , it is ob vious that if all the terms are p ositiv e, then

P

n

i =1

f ( n ) � f ( n ).

Arithmetic: A sum is o�cially said to b e arithmetic if f ( i ) = ai + b for some constan ts a and b . The k ey

thing is that eac h term is a �xed constan t more than the previous term.

The Ev aluation of the Classic Arithmetic Sum: The classic example is

P

n

i =1

i =

n ( n +1)

2

whic h

can b e summed as follo ws. (See Figure 1.5:b.)

S = 1 + 2 + 3 + : : : + n � 2 + n � 1 + n

S = n + n � 1 + n � 2 + : : : + 3 + 2 + 1

2 S = n + 1 + n + 1 + n + 1 + : : : + n + 1 + n + 1 + n + 1

= n � ( n + 1)

S =

1

2

n � ( n + 1)

The sum is appro ximately n times the maxim um term.
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1
4

16

8

3264

4
2 1

8

16

32

2

1+2+4+8+16+32+64 = 2*64 - 1

n=10

10+1

1+2+3+4+5+6+7+8+9+10
= 10*(10+1)/2

Figure 1.5: The t w o �gures on the left illustrate geometric sums and the righ t illustrates arithmetic sums

Sum of a P olynomial: This appro ximation of ha ving sum

P

n

i =1

f ( i ) b eing within a constan t of b eing

n times the maxim um term turns out to b e true for f ( i ) = i

d

for an y d � 0. (Later w e will see that

it is also true for d 2 ( � 1 ; 0].) F or example,

P

n

i =1

i

2

is appro ximately

1

3

n

3

. A quic k in tuitiv e pro of

of this is as follo ws. If f ( i ) is non-decreasing then half of the terms are greater or equal to the

middle term f (

n

2

) and all of the terms are smaller or equal to the biggest term f ( n ). Pictorially

this is sho wn in Figure 1.6. F rom these it follo ws that the sum

P

n

i =1

f ( i ) is greater or equal to

half the n um b er of terms times the middle term and smaller or equal to the n um b er of terms

times the largest term, namely

n

2

� f (

n

2

) �

P

n

i =1

f ( i ) � n � f ( n ). If these b ounds matc h within

a m ultiplicativ e constan t, i.e. if f (

n

2

) = �( f ( n )), then

P

n

i =1

f ( i ) = �( n � f ( n )). This is the case

for f ( i ) = i

d

for d � 0, b ecause f (

n

2

) =

�

n

2

�

d

=

1

2

d

f ( n ). Later, w e will see using in tegration that

the m ultiplicativ e constan t di�erence b et w een

P

n

i =1

f ( i ) and n � f ( i ) is closer to

1

d +1

than it is

to

1

2

d

, but this do es pro v e that it is some constan t.

f(i)

n/2

f(n/2)

n

f(n)

Figure 1.6: Bounding arithmetic sums

The Harmonic Sum: The harmonic sum is a famous sum that arises surprisingly often.

P

n

i =1

1

i

is within

one of log

e

n .

Blo c ks: One w a y of appro ximating the harmonic sum is to break it in to log

2

n blo c ks, where the total

for eac h blo c k is b et w een

1

2

and 1.

n

X

i =1

1

i

=

� 1 �

1

2

=

1

2

z}|{

1

1

| {z }

� 1 � 1=1

+

� 2 �

1

4

=

1

2

z }| {

1

2

+

1

3

| {z }

� 2 �

1

2

=1

+

� 4 �

1

8

=

1

2

z }| {

1

4

+

1

5

+

1

6

+

1

7

| {z }

� 4 �

1

4

=1

+

� 8 �

1

16

=

1

2

z }| {

1

8

+ : : : +

1

15

| {z }

� 8 �

1

8

=1

+ : : :

F rom this, it follo ws that

1

2

� log

2

n �

P

n

i =1

1

i

� 1 � log

2

n .
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Di�eren t Starting P oin t: Sometimes it is useful to ev aluate the harmonic sum starting at an arbi-

trary m .

P

n

i = m

1

i

=

P

n

i =1

1

i

�

P

m � 1

i =1

1

i

log

e

n � log

e

( m � 1) + �(1) = log

e

n

m

+ �(1).

In tegrating: Sums of functions can b e appro ximated b y in tegrating. In fact, b oth

P

(the Greek letter

sigma) and

R

are "S" for sum. (See Figure 1.7.) Con v ersely , ev ery thing said in this c hapter ab out

using � notation for appro ximating sums can b e said ab out appro ximating in tegrations.

Figure 1.7: The area under the top curv e is sligh tly more than the discrete sum. The area under the b ottom

curv e is sligh tly less than this sum. Generally , b oth are go o d appro ximations. These areas under the curv es

are giv en b y in tegrating.

Bounds:

� Generally , it is safe to sa y that

P

n

i =1

f ( i ) = �(

R

n

x =1

f ( x ) � x ).

� If f ( i ) is a monotonically increasing function, then

R

n

x = m � 1

f ( x ) � x �

P

n

i = m

f ( i ) �

R

n

x = m

f ( x ) � x + f ( n ) �

R

n +1

x = m

f ( x ) � x .

� If f ( i ) is a monotonically decreasing function, then

R

n +1

x = m

f ( x ) � x �

P

n

i = m

f ( i ) �

R

n

x = m � 1

f ( x ) � x .

Examples:

Geometric:

S um I nteg r al

P

n

i =0

2

i

= 2 � 2

n

� 1

R

n

x =0

2

x

� x =

1

ln 2

2

n

P

n

i =0

b

i

=

1

b � 1

( b

n +1

� 1)

R

n

x =0

b

x

� x =

1

ln b

b

n

Arithmetic:

P

n

i =1

i =

1

2

n

2

+

1

2

n

R

n

x =0

x � x =

1

2

n

2

P

n

i =1

i

2

=

1

3

n

3

+

1

2

n

2

+

1

6

n

R

n

x =0

x

2

� x =

1

3

n

3

P

n

i =1

i

d

=

1

d +1

n

d +1

+ �( n

d

)

R

n

x =0

x

d

� x =

1

d +1

n

d +1

Harmonic:

P

n

i =1

1

i

�

R

n +1

x =1

1

x

� x = [log

e

x ]

n +1

x =1

= [log

e

n + 1] � [log

e

1] = log

e

n + �(1).

Close to Harmonic: Let � b e some small p ositiv e constan t (sa y 0.0001).

P

n

i =1

1

i

(1+ � )

�

R

n +1

x =1

1

x

(1+ � )

� x =

R

n +1

x =1

x

� 1 � �

� x =

h

1

� �

x

� �

i

n +1

x =1

=

�

�

1

�

( n + 1)

� �

�

�

�

�

1

�

1

� �

�

= �(

1

�

) = �(1).

P

n

i =1

1

i

(1 � � )

�

R

n +1

x =1

1

x

(1 � � )

� x =

R

n +1

x =1

i

� 1+ �

� x =

�

1

�

x

�

�

n +1

x =1

=

�

1

�

( n + 1)

�

�

�

�

1

�

1

�

�

= �(

1

�

n

�

)

= �( n

�

).

Di�cult y: The problem with this metho d of ev aluating a sum is that in tegrating can also b e di�cult.

E.g.,

P

n

i =1

3

i

i

2

log

3

i �

R

n

x =0

3

x

x

2

log

3

x � x . Ho w ev er, in tegrals can b e appro ximated using the

same tec hniques used here for sums.

1.5.3 The Ranges of The Adding Made Easy Appro ximations

The F our T yp es of Appro ximations:

Geometric Increasing:
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If f ( n ) = �( b

n

� n

d

� log

e

n ) for b > 1

or more generally if f ( n ) � 2


( n )

,

then

P

n

i =1

f ( i ) = �( f ( n )).

The in tuition is that if the terms f ( i ) gro w su�cien tly quic kly , then the sum will b e dominated b y

the largest term. This certainly is true for a silly example lik e 1 + 2 + 3 + 4 + 5 + 1 ; 000 ; 00 0 ; 0 00 �

1 ; 000 ; 000 ; 000. W e ha v e seen that it is also true for the classic example

P

n

i =1

2

i

and in fact

for

P

n

i =1

b

i

for all constan ts b > 1. Recall that b

i

= 2

(log

2

b ) i

= 2

ci

for some c > 0. Hence,

an equiv alen t w a y of expressing this is that it is true for

P

n

i =1

2

ci

for all constan ts c > 0. A t

�rst, one migh t think that this set of functions is de�ned to b e the class of exp onential functions,

2

�( n )

. See Section 1.4.1. Ho w ev er, strange functions lik e f ( n ) = 2

[

1

2

cos (� log

2

n )+1 : 5] � n

are also

exp onen tial. Because the cosine in tro duces a funn y w a v e to this function, it turns out that it is

not true that

P

n

i =1

f ( i ) = �( f ( n )). See b elo w. Ho w ev er, this geometric appro ximation is true

for all exp onen tial functions that are simple analytical functions. Recall, that suc h functions are

those expressed with n , real constan ts, plus, min us, times, divide, exp onen tiation, and logarithms.

Also, if is true for these functions, then it should also b e true for an y suc h function that gro ws

ev en faster than an exp onen tial. W e write this requiremen t as f ( n ) � 2


( n )

.

Arithmetic:

If f ( n ) = �( n

d

� log

e

n ) for d > � 1

or more generally if f ( n ) = n

�(1) � 1

,

then

P

n

i =1

f ( i ) = �( n � f ( n )).

The in tuition is that if most of the terms f ( i ) ha v e roughly the same v alue, then the sum is

roughly the n um b er of terms, n , times this v alue. This certainly is true for a silly example

lik e 1 ; 001 + 1 ; 002 + 1 ; 003 + 1 ; 004 + 1 ; 005 + 1 ; 006 � 6 � 1 ; 000. W e ha v e seen that it is also

true for the classic example

P

n

i =1

i and in fact for

P

n

i =1

i

c

for all constan ts c > 0. It is not,

ho w ev er, true for all p olynomial functions, n

�(1)

, b ecause it is not true for the strange function

f ( n ) = (1 + sin ( n )) � n

3

+ n , due to funn y w a v e in tro duced b y the sine. Ho w ev er, this arithmetic

appro ximation is true for all p olynomials, n

�(1)

, that are simple analytical functions.

It is true for other functions as w ell. The function f ( n ) = 1 is not a p olynomial, but clearly

P

n

i =1

1 = �( n � 1). It is not true for

P

n

i =1

1

i

2

, b ecause �( n � f ( n )) = �( n �

1

n

2

) = �(

1

n

), whic h is

not what

P

n

i =1

1

i

2

sums up to giv en that the sum is at least the �rst term f (1) = 1. Neither is

it true for the harmonic sum

P

n

i =1

1

i

, b ecause �( n � f ( n )) = �( n �

1

n

) = �(1), while w e ha v e see

that

P

n

i =1

1

i

= �(log n ). Exploring for the smallest function for whic h this appro ximation is true,

w e see that it is true for a function shrinking just sligh tly slo w er than the harmonic sum, namely

P

n

i =1

1

n

0 : 999

� 1 ; 000 n

0 : 001

= �( n

0 : 001

) = �( n

1 � 0 : 999

) = �( n � f ( n )).

In conclusion, the arithmetic appro ximation

P

n

i =1

f ( i ) = �( n � f ( n )), is true for f ( n ) = n

d

for

all d > � 1. Expressed another w a y , it is true when ev er f ( n ) = n

c � 1

for an y c > 0 or ev en more

generally for an y simple analytical function f ( n ) for whic h f ( n ) = n

�(1) � 1

. Another w a y to think

ab out this condition is that the sum totals �( n � f ( n )) as long as this total is a p olynomial n

�(1)

.

Harmonic:

If f ( n ) = �(

1

n

),

then

P

n

i =1

f ( i ) = �(log n )

These are the only functions in this class.

Bounded T ail:

If f ( n ) = �( n

d

� log

e

n ) for d < � 1

or if f ( n ) = �( b

n

� n

d

� log

e

n ) for b < 1

or more generally if f ( n ) � n

� 1 � 
(1)

,

then

P

n

i =1

f ( i ) = �(1).

The in tuition is that if the terms f ( i ) deca y (decreases to w ards zero) su�cien tly quic kly , then the

sum will b e a constan t. The classic example is

P

1

i =1

1

2

i

=

1

2

+

1

4

+

1

8

+

1

16

+ : : : = 1. W e ha v e seen

that it is not true for the harmonic sum

P

n

i =1

1

i

= �(log n ). Exploring for the largest function

for whic h this b ounded tail appro ximation is true, w e see that it is true for a function shrinking
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just sligh tly faster than the harmonic sum, namely

P

n

i =1

1

n

1 : 001

� 1 ; 000 = �(1). This mak es us

w an t to classify functions f ( n ) that are n

d

for all d < � 1. Expressed another w a y , f ( n ) = n

� 1 � c

for an y c > 0 or ev en more generally f ( n ) = n

� 1 � �(1)

.

If is true for these functions, then it should also b e true for an y suc h function that shrinks

ev en faster. W e write this requiremen t as an y simple analytical function f ( n ) for whic h f ( n ) �

n

� 1 � 
(1)

.

Su�cien tly Large n : Recall that � notation considers the asymptotic b eha vior of a function for su�-

cien tly large v alues of n . If f ( n ) is suc h that the desired gro wth b eha vior do es not start un til some

large n � n

o

, similarly , the appro ximation for the sum ma y only b e accurate after this p oin t. F or ex-

ample, consider f ( n ) =

n

100

2

n

. This function increases un til ab out n = 1 ; 024 and then rapidly decreases

exp onen tially . Being a decreasing exp onen tial, f ( n ) =

1

2

�( n )

, the adding made easy rules sa y that the

sum

P

n

i =1

f ( i ) should b e b ounded tail, totaling to ` �(1). This ma y b e hard to b eliev e at �rst, but

it can b est b e understo o d b y breaking it in to t w o sums,

P

n

i =1

f ( i ) =

P

1 ; 024

i =1

f ( i ) +

P

n

i =1 ; 025

f ( i ). The

�rst sum ma y total to some big amoun t, but what ev er it is, it is a constan t indep enden t of n . The

remaining sum will b e some reasonable constan t ev en if summed to n = 1 .

F unctions That Lie Bet w een These Cases:

Bet w een Arithmetic and Geometric: Some functions, f ( i ), gro w to o slo wly to b e "geometric"

and to o quic kly to b e "arithmetic". F or these, the b eha vior of the sum

P

n

i =1

f ( i ) is b et w een that

for the geometric and the arithmetic sums. Sp eci�cally , 
( f ( n )) �

P

n

i =1

f ( i ) � O ( n � f ( n )).

Tw o examples are f ( n ) = n

log n

and f ( n ) = 2

p

n

. Their sums are

P

n

i =1

i

log i

= �(

n

log n

n

log n

) =

�(

n

log n

f ( n )) and

P

n

i =1

2

p

n

= �(

p

nf ( n )).

Bet w een Arithmetic, Harmonic, and Bounded T ail: Let us lo ok closer at the b oundary b e-

t w een a function b eing arithmetic, harmonic, and ha ving a b ounded tail.

T aking the Limit: Consider the sum

P

n

i =1

1

i

(1 � � )

. When � > 0, the sum is arithmetic giving a

total of �( nf ( n )) = �( n

�

). When � = 0, the sum is harmonic giving a total of �(log

e

n ).

When � < 0, the sum has a b ounded tail giving a total of �(1). T o see ho w these answ ers blend

together, consider the limit lim

� ! 0

P

n

i =1

1

i

(1 � � )

� lim

� ! 0

n

�

� 1

�

= lim

� ! 0

e

� log

e

n

� 1

�

. Recall that

Lhobitell's rule can b e applied when b oth n umerator and denominator ha v e a limit of the

zero. T aking the deriv ativ e with resp ect to � of b oth n umerator and the denominator giv es

lim

� ! 0

(log

e

n ) e

� log

e

n

1

= log

e

n . This corresp onds to the harmonic sum.

Other F unctions: There are other functions that la y b et w een these cases. F or example, the

function f ( n ) =

log n

n

is b et w een b eing arithmetic and harmonic. The function f ( n ) =

1

n log n

is b et w een b eing harmonic and ha ving a b ounded tail. Their sums are

P

n

i =1

log n

n

= �(log

2

n )

and

P

n

i =1

1

log ( n ) n

= �(log log n ).

1.5.4 Harder Examples

Ab o v e w e considered sums of the form

P

n

i =1

f ( i ) for simple analytical functions f ( n ). W e will no w consider

sums that do not �t in to this basic form.

Other Ranges: The sums considered so far ha v e had n terms indexed b y the v ariable i running from either

i = 0 or i = 1 to i = n . Other ranges, ho w ev er, migh t arise.

Di�eren t V ariable Names: If

P

n

i =1

i

2

= �( n

3

), it should not b e to o hard to kno w that

P

m

j =1

j

2

=

�( m

3

).

Di�eren t Starting Indexes: In terms of a theta appro ximation of the sum, it do es not matter if it

starts from i = 0 or i = 1. But there ma y b e other starting p oin ts as w ell. As a general rule,

P

n

i = m

f ( i ) =

P

n

i =1

f ( i ) �

P

m � 1

i =1

f ( i ).

�

P

n

i = m

i

2

= �( n

3

) � �( m

3

), whic h is �( n

3

) unless m is v ery close to n .
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�

P

n

i = m

1

i

= �(log n ) � �(log m ) = �(log

n

m

).

Di�eren t Ending Indexes: Instead ha ving n terms, the n um b er of terms ma y b e a function of n .

�

P

5 n

2

+ n

i =1

i

3

log i : T o solv e this let N denote the n um b er of terms. Adding made easy giv es

that

P

N

i =1

i

3

log i = �( N f ( N )) = �( N

4

log N ). Substituting bac k in N = 5 n

2

+ n giv es

P

5 n

2

+ n

i =1

i

3

log i = �((5 n

2

+ n )

4

log(5 n

2

+ n )) = �( n

8

log n ).

�

P

log n

i =1

3

i

i

2

= �( f ( N )) = �(3

N

N

2

) = �(3

log n

(log n )

2

) = �( n

log 3

log

2

n ).

T erms Dep end on n : It is quite usual to ha v e a sum where b oth the n um b er of terms and the terms

themselv es dep end on the same v ariable n , namely

P

n

i =1

i � n . This can arise, for example, when

computing the running time of t w o nested lo ops, where there are n iterations of the outer lo op, the i

th

of whic h requires i � n time.

The V ariable n is a Constan t: Though n is a v ariable, dep ended p erhaps on the input size, for the

purp ose of computing the sum it is a constan t. The reason is that its v alue do es not c hange as

w e iterate from one term to the next. Only i c hanges. Hence, when determining whether the sum

is arithmetic or geometric, the k ey is ho w the terms c hange with resp ect to i , not ho w it c hanges

with resp ect to n . The only di�erence b et w een this n within the term and sa y the constan t 3,

when appro ximating the sum, is that the n cannot b e absorb ed in to the Theta.

F actoring Out: Often the dep endence on n within the terms can b e factored out. If so, this is the

easiest w a y to handle the sums.

�

P

n

i =1

i � n � m = nm �

P

n

i =1

i = nm � �( n ) = �( n

2

m ).

�

P

n

i =1

n

i

= n �

P

n

i =1

1

i

= n � �(log n ) = �( n log n ).

�

P

log

2

n

i =1

2

(log

2

n � i )

� i

2

= 2

log

2

n

�

P

log

2

n

i =1

2

� i

� i

2

= n � �(1) = �( n ).

Adding Made Easy: The same general adding made easy principles can still b e used when the indexing

is not i = 1 ::n or the when terms dep end on n .

Geometric Increasing, �( f ( n )) : If the terms are increasing geometrically , then the total is appro x-

imately the last term.

�

P

log

2

n

i =1

n

i

. Note this is a p olynomial in n but is exp onen tial in i . Hence, it is geometric

increasing. The biggest term is n

log n

and the total is �( n

log n

).

Bounded T ail, �( f (1)) : If the terms are decreasing geometrically or decreasing as fast as

1

i

2

, then

the total is still Theta of the biggest term, but this is no w the �rst term. The di�erence with

what w e w ere doing b efore, ho w ev er, is that no w this �rst term migh t not b e �(1).

�

P

n

i =

n

2

1

i

2

= �

�

1

(

n

2

)

2

�

= �

�

1

n

2

�

.

�

P

log

2

n

i =1

2

(log

2

n � i )

� i

2

. If nerv ous ab out this, the �rst thing to c hec k is what the �rst and last

terms are (and ho w man y terms there are). The �rst term is f (1) = 2

(log n � 1)

� 1

2

= �( n ).

The last term is f (log n ) = 2

(log n � log n )

� (log n )

2

= �(log

2

n ), whic h is signi�can tly smaller

than the �rst. This is an extra clue that the terms decrease geometrically in i . The total is

then �( f (1)) = �( n ).

Arithmetic, �(n um b er of terms � biggest term ): If the sum is arithmetic then most of the terms

con tribute to the sum and the total is appro ximately the n um b er of terms times the biggest term.

The new thing to note here is that the n um b er of terms is not necessarily n .

�

P

n

i = m

i � n � m . The n um b er of terms is n � m . The biggest is n

2

m . The total is �(( n � m ) n

2

m ).

�

P

log n

i =1

n � i

2

. The n um b er of terms is log n . The biggest is n log

2

n . The total is �( n log

3

n ).

Harmonic: It is hard to use the adding made easy metho d here. It is b est to use the tec hniques ab o v e,

namely

P

n

i = m

1

i

= �(log n ) � �(log m ) = �(log

n

m

) and

P

n

i =1

n

i

= n �

P

n

i =1

1

i

= n � �(log n ) =

�( n log n ).
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F unctions that are not \Simple Analytical": The Adding Made Easy Appro ximations require that the

function f ( n ) is what w e called \simple analytical", i.e. that it is expressed with real constan ts, n , and

the op erations plus, min us, times, divide, exp onen tiation, and logarithms. Oscillating functions lik e

sine and cosine are not allo w ed. Similarly , complex n um b ers are not allo w ed, b ecause of the relations

e

i x

= cos ( x ) + i sin( x ) or cos ( x ) =

1

2

( e

i x

+ e

� i x

), where i =

p

� 1 .

The functions f

stair

( n ) and f

cosine

( n ) giv en in the �gure b elo w are b oth coun ter examples to the

statemen t \If f ( n ) � 2


( n )

, then

P

n

i =1

f ( i ) = �( f ( n ))."

f(n)

2
2n

2
n

n1 n2
(not to scale)

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 1.8: The left function f

stair

( n ) is a stair case with its lo w er corners squeezed b et w een the functions

2

1 n

and 2

2 n

. The righ t function is a similar function ho w ev er it is de�ned with the function f

cosine

( n ) =

2

[

1

2

cos(� log

2

n )+1 : 5] � n

.

f

stair

( n ) ; f

cosine

( n ) = 2

�( n )

: The functions f

stair

( n ) and f

cosine

( n ) are b oth 2

�( n )

. One migh t

initially think that they are not b ecause they oscillate up and do wn. Recall, ho w ev er, that the

formal de�nition of f ( n ) = 2

�( n )

is that 9 c

1

; c

2

; n

0

; 8 n � n

0

; 2

c

1

n

� f ( n ) � 2

c

2

n

. Because

f

stair

( n ) and f

cosine

( n ) are b ounded b et w een 2

1 n

and 2

2 n

, it is true that they are 2

�( n )

.

P

n

i =1

f ( i ) 6= �( f ( n )): Let n

1

and n

2

ha v e the v alues indicated in the �gure. Note 2

2 n

1

= 2

n

2

and

hence n

1

=

1

2

n

2

. F rom the picture it is clear that for b oth f

stair

( n ) and f

cosine

( n ),

P

n

2

i =1

f ( i ) �

( n

2

� n

1

) f ( n

2

) =

1

2

n

2

f ( n

2

) 6= O ( f ( n

2

)).

1.6 Recurrence Relations

\V ery w ell, sire," the wise man said at last, \I ask ed only this: T omorro w, for the �rst square

of y our c hessb oard, giv e me one grain of rice; the next da y , for the second square, t w o grains

of rice; the next da y after that, four grains of rice; then, the follo wing da y , eigh t grains for the

next square of y our c hessb oard. Th us for eac h square giv e me t wice the n um b er of grains of the

square b efore it, and so on for ev ery square of the c hessb oard."

\No w the King w ondered, as an y one w ould, just ho w man y grains of rice this w ould b e."

... thirt y-t w o da ys later ...

\This m ust stop," said the King to the wise man. \There is not enough rice in all of India to

rew ard y ou."

\No, indeed sire," said the wise man. \There is not enough rice in all the w orld."

The King's Chessb oard b y Da vid Birc h

The n um b er of grains of rice on square n in ab o v e story is giv en b y T (1) = 1 and T ( n ) = 2 T ( n � 1).

This is called a recurrence relation. Suc h relations arise often in the study of computer algorithms. The

most common place that they arise is in computing the running time of a recursiv e program. A recursiv e



1.6. RECURRENCE RELA TIONS 37

program is a routine or algorithm that calls itself on a smaller input instance. See Chapter 11. Similarly , a

recurrence relation is an function that is de�ned in terms of itself on a smaller input instance.

An Equation In v olving an Unkno wn: A recurrence relation is an equation (or a set of equations) in-

v olving an unkno wn v ariable. Solving it in v olv es �nding a \v alue" for the v ariable that satis�es the

equations. It is similar to algebra.

Algebra with Reals as V alues: x

2

= x + 2 is an algebraic equation where the v ariable x is assumed

to tak e on a real v alue. One w a y to solv e it is to guess a solution and to c hec k to see if it w orks.

Here x = 2 w orks, i.e., (2)

2

= 4 = (2) + 2. Ho w ev er, x = � 1 also w orks, ( � 1)

2

= 1 = ( � 1) + 2.

Making the further requiremen t that x � 0 narro ws the solution set to only x = 2.

Di�eren tial Equations with F unctions as V alues:

� f ( x )

� x

= f ( x ) is a di�eren tial equation where

the v ariable f is assumed to tak e on a function from reals to reals. One w a y to solv e it is to

guess a solution and to c hec k to see if it w orks. Here f ( x ) = e

x

w orks, i.e.,

� e

x

� x

= e

x

. Ho w ev er,

f ( x ) = c � e

x

also w orks for eac h v alue of c . Making the further requiremen t that f (0) = 5 narro ws

the solution set to only f ( x ) = 5 � e

x

.

Recurrence Relations with Discrete F unctions as V alues: T ( n ) = 2 � T ( n � 1) is a recurrence

relation where the v ariable T is assumed to tak e on a function from in tegers to reals. One w a y

to solv e it is to guess a solution and to c hec k to see if it w orks. Here T ( n ) = 2

n

w orks, i.e.,

2

n

= 2 � 2

n � 1

. Ho w ev er, T ( n ) = c � 2

n

also w orks for eac h v alue of c . Making the further

requiremen t that T (0) = 5 narro ws the solution set to only T ( n ) = 5 � 2

n

.

1.6.1 Relating Recurrence Relations to the Timing of Recursiv e Programs

One of the most common places for recurrence relations to arise is when analyzing the time complexit y of

recursiv e algorithms.

Basic Co de: Supp ose a recursiv e program, when giv en an instances of size n , recurses a times on subin-

stances of size

n

b

.

algorithm E g ( I

n

)

h pr e � cond i : I

n

is an instance of size n .

h post � cond i : Prin ts T ( n ) \Hi"s.

b egin

n = j I

n

j

if( n � 1) then

put \Hi"

else

lo op i = 1 ::f ( n )

put \Hi"

end lo op

lo op i = 1 ::a

I

n

b

= an input of size

n

b

E g ( I

n

b

)

end lo op

end if

end algorithm

Stac k F rames: A single execution of the routine on a single instance is referred to as a stac k frame. See

Section 11.1.5. The top stac k frame recurses b times creating b more stac k frames. Eac h of these

recurse b times for a total of b � b stac k at this third level . This con tin ues un til a base case is reac hed.
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Time for Base Cases: Recursiv e programs m ust stop recursing when the input b ecomes su�cien tly small.

In this example, only one \Hi" is prin ted when the input has size zero or one. In general, w e will assume

that recursiv e programs sp end �(1) time for instances of size �(1). W e express this as T (1) = 1 or

more generally as T (�(1)) = �(1).

Running Time: Let T ( n ) denote the total computation time for instances of size n . This time can b e

divided a n um b er of di�eren t w a ys.

T op Lev el plus Recursion:

T op Lev el: Before recursing, the top lev el stac k frame prin ts \Hi" f ( n ) times. In general, w e

use f ( n ) to denote the computation time required b y a stac k frame on an instance of size

n . This time includes the time needed to generate the subinstances and recom bining their

solutions in to the solution for its instance, but excludes the time needed to recurse.

Recursion: The top stac k frame, recurses a times on subinstances of size

n

b

. If T ( n ) is the total

computation time for instances of size n , then it follo ws that T

�

n

b

�

is the total computation

time for instances of size

n

b

. Rep eating this a times will tak e time a � T

�

n

b

�

.

T otal: W e ha v e already said that the total computation time is T ( n ). No w, ho w ev er, w e ha v e

also concluded that the total time is f ( n ) for the top lev el and T

�

n

b

�

for eac h of the recursiv e

calls, for a total of a � T

�

n

b

�

+ f ( n ).

The Recurrence Relation: It follo ws that T ( n ) satis�es the recursiv e relation

T ( n ) = a � T

�

n

b

�

+ f ( n )

The goal of this section is to determine whic h function T ( n ) satis�es this relation.

Sum of W ork at eac h Lev el of Recursion: Another w a y of computing the total computation time

T ( n ) is to sum up the time sp en t b y eac h stac k frame. These stac k frames form a tree based on

who calls who. The stac k frames at the same level of this tree often ha v e input instances that are

of roughly the same size, and hence ha v e roughly equiv alen t running times. Multiplying this time

b y the n um b er of stac k frames at the lev el giv es the total time sp en t at this lev el. Adding up this

time for all the lev els is another w a y of computing the total time T ( n ). This will b e our primary

w a y of ev aluating recurrence relations.

Instances of Size n � b : Supp ose instead of recursing a times on instances of size

n

b

, the routine recurses

a times on instances of size n � b , for some constan t b . The same discussion as ab o v e will apply , but

the related recurrence relation will b e

T

2

( n ) = a � T

2

( n � b ) + f ( n )

1.6.2 Summary

This subsection summarizes what will b e discussed a length within in this section.

The Basic F orm: Most recurrence relations that w e will consider will ha v e the form T ( n ) = a � T

�

n

b

�

+ f ( n ),

where a and b are some real p ositiv e constan ts and f ( n ) is a function. The second most common form

is T ( n ) = a � T ( n � b ) + f ( n ). This section will b e fo cusing on the �rst of these forms. Section 1.6.4,

w e will apply the same idea to the second of these forms and to other recurrence relations.

Base Cases: Though out w e will assume that T with a constan t input has a constan t output. W e write

this as T (�(1)) = �(1).

Examples: The follo wing examples, include some of the classic recurrence relations as w ell as some other

examples designed to demonstrate the v arious patterns that the results fall in to.
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Size of Subinstance of Size

n

2

:

Dominate d By One Subinstanc e Two Subinstanc es

T op Lev el T ( n ) = T ( n= 2) + n = �( n ) T ( n ) = 2 � T ( n= 2) + n

2

= �( n

2

)

Lev els Arithmetic T ( n ) = T ( n= 2) + 1 = �(log n ) T ( n ) = 2 � T ( n= 2) + n = �( n log n )

Base Cases T ( n ) = T ( n= 2) + 0 = �(1) T ( n ) = 2 � T ( n= 2) + 1 = �( n )

Di�eren t Sized of Subinstances:

Dominate d By Thr e e Subinstanc es

T op Lev el T ( n ) = T (

1

7

n ) + T (

2

7

n ) + T (

3

7

n ) + n = �( n )

Lev els Arithmetic T ( n ) = T (

1

7

n ) + T (

2

7

n ) + T (

4

7

n ) + n = �( n log n )

Base Cases T ( n ) = T (

1

7

n ) + T (

3

7

n ) + T (

4

7

n ) + n = �( n

?

)

Size of Subinstance of Size n � 1:

Dominate d By One Subinstanc e Two Subinstanc es

T op Lev el T ( n ) = T ( n � 1) + 2

n

= �(2

n

) T ( n ) = 2 � T ( n � 1) + 3

n

= �(3

n

)

Lev els Arithmetic T ( n ) = T ( n � 1) + n = �( n

2

) T ( n ) = 2 � T ( n � 1) + 2

n

= �( n 2

n

)

Base Cases T ( n ) = T ( n � 1) + 0 = �(1) T ( n ) = 2 � T ( n � 1) + n = �(2

n

)

A Gro wing Num b er of Subinstances of a Shrinking Size: Consider recurrence relations of the form

T ( n ) = a � T

�

n

b

�

+ f ( n ) with T (�(1)) = �(1). Eac h instances ha ving a subinstances means that

the n um b er of subinstances gro ws exp onen tially b y a factor of b . On the other hand, the size of the

subinstances shrink exp onen tially . The amoun t of w ork that the instance m ust do is the function f

of this instance size. Whether the gro wing or the shrinking dominates this pro cess dep end on the

relationship b et w een a , b , and f ( n ).

F our Di�eren t Solutions: All recurrence relations that w e will consider, ha v e one of the follo wing four

di�eren t t yp es of solutions. These corresp ond to the four t yp es of solutions for sums, see Section 1.5.

Dominated b y T op: The top level of the recursion requires f ( n ) w ork. If this is su�cien tly big then

this time will dominate the total and the answ er will b e T ( n ) = �( f ( n )).

Dominated b y Base Cases: W e will see that the n um b er of b ase c ases is n

log a

log b

when T ( n ) = a �

T

�

n

b

�

+ f ( n ). Eac h of these requires T (�(1)) = �(1) time. If this is su�cien tly big then this

time will dominate the total and the answ er will b e T ( n ) = �

�

n

log a

log b

�

. F or example, when

T ( n ) = 1 � T

�

n

2

�

+ f ( n ), T ( n ) = �

�

n

log 1

log 2

�

= �

�

n

0

�

= �(1) and when T ( n ) = 2 � T

�

n

2

�

+ f ( n ),

T ( n ) = �

�

n

log 2

log 2

�

= �

�

n

1

�

= �( n ).

Lev els Arithmetic: If the amoun t of w ork at the di�eren t lev els of recursion is su�cien tly close to

eac h other, then the total is the n um b er of lev els times this amoun t of w ork. In this case, there

are �(log n ) lev els, giving that T ( n ) = �(log n ) � �( f ( n )).

Lev els Harmonic: A strange example, included only for completion, is when the w ork at eac h of the

lev els forms a harmonic sum. In this case, T ( n ) = �( f ( n ) log n log log n ) = �( n

log a

log b

log log n ).

If T ( n ) = a � T ( n � b ) + f ( n ), then the t yp es of solutions are the same, except that the n um b er of base

cases will b e a

n

b

and the n um b er of lev els is

n

b

giving the solutions T ( n ) = �( f ( n )), T ( n ) = �( a

n

b

),

and T ( n ) = �( n � f ( n )).

Rules for F unctions with Basic F orm T ( n ) = a � T

�

n

b

�

+ �( n

c

� log

d

n ): T o simplify things, let us

assume that f ( n ) has the basic form �( n

c

� log

d

n ), where c and d are some real p ositiv e constan ts.

This recurrence relation can b e quic kly appro ximated using the follo wing simple rules.

algorithm B asicR ecur r enceR el ation ( a; b; c; d )

h pr e � cond i : W e are giv en a recurrence relation with the basic form T ( n ) = a � T

�

n

b

�

+ �( n

c

� log

d

n ).

W e assume a � 1 and b > 1.
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h post � cond i : Computes the appro ximation �( T ( n )).

b egin

if( c >

log a

log b

) then

The recurrence is dominate d by the top level and T ( n ) = �( f ( n )) = �( n

c

� log

d

n ).

else if( c =

log a

log b

) then

if( d > � 1 ) then

Then the levels ar e arithmetic and T ( n ) = �( f ( n ) log n ) = �( n

c

� log

d +1

n ).

else if( d = � 1 ) then

Then the levels ar e harmonic and T ( n ) = �( n

c

� log log n ).

else if( d < � 1 ) then

The recurrence is dominate d by the b ase c ases and T ( n ) = �( n

log a

log b

).

end if

else if( c <

log a

log b

) then

The recurrence is dominate d by the b ase c ases and T ( n ) = �( n

log a

log b

).

end if

end algorithm

Examples:

� T ( n ) = 4 T (

n

2

) + �( n

3

): Here a = 4, b = 2, c = 3, and d = 0. Applying the tec hnique, w e

compare c = 3 to

log a

log b

=

log 4

log 2

= 2. Because it is bigger, w e kno w that T ( n ) is dominated b y

the top lev el and T ( n ) = �( f ( n )) = �( n

3

).

� T ( n ) = 4 T (

n

2

) + �(

n

3

log

3

n

): This example is the same except for d = � 3. Decreasing the

time for the top b y this little amoun t do es not c hange the fact that it dominates. T ( n ) =

�( f ( n )) = �(

n

3

log

3

n

).

� T ( n ) = 27 T (

n

3

) + �( n

3

log

4

n ): Because

log a

log b

=

log 27

log 3

= 3 = c and d = 4 > � 1, all lev els tak e

roughly the same computation time and T ( n ) = �( f ( n ) log( n )) = �( n

3

log

5

n ).

� T ( n ) = 4 T (

n

2

) + �(

n

2

log n

): Because

log a

log b

=

log 4

log 2

= 2 = c and d = � 1, this is the harmonic case

and T ( n ) = �( n

c

� log log n ) = �( n

2

log log n ).

� T ( n ) = 4 T (

n

2

) + �( n ): Because

log a

log b

=

log 4

log 2

= 2 > 1 = c , the computation time is su�cien tly

dominated b y the sum of the base cases and T ( n ) = �( n

log a

log b

) = �( n

2

).

More General F unctions using � Notation: The ab o v e rules for appro ximating T ( n ) = a � T

�

n

b

�

+ f ( n )

can b e generalized ev en further to include lo w order terms and an ev en wider range of functions f ( n ).

Lo w Order T erms: Some times the subinstances formed are not exactly of size

n

b

, but ha v e a stranger

size lik e

n

b

�

p

n + log n � 5. Suc h lo w order terms are not signi�can t to the appro ximation of

the total and can simply b e ignored. W e will denote the fact that suc h terms are included b y

considering recurrence relations of the form T ( n ) = a � T

�

n

b

+

�

o ( n )

�

+ f ( n ). The k ey is that the

di�erence b et w een the size and

n

b

is smaller than �n for ev ery constan t � > 0.

Simple Analytical F unction f ( n ): The only requiremen t on f is that it is a simple analytic al func-

tion, (See Section 1.5).

The �rst step in ev aluating this recurrence relation is to determine the computation times �( f ( n )) and

�( n

log a

log b

) for the top and the b ottom lev els of recursion. The second step is to tak e their ratio in order

to determine whether one is \su�cien tly" bigger than the other.

Dominated b y T op: If

f ( n )

n

log a

log b

� n


(1)

, then T ( n ) = �( f ( n )).

Lev els Arithmetic: If

f ( n )

n

log a

log b

= [log n ]

�(1) � 1

� log

d

n , for d > � 1, then T ( n ) = �( f ( n ) log n ).
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Lev els Harmonic: If

f ( n )

n

log a

log b

= �(

1

log n

), then T ( n ) = �( n

log a

log b

log log n ).

Dominated b y Base Cases: If

f ( n )

n

log a

log b

� [log n ]

� 1 � 
(1)

� log

d

n , for d < � 1, then T ( n ) = �( n

log a

log b

).

Recall that 
(1) includes an y increasing function and an y constan t c strictly bigger than zero.

Examples:

� T ( n ) = 4 T (

n

2

) + �( n

3

log log n ): The times for the top and the b ottom lev el of recursion

are f ( n ) = �( n

3

log log n ) and �( n

log a

log b

) = �( n

log 4

log 2

) = �( n

2

). The top lev el su�cien tly

dominates the b ottom lev el b ecause f ( n ) =n

log a

log b

=

n

3

log log n

n

2

= n

1

log log n � n


(1)

. Hence,

w e can conclude that T ( n ) = �( f ( n )) = �( n

3

log log n ).

� T ( n ) = 4 T (

n

2

) + �(2

n

): The time for the top has increase to f ( n ) = �(2

n

). Being ev en bigger,

the top lev el dominates the computation ev en more. This can b e seen b ecause f ( n ) =n

log a

log b

=

2

n

n

2

� n


(1)

. Hence, T ( n ) = �( f ( n )) = �(2

n

).

� T ( n ) = 4 T (

n

2

) + �( n

2

log log n ): The times for the top and the b ottom lev el of recursion are

no w f ( n ) = �( n

2

log log n ) and �( n

log a

log b

) = �( n

2

). Note f ( n ) =n

log a

log b

= �( n

2

log log n=n

2

) =

�(log log n ) 2 [log n ]

�(1) � 1

. (If log log n is to b e compared to log

d

n , for some d , then the

closest one is d = 0, whic h is greater than � 1.) It follo ws that T ( n ) = �( f ( n ) log n ) =

�( n

2

log n log log n ).

� T ( n ) = 4 T (

n

2

) + �(log log n ): The times for the top and the b ottom lev el of recursion are

f ( n ) = �(log log n ) and �( n

log a

log b

) = �( n

log 4

log 2

) = �( n

2

). The computation time is su�cien tly

dominated b y the sum of the base cases b ecause f ( n ) =n

log a

log b

=

�(log log n )

n

2

� [log n ]

� �(1) � 1

. It

follo ws that T ( n ) = �( n

log a

log b

) = �( n

2

).

� T ( n ) = 4 T (

n

2

�

p

n + log n � 5) + �( n

3

): This lo oks ugly . Ho w ev er, b ecause

p

n � log n + 5 is

o ( n ), it do es not pla y a signi�can t role in the appro ximation. Hence, the answ er is the same

as it w ould b e for T ( n ) = 4 T (

n

2

) + �( n

3

).

This completes the summary of the results.

1.6.3 The Classic T ec hniques

W e no w presen t a few of the classic tec hniques for computing recurrence relations. W e will con tin ue to fo cus

on recurrence relations of the form T ( n ) = a � T

�

n

b

�

+ f ( n ) with T (�(1)) = �(1). Later in Section 1.6.4, w e

will apply the same idea to other recurrence relations.

Guess and V erify: Consider the example T ( n ) = 4 T

�

n

2

�

+ n and T (1) = 1. If w e could guess that the

solution is T ( n ) = 2 n

2

� n , w e could v erify this answ er in the follo wing t w o w a ys.

Plugging In: The �rst w a y to v erify that T ( n ) = 2 n

2

� n is the solution is to simply plug it in to the

t w o equations T ( n ) = 4 T

�

n

2

�

+ n and T (1) = 1 and mak e sure that they are satis�ed.

Left Side Righ t Side

T ( n ) = 2 n

2

� n 4 T (

n

2

) + n = 4

h

2

�

n

2

�

2

�

�

n

2

�

i

� n = 2 n

2

� n

T (1) = 2 n

2

� n = 1 1

Pro of b y Induction: Similarly , w e can use induction to pro v e that this is the solution for all n , (at

least for all p o w ers of 2, namely n = 2

i

).

Base Case: Because T (1) = 2(1)

2

� 1 = 1, it is correct for n = 2

0

.

Induction Step: Let n = 2

i

. Assume that it is correct for 2

i � 1

=

n

2

. Because T ( n ) = 4 T (

n

2

) +

n = 4

h

2

�

n

2

�

2

�

�

n

2

�

i

� n = 2 n

2

� n , it is also true for n .



42 CHAPTER 1. RELEV ANT MA THEMA TICS

Guess F orm and Calculate Co e�cien ts: Supp ose that instead of guessing that the solution to T ( n ) =

4 T

�

n

2

�

+ n and T (1) = 1 is T ( n ) = 2 n

2

� n , w e are only able to guess that it has the form T ( n ) =

an

2

+ bn + c for some constan ts a , b , and c . W e can plug in this solution as done b efore and solv e for

the a , b , and c .

Left Side Righ t Side

T ( n ) = an

2

+ bn + c 4 T (

n

2

) + n = 4

h

a

�

n

2

�

2

+ b

�

n

2

�

+ c

i

� n = an

2

+ (2 b + 1) n + 4 c

T (1) = a + b + c 1

These left and righ t sides m ust b e equal for all n . Both ha v e a as the co e�cien t of n

2

, whic h is

go o d. T o mak e the co e�cien t in fron t n b e the same, w e need that b = 2 b + 1, whic h giv es b = � 1.

T o mak e the constan t co e�cien t b e the same, w e need that c = 4 c , whic h giv es c = 0. T o mak e

T (1) = a (1)

2

+ b (1) + c = a (1)

2

� (1) + 0 = 1, w e need that a = 2. This giv es us the solution

T ( n ) = 2 n

2

� n that w e had b efore.

Guessing �( T ( n )): Another option is to pro v e b y induction that the solution is T ( n ) = O ( n

2

). Sometimes

one can pro ceed as ab o v e, but I �nd that often one gets stuc k.

Induction Step: Supp ose that b y induction w e assumed that T

�

n

2

�

� c �

�

n

2

�

2

for some constan t

c > 0. Then w e w ould try to pro v e that T ( n ) � c � n

2

for the same constan t c . W e w ould pro ceed

b y as follo ws. T ( n ) = 4 T

�

n

2

�

+ n � 4

h

c �

�

n

2

�

2

i

+ n = c � n

2

+ n . Ho w ev er, no matter ho w big w e

mak e c , this is not smaller than c � n

2

. Hence, this pro of failed.

Guessing Whether T op or Bottom Dominates: Our goal is to estimate T ( n ). W e ha v e that T ( n ) =

a � T

�

n

b

�

+ f ( n ). One migh t �rst ask whether the a � T

�

n

b

�

or the f ( n ) is more signi�can t. There are

three p ossibilities. The �rst is that f ( n ) is m uc h bigger than a � T

�

n

b

�

. The second is that a � T

�

n

b

�

is m uc h bigger than f ( n ). The third is that the terms are close enough in v alue that they b oth mak e

a signi�can t con tribution. The third case will b e harder to analyze. But let us see what w e can do in

the �rst t w o cases.

f ( n ) is m uc h bigger than a � T

�

n

b

�

: It follo ws that T ( n ) = a � T

�

n

b

�

+ f ( n ) = �( f ( n )) and hence,

w e are done. The function f ( n ) is giv en and the answ er is T ( n ) = �( f ( n )).

a � T

�

n

b

�

is m uc h bigger than f ( n ): It follo ws that T ( n ) = a � T

�

n

b

�

+ f ( n ) � a � T

�

n

b

�

. This case

is harder. W e m ust still solv e this equation. With some insigh t, let us guess that the general form

is T ( n ) = n

�

for some constan t � . W e will plug this guess in to the equation T ( n ) = a � T

�

n

b

�

and

solv e for � . Plugging this in giv es n

�

= a �

�

n

b

�

�

. Dividing out the n

�

, giv es 1 = a �

�

1

b

�

�

. Bringing

o v er the b

�

giv es b

�

= a . T aking the log giv es � � log b = log a and solving giv es � =

log a

log b

. The

conclusion is that the solution to T ( n ) = a � T

�

n

b

�

is T ( n ) = �( n

log a

log b

).

This w as b y no means formal. But it do es giv e some in tuition that the answ er ma y w ell b e T ( n ) =

�(max ( f ( n ) ; n

log a

log b

)). W e will no w try to b e more precise.

Un winding T ( n ) = a � T

�

n

b

�

+ f ( n ): Our �rst formal step will b e to express T ( n ) as the sum of the

w ork completed at eac h lev el of the recursion. Later w e will ev aluate this sum. One w a y to express

T ( n ) as a sum is to un wind it as follo ws.

T ( n ) = f ( n ) + a � T

�

n

b

�

= f ( n ) + a �

h

f

�

n

b

�

+ a � T

�

n

b

2

� i

= f ( n ) + af

�

n

b

�

+ a

2

� T

�

n

b

2

�

= f ( n ) + af

�

n

b

�

+ a

2

�

h

f

�

n

b

2

�

+ a � T

�

n

b

3

� i
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= f ( n ) + af

�

n

b

�

+ a

2

f

�

n

b

2

�

+ a

3

� T

�

n

b

3

�

= � � �

=

h � 1

X

i =0

a

i

� f

�

n

b

i

�

+ a

h

� T (1) = �

 

h

X

i =0

a

i

� f

�

n

b

i

�

!

Lev els of The Recursion T ree: W e can understand the un winding of the recurrence relation in to the

ab o v e sum b etter when w e examine the tree consisting of one no de for ev ery stac k frame executed

during the computation.

Recall that the recurrence relation T ( n ) = a � T

�

n

b

�

+ f ( n ) relates to the computation time of a recursiv e

program, suc h that when it is giv en an instances of size n , it recurses a times on subinstances of size

n

b

. f ( n ) denotes the computation time required b y a single stac k frame on an instance of size n and

T ( n ) denotes the en tire computation time to recurse.

Lev el 0: The top lev el of the recursion has an instance of size n . As stated, excluding the time to

recurse, this top stac k frame requires f ( n ) computation time to generate the subinstances and

recom bining their solutions.

Lev el 1: The single top lev el stac k frame recurses a times. Hence, the second lev el (lev el 1) has a

stac k frames. Eac h of them is giv en a subinstance of size

n

b

and hence requires f (

n

b

) computation

time. It follo ws that the total computation time for this lev el is a � f (

n

b

).

Lev el 2: Eac h of the a stac k frames at the lev el 1 recurses a times giving a

2

stac k frames at the lev el 2.

Eac h stac k frame at the lev el 1 has a subinstance of size

n

b

, hence they recurse on subsubinstances

of size

n

b

2

. Therefore, eac h stac k frame at the lev el 2 requires f (

n

b

2

) computation time. It follo ws

that the total computation time for this lev el is a

2

� f (

n

b

2

).

Lev el 3, etc. � � �

Lev el i: Eac h successiv e lev el, the n um b er of stac k frames go es up b y a factor of a and the size of the

subinstance go es do wn b y a factor of b .

Num b er of Stac k F rames at this Lev el: It follo ws that at the lev el i , w e ha v e a

i

subinstances

Size of Subinstances at this Lev el: Eac h subinstance at this lev el has size

n

b

i

.

Time for eac h Stac k F rame at this Lev el: Giv en this size, the time tak en is f (

n

b

i

).

T otal Time for Lev el: The total time for this lev el is the n um b er at the lev el times the time

for eac h, namely a

i

� f (

n

b

i

).

Lev el h: The recursiv e program stops recursing when it reac hes a b ase c ase .

Size of the Base Case: A base case is an input instance that has some minim um size. Whether

this size is zero, one, or t w o, will not c hange the appro ximation �( T ( n )) of the total time.

This is wh y w e sp ecify only that the size of the base case is �(1).

The Num b er of Lev els h : Let h denote the depth of the recursion tree. If an instance the

lev el i has size

n

b

i

, then at the lev el h , it will ha v e size

n

b

h

. No w w e ha v e a c hoice as to whic h

constan t w e w ould lik e to use for the base case. Being lazy , let us use a constan t that mak es

our life easy .

Size One: If w e set the size of the base case to b e one, then this giv es us the equation

n

b

h

= 1,

and the n um b er of lev els needed to ac hiev e this is h =

log n

log b

.

Size Tw o: If instead, w e set the base case size to b e

n

b

h

= 2, then the n um b er of lev els

needed, h =

log ( n ) � 1

log b

. Though this is only a constan t less, it is messier.

Size Zero: Surely recursing to instances of size zero will also b e �ne. The equation b ecomes

n

b

h

= 0. Solving this for h giv es h = 1 . Practically , what do es this mean? Y ou ma y ha v e

heard of zeno's parado x. If y ou cut the remaining distance in half and then in half again

and so on, then though y ou get v ery close v ery fast, y ou nev er actually get there.
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Time for a Base Case: Changing the computation time for a base case will c hange the total

running time b y only a m ultiplicativ e constan t. This is wh y w e sp ecify only that it requires

some �xed time. W e write this as T (�(1)) = �(1).

Num b er of Base Cases: The n um b er of stac k frames at the lev el i is a

i

. Hence, the n um b er of

these base case subinstances is a

h

= a

log n

log b

. This lo oks really ugly . Is it exp onen tial in n , or

p olynomial?, or something else w eird? The place to lo ok for help is Section 1.2, whic h giv es

rules on logarithms and exp onen tials. One rule state that y ou can mo v e things b et w een the

base and the exp onen t as long as y ou add or remo v e a log. This giv es that the n um b er of

base cases is a

h

= a

log n

log b

= n

log a

log b

. Giv en that

log a

log b

is simply some constan t, n

log a

log b

is a simple

p olynomial in n .

Time for Base Cases: This giv es the total time for the base cases to b e a

h

� T (1) = �( n

log a

log b

).

This is the same time that w e got b efore.

Sum of Time for Eac h Lev el: W e obtain the total time T ( n ) for the recursion b y summing up the

time at eac h of these lev els. This giv es

T ( n ) =

"

h � 1

X

i =0

a

i

� f

�

n

b

i

�

#

+ a

h

� T (1) = �

 

h

X

i =0

a

i

� f

�

n

b

i

�

!

:

Key things to remem b er ab out this sum is that it has �(log n ) terms, the �rst term b eing �( f ( n ))

and the last b eing �( n

log a

log b

).

Some Examples: When w orking through an example, the follo wing questions are useful.

Dominated b y Base Cases Lev els Arithmetic T op Lev el

Examples T ( n ) = 4 T ( n= 2) + n T ( n ) = 9 T ( n= 3) + n

2

T ( n ) = 2 T ( n= 4) + n

2

a) # frames at the

i

th

lev el?

4

i

9

i

2

i

b) Size of instance

at the i

th

lev el?

n

2

i

n

3

i

n

4

i

c) Time within

one stac k frame

f

�

n

2

i

�

=

�

n

2

i

�

f

�

n

3

i

�

=

�

n

3

i

�

2

f

�

n

4

i

�

=

�

n

4

i

�

2

d) # lev els

n

2

h

= 1

h =

log n

log 2

= �(log n )

n

3

h

= 1

h =

log n

log 3

= �(log n )

n

4

h

= 1

h =

log n

log 4

= �(log n )

e) # base case

stac k frames

4

h

= 4

log n

log 2

= n

log 4

log 2

= n

2

9

h

= 9

log n

log 3

= n

log 9

log 3

= n

2

2

h

= 2

log n

log 4

= n

log 2

log 4

= n

1

2

f ) T ( n ) as a sum

P

h

i =0

(# at lev el ) � (time eac h )

=

P

�(log n )

i =0

4

i

�

�

n

2

i

�

= n �

P

�(log n )

i =0

2

i

P

h

i =0

(# at lev el ) � (time eac h )

=

P

�(log n )

i =0

9

i

�

�

n

3

i

�

2

= n

2

�

P

�(log n )

i =0

1

P

h

i =0

(# at lev el ) � (time eac h )

=

P

�(log n )

i =0

2

i

�

�

n

4

i

�

2

n

2

�

P

�(log n )

i =0

�

1

8

�

i

g) Dominated b y?

geometric increasing:

dominated b y last term

= n um b er of base cases

arithmetic sum:

lev els roughly the same

= time p er lev el � # lev els

geometric decreasing:

dominated b y �rst term

= top lev el

h) �(T(n))

T ( n ) = �

�

n

log a

log b

�

= �

�

n

log 4

log 2

�

= �

�

n

2

�

T ( n ) = � ( f ( n ) log n )

= �

�

n

2

log n

�

T ( n ) = � ( f ( n ))

= �

�

n

2

�

Ev aluating The Sum: T o ev aluate this sum, w e will use the Adding Made Easy Appro ximations giv en

in Section 1.5. The four cases b elo w corresp ond to the sum b eing geometric increasing, arithmetic,

harmonic, or b ounded tail.

Dominated b y T op: If the computation time �( f ( n )) for the top lev el of recursion is su�cien tly

bigger than the computation time �( n

log a

log b

) for the base cases, then the ab o v e sum decreases

geometrically . The Adding Made Easy Appro ximations then tells us that suc h a sum is b ounded

b y the �rst term, giving that T ( n ) = �( f ( n )). In this case, w e sa y that the computation time of

the recursiv e program is dominated b y the time for the top lev el of the recursion.
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Su�cien tly Big: A condition for �( f ( n )) to b e su�cien tly bigger than �( n

log a

log b

) is that f ( n ) �

n

c

� log

d

n , where c >

log a

log b

. A more general condition can b e expressed as f ( n ) =n

log a

log b

� n


(1)

,

where f is a simple analytical function.

Pro ving Geometric Decreasing: What remains is to pro v e that the sum is in fact geometric

decreasing. T o simplify things, consider f ( n ) = n

c

for constan t c . W e w an t to ev aluate

T ( n ) = �(

P

h

i =0

a

i

f (

n

b

i

)) = �(

P

h

i =0

a

i

(

n

b

i

)

c

) = �( n

c

�

P

h

i =0

(

a

b

c

)

i

). The Adding Made Easy

Appro ximations state that this sum decreases geometrically if the terms decrease exp onen-

tially in terms of i (not in terms of n ). This is the case as long as the constan t

a

b

c

is less than

one. This o ccurs when a < b

c

or equiv alen tly when c >

log a

log b

.

Ev en Bigger: Ha ving an f ( n ) that is ev en bigger means that the time is ev en more dominated b y

the top lev el of recursion. F or example, f ( n ) could b e 2

n

or 2

2

n

. Ha ving f ( n ) =n

log a

log b

� n


(1)

ensures that f ( n ) is at least as big as n

c

for some c >

log a

log b

. Hence, for these it is still the

case that T ( n ) = �( f ( n )).

A Little Smaller: This function f ( n ) � n

c

� log

d

n with c >

log a

log b

is a little smaller when w e let d

b e negativ e. Ho w ev er, this small c hange do es not c hange the fact that the time is dominated

b y the top lev el of recursion and that T ( n ) = �( f ( n )).

Lev els Arithmetic: If the computation time �( f ( n )) for the top lev els of recursion is su�cien tly close

to the computation time �( n

log a

log b

) for the base cases, then all lev els of the recursion con tribute

roughly the same to the computation time and hence the sum is arithmetic. The Adding Made

Easy Appro ximations giv e that the total is the n um b er of terms times the \last" term. The

n um b er of terms is the heigh t of the recursion whic h is h =

log ( n )

log b

= �(log( n )). A complication,

ho w ev er, is that the terms are in the rev erse order from what they should b e to b e arithmetic.

Hence, the \last" term is top one, �( f ( n )). This giv es T ( n ) = �( f ( n ) log n ).

Su�cien tly The Same: A condition for �( f ( n )) to b e su�cien tly close to �( n

log a

log b

) is that

f ( n ) = �( n

c

� log

d

n ), where c =

log a

log b

and d > � 1. A more general condition can b e expressed

as f ( n ) =n

log a

log b

= [log n ]

�(1) � 1

, where f is a simple analytical function.

A Simple Case f ( n ) = n

log a

log b

: T o simplify things, let us �rst consider f ( n ) = n

c

where c =

log a

log b

. Ab o v e w e computed T ( n ) = �(

P

h

i =0

a

i

f (

n

b

i

)) = �(

P

h

i =0

a

i

(

n

b

i

)

c

) = �( n

c

�

P

h

i =0

(

a

b

c

)

i

).

But no w c is c hosen so that

a

b

c

= 1. This simpli�es the sum to T ( n ) = �( n

c

�

P

h

i =0

(1)

i

) =

�( n

c

h ) = �( f ( n ) log n ). Clearly , this sum is arithmetic.

A Harder Case f ( n ) = n

log a

log b

log

d

n : No w let us consider ho w m uc h f ( n ) can b e shifted

a w a y from f ( n ) = n

log a

log b

and still ha v e the sum b e arithmetic. Let us consider f ( n ) =

n

c

� log

d

n , where c =

log a

log b

and d > � 1. This adds an extra log to the sum, giv-

ing T ( n ) = �(

P

h

i =0

a

i

f (

n

b

i

)) = �(

P

h

i =0

a

i

(

n

b

i

)

c

log

d

(

n

b

i

)) = �( n

c

�

P

h

i =0

(1)

i

�

log(

n

b

i

)

�

d

) =

�( n

c

�

P

h

i =0

[log ( n ) � i log( b )]

d

). This lo oks ugly , but w e can simplify it b y rev ersing the

order of the terms.

Rev ersing the T erms: The expression

n

b

i

with i 2 [0 ; h ] tak es on the v alues n;

n

b

;

n

b

2

; � � � 1. Re-

v ersing the order of these v alues giv es 1 ; b; b

2

; � � � ; n . This is done more formally b y letting

i = h � j so that

n

b

i

=

n

b

h � j

= b

j

. No w summing the terms in rev erse order with j 2 [0 ; h ]

giv es T ( n ) = �( n

c

�

P

h

i =0

�

log(

n

b

i

)

�

d

) = �( n

c

�

P

h

j =0

�

log( b

j

)

�

d

) = �( n

c

�

P

h

j =0

[ j log b ]

d

). This

[ log b ]

d

is a constan t that w e can hide in the theta. This giv es T ( n ) = �( n

c

�

P

h

j =0

j

d

).

Pro ving Rev erse Arithmetic: The Adding Made Easy Appro ximations state that this sum

T ( n ) = �( n

c

�

P

h

j =0

j

d

) is arithmetic as long as d > � 1. In this case, the total is T ( n ) =

�( n

c

� h � h

d

) = �( n

c

� log

d +1

n ). Another w a y of viewing this sum is that it is appro ximately

the \last term", whic h after rev ersing the order is the top term f ( n ), times the n um b er of

terms, whic h is h = �(log n ). In conclusion, T ( n ) = �( f ( n ) log n ).

Lev els Harmonic: T aking the Adding Made Easy Appro ximations the ob vious next step, w e let

d = � 1 in the ab o v e calculations in order to mak e a harmonic sum.
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Strange Requiremen t: This new requiremen t is that f ( n ) = �( n

c

� log

d

n ), where c =

log a

log b

and

d = � 1.

The T otal: Con tin uing the ab o v e calculations giv es T ( n ) = �( n

c

�

P

h

j =0

j

d

) = �( n

c

�

P

h

j =0

1

j

).

This is a harmonic sum adding to T ( n ) = �( n

c

� log h ) = �( n

c

log log n ) = �( n

log a

log b

log log n )

as required.

Dominated b y Base Cases: If the computation time �( f ( n )) for the top lev els of recursion is suf-

�cien tly smaller than the computation time �( n

log a

log b

) for the base cases, then the terms increase

quic kly enough for the sum to b e b ounded b y the last term. This last term consists of �(1)

computation time for eac h of the n

log a

log b

base cases. In conclusion, T ( n ) = �( n

log a

log b

).

Su�cien tly Big: A condition for �( f ( n )) to b e su�cien tly smaller than �( n

log a

log b

) is that f ( n ) �

n

c

� log

d

n , where either c <

log a

log b

or ( c =

log a

log b

and d < � 1). A more general condition can b e

expressed as

f ( n )

n

log a

log b

� [log n ]

� 1 � 
(1)

, where f is a simple analytical function.

Geometric Increasing: T o b egin, supp ose that f ( n ) = n

c

for constan t c <

log a

log b

. Before w e

ev aluated T ( n ) = �(

P

h

i =0

a

i

f (

n

b

i

)) = �(

P

h

i =0

a

i

(

n

b

i

)

c

) = �( n

c

�

P

h

i =0

(

a

b

c

)

i

). c <

log a

log b

giv es

a

b

c

> 1. Hence, this sum increases exp onen tially and the total is b ounded b y the last term,

T ( n ) = �( n

log a

log b

).

Bounded T ail: With the Adding Made Easy Appro ximations, ho w ev er, w e learned that the sum

do es not need to b e exp onen tially decreasing (w e are viewing the sum in rev erse order) in

order to ha v e a b ounded tail. Let us no w consider f ( n ) = n

c

� log

d

n , where c =

log a

log b

and

d < � 1. Ab o v e w e got that T ( n ) = �( n

c

�

P

h

j =0

j

d

). This is a b ounded tail, summing to

T ( n ) = �( n

c

)�(1) = �( n

log a

log b

) as required.

Ev en Smaller: Ha ving an f ( n ) that is ev en smaller means that the time is ev en less e�ected b y

the time for the top lev el of recursion. This can b e expressed as

f ( n )

n

log a

log b

� [log n ]

� 1 � 
(1)

.

Lo w Order T erms: If the recurrence relation is T ( n ) = 4 T (

n

2

�

p

n + log n � 5) + �( n

3

) instead of

T ( n ) = 4 T (

n

2

) + �( n

3

), these lo w order terms, though ugly , do not mak e a signi�can t di�erence

to the total. W e will not pro v e this formally .

This concludes our appro ximation of �( T ( n )).

1.6.4 Other Examples

W e will no w apply the same idea to other recurrence relations.

Exp onen tial Gro wth for a Linear Num b er of Lev els: Here w e consider recurrence relations of the

form T ( n ) = aT ( n � b ) + f ( n ) for a > 1, b > 0, and later c > 0. Eac h instances ha ving a subinstances

means that as b efore, the n um b er of subinstances gro ws exp onen tially . Decreasing the subinstance b y

only an additiv e amoun t means that the n um b er of lev els of recursion is linear in the size n of the

initial instance. This giv es an exp onen tial n um b er of base cases, whic h will dominate the time unless,

the w ork f ( n ) in eac h stac k frame is exp onen tial itself.
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Dominated b y Base Cases Lev els Arithmetic T op Lev el

Examples T ( n ) = aT ( n � b ) + n

c

T ( n ) = aT ( n � b ) + a

1

b

n

T ( n ) = aT ( n � b ) + a

2

b

n

a) # frames at the

i

th

lev el?

a

i

b) Size of instance

at the i

th

lev el?

n � i � b

c) Time within

one stac k frame

f ( n � i � b ) = ( n � i � b )

c

f ( n � i � b ) = a

n � i � b

b

= a

1

b

n

� a

� i

f ( n � i � b ) = a

2( n � i � b )

b

= a

2

b

n

� a

� 2 i

d) # lev els n � h � b = 0, h =

n

b

Ha ving a base case of size zero mak es the math the cleanest.

e) # base case

stac k frames

a

h

= a

1

b

n

f ) T ( n ) as a sum

P

h

i =0

(# at lev el ) � (time eac h )

=

P

n

b

i =0

a

i

� ( n � i � b )

c

P

h

i =0

(# at lev el ) � (time eac h )

=

P

n

b

i =0

a

i

� a

1

b

n

� a

� i

= a

1

b

n

�

P

n

b

i =0

1

P

h

i =0

(# at lev el ) � (time eac h )

=

P

n

b

i =0

a

i

� a

2

b

n

� a

� 2 i

= a

2

b

n

�

P

n

b

i =0

a

� i

g) Dominated b y?

geometric increasing:

dominated b y last term

= n um b er of base cases

arithmetic sum:

lev els roughly the same

= time p er lev el � # lev els

geometric decreasing:

dominated b y �rst term

= top lev el

h) �(T(n)) T ( n ) = �

�

a

n

b

�

T ( n ) = �

�

n

b

� a

n

b

�

T ( n ) = �

�

a

2

b

n

�

Fib onacci Num b ers: A famous recurrence relation is F ib (0) = 0, F ib (1) = 1, and F ib ( n ) = F ib ( n �

1) + F ib ( n � 2). Clearly , F ib ( n ) gro ws slo w er than T ( n ) = 2 T ( n � 1) = 2

n

and faster than

T ( n ) = 2 T ( n � 2) = 2

n= 2

. It follo ws that F ib ( n ) = 2

�( n )

. If one w an ts more details than the

follo wing calculations giv e that F ib ( n ) =

1

p

5

h h

1+

p

5

2

i

n

�

h

1 �

p

5

2

i

n

i

= �((1 : 61 :: )

n

).

Careful Calculations: Let us guess the solution F ib ( n ) = �

n

. Plugging this in to F ib ( n ) =

F ib ( n � 1) + F ib ( n � 2) giv es that �

n

= �

n � 1

+ �

n � 2

. Dividing through b y �

n � 2

giv es

�

2

= � + 1. Using the form ula for quadratic ro ots giv es that either � =

1+

p

5

2

or � =

1 �

p

5

2

.

An y linear com bination of these t w o solutions will also b e a v alid solution, namely F ib ( n ) =

c

1

� ( �

1

)

n

+ c

2

� ( �

2

)

n

. Using the fact that F ib (0) = 0 and F ib (1) = 1 and solving for c

1

and

c

2

giv es that F ib ( n ) =

1

p

5

hh

1+

p

5

2

i

n

�

h

1 �

p

5

2

i

n

i

.

One Subinstance Eac h: If eac h stac kframe calls recursiv ely at most once, then there is only a single line

of stac kframes, one p er lev el. The total time T ( n ) is the sum of these stac k frames.

Dominated b y Base Cases Lev els Arithmetic T op Lev el

Examples T ( n ) = T ( n � b ) + 0 T ( n ) = T ( n � b ) + n

c

T ( n ) = T ( n � b ) + 2

cn

a) # frames at the

i

th

lev el?

one

b) Size of instance

at the i

th

lev el?

n � i � b

c) Time within

one stac k frame

f ( n � i � b ) = zero

Except for the base case

whic h has w ork �(1)

f ( n � i � b ) = ( n � i � b )

c

f ( n � i � b ) = 2

c ( n � i � b )

d) # lev els n � h � b = 0, h =

n

b

e) # base case

stac k frames

one

f ) T ( n ) as a sum

P

h

i =0

(# at lev el ) � (time eac h )

=

�

P

n

b

� 1

i =0

1 � 0

�

+ 1 � �(1)

= �(1)

P

h

i =0

(# at lev el ) � (time eac h )

=

P

n

b

i =0

1 � ( n � i � b )

c

P

h

i =0

(# at lev el ) � (time eac h )

=

P

n

b

i =0

1 � 2

c ( n � i � b )

g) Dominated b y?

geometric increasing:

dominated b y last term

= n um b er of base cases

arithmetic sum:

lev els roughly the same

= time p er lev el � # lev els

geometric decreasing:

dominated b y �rst term

= top lev el

h) �(T(n)) T ( n ) = � ( 1)

T ( n ) = �

�

n

b

� n

c

�

= �

�

n

c +1

�

T ( n ) = � (2

cn

)
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Recursing on Instances of Di�eren t Sizes and Linear W ork: W e will no w consider recurrence rela-

tions of the form T ( n ) = T ( u � n ) + T ( v � n ) + �( n ) for constan ts 0 < u; v < 1. Note that eac h instance

do es an amoun t of w ork that is linear in its input instance and it pro duces t w o smaller subinstances

of sizes u � n and v � n . Suc h recurrence relations will arise in Section 11.2.1 for quic k sort.

u = v =

1

b

: T o tie in with what w e did b efore, note that if u = v =

1

b

, then this recurrence relation

b ecomes T ( n ) = 2 T (

1

b

n ) + �( n ). W e ha v e seen that the time is T ( n ) = �( n ) for b > 2 or

u = v <

1

2

, T ( n ) = �( n log n ) for u = v =

1

2

, and T ( n ) = �( n

log 2

log b

) for u = v >

1

2

.

F or u + v = 1, T ( n ) = �( n log n ): The piv otal v alues u = v =

1

2

is generalized to u + v = 1. The

k ey here is that eac h stac k frame forms t w o subinstances b y splitting its input instance in to t w o

pieces, whose sizes sum to that of the giv en instance.

T otal of Instance Sizes at Eac h Lev el is n : If y ou trace out the tree of stac k frames, y ou

will see that at eac h lev el of the recursion, the sum of the sizes of the input instances is �( n ),

at least un til some base cases are reac hed. T o mak e this concrete, supp ose u =

1

5

and v =

4

5

.

The sizes of the instance at eac h lev el are giv en b elo w. Note the sum of an y sibling pair sums

to their paren t and the total at the eac h lev el is n .

5
11

5 n5
1

n1
5

4
5n

n

n5

n

4

5
4 n

1
5 5

4
5

4 n5
4

= n

= n

= n

4
55

1 4
5

5
4 n5

4

T otal of W ork at Eac h Lev el is n : Because the w ork done b y eac h stac k frame is linear in its

size and the sizes at eac h lev el sums to n , it follo ws that the w ork at eac h lev el adds up to

�( n ). As an example, if sum of their sizes is (

1

5

)(

1

5

) n + (

4

5

)(

1

5

) n + (

1

5

)(

4

5

) n + (

4

5

)(

4

5

) n = n ,

then the sum of their w ork is c (

1

5

)(

1

5

) n + c (

4

5

)(

1

5

) n + c (

1

5

)(

4

5

) n + c (

4

5

)(

4

5

) n = cn . Note that

the same w ould not b e true if the time in a stac k frame w as sa y quadratic, c

�

(

1

5

)(

1

5

) n

�

2

.

Num b er of Lev els is �( l og n ): The left-left-left branc h terminates quic kly after

log n

log u

=

0 : 43 log n for u =

1

5

. The righ t-righ t-righ t branc h terminates slo w er, but still after only

log n

log u

= 3 : 11 log n lev els. The middle paths terminate somewhere in b et w een these t w o ex-

tremes.

T otal W ork is �( n log n ): Giv en that there is �( n ) w ork at eac h of �(log n ) lev els giv es that

the total w ork is T ( n ) = �( n log n ).

More P arts: The same principle applies no matter ho w man y parts the instance is split in to. F or

example, the solution of T ( n ) = T ( u � n ) + T ( v � n ) + : : : + T ( w � n ) + �( n ) is T ( n ) = �( n log n )

as long as u + v + : : : + w = 1.

Less Ev en Split Means Bigger Constan t: Though solution of T ( n ) = T ( u � n ) + T ((1 � u ) �

n ) + �( n ) is T ( n ) = �( n log n ) for all constan ts 0 < u < 1, the constan t hidden in the � for

T ( n ) is smaller when the split is closer to u = v =

1

2

. If y ou are in terested, the constan t is

roughly

1

u

= log(

1

u

) for small u , whic h gro ws as u gets small.

F or u + v < 1, T ( n ) = �( n ): If u + v < 1, then the sum of the sizes of the sibling subinstances is

smaller than that of the paren t subinstance. In this case, the sum w ork at eac h lev el decreases b y

the constan t factor ( u + v ) eac h lev el. The total w ork is then T ( n ) =

P

�(log n )

i =0

( u + v )

i

� n . This

computation is dominated b y the top lev el and hence T ( n ) = �( n ).

F or u + v > 1, T ( n ) = �( n

?

): In con trast, if u + v > 1, then the sum of the sizes of the sibling

subinstances is larger than that of the paren t subinstance and the sum w ork at eac h lev el increases

b y the constan t factor ( u + v ) eac h lev el. The total w ork is dominated b y the base cases. The

total time will b e T ( n ) = �( n

�

) for some constan t � > 1. One could compute ho w this � is a

function of u and v , but w e will not b other.

This comp etes the discussion on recurrence relations.



Chapter 2

Abstractions

It is hard to think ab out lo v e in terms of the �ring of neurons or to think ab out a complex data base as

a sequence of magnetic c harges on a disk. In fact, a ground stone of h uman in telligence is the abilit y to

build hierarc hies of abstractions within whic h to understand things. This requires cleanly partitioning details

in to ob jects, attributing w ell de�ned prop erties and h uman c haracteristics to these ob jects, and seeing the

whole as b eing more than the sum of the parts. This b o ok fo cuses on di�eren t abstractions, analogies,

and paradigms of algorithms and of data structures. The tunneling of electrons through dop ed silicon are

abstracted as AN D , O R , and N O T gate op erations; whic h are abstracted as mac hine co de op erations;

the executing of lines of Ja v a co de; subroutines; algorithms; and the abstractions of algorithmic concepts.

Magnetic c harges on a disk are abstracted as sequences of zeros and ones; whic h are abstracted as in tegers,

strings and p oin ters; whic h are abstracted as a graph; whic h is used to abstract a system of truc king routes.

The k ey to w orking within a complex system is the abilit y to b oth sim ultaneously and separately op erate

with eac h of these abstractions and to b e able to translate this w ork b et w een the lev els. In addition, do es

one need to limit themselv es to one hierarc h y of abstractions ab out something. It is useful to use di�eren t

notations, analogies, and metaphors to view the same ideas. Eac h represen tation at y our disp osal pro vides

new insigh ts and new to ols.

2.1 Di�eren t Represen tations of Algorithms

In y our courses and in y our jobs, y ou will need to b e pro�cien t not only at writing w orking co de, but also at

understanding algorithms, designing new algorithms, and describing algorithms to others in suc h w a y that

their correctness is transparen t. Some useful w a ys of represen ting an algorithm for this purp ose are co de,

tracing a computation on an example input, mathematical logic, p ersoni�ed analogies and metaphors, and

v arious other higher abstractions. These can b e so di�eren t from eac h other that it is hard to b eliev e that

they describ e the same algorithm. Eac h has its o wn adv an tages and disadv an tages.

Computers vs Humans: One sp ectrum in whic h di�eren t represen tations are di�eren t is that from what

is useful for computers to what is useful for h umans. Mac hine co de is necessary for computers b ecause

they can only blindly follo w instructions, but w ould b e painfully tedious for a h uman. Higher and

higher lev el programming languages are b eing dev elop ed with whic h it is easier for h umans to dev elop

and understand algorithms. Man y p eople (and texts) ha v e the p erception that b eing able to co de is

the only represen tation of an algorithm that they will ev er need. Ho w ev er, un til compilers get m uc h

b etter, I recommend using ev en higher lev el abstractions for giving a h uman an in tuitiv e understanding

of an algorithm.

What vs Wh y: Co de fo cuses on what the algorithm do es. W e, ho w ev er, need to understand wh y it w orks.

Concrete vs Abstract: It is useful when attempting to understand or explain an algorithm to trace out

the co de on a few example input instances. This has the adv an tages of b eing concrete, dynamic,

and often visual. It is b est if the simplest examples are found that capture the k ey ideas. Elab orate

49
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examples are prone to mistak es, and it is hard to �nd the p oin t b eing made amongst all of the details.

Ho w ev er, this pro cess do es not pro v e that the algorithm giv es the correct answ er on ev ery p ossible

input. T o do this, y ou m ust b e able to pro v e it w orks for an abstract arbitrary input. Neither do es

tracing the algorithm pro vide the higher-lev el in tuition needed. F or this, one needs to see the pattern

in what the co de is doing and con vince him or herself that this pattern of actions solv es the problem.

Details vs Big Picture: Computers require that ev ery implemen tation detail is �lled in. Humans, on the

other hand, are more comfortable with a higher lev el of abstraction. Lots of implemen tation details

distract from the underlying meaning. Gauge y our audience. Lea v e some details un til later and don't

insult them b y giving those that he or she can easily �ll in. One w a y of doing this is b y describing ho w

subroutines and data structures are used without initially describing ho w they are implemen ted. On

the other hand, I recommend initially ignoring co de and instead use the other algorithmic abstractions

that w e will co v er in this text. Once the big picture is understo o d, ho w ev er, co de has the adv an tage

of b eing precise and succinct. Sometimes pseudo co de, whic h is a mixture of co de and English, can b e

helpful. P art of the art of describing an algorithm is kno wing when to use what lev el of abstraction

and whic h details to include.

F ormal vs Informal: Studen ts resist an ything that is to o abstract or to o mathematical. Ho w ev er, math

and logic are able to pro vide a precise and succinct clarit y that neither co de nor English can giv e. F or

example, some represen tations of algorithms lik e DF A and T uring Mac hines pro vide a formalism that

is useful for sp eci�c applications or for pro ving theorems. On the other hand, p ersoni�ed analogies

and metaphors help to pro vide b oth in tuition and h umor.

V alue Simplicit y: Abstract a w a y the inessen tial features of a problem. Our goal is to understand and

think ab out complex algorithms in simple w a ys. If y ou ha v e seen an algorithm b efore, don't tune out

when it is b eing explained. There are deep ideas within the simplicit y .

Don't Describ e Co de: When told to describ e an algorithm without giving co de, do not describ e the co de

in a paragraph, as in \W e lo op through i, b eing from 1 to n-1. F or eac h of these lo ops, ..."

Incomplete Instructions: If an algorithm w orks either w a y , it is b est not to sp ecify it completely . F or

example, y ou ma y talk of selecting an item from a set without sp ecifying whic h item is selected. If

y ou then go on to pro v e that the algorithm w orks, y ou are e�ectiv ely sa ying that the algorithm w orks

for ev ery p ossible w a y of c ho osing that v alue. This 
exibilit y ma y b e useful for the p erson who later

implemen ts the algorithm.

I recommend learning ho w to dev elop, think ab out, and explain algorithms within all of these di�eren t

represen tations. Practice. Design y our o wn algorithms, da y dream ab out them, ask question ab out them,

and p erhaps the most imp ortan t, explain them to other p eople.

2.2 Abstract Data T yp es (ADTs)

In addition to algorithms, w e will dev elop abstractions of data ob jects.

De�nition of an ADT: An abstract data t yp e consists of a data structure, a list of op erations that act

up on the data, and a list of assertions that the ADT main tains.

Adv an tages: Abstract data t yp es mak e it easier in the follo wing w a ys to co de, understand, design, and

describ e algorithms.

Abstract Ob jects: The description of an algorithm ma y talk of sets, sorted lists, queues, stac ks,

graphs, binary trees, and other suc h abstract ob jects without men tioning the data structure that

handles them. In the end, computers represen t these data structures as strings of zeros and ones;

this do es not mean that w e ha v e to.
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Abstract Actions: It is also useful to group a n um b er of steps in to one abstract action, suc h as "sort

a list", "p op a stac k", or "�nd a path in a graph". It is easier to asso ciate these actions with the

ob ject they are acting up on then with the algorithm that is using them.

Relationships b et w een Ob jects: One can also talk abstractly ab out the relationships b et w een ob-

jects with concepts suc h as paths, paren t no de, c hild no de, and the lik e. The follo wing t w o

algorithmic steps are equiv alen t. Whic h do y ou �nd more in tuitiv ely understandable?

� if A [ i ] � A [ b i= 2 c ]

� if the v alue of the no de in the binary tree is at most that of its paren t

Clear Sp eci�cations: Eac h abstract data t yp e requires a clear sp eci�cation so that the b oss is clear ab out

what he w an ts, the p erson implemen ting it kno ws what to co de, users kno w ho w to use it, and testers

kno ws what it is supp osed to do.

Information Hiding: It is generally b eliev ed that global v ariables are bad form. If man y routines in

di�eren t parts of the system directly mo dify a v ariable in undo cumen ted w a ys, then the program is

hard to understand, mo dify , and debug. F or this same reason, programmers who includes an ADT in

their co de are not allo w ed to access or mo dify the data structure except via the op erations pro vided.

This is referred to as information hiding .

Do cumen tation: Using an abstract data t yp e lik e a stac k in y our algorithm, automatically tells someone

attempting to understand y our algorithm a great deal ab out the purp ose of this data structure.

Clean Boundaries: Using abstract data t yp es breaks y our pro ject in to smaller parts that are easy to

understand and pro vides clean b oundaries b et w een these parts.

User: The clean b oundaries allo w one to understand and to use a data ob ject without b eing concerned

with ho w the ob ject is implemen ted. The information hiding means that the user do es not need to

w orry ab out acciden tly messing up the data structure in w a ys that are not allo w ed b y its in tegrit y

constrain ts.

Implemen ter: The clean b oundaries also allo w someone else to implemen t the data ob ject without

kno wing ho w it will b e used. Giv en this, it also allo ws the implemen tation to b e mo di�ed without

unexp ected e�ects to the rest of the co de. Similarly , for abstract data t yp es lik e graphs, a great

literature of theorems ha v e b een pro v ed. The clean b oundaries around the abstract data t yp e

separates the task of pro ving that algorithm w orks from pro ving these theorems.

Co de Reuse: Data structures lik e stac k, sets, and graphs are used in man y applications. By de�ning

a general purp ose abstract data t yp e, the co de, the understanding, and the mathematical theory

dev elop ed for it can b e refused o v er and o v er. In fact, an abstract data t yp e can b e used man y

times within the same algorithm b y ha ving man y instances of it.

Optimizing: Ha ving a limited set of op erations guides the implemen ter to use tec hniques that are

e�cien t for these op erations y et ma y b e slo w for the op erations excluded.

Examples of Abstract Data T yp es: The follo wing are examples frequen tly used.

Simple T yp es: In tegers, 
oating p oin t n um b ers, strings, arra ys, and records are abstract data t yp es

pro vided b y all programming languages. The limited sets of op erations that are allo w ed on eac h

of these structures are w ell do cumen ted.

The List ADT: The concept of a list, eg. shopping list, is w ell kno wn to ev ery one.

Data Structure: The data structure is a sequence of ob jects or elemen ts. Often eac h elemen t

is a single data item. Ho w ev er, y ou can ha v e a list of an ything, ev en a list of lists. Y ou can

also ha v e the empt y list.

In v arian ts: Asso ciated with the data items is an order whic h is determined b y ho w the list w as

constructed. Unlik e arra ys, there are no empt y p ositions in this ordering.
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Op erations: The i

th

elemen t in the list can b e read and mo di�ed. A sp eci�c elemen t can b e

searc hed for, returning its index. An elemen t can b e deleted or inserted at a sp eci�ed index.

This shifts the indices of the elemen ts after it.

Uses: Most algorithms need to k eep trac k of some unpredetermined n um b er of elemen ts. These

can b e stored in a list.

Running Times: In general, the user of an abstract data t yp e do es not need to kno w an ything

ab out its implemen tation. One useful thing to kno w, ho w ev er, is ho w the di�eren t c hoices

in implemen tation giv es a tradeo� b et w een the running times of di�eren t op erations. F or

example, the elemen ts in a list could b e stored in an arra y . This allo ws the access of the

i

th

elemen t in one programming step. Searc hing for an elemen t tak es �( n ) time, whic h is

reasonable. Ho w ev er, it is unfortunate that to add or delete an elemen t in the middle of the

list also tak es �( n ) time, b ecause the other elemen ts need to b e shifted. This problem can b e

solv ed b y linking the elemen ts together in to a link ed list. Ho w ev er, then it tak es �( n ) time

to w alk the list to the i

th

elemen t.

The Set ADT: A set is basically a bag within whic h y ou can put an y elemen ts that y ou lik e.

Data Structure: It is the same as a list, except that the elemen ts are not ordered. Again, the

set can con tain an y t yp es of elemen t. Sets of sets is common. So is the empt y set.

In v arian ts: The only in v arian t is kno wing whic h elemen ts are in the set and whic h are not.

Op erations: Giv en an elemen t and a set, one can determine whether or not the elemen t is

con tained in the set. This is often called a memb ership query . One can ask for an arbitrary

elemen t from a set, determine the n um b er of elemen ts (size) of a set, iterate through all the

elemen ts, and add and delete elemen ts.

Uses: Often an algorithm do es not require its elemen ts in a sp eci�c order. Using the set abstract

data t yp e instead of a list is useful to do cumen t this fact and to giv e more freedom to the

implemen ter.

Running Times: Not b eing required to main tain an order of the elemen ts, the set abstract

data t yp e can b e implemen ted m uc h more e�cien tly . One w ould think that searc hing for a

elemen t w ould tak e �( n ) time as y ou compare it with eac h elemen t in the set. Ho w ev er, if

the elemen ts are sorted then one can do this in �(log n ) time b y doing a binary searc h. If

the univ erse of p ossible elemen ts is relativ ely small, then a go o d data structure is to ha v e a

b o olean arra y indexed with eac h of these p ossible elemen ts. An en try b eing true will indicate

that the corresp onding elemen t is in the set. Surprisingly , ev en if the univ erse of elemen ts is

in�nite, using a data structure called Hash T ables , all of these set op erations can b e done in

constan t time, i.e. indep enden t of the n um b er of items in the set. See Section 19.2.

The Set System ADT: A set system allo ws y ou to ha v e a set (or list) of sets.

Op erations: The additional op erations of a system of sets are b eing able to form the union ,

interse ction , or subtr action of t w o giv en sets and to create new sets. Also one can use an

op eration called �nd to determine whic h set a giv en elemen t is con tained in.

Running Times: T aking in tersections and subtractions of t w o sets requires �( n ) time. Ho w ev er,

another quite surprising result is that on disjoin t sets, the union and �nd op erations can b e

done on a v erage, for all practical purp oses, in a constan t amoun t of time. See Section 5.2.2.

Stac k ADT: A stac k is analogous to a stac k of plates, in whic h a plate can b e remo v ed or added only

at the top.

Data Structure: It is the same as a list, except that its set of op erations is restricted.

In v arian ts: The order in whic h the elemen ts w ere added to the stac k is main tained. The end

with the last elemen t to b e added is referred to as the top of the stac k. Only this elemen t can

b e accessed. This is referred to as L ast-In-First-Out (LIF O).

Op erations: A push is the op eration of adding a new elemen t to the top of the stac k. A p op is

the op eration of remo ving and returning the top elemen t from the stac k. One can determine

whether a stac k is empt y and what the top elemen t is without p opping it. Ho w ev er, the rest

of the stac k is hidden from view.
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Uses: Stac ks are the k ey data structure for recursion and parsing.

Running Times: Ma jor adv an tage of restricting oneself to stac k op erations instead of using a

general list is that b oth push and p op can b e done in constan t time, i.e. indep enden t of the

n um b er of items in the stac k. See Section 5.1.

The Queue ADT: A queue is analogous to a line-up for mo vie tic k ets; the �rst p erson to ha v e arriv ed

is the �rst p erson serv ed. This is referred to as First-In-First-Out (FIF O).

Data Structure: Lik e a stac k, this is the same as a list, except with a di�eren t restricted set of

op erations.

In v arian ts: An elemen t en ters the r e ar of the queue and when it is its turn, it lea v es from the

fr ont .

Op erations: The basic op erations of a queue are to add an elemen t to the rear and to r emove

the elemen t that is at the fron t. Again, the rest of the queue is hidden from view.

Uses: An op erating system will ha v e a queue of jobs to run; a prin ter serv er, queue of jobs to

prin t; a net w ork h ub, a queues of pac k ets to transmit; and a sim ulation of a bank, a queue of

customers.

Running Times: Queue op erations can b e also b e done in constan t time.

The Priorit y Queue ADT: In some queues, the more imp ortan t elemen ts are allo w ed to mo v e to

the fron t of the line.

Data Structure: Asso ciated with eac h elemen t is a priorit y .

Op erations: When inserting an elemen t, its priorit y m ust b e sp eci�ed. This priorit y can later

b e c hanged. When deleting , the elemen t with the highest priorit y in the queue is remo v ed

and returned. Ties are brok en arbitrarily .

Uses: Priorit y queues can b e used instead of a queue when the priorit y sc heme is needed.

Running Times: If the elemen ts are stored unsorted in an arra y or link ed list then an elemen t

can b e added in �(1) time, but searc hing for the elemen t with the next lo w est priorit y will

tak e �( n ) time. If the data structure k eeps the elemen ts sorted b y priorit y , then the next

elemen t can b e found in �(1) time, but adding an elemen t and main taining the order will tak e

�( n ) time. If there are only a few di�eren t priorit y lev els, than one can implemen t a priorit y

queue b y ha ving separate queue for eac h p ossible priorit y lev el. Finding the next non-empt y

priorit y could then tak e �(# of priorities ). Other useful data structures for priorit y queues

are b alanc e d binary se ar ch tr e es (also called A VL tr e es ) and He aps . These can b oth insert and

delete in �(log n ) time. See Sections 5.2.3 and 6.1.

The Dictionary ADT: A dictionary asso ciates with eac h w ord a meaning. Similarly , a dictionary

abstract data t yp e asso ciates data with eac h key .

Data Structure: A dictionary is similar to an arra y , except that eac h elemen t is indexed b y its

k ey instead of b y its in teger lo cation in the arra y .

Op erations: Giv en a k ey one can r etrieve the data asso ciated with the k ey . One can also insert

a new elemen t in to the dictionary b y pro viding b oth the k ey and the data.

Uses: A name or so cial insurance n um b er can b e the k ey used to access all the relev an t data

ab out the p erson. Algorithms can also use suc h abstract data t yp es to organize their data.

Running Time: The dictionary abstract data t yp e can b e implemen ted in the same w a y as for

a set. Hence, all the op erations can b e done in constan t time using hash tables.

The Graph ADT: A gr aph is an abstraction of a net w ork of roads b et w een cities. The cities are

called no des and the roads are called e dges . The information stored is whic h pairs of no des are

connected b y an edge. Though a dra wing implicitly places eac h no de at some lo cation on the

page, a k ey abstraction of a graph is that the lo cation of a no de is not sp eci�ed. F or example,

the three pairs of graphs in Figure 2.1 are considered to b e the same (isomorphic). In this w a y ,

a graph can b e used to represen t an y set of relationships b et w een pairs of ob jects from an y �xed

set of elemen ts.
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Figure 2.1: The top three graphs are famous: the complete graph on four no des, the cub e, and the p eterson

graph. The b ottom three graphs of the same three graphs with their no des la y ed out di�eren tly .

Exercise 2.2.1 F or e ach of the thr e e p airs of gr aphs in Figur e 2.1, numb er the no des in such the

way that h i; j i is an e dge in one if and only if it is an e dge in the other.

Data Structure: A formal graph consists only of a set of no des and a set of edges, where an

no de is simply a lab el (eg. [1 ::n ]) and an edge is a pair of no des. More generally , ho w ev er,

more data can b e asso ciated with eac h no de or with eac h edge. F or example, often eac h edge

is asso ciated with a n um b er denoting its w eigh t, cost, or length.

Notation:

De�nitions

G = h V ; E ; i A graph G is sp eci�ed b y a set of no des V and a set of edges E .

v ertex Another name for a no de

u; v 2 V Tw o no des within the set of no des

h u; v i 2 E An edge within the set of edges

n and m The n um b er of no des and edges

directed vs undirected The edges of a graph can b e either directed, dra wn with an arro w

and stored as an ordered pair of no des or b e undirected, dra wn as

a line and stored as a unordered set f u; v g of t w o no des.

adjacen t No des u and v are said to b e adjacen t if they ha v e an edge b et w een

them.

Neigh b ors, N ( u ) The neigh b ors of no de u are those no des that are adjacen t to it.

degree, d ( v ) The degree of a no de is the n um b er of neigh b ors that it has.

path A path from u to v is a sequence of no des (or edges) suc h that

b et w een eac h adjacen t pair there is an edge.

simple A path is simple if no no de is visited more than once.

connected A graph is connected if there is a path b et w een ev ery pair of no des.

connected comp onen t The no des of an undirected graph can b e partitioned based on

whic h no des are connected.

cycle A cycle is a path from u bac k to itself.

acyclic An acyclic graph is a graph that con tains no cycles.

D A G A D A G is a directed acyclic graph

tree A tree is an undirected acyclic graph

complete graph In a complete graph ev ery pair of no des has an edge.

dense vs sparse A dense graph con tains most of the p ossible edges and a sparse

graph con tains few of them.

singleton a no de with no neigh b ors

Op erations: The basic op erations are to determine whether an edge is in a graph, to add or

delete an edge, and to iterate through the neigh b ors of a no de. There is a h uge literature

of more complex op erations that one migh t w an t to do. F or example, one migh t w an t to

determine whic h no des ha v e paths b et w een them or to �nd the shortest path b et w een t w o

no des. See Chapter 8.
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Uses: The data from a surprisingly large n um b er of computational problems can b e organized as

a graph. The problem, itself, can often b e expressed as a w ell kno wn graph theory problem.

Space and Time: A common data structure to store a graph is called an adjac ency matrix . It

consists of an n � n matrix with M ( u; v ) = 1 if h u; v i is an edge. An other is an adjac ency

list whic h lists for eac h no de, the no des adjacen t to it. The �rst requires more space than the

second when the graph is sparse, but on it op erations can b e executed faster.

The T ree ADT: Data is often organized in to a hierarc h y . A p erson has c hildren, who ha v e c hildren

of their o wn. The b oss has p eople under him, who has p eople under them. The abstract data

t yp e for organizing this data is a tr e e .

cheetahdad gamekeeper

bearcat

gamekeeper

animal

invertebratevertebrate

bird reptile

snake

polarpandablack

human

lizard

mammal

caninehomosapien

Figure 2.2: Classi�cation T ree of Animals

Notation:

De�nitions

Ro ot No de at the top

Child One of the no des just under a no de

P aren t The unique no de immediately ab o v e a no de

Sibling The no des with same paren t

Ancestors The no des on the unique path from a no de to the ro ot

Descendan ts All the no des b elo w a no de

Leaf A no de with no c hildren

Lev el of a no de The n um b er of no des in the unique path from the no de to the ro ot

Some de�nitions sa y that the ro ot is in lev el 0, others sa y lev el 1

Heigh t of tree The maxim um lev el. Some de�nitions sa y that a no de with a single

no de has heigh t 0, others sa y heigh t 1. It dep ends on whether y ou

coun t no des or edges.

Binary T ree A binary tree is a tree in whic h eac h no de has at most t w o c hildren.

Eac h of these c hildren is designated as either the righ t c hild or as

the left c hild.

tree.left Left subtree of ro ot

tree.righ t Righ t subtree of ro ot

Data Structure: The data structure m ust store for eac h no de in the hierarc h y the information

asso ciated with it, its list of c hildren, and p ossibly (unless it is the ro ot) its paren t.

Op erations: The basic op erations are to retriev e the information ab out a no de, determine whic h

no de is the paren t of the no de, and to lo op through its c hildren. One also can searc h for a

sp eci�c no de or to tra v erse through all the no des in the tree in some sp eci�c order.

Uses: Often data that falls naturally in to a hierarc h y . F or example, expressions lik e 3 � 4 + 7 � 2

can b e expressed as a tree. See Section 12.4. Also binary searc h trees and heaps are tree data

structures that are alternativ es to sorted data. See Sections 5.2.3 and 6.1.

Running Time: Giv en a p oin ter to a no de, one can �nd its paren t and c hildren in constan t

time. T ra v ersing the tree, clearly tak es �( n ) time.
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Chapter 3

Lo op In v arian ts

The T ec hniques and the Theory

A tec hnique used in man y algorithms is to start at the b eing and

tak e one step at a time to w ards the �nal destination. An algorithm

that pro ceeds in this w a y is referred to as an iter ative algorithm.

Though this sounds simple, designing, understanding, and describ-

ing suc h an algorithm can still b e a daun ting task. It b ecomes less

daun ting if one do es not need to w orry ab out the en tire journey at

once but is able to fo cus separately on one step at a time.

The classic pro v erb advises one to fo cus �rst on the �rst step. This,

ho w ev er, is di�cult b efore one kno ws where he is going. Instead,

w e advise that one �rst mak es a general statemen t ab out the t yp es

of places that the computation migh t b e during its algorithmic

journey . Then, giv en an y one suc h place, consider what single step

the computation should tak e from there. This is the metho d of

assertions and lo op invariants .

3.1 Assertions and In v arian ts As Boundaries Bet w een P arts

Whether y ou are designing an algorithm, co ding an algorithm, trying to understand someone else's algorithm,

describing algorithm to someone else, or formally pro ving that an algorithm w orks, y ou do not w an t to do it

all at once. It is m uc h easier to �rst break the algorithm in to clear w ell de�ned pieces and then to separately

design, co de, understand, describ e, or pro v e correct eac h of the pieces. Assertions pro vide clean b oundaries

b et w een these parts. They state what the part can exp ect to ha v e already b een accomplished when part

b egins and what m ust b e accomplished when it completes. In v arian ts are the same, except are apply either

to a part lik e a lo op that is executed man y times or to a part lik e an ob ject orien ted a data structure that

has an ongoing life.

Assertions As Boundaries Around A P art: An algorithm is brok en in to systems, subsystems, routines,

and subroutines. Y ou m ust b e v ery clear ab out the goals of the o v erall algorithm and of eac h of these

parts. Pre- and p ostconditions are assertions that pro vide a clean b oundary around eac h of these.

58
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Sp eci�cations: An y computational problem or sub-problem is de�ned as follo ws:

Preconditions: The preconditions state an y assumptions that m ust b e true ab out the input

instance for the algorithm to op erate correctly .

P ostconditions: The p ostconditions are statemen ts ab out the output that m ust b e true when

the algorithm returns.

Goal: An algorithm for the problem is correct if for every legal input instance, i.e. it meets

the preconditions, the required output is pro duced, i.e. it meets the p ostconditions. On

the other hand, if the input instance do es not meet the preconditions, then all b ets are o�

(but the program should b e p olite). F ormally , w e express this as h pr e � cond i & code

alg

)

h post � cond i .

Example: The problem Sorting is de�ned as:

Preconditions: The input is a list of n v alues with the same v alue p ossibly rep eated.

P ostconditions: The output is a list consisting of the same n v alues in non-decreasing order.

One Step A t A Time: W orry only ab out y our job.

Implemen ting: When y ou are writing a subroutine, y ou do not need to kno w ho w it will b e

used. Y ou only need to mak e sure that it w orks correctly , namely if the input instance

for the subroutine meets its preconditions then y ou m ust ensure that its output meets its

p ostconditions.

Using: Similarly , when y ou are using the subroutine, y ou do not need to kno w ho w it w as imple-

men ted. Y ou only need to ensure that the input instance y ou giv e it meets the subroutine's

preconditions. Then y ou can trust that the output meets its p ostconditions.

More Examples: When planning or describing a trip from m y house to Y ork Univ ersit y , y ou initially

assume that initially the tra v eler is already at m y house without ev en considering ho w he got

there. In the end, he m ust b e at Y ork Univ ersit y . Both the author and the reader of a c hapter

or ev en of a paragraph need to ha v e a clear description of what the author assumes the reader

to kno w b efore reading the part and what he hop es the part will accomplish. A lemma needs a

precise statemen t of what it pro v es, b oth so that the pro of of the theorem can use it and so that

it is clear what the pro of of the lemma is supp osed to pro of.

Chec k P oin ts: An assertion is a statemen t ab out the curren t state of the computation's data structures

that is either true or false. It is made at some particular p oin t during the execution of an algorithm.

If it is false, then something has gone wrong in the logic of the algorithm.

Example: The task of getting from m y home to Y ork Univ ersit y is brok en in to stages. Assertions

along the w a y are: \W e are no w at home." \W e are no w at Ossington Station." \W e are no w at

St. George." \W e are no w at Do wnsview." \W e are no w at Y ork."

Designing, Understanding, and Pro ving Correct: As describ ed ab o v e, assertions are used to

break the algorithm in to parts. They pro vide c hec k p oin ts along the path of the computation to

allo w ev ery one to kno w where the computation is and where it is going next. Generally , assertions

are not tasks for the algorithm to p erform, but are only commen ts that are added for the b ene�t

of the reader.

Debugging: Some languages allo w y ou to insert assertions as lines of co de. If during the execution

suc h an assertion is false, then the program automatically stops with a useful error message. This

is v ery helpful when debugging y our program. Ev en after the co de is complete it useful to lea v e

these c hec ks in place. This w a y if something go es wrong, it is easier to determine wh y . This is

what is o ccuring when an error b o x p ops up during the execution of a program telling y ou to

con tact the v endor if the error p ersists. One di�cult y with ha ving the assertions b e tested is that

often the computation itself is unable to determine whether or not the assertion is true.

In v arian ts of Ongoing Systems: Algorithms for computational problems with pre and p ostconditions

compute one function, taking an input at the b eginning and stopping once the output has b een pro-

duced. Other algorithms, ho w ev er, are more dynamic. These are for systems or data structures that
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con tin ue to receiv e a stream of information to whic h they m ust react. In an ob ject orien ted language,

these are implemen ted with ob jects eac h of whic h has its o wn in ternal v ariables and tasks. A calculator

example is presen ted in Section 7. The data structures describ ed in Chapter 5 are other examples.

Eac h suc h system has a set in tegrit y constrain ts that m ust b e main tained. These are basically asser-

tions that m ust b e true ev ery time the system is en tered or left. W e refer to them as invariants . They

come in t w o forms.

Public Sp eci�cations: Eac h sp eci�cation of a system has a n um b er of in v arian ts that an y outside

user of the system needs to kno w ab out so that he can use the system correctly . F or example, a

user should b e assured that his bank accoun t will alw a ys correctly re
ects the amoun t of money

that he has. He should also kno w what happ ens when this amoun t go es negativ e. Similarly , a

user of a stac k should kno w that when he p ops it, the last ob ject that he pushed will b e returned.

Hidden In v arian ts: Eac h implemen tation of a system has a n um b er of in v arian ts that only the

system's designers need to kno w ab out and main tain. F or example, a stac k ma y b e implemen ted

using a link ed list whic h alw a ys main tains a p oin ter to the �rst ob ject.

Lo op In v arian ts: A sp ecial t yp e of assertions consist of those that are placed at the top of a lo op. They

are referred to as lo op invariants , b ecause they m ust hold true ev ery time the computation returns to

the top of the lo op.

Algorithmic T ec hnique: Lo op in v arian t are the fo cus of a ma jor part of this text b ecause they form

the basis of the algorithmic tec hnique referred to as iter ative algorithms .

3.2 An In tro duction to Iterativ e Algorithms

An algorithm that consists of small steps implemen ted b y a main lo op is referred to an iter ative algorithm .

Understanding what happ ens within a lo op can b e surprisingly di�cult. F ormally , one pro v es that an

iterativ e algorithm w orks correctly using lo op in v arian ts. (See Section 3.4.2.) I b eliev e that this concept can

also b e used as a level of abstr action within whic h to design, understand, and explain iterativ e algorithms.

3.2.1 V arious Abstractions and the Main Steps

Iterativ e Algorithms: A go o d w a y to structure man y computer programs is to store the k ey information

y ou curren tly kno w in some data represen tation and then eac h iteration of the main lo op tak es a step

to w ards y our destination b y making a simple c hange to this data.

Lo op In v arian ts: A lo op in v arian t is an assertion that m ust b e true ab out the state of this data structure at

the start of ev ery iteration and when the lo op terminates. It expresses imp ortan t relationships among

the v ariables and in doing so expresses the progress that has b een made to w ards the p ostcondition.

Analogies: The follo wing are three anolgies of these ideas.

One Step A t A Time: The Buddhist w a y is not to ha v e cra vings or a v ersions ab out the past or the

future, but to b e in the here and no w. Though y ou do not w an t to ha v e a �xed predetermined

fan tasy ab out y our goal, y ou do need to ha v e some guiding principles to p oin t y ou more or less

in the correct direction. Meditate un til y ou understand the k ey asp ects of y our curren t situation.

T rust that y our curren t simple needs are met. Rome w as not built in a da y . Y our curren t task

is only to mak e some small simple step. With this step, y ou m ust b oth ensure that y our simple

needs are met tomorro w and that y ou mak e some kind of progress to w ards y our �nal destination.

Don't w orry . Be happ y .

Steps F rom A Safe Lo cation T o A Safe Lo cation: The algorithm's attempt to get from the pre-

conditions to the p ostconditions is lik e b eing dropp ed o� in a strange cit y and w ea ving a path

to some required destination. The curren t state or lo cation of the computation is determined

b y v alues of all the v ariables. Instead of w orrying ab out the en tire computation, tak e one step
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at a time. Giv en the fact that y our single algorithm m ust w ork for an in�nite n um b er of input

instances and giv en all the obstacles that y ou pass along the w a y , it can b e di�cult to predict

where computation migh t b e in the middle of the computation. Hence, for ev ery p ossible lo cation

that the computation migh t b e, the algorithm attempts to de�ne what step to tak e next. By

ensuring that eac h suc h step will mak e some progress to w ards the destination, the algorithm can

ensure that the computation do es not w ondering aimlessly , but w ea v es and spirals in to w ards the

destination. The problem with this approac h is that there are far to o man y lo cations that the

computation ma y b e in and some of these ma y b e v ery confusing. Hence, the algorithm uses lo op

invariants to de�ne a set of safe lo cations. A lo op in v arian t can b e though t of as the assertion

that the computation is curren tly in suc h a safe lo cation. F or example, one assumption migh t b e

that during our trip w e do not end up in a ditc h or up in a tree. The algorithm then de�nes ho w

to tak e a step from eac h suc h safe lo cation. This step no w has t w o requiremen ts. It m ust mak e

progress and it m ust not go from a safe lo cation to an unsafe lo cation. Assuming that initially

the computation is in a safe lo cation, this ensures that it remains in a safe lo cation. This ensures

that the next step is alw a ys de�ned. Assuming that initially the computation is not in�nitely

far from its destination, making progress eac h step ensures that ev en tually the computation will

ha v e made enough progress that the computation stops. Finally , the design of the algorithm m ust

ensure that b eing in a safe lo cation with this m uc h progress made is enough to ensure that the

�nal destination is reac hed. This completes the design of the algorithm.

A Rela y Race: The lo op can b e view ed as a rela y race. Y our task is not to run the en tire race. Y ou

tak e the baton from a friend. Though in the bac k of y our mind y ou kno w that the baton has

tra v eled man y times around the trac k already , this fact do es not concern y ou. Y ou ha v e b een

assured that the baton meets the conditions of the lo op invariants . Y our task is to carry the baton

once around the trac k. Y ou m ust mak e progress, and y ou m ust ensure that the baton still meets

the conditions after y ou ha v e tak en it around the trac k, i.e., that the lo op in v arian ts ha v e b een

main tained. Then, y ou hand the baton on to another friend. This is the end of y our job. Y ou do

not w orry ab out ho w it con tin ues to circle the trac k. The di�cult y is that y ou m ust b e able to

handle any baton that meets the lo op in v arian ts.

Structure of An Iterativ e Algorithm:

b egin routine

h pr e � cond i

code

pr e � loop

% Establish lo op in v arian t

lo op

h l oop � inv ar iant i

exit when h exit � cond i

code

loop

% Mak e progress while main taining the lo op in v arian t

end lo op

code

post � loop

% Clean up lo ose ends

h post � cond i

end routine

The Most Imp ortan t Steps: The most imp ortan t steps when dev eloping an iterativ e algorithm within

the lo op in v arian t lev el of abstraction are the follo wing:

The Steps:

� What in v arian t is main tained?

� Ho w is this in v arian t initially obtained?

� Ho w is progress made while main taining the in v arian t?

� Ho w do es the exit condition together with the in v arian t ensure that the problem is solv ed?

Induction Justi�cation: Section 3.4.2 uses induction to pro v e that if the lo op in v arian t is initially

established and is main tained then it will b e true at the b eginning of eac h iteration. Then in the

end, this lo op in v arian t is used to pro v e that problem is solv ed.
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F aith in the Metho d: Instead of rethinking di�cult things ev ery da y , it is b etter to ha v e some general

principles with whic h to w ork. F or example, ev ery time y ou w alk in to a store, y ou do not w an t to

b e rethinking the issue of whether or not y ou should steal. Similarly , ev erytime y ou consider a hard

algorithm, y ou do not w an t to b e rethinking the issue of whether or not y ou b eliev e in the lo op in v arien t

metho d. Understanding the algorithm itself will b e hard enough. Hence, while reading this c hapter

y ou should once and for all come to understand and b eliev e to the depth of y our soul ho w the ab o v e

men tioned steps are su�cien t to describing an algorithm. Doing this can b e di�cult. It requires a

whole new w a y of lo oking at algorithms. Ho w ev er, at least for the duration of this course, adopt this

as something that y ou b eliev e in.

3.2.2 Examples: Quadratic Sorts

The algorithms Selection Sort and Insertion Sort are classic examples of iterativ e algorithms. Though y ou

ha v e lik ely seen them b efore, use them to understand these required steps.

Selection Sort: W e main tain that the k smallest of the elemen ts are sorted in a list. The larger elemen ts

are in a set on the side. Progress is made b y �nding the smallest elemen t in the remaining set of large

elemen ts and adding this selected elemen t at the end of the sorted list of elemen ts. This increases k

b y one. Initially , with k = 0, all the elemen ts are set aside. Stop when k = n . A t this p oin t, all the

elemen ts ha v e b een selected and the list is sorted.

If the input is presen ted as an arra y of v alues, then sorting can happ en in place. The �rst k en tries of

the arra y store the sorted sublist, while the remaining en tries store the set of v alues that are on the

side. Finding the smallest v alue from A [ k + 1] : : : A [ n ] simply in v olv es scanning the list for it. Once it

is found, mo ving it to the end of the sorted list in v olv es only sw apping it with the v alue at A [ k + 1].

The fact that the v alue A [ k + 1] is mo v ed to an arbitrary place in the righ t-hand side of the arra y is

not a problem, b ecause these v alues are considered to b e an unsorted set an yw a y .

Runnin Time: W e m ust select n times. Selecting from a sublist of size i tak es �( i ) time. Hence, the

total time is �( n + ( n � 1) + ::: + 2 + 1) = �( n

2

).

Insertion Sort: W e main tain a subset of elemen ts sorted within a list. The remaining elemen ts are o� to

the side somewhere. Progress is made b y taking one of the elemen ts that is o� to the side and inserting

it in to the sorted list where it b elongs. This giv es a sorted list that is one elemen t longer than it w as

b efore. Initially , think of the �rst elemen t in the arra y as a sorted list of length one. When the last

elemen t has b een inserted, the arra y is completely sorted.

There are t w o steps in v olv ed in inserting an elemen t in to a sorted list. The most ob vious step is to

lo cate where it b elongs. The second step to shift all the elemen ts that are bigger than the new elemen t

one to the righ t to mak e ro om for it. Y ou can �nd the lo cation for the new elemen t using a binary

searc h. Ho w ev er, it is easier to searc h and shift the larger elemen ts sim ultaneously .

Runnin Time: W e m ust insert n times. Inserting in to a sublist of size i tak es �( i ) time. Hence, the

total time is �(1 + 2 + 3 + ::: + n ) = �( n

2

).

F or i = 1 ::n : One migh t think that one do es not need a lo op in v arian t when accessing eac h elemen t of

an arra y . Using the statemen t \for i = 1 ::n do", one probably do es not. Ho w ev er, co de lik e \i=1

while( i � n ) A [ i ] = 0; i = i + 1; end while" is surprisingly prone without a lo op in v arian t to the error

of b eing o� b y one. The lo op in v arian t is that when at the top of the lo op, i indexes the next elemen t

to zero.

3.3 The Steps In Dev eloping An Iterativ e Algorithm

This section presen ts the more detailed steps that I recommend using when dev eloping an iterativ e algorithm.
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3.3.1 The Steps

P erliminaries: Before w e can design an iterativ e algorithm, w e need to kno w precisely what it is supp osed

to do and ha v e some idea ab out the kinds of steps it will tak e.

1) Sp eci�cations: Carefully write the sp eci�cations for the problem.

Preconditions: What are the legal instances (inputs) for whic h the algorithm should w ork?

P ostconditions: What is the required output for eac h legal instance?

2) Basic Steps: As a preliminary to designing the algorithm it can b e helpful to consider what basic

steps or op erations migh t b e p erformed in order to mak e progress to w ards solving this problem.

T ak e a few of these steps on a simple input instance in order to get some in tuition as to where

the computation migh t go. Ho w migh t the information gained narro w do wn the computation

problem?

A Middle Iteration on a General Instance: Though the algorithm that y ou are designing needs to

w ork correctly on eac h p ossible input instance, do not start b y considering sp ecial case input in-

stances. Instead, consider a large and general instance. If there are a n um b er of di�eren t t yp es of

instances, consider the one that seem to b e the most general.

Being an iterativ e algorithm, this algorithm will execute its main lo op man y times. Eac h of these is

called an iter ation . Eac h iteration m ust w ork correctly and m ust connect w ell with the previous and

the next iterations. Do not start designing the algorithm b y considering the steps b efore the lo op or b y

considering the �rst iteration. In order to see the big picture of the algorithm more clearly , jump in to

the middle of the computation. F rom there, design the main lo op of y our algorithm to w ork correctly

on a single iteration. The steps to do this are as follo ws.

3) Lo op In v arian t: Describ e what y ou w ould lik e the data structure to lo ok lik e when the compu-

tation is at the b eginning of this middle iteration.

Dra w a Picture: Y our description should lea v e y our reader with a visual image. Dra w a picture

if y ou lik e.

Don't Be F righ tened: A lo op in v arian t should not consist of formal mathematical m um ble

jum ble if an informal description w ould get the idea across b etter. On the other hand,

English is sometimes misleading and hence a more mathematical language sometimes helps.

Sa y things t wice if necessary . In general, I recommend pretending that y ou are describing the

algorithm to a �rst y ear studen t.

Safe Place: A lo op in v arian t m ust ensure that the computation is still within a safe place along

the road and has not fallen in to a ditc h or landed in a tree.

The W ork Completed: The lo op in v arian t m ust c haracterize what w ork has b een completed

to w ards solving the problem and what w ork still needs to b e done.

4) Measure of Progress: A t eac h iteration, the computation m ust mak e progress. Y ou, ho w ev er,

ha v e complete freedom do decide ho w this progress is measured. A signi�can t step in the design

of an algorithm is de�ning this me asur e according to whic h y ou gauge the amoun t of progress

that the computation has made.

5) Main Steps: Y ou are no w ready to mak e y our �rst guess as to what the algorithmic steps within

the main lo op will b e. When doing this, recall that y our only goal is to mak e progress while

main taining the lo op in v arian t.

6) Main taining the Lo op In v arian t: T o c hec k whether y ou ha v e succeeded in the last step, y ou

m ust pro v e that the lo op in v arian t is main tained b y these steps that y ou ha v e put within the lo op.

Again, assume that y ou are in the middle of the computation at the top of the lo op. Y our lo op

in v arian t describ es the state of the data structure. Refer bac k to the picture that y ou drew.

Execute one iteration of the lo op. Y ou m ust pro v e that when y ou get bac k to the top of the lo op

again, the requiremen ts set b y the lo op in v arian t are met once more.
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7) Making Progress: Y ou m ust also pro v e that progress of at least one (according to y our measure)

is made ev ery time the algorithm go es around the lo op.

Sometimes, according to the most ob vious measure of progress, the algorithm can iterate around

the lo op without making an y measurable progress. This is not acceptable. The danger is that the

algorithm will lo op forev er. In this case, y ou m ust de�ne another measure that b etter sho ws ho w

y ou are making progress during suc h iterations.

Beginning & Ending: Once y ou ha v e passed through steps 2-7 enough times that y ou get them to w ork

smo oth y together, y ou can consider b eginning the �rst iteration and ending the last iteration.

8) Initial Conditions: No w that y ou ha v e an idea of where y ou are going, y ou ha v e a b etter idea

ab out ho w to b egin. In this step, y ou m ust dev elop the initiating pseudo co de for the algorithm.

Y our only task is to initially establish the lo op in v arian t. Do it in the easiest w a y p ossible. F or

example, if y ou need to construct a set suc h that all the dragons within it are purple, the easiest

w a y to do it is to construct the empt y set. Note that all the dragons in this set are purple, b ecause

it con tains no dragons that are not purple.

Careful. Sometimes it is di�cult to kno w ho w to initially set the v ariable to mak e the lo op

in v arian t initially true. In suc h cases, try setting them to ensure that it is true after the �rst

iteration. F or example, what is the maxim um v alue within an empt y list of v alues? One migh t

think 0 or 1 . Ho w ev er, a b etter answ er is �1 . When adding a new v alue, one uses the co de

new M ax = max ( ol dM ax; new V al ue ). Starting with ol dM ax = �1 , giv es the correct answ er

when the �rst v alue is added.

9) Exit Condition: The next thing that y ou m ust design in y our algorithm is the condition that

causes the computation to break out of the lo op. The follo wing are t w o w a ys of initially guessing

what a go o d exit condition migh t b e.

Su�cien t Progress: Ideally , when designing the exit condition, y ou ha v e some insigh t in to ho w

m uc h progress the algorithm m ust mak e b efore it is able to solv e the problem. This then will

b e the exit condition.

Stuc k: Sometimes, ho w ev er, though y our in tuition is that y our algorithm designed so far is mak-

ing progress eac h iteration, y ou ha v e no clue whether heading in this direction the algorithm

will ev er solv e the problem or ho w y ou w ould kno w it if it happ ened. One w a y to obtain an

initial guess of what the exit condition migh t b e is to ha v e y our algorithm exit when ev er it

gets stuc k, i.e. conditions in whic h the algorithm is unable to execute its main lo op and mak e

progress. F or suc h situations, y ou m ust either think of other w a ys for y our algorithm to mak e

progress or ha v e it exit. A go o d �rst step is to exit. In step 11 b elo w, y ou will ha v e to pro v e

that when y our algorithm exits in this w a y that y ou actually are able to solv e the problem.

If y ou are unable to do this, then y ou will ha v e to go bac k and redesign y our algorithm.

Lo op While vs Exit When: As an aside, note that the follo wing are equiv alen t:

while( A and B )

....

end while

lo op

h l oop � inv ar iant i

exit when (not A or not B )

...

end lo op

The second is more useful here b ecause it fo cuses on the conditions needed to exit the lo op,

while the �rst fo cuses on the conditions needed to con tin ue. A secondary adv an tage of the

second is that it also allo ws y ou to slip in the lo op in v arian t b et w een the top of the lo op and

the exit condition.

10) T ermination and Running Time: In this next step, y ou m ust ensure that the algorithm do es

not lo op forev er. T o do this, y ou do not need to precisely determine the exact p oin t at whic h the

exit condition will b e met. Instead, state some upp er b ound (p erhaps the size of the input n ) and

pro v e that if this m uc h progress has b een made, then the exit condition has de�nitely b een met.

If it exits earlier then this, all the b etter.
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There is no p oin t in w asting a lot of time dev eloping an algorithm that do es not run fast enough

to meet y our needs. Hence, it is w orth estimating at this p oin t the running time of the algorithm.

Generally , this done b y dividing the total progress required b y the amoun t of progress made eac h

iteration.

11) Ending: No w that y ou ha v e an idea of where y ou will b e in the middle of y our computation, y ou

kno w from whic h direction y ou will b e heading when y ou �nally arriv e at the destination. In this

step, y ou m ust ensure that once the lo op has exited that y ou will b e able to solv e the problem.

T o help y ou with this task, y ou kno w t w o things ab out the state y our data structures will b e in

at this p oin t in time. First, y ou kno w that the lo op in v arian t will b e true. Y ou kno w this b ecause

the lo op in v arian t m ust alw a ys b e true. Second, y ou kno w that the exit condition is true. This

y ou kno w, b y the fact that the lo op has exited. F rom these t w o facts and these facts alone, y ou

m ust b e able to deduce that with only a few last touc hes the problem can b e solv ed. Dev elop the

pseudo co de needed after the lo op to complete these last steps.

12) T esting: T ry y our algorithm b y hand on a couple of examples.

Fitting the Pieces T ogether: The ab o v e steps complete all the parts of the algorithm. Though these steps

w ere listed as indep enden t steps and in fact can b e completed in an y order, there is an in terdep endence

b et w een them. In fact, y ou really cannot complete an y one step un til y ou ha v e an understanding of all

of them. Sometimes after completing the steps, things do not quite �t together. It is then necessary to

cycle through the steps again using y our new understanding. I recommend cycling through the steps

a n um b er of times. The follo wing are more ideas to use as y ou cycle through these steps.

Flo w Smo othly: The lo op in v arian t should 
o w smo othly from the b eginning to the end of the

algorithm.

� A t the b eginning, it should follo w easily from the preconditions.

� It should progress in small natural steps.

� Once the exit condition has b een met, the p ostconditions should easily follo w.

Ask for 100%: A go o d philosoph y in life is to ask for 100% of what y ou w an t, but not to assume

that y ou will get it.

Dream: Do not b e sh y . What w ould y ou lik e to b e true in the middle of y our computation? This

ma y b e a reasonable lo op in v arian t, or it ma y not b e.

Pretend: Pretend that a genie has gran ted y our wish. Y ou are no w in the middle of y our

computation and y our dream lo op in v arian t is true.

Main tain the Lo op In v arian t: F rom here, are y ou able to tak e some computational steps that

will mak e progress while main taining the lo op in v arian t? If so, great. If not, there are t w o

common reasons.

T o o W eak: If y our lo op in v arian t is to o w eak, then the genie has not pro vided y ou with

ev erything y ou need to mo v e on.

T o o Strong: If y our lo op in v arian t is to o strong, then y ou will not b e able to establish it

initially or main tain it.

No Unstated Assumptions: Often studen ts giv e lo op in v arian ts that lac k detail or are to o w eak to

pro ceed to the next step. Don't mak e assumptions that y ou don't state. As a c hec k pretend that

y ou are a Martian who has jump ed in to the top of the lo op kno wing nothing that is not stated in

the lo op in v arian t.

13) Sp ecial Cases: In the ab o v e steps, y ou w ere considering one general t yp e of large input instances. If

there is a t yp e of input that y ou ha v e not considered rep eat the steps considering them. There ma y

also b e sp ecial cases in terations that need to b e considered. These are lik ely o ccure near the b eginning

or the end of the algorithm. Con tin ue rep eating the steps un til y ou ha v e considered all of the sp ecial

cases input instances.
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Though these sp ecial cases ma y require separate co de, start b y tracing out what the algorithm that

y ou ha v e already designed w ould do giv en suc h an input. Often this algorithm will just happ en to

handle a lot of these cases automatically without requiring separate co de. When ev er adding co de to

handle a sp ecial case, b e sure to c hec k that the previously handled cases still are handled.

14) Co ding and Implemen tation Details: No w y ou are ready to put all the pieces together and pro duce

pseudo co de for the algorithm. It ma y b e necessary at this p oin t to pro vide extra implemen tation

details.

15) F ormal Pro of: After the ab o v e steps seem to �t w ell together, y ou should cycle one last time through

them b eing particularly careful that y ou ha v e met all the formal requiremen ts needed to pro v e that

the algorithm w orks. These requiremen ts are as follo ws.

6') Main taining Lo op In v arian t (Revisited): Man y subtleties can arise giv en the h uge n um b er of

di�eren t input instances and the h uge n um b er of di�eren t places the computation migh t get to. In

this step, y ou m ust double c hec k that y ou ha v e caugh t all of these subtleties. T o do this, y ou m ust

ensure that the lo op in v arian t is main tained when the iteration starts in any of the p ossible places

that the computation migh t b e in. This is particularly imp ortan t for those complex algorithms

for whic h y ou ha v e little grasp of where the computation will go.

Pro of T ec hnique: T o pro v e this, pretend that y ou are at the top of the lo op. It do es not matter

ho w y ou got there. As said, y ou ma y ha v e dropp ed in from Mars. Y ou can assume that the

lo op in v arian t is satis�ed, b ecause y our task here is only to main tain the lo op in v arian t. Y ou

can also assume that the exit condition is not satis�ed, b ecause otherwise the lo op w ould exit

at this p oin t and there w ould b e no need to main tain the lo op in v arian t during an iteration.

Ho w ev er, b esides these t w o things y ou kno w nothing ab out the state of the data structure.

Mak e no other assumptions. Execute one iteration of the lo op. Y ou m ust then b e able to

pro v e that when y ou get bac k to the top of the lo op again, the requiremen ts set b y the lo op

in v arian t are met once more.

Di�eren tiating b et w een Iterations: The statemen t \ x = x + 2" is meaningful to a computer

scien tist as a line of co de. Ho w ev er, to a mathematician it is a statemen t that is false unless

y ou are w orking o v er the in tegers mo dulo 2. W e do not w an t to see suc h statemen ts in

mathematical pro ofs. Hence, it is useful to ha v e a w a y to di�eren tiate b et w een the v alues of

the v ariables at the b eginning of the iteration and the new v alues after going around the lo op

one more time. One notation is to denote the former with x

0

and the latter with x

00

. (One

could also use x

i

and x

i +1

.) Similarly , h l oop � inv ar iant

0

i can b e used to state that the lo op

in v arian t is true for the x

0

v alues and h l oop � inv ar iant

00

i that it is true for the x

00

v alues.

The F ormal Statemen t: Whether or not y ou w an t to pro v e it formally , the formal statemen t

that m ust b e true is h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i .

The F ormal Pro of T ec hnique: Assume that

� h l oop � inv ar iant

0

i

� not h exit � cond i

� the e�ect of co de B (e.g., x

00

= x

0

+ 2)

and then pro v e from these assumptions the conclusion that h l oop � inv ar iant

00

i .

7') Making Progress (Revisited): These sp ecial cases ma y also a�ect whether progress is made

during eac h iteration. Again, assume nothing ab out the state of the data structure except that

the lo op in v arian t is satis�ed and the exit condition is not. Execute one iteration of the lo op.

Pro v e that signi�can t progress has b een made according to y our measure.

8') Initial Conditions (Revisited): Y ou m ust ensure that the initial co de establishes the lo op in-

v arian t. The di�cult y , ho w ev er, is that y ou m ust ensure that this happ ens not matter what the

input instance is. When the algorithm b egins, the one thing that y ou can assume is the precon-

ditions are true. Y ou can assume this b ecause, if it happ ens that they are not true then y ou are

not exp ected to solv e the problem.

The formal statemen t that m ust b e true is h pr e � cond i & code

pr e � loop

) h l oop � inv ar iant i .
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11') Ending: In this step, y ou m ust ensure that once the lo op has exited that the lo op in v arian t (whic h

y ou kno w will alw a ys b e true) and the exit condition (whic h caused the lo op to exit) together

will giv e y ou enough so that y our last few touc hes solv es the problem. The formal statemen t that

m ust b e true is h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i .

10') Running Time: The task of designing an algorithm is not complete un til y ou ha v e determined

its running time. Y our measure of progress will b e helpful when b ounding the n um b er of iterations

that get executed. Y ou m ust also consider the amoun t of w ork p er iteration. Sometimes eac h

iteration requires a di�eren t amoun t of w ork. In this case, y ou will need to appro ximate the sum.

12') T esting: T ry y our algorithm b y hand on more examples. Consider b oth general input instances

and sp ecial cases. Y ou ma y also w an t to co de it up and run it.

This completes the steps for dev eloping an iterativ e algorithm. Lik ely y ou will �nd that coming up with the

lo op in v arian t is the hardest part of designing an algorithm. It requires practice, p ersev erance, and insigh t.

Ho w ev er, from it, the rest of the algorithm follo ws easily with little extra w ork. Here are a few more p oin ters

that should help design lo op in v arian ts.

A Starry Nigh t: Ho w did V an Gogh come up with his famous pain ting, A Starry Nigh t? There's no easy

answ er. In the same w a y , coming up with lo op in v arian ts and algorithms is an art form.

Use This Pro cess: Don't come up with the lo op in v arian t after the fact to mak e me happ y . Use it to

design y our algorithm.

Kno w What an LI Is: Be clear ab out what a lo op in v arian t is. On midterms, man y studen ts write, \the

LI is ..." and then giv e co de, a precondition, a p ostcondition, or some other inappropriate piece of

information. F or example, stating something that is AL W A YS true, suc h as 1 + 1 = 2 or \The ro ot is

the max of an y heap", ma y b e useful information for the answ er to the problem, but should not b e a

part of the lo op in v arian t.

3.3.2 Example: Binary Searc h

In a study , a group of exp erienced programmers w ere ask ed to co de binary searc h. Easy , y es? 80% got it

wrong!! My guess is that if they had used lo op in v arian ts, they all w ould ha v e got it correct.

Exercise 3.3.1 Befor e r e ading this se ction, try writing c o de for binary se ar ch without the use of lo op invari-

ants. Then think ab out lo op invariants and try it again. Final ly, r e ad this se ction. Which of these algorithms

work c orr e ctly?

I will use the detailed steps giv en ab o v e to dev elop a binary searc h algorithm. F ormal pro ofs can seem

tedious when the result seems to b e in tuitiv ely ob vious. Ho w ev er, y ou need to kno w ho w to do these tedious

pro ofs { not so y ou can do it for ev ery lo op y ou write, but to dev elop y our in tuition ab out where bugs ma y

lie.

1) Sp eci�cations:

Preconditions: An input instance consists of a sorted list L (1 ::n ) of elemen ts and a k ey to b e searc hed

for. Elemen ts ma y b e rep eated. The k ey ma y or ma y not app ear in the list.

P ostconditions: If the k ey is in the list, then the output consists of an index i suc h that L ( i ) = k ey .

If the k ey is not in the list, then the output rep orts this.

2) Basic Steps: The basic step compares the k ey with the elemen t at the cen ter of the sublist. This tells

y ou whic h half of the sublist the k ey is in. Keep only the appropriate half.

3) Lo op In v arian t: The algorithm main tains a sublist that con tains the k ey . English sometimes b eing

misleading, a more mathematical statemen t migh t b e \If the k ey is con tained in the original list, then

the k ey is con tained in the sublist L ( i::j )." Another w a y of sa ying this is that w e ha v e determined that

the k ey is not within L (1 ::i � 1) or L ( j + 1 ::n ). It is also w orth b eing clear, as w e ha v e done with the

notation L ( i::j ), that the sublist includes the end p oin ts i and j . Confusions in details lik e this are the

cause of man y bugs.
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4) Measure of Progress: The ob vious measure of progress is the n um b er of elemen ts in our sublist, namely

j � i + 1.

5) Main Steps: As I said, eac h iteration compares the k ey with the elemen t at the cen ter of the sublist.

This determines whic h half of the sublist the k ey is in and hence whic h half to k eep. It sounds easy ,

ho w ev er, there are a few minor decisions to mak e whic h ma y or ma y not ha v e an impact.

1. If there are an ev en n um b er of elemen ts in the sublist, do w e tak e the \middle" to b e the elemen t

sligh tly to the left of the true middle or the one sligh tly to the righ t?

2. Do w e compare the k ey with the middle elemen t using k ey < L ( mid ) or k ey � L ( mid )?

3. Should w e also c hec k whether or not k ey = L ( mid )?

4. When splitting the sublist L ( i::j ) in to t w o halv es do w e include the middle in the left half or in

the righ t half ?

Decisions lik e these ha v e the follo wing di�eren t t yp es of impact on the correctness of the algorithm.

Do es Not Matter: If it really do es not mak e a di�erence whic h c hoice y ou mak e and y ou think that

the implemen ter ma y b ene�t from ha ving this 
exibilit y , then do cumen t this fact.

Consisten t: Often it do es not matter whic h c hoice is made, but bugs can b e in tro duced if y ou are

not consisten t and clear as to whic h c hoice has b een made.

Matters: Sometimes these subtle p oin ts matter.

In terdep endence: In this case, w e will see that eac h c hoice can b e made either w a y , but some

com binations of c hoices w ork and some do not.

When in the �rst stages of designing an algorithm, I usually do something b et w een 
ipping a coin and

stic king to this decision un til a bug arises and attempting to k eep all of the p ossibilities op en un til I

see reasons that it matters.

6) Main taining the Lo op In v arian t: Y ou m ust pro v e that h l oop � inv ar iant

0

i & not h exit � cond i &

code

loop

) h l oop � inv ar iant

00

i .

If the k ey is not in the original list, then the statemen t of the lo op in v arian t is trivially true. Hence,

let us assume for no w that w e ha v e a reasonably large sublist L ( i::j ) con taining the k ey . Consider the

follo wing three cases:

� Supp ose that k ey is strictly less than L ( mid ). Because the list is sorted, L ( mid ) � L ( mid + 1) �

L ( mid + 2) � : : : . Com bining these fact tells us that the k ey is not con tained in L ( mid; mid +

1 ; mid + 2 ; ::: ) and hence it m ust b e con tained in L ( i

0

::mid � 1).

� The case in whic h k ey is strictly more than L ( mid ) is similar.

� Care needs to b e tak en when k ey is equal to L ( mid ). One option, as has b een men tioned, is to

test for this case separately . Though �nding the k ey in this w a y w ould allo w y ou to stop early ,

extensiv e testing sho ws that this extra comparison slo ws do wn the computation. The danger of

not testing for it, ho w ev er, is that w e ma y skip o v er the k ey b y including the middle in the wrong

half. If the test k ey < L ( mid ) is used, the test will fail when k ey and L ( mid ) are equal. Thinking

that the k ey is bigger, the algorithm will k eep the righ t half of the sublist. Hence, the middle

elemen t should b e included in this half, namely , the sublist L ( i::j ) should b e split in to L ( i::mid � 1)

and L ( mid::j ). Con v ersely , if k ey � L ( mid ) is used, the test will pass and the left half will b e

k ept. Hence, the sublist should b e split in to L ( i::mid ) and L ( mid + 1 ::j ).

7) Making Progress: Y ou b e sure to mak e progress with eac h iteration, i.e., the sublist m ust get strictly

smaller. Clearly , if the sublist is large and y ou thro w a w a y roughly half of it at ev ery iteration, then it

gets smaller. W e tak e note to b e careful when the list b ecomes small.
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8) Initial Conditions: Initially , y ou obtain the lo op in v arian t b y considering the en tire list as the sublist.

It trivially follo ws that if the k ey is in the en tire list, then it is also in this sublist.

9) Exit Condition: One migh t argue that a sublist con taining only one elemen t, cannot get an y smaller

and hence the program m ust stop. The exit condition w ould then b e de�ned to b e i = j . In general

ha ving suc h sp eci�c exit condition is prone to bugs, b ecause if b y mistak e j w ere to b ecome less then

i , then the computation migh t lo op for ev er. Hence, w e will use the more general exit condition lik e

j � i . The bug in the ab o v e argumen t is that sublists of size one can b e made smaller. Y ou need to

consider the p ossibilit y of the empt y list.

10) T ermination and Running Time: Initially , our measure of progress is the size of the input list. The

assumption is that this is �nite. Step 10 pro v es that this measure decreases eac h iteration b y at least

one. In fact, progress is made fast. Hence, this measure will quic kly b e less or equal to one. A t this

p oin t, the exit condition will b e met and the lo op will exit.

11) Ending: W e m ust no w pro v e that, with the lo op in v arian t and the exit condition together, the problem

can b e solv ed, namely that h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i .

The exit condition giv es that j � i . If i = j , then this �nal sublist con tains one elemen t. If j = i � 1,

then it is empt y . If j < i � 1, then something is wrong. Assuming that the sublist is L ( i = j ),

reasonable �nal co de w ould b e to test whether the k ey is equal to this elemen t L ( i ). (This is our �rst

test for equalit y .) If they are equal, the index i is returned. If they are not equal, then w e claim that

the k ey is not in the list. On the other hand, if the �nal sublist is empt y then w e will simply claim

that the k ey is not in the list. W e m ust no w pro v e that this co de ensures that the p ostcondition has

b een met.

By the lo op in v arian t, w e kno w that \If the k ey is con tained in the original list, then the k ey is con tained

in the sublist L ( i::j )." Hence, if the k ey is con tained in the original list, then L ( i::j ) cannot b e empt y

and the program will �nd it in the one lo cation L ( i ) and giv e the correct answ er. On the other hand,

if it is not in the list, then it is de�nitely not in L ( i ) and the program will correctly state that it is not

in the list.

12) T esting: T ry a few examples.

13: Sp ecial Cases:

6) Main taining Lo op In v arian t (Revisited): When pro ving that the lo op in v arian t w as main-

tained, w e assumed that w e still had a large sublist for whic h i < mid < j w ere three distinct

indexes. When the sublist has three elemen ts, this is still the case. Ho w ev er, when the sublist

has t w o elemen ts, the \middle" elemen t m ust b e either the �rst or the last. This ma y add some

subtleties. I will lea v e it as an exercise for y ou to c hec k that the three cases considered in the

original \Main taining Lo op In v arian t" part still hold.

7) Making Progress (Revisited): Y ou m ust also mak e sure that y ou con tin ue to mak e progress

when the sublist b ecomes small. A sublist of three elemen ts divides in to one list of one elemen t

and one list of t w o elemen ts. Hence, progress has b een made. Be careful, ho w ev er, with sublists

of t w o elemen ts.

The follo wing is a common bug: Supp ose that w e decide to consider the elemen t just to the left

of cen ter as b eing the middle and w e decide that the middle elemen t should b e included in the

righ t half. Then giv en the sublist L (3 ; 4), the middle will b e elemen t indexed with 3 and the righ t

sublist will b e still b e L ( mid::j ) = L (3 ; 4). If this sublist is k ept, no progress will b e made and

the algorithm will lo op forev er. W e ensure that this sublist is cut in half either b y ha ving the

middle b e the one to the left and including it on the left or the one to the righ t and including it

on the righ t. As seen, in the �rst case, w e m ust use the test k ey � L ( mid ) and in the second case

the test k ey < L ( mid ). T ypically , the algorithm is co ded using the �rst option.

14) Implemen tation Details:
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Math Details: Small math op erations lik e computing the index of the middle elemen t are prone to

bugs. (T ry it on y our o wn.) The exact middle is the a v erage b et w een i and j , namely

i + j

2

. If y ou

w an t the in teger sligh tly to the left of this, then y ou round do wn. Hence, mid = b

i + j

2

c . It is a

go o d idea to test these op erations on small examples.

W on't Happ en: W e migh t note that the sublist nev er b ecomes empt y , assuming that is that the

initial list is not empt y . (Chec k this y ourself.) Hence, the co de do es not need to consider this

case.

Co de: Putting all these pieces together giv es the follo wing co de.

algorithm B inar y S ear ch ( h L (1 ::n ) ; k ey i )

h pr e � cond i : h L (1 ::n ) ; k ey i is a sorted list and k ey is an elemen t.

h post � cond i : If the k ey is in the list, then the output consists of an index i suc h that L ( i ) = k ey .

b egin

i = 1, j = n

lo op

h l oop � inv ar iant i : If the k ey is con tained in L (1 ::n ), then the k ey is con tained

in the sublist L ( i::j ).

exit when j � i

mid = b

i + j

2

c

if( k ey � L ( mid )) then

j = mid % Sublist c hanged from L ( i; j ) to L ( i::mid )

else

i = mid + 1 % Sublist c hanged from L ( i; j ) to L ( mid + 1 ; j )

end if

end lo op

if( k ey = L ( i )) then

return( i )

else

return( \k ey is not in list" )

end if

end algorithm

15) F ormal Pro of: No w that w e ha v e �xed the algorithm, all the pro ofs should b e c hec k ed again. The

follo wing pro of is a more formal presen tation of that giv en b efore.

6') Main taining the Lo op In v arian t: W e m ust pro v e that h l oop � inv ar iant

0

i & not h exit � cond i

& code

loop

) h l oop � inv ar iant

00

i . Assume that the computaion is at the top of the lo op, the lo op

in v arian t is true, and the exit condition is not true. Then, let the computation go around the lo op

one more time. When it returns to the top, y ou m ust pro v e that the lo op in v arian t is again true.

T o distinguish b et w een these states let i

0

and j

0

denote the v alues of the v ariables i and j b efore

executing the lo op and let i

00

and j

00

denote these v alues afterw ards. By h l oop � inv ar iant

0

i ,

y ou kno w that \If the k ey is con tained in the original list, then the k ey is con tained in the

sublist L ( i

0

::j

0

)." By not h exit � cond i , w e kno w that i

0

< j

0

. F rom these assumptions, y ou

m ust pro v e h l oop � inv ar iant

00

i , namely that \If the k ey is con tained in the original list, then

the k ey is con tained in the sublist L ( i

00

::j

00

)." If the k ey is not in the original list, then the

statemen t h l oop � inv ar iant

00

i is trivially true, so assume that the k ey is in the original list. By

h l oop � inv ar iant

0

i , it follo ws that the k ey is in L ( i

0

::j

0

). There are three cases to consider:

� Supp ose that k ey is strictly less than L ( mid ). The comparison k ey � L ( mid ) will pass, j

00

will

b e set to mid , i

00

b y default will b e i

0

, and the new sublist will b e L ( i

0

::mid ). Because the list

is sorted, L ( mid ) � L ( mid + 1) � L ( mid + 2) � : : : . Com bining this fact with the assumption

that k ey < L ( mid ) tells y ou that the k ey is not con tained in L ( mid; mid + 1 ; mid + 2 ; ::: ).

Y ou kno w that the k ey is con tained in L ( i

0

:::; mid; :::j

0

). Hence, it m ust b e con tained in

L ( i

0

::mid � 1), whic h means that it is also con tained in L ( i

00

::j

00

) = L ( i

0

::mid ) as required.
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� Supp ose that k ey is strictly more than L ( mid ). The test will fail. The argumen t that the k ey

is con tained in the new sublist L ( mid + 1 ::j

0

) is the same as that ab o v e, replacing + with � .

� Finally , supp ose that k ey is equal to L ( mid ). The test will pass and hence the new sublist will

b e L ( i

0

::mid ). According to our assumption that k ey = L ( mid ), the k ey is trivially con tained

in this new sublist.

7', 8', 11' Making these steps more formal will b e left as an exercise.

10') Running Time: The sizes of the sublists are appro ximately n;

n

2

;

n

4

;

n

8

;

n

16

; :::; 8 ; 4 ; 2 ; 1. Hence, only

�(log n ) splits are needed. Eac h split tak es O (1) time. Hence, the total time is �(log n ).

12') T esting: Most of the testing I will lea v e as an exercise for y ou. One test case to de�nitely consider is

the input instance in whic h the initial list to b e searc hed in is empt y . In this case, the sublist w ould b e

L (1 ::n ) with n = � 1. T racing the co de, ev erything lo oks �ne. The lo op breaks b efore iterating. The

k ey w on t b e found and the correct answ er is returned. On closer examination, ho w ev er, note that the

if statemen t accesses the elemen t L (1). If the arra y L is allo cated zero elemen ts, then this ma y cause

a run time error. In a language lik e C , the program will simply access this memory cell, ev en though

it ma y not b elong to the arra y and p erhaps not ev en to the program. Suc h assesses migh t not cause a

bug for y ears. Ho w ev er, what if the memory cell L (1) happ ens to con tain the k ey . Then the program

returns that the k ey is con tained at index 1. This w ould b e the wrong answ er.

T o recap, the goal of a binary searc h is to �nd a k ey within a sorted list. W e main tain a sublist that con tains

the k ey (if the k ey is in the original list). Originally , the sublist consists of the en tire list. Eac h iteration

compares the k ey with the elemen t at the cen ter of the sublist. This tells us whic h half of the sublist the k ey

is in. Keep only the appropriate half. Stop when the sublist con tains only one elemen t. Using the in v arian t,

w e kno w that if the k ey w as in the original list, then it is this remaining elemen t.

3.4 A F ormal Pro of of Correctness

Our philosoph y is ab out learning ho w to think ab out, dev elop, and describ e algorithms in suc h w a y that

their correctness is transparen t. In order to accomplish this, one needs to at least understand the required

steps in a formal pro of of correctness.

3.4.1 The F ormal Pro of T ec hnique

De�nition of the Correctness of a Program: An algorithm w orks correctly on ev ery input instance if,

for an arbitrary instance, h pr e � cond i & code

alg

) h post � cond i .

Consider some instance. If this instance meets the preconditions, then the output m ust meet the

p ostconditions. If this instance do es not meet the preconditions, then all b ets are o� (but the program

should b e p olite).

Note that the correctness of an algorithm is only with resp ect to the stated sp eci�cations. It do es not

guaran tee that it will w ork in situation that are not tak en in to accoun t b y this sp eci�cation.

Breaking in to P arts: The metho d of pro ving that an algorithm is correct is b y breaking the algorithm

in to smaller and smaller w ell de�ned parts. The task of eac h part, subpart, and sub-subpart is de�ned

in the same w a y using pre- and p ostconditions.

A Single Line of Co de: When a part of the algorithm is brok en do wn to a single line of co de then this

line of co de has implied pre- and p ostconditions and w e m ust trust the compiler to translate the line

of co de correctly . F or example:

h pr e � cond i : The v ariables x and y ha v e meaningful v alues.

z = x + y

h post � cond i : The v ariable z tak es on the sum of the v alue of x and the v alue of y .

The previous v alue of z is lost.
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Com bining the P arts: Once the individual parts of the algorithm are pro v ed to b e correct, the correctness

of the com bined parts can b e pro v ed as follo ws.

Structure of Algorithmic F ragmen t:

h asser tion

0

i

code

1

h asser tion

1

i

code

2

h asser tion

2

i

Steps in Pro ving Its Correctness:

� The pro of of correctness of the �rst part pro v es that h asser tion

0

i & code

1

) h asser tion

1

i

� and of the second part that h asser tion

1

i & code

2

) h asser tion

2

i .

� F ormal logic allo ws us to com bine these to giv e h asser tion

0

i & h code

1

& code

2

i ) h asser tion

2

i .

Pro ving the Correctness of an if Statemen t: Once w e pro v e that eac h blo c k of straigh t line co de

w orks correctly , w e can pro v e that more complex algorithmic structures w ork correctly .

Structure of Algorithmic F ragmen t:

h pr e � if i

if( h condition i ) then

code

tr ue

else

code

f alse

end if

h post � if i

Steps in Pro ving Its Correctness: Its correctness h pr e � if i & code ) h post � if i is pro v ed b y

pro ving that eac h of the t w o paths through the pro of are correct, namely

� h pr e � if i & h condition i & code

tr ue

) h post � if i and

� h pr e � if i & : h condition i & code

f alse>

) h pr e � if i .

Exp onen tial Num b er of P aths: An additional adv an tage of this pro of approac h is that it substan-

tially decreases the n um b er of di�eren t things that y ou need to pro v e. Supp ose that y ou ha v e

a sequence of n of these if statemen ts. There w ould b e 2

n

di�eren t paths that a computation

migh t tak e through the co de. If y ou had to pro v e separately for eac h of these paths that the

computation w orks correctly , it w ould tak e y ou a long time. It is m uc h easier to pro v e the ab o v e

t w o statemen ts for eac h of the n if statemen ts.

Pro ving the Correctness of a l oop Statemen t: Lo ops are another construct that m ust b e pro v en cor-

rect.

Structure of Algorithmic F ragmen t:

h pr e � l oop i

lo op

h l oop � inv ar iant i

exit when h exit � cond i

code

loop

end lo op

h post � l oop i

Steps in Pro ving Correctness: Its correctness h pr e � l oop i & code ) h post � l oop i is pro v ed b y

breaking a path through the co de in to subpaths and pro ving that eac h these parts w orks correctly ,

namely

� h pr e � l oop i ) h l oop � inv ar iant i

� h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i
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� h l oop � inv ar iant i & h exit � cond i ) h post � l oop i

� T ermination (or ev en b etter, giving a b ound on the running time).

In�nite Num b er of P aths: Dep ending on the n um b er of times around the lo op, this co de has an

in�nite n um b er of p ossible paths through it. W e, ho w ev er, are able to pro v e all at once that eac h

iteration of the lo op w orks correctly .

This tec hnique is discussed more in the next section.

Pro ving the Correctness of a F unction Call: F unction and subroutine calls are also a k ey algorithmic

tec hnique that m ust b e pro v en correct.

Structure of Algorithmic F ragmen t:

h pr e � cal l i

output = RoutineCall( input )

h post � cal l i

Steps in Pro ving Correctness: Its correctness h pr e � cal l i & code ) h post � cal l i is pro v ed b y en-

suring that the input instance past to the routine meets the routine's precondition, trusting that

the routine ensures that its output meets its p ostconditions, and ensuring that this p ostcondition

meets the needs of the algorithm fragmen t.

� h pr e � cal l i ) h pr e � cond i

input

� h post � cond i

input

) h post � cal l i

This tec hnique is discussed more in Chapter 11 on recursion.

3.4.2 Pro ving Correctness of Iterativ e Algorithms with Induction

Section 3.3.1 describ es the lo op invariant lev el of abstraction and what is needed to dev elop an algorithm

within it. The next step is to use induction to pro v e that this pro cess pro duces w orking programs.

Structure of An Iterativ e Algorithm:

h pr e � cond i

code

pr e � loop

% Establish lo op in v arian t

lo op

h l oop � inv ar iant i

exit when h exit � cond i

code

loop

% Mak e progress while main taining the lo op in v arian t

end lo op

code

post � loop

% Clean up lo ose ends

h post � cond i

Steps in Pro ving Correctness:

� h pr e � cond i & code

pr e � loop

) h l oop � inv ar iant i

� h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i

� h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i

� T ermination (or ev en b etter, giving a b ound on the running time).

Mathematical Induction: Induction is an extremely imp ortan t mathematical tec hnique for pro ving state-

men ts with a univ ersal quan ti�er. (See Section 1.1.)

A Statemen t for Eac h n : F or eac h v alue of n � 0, let S ( n ) represen t a b o olean statemen t. This

statemen t ma y b e true for some v alues of n and false for others.
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Goal: The goal is to pro v e that for ev ery v alue of n the statemen t is true, namely that 8 n � 0 ; S ( n ).

Pro of Outline: The pro of is b y induction on n .

Induction Hyp othesis: The �rst step is to state the induction h yp othesis clearly: "F or eac h

n � 0, let S ( n ) b e the statemen t that ...".

Base Case: Pro v e that the statemen t S (0) is true.

Induction Step: F or eac h n � 1, pro v e S ( n � 1) ) S ( n ). The metho d is to assume that S ( n � 1)

is true and then to pro v e that it follo ws that S ( n ) m ust also b e true.

Conclusion: By w a y of induction, y ou can conclude that 8 n � 0 ; S ( n ).

T yp es: Mind the "t yp e" of ev erything (as y ou do when writing a program). n is an in teger, not

something to b e pro v ed. Do not sa y "assume n � 1 and pro v e n ". Instead, sa y "assume S ( n � 1)

and pro v e S ( n )" or "assume that it is true for n � 1 and pro v e that it is true for n ."

The "Pro cess" of Induction:

S (0) is true (b y base case)

S (0) ) S (1) (b y induction step, n = 1)

hence, S (1) is true

S (1) ) S (2) (b y induction step, n = 2)

hence, S (2) is true

S (2) ) S (3) (b y induction step, n = 3)

hence, S (3) is true

: : :

The Connection b et w een Lo op In v arian ts and Induction:

Induction Hyp othesis: F or eac h n � 0, let S ( n ) b e the statemen t, "If the lo op has not y et exited,

then the lo op in v arian t is true when y ou are at the top of the lo op after going around n times."

Goal: The goal is to pro v e that 8 n � 0 ; S ( n ), namely that "As long as the lo op has not y et exited,

the lo op in v arian t is alw a ys true when y ou are at the top of the lo op".

Pro of Outline: Pro of b y induction on n .

Base Case: Pro ving S (0) in v olv es pro ving that the lo op in v arian t is true when the algorithm

�rst gets to the top of the lo op. This is ac hiev ed b y pro ving the statemen t h pr e � cond i &

code

pr e � loop

) h l oop � inv ar iant i .

Induction Step: Pro ving S ( n � 1) ) S ( n ) in v olv es pro ving that the lo op in v arian t is main tained.

This is ac hiev ed b y pro ving the statemen t h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i .

Conclusion: By w a y of induction, w e can conclude that 8 n � 0 ; S ( n ), i.e., that the lo op in v arian t

is alw a ys true when at the top of the lo op.

Pro ving that the Iterativ e Algorithm W orks: T o pro v e that the iterativ e algorithm w orks correctly

on ev ery input instance, y ou m ust pro v e that, for an arbitrary instance, h pr e � cond i & code

alg

)

h post � cond i .

Consider some instance. Assume that this instance meets the preconditions. Pro of b y induction pro v es

that as long as the lo op has not y et exited, the lo op in v arian t is alw a ys true.

The algorithm do es not w ork correctly if it executes forev er. Hence, y ou m ust pro v e that the lo op

ev en tually exits. According to the lo op in v arian t lev el of abstraction, the algorithm m ust mak e progress

of at least one at eac h iteration. It also giv es an upp er b ound on the amoun t of progress that can b e

made. Hence, y ou kno w that after this n um b er of iterations at most, the exit condition will b e met.

Th us, y ou also kno w that, at some p oin t during the computation, b oth the lo op in v arian t and the exit

condition will b e sim ultaneously met. Y ou then use the fact that h l oop � inv ar iant i & h exit � cond i &

code

post � loop

) h post � cond i to pro v e that the p ostconditions will b e met at the end of the algorithm.
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Examples of Iterativ e Algorithms

I will no w giv e examples of iterativ e algorithms. F or eac h example, lo ok for the k ey steps of the lo op in v arian t

paradigm. What is the lo op in v arian t? Ho w is it obtained and main tained? What is the measure of progress?

Ho w is the correct �nal answ er ensured?

4.1 VLSI Chip T esting

The follo wing is a strange problem with strange rules. Ho w ev er, it is no stranger than problems that y ou

will need to solv e in the w orld. W e will use this as an example of ho w to dev elop a strange lo op in v arian t

with whic h the algorithm and its correctness b ecomes transparen t.

Sp eci�cation: Our b oss has n supp osedly iden tical VLSI c hips that are p oten tially capable of testing eac h

other. His test jig accommo dates t w o c hips at a time. The result is either that they are the same, i.e.

\b oth are go o d or b oth are bad" or that they are di�eren t, i.e. \at least one is bad." The professor

hires us to design an algorithm to distinguish go o d c hips from bad ones. [CLR]

Imp ossible? Some computational problems ha v e exp onen tial time algorithms, but no p olynomial time

algorithms. Because w e are limited in what w e are able to do, this problem ma y not ha v e an algorithm

at all. It is often hard to kno w. A go o d thing to do with a new problem is to alternate b et w een go o d

cop and bad cop. The go o d cop do es his b est to design an algorithm for the problem. The bad cop do es

his b est to pro v e that the go o d cop's algorithm do es not w ork or ev en b etter pro v e that no algorithm

w orks.

Chip T esting: Supp ose that the professor happ ened to ha v e one go o d c hip and one bad c hip. His

test w ould tell him that these c hips are di�eren t. Ho w ev er, he has no w a y of kno wing whic h c hip

is whic h. Our job is done. W e ha v e pro v ed that there is no algorithm using only this single test

that is alw a ys able to distinguish go o d c hips from bad ones. The professor ma y not b e happ y

with our �ndings, but he will not b e able to blame us.

Though w e ha v e pro v ed that there is no algorithm that distinguishes these t w o c hips, p erhaps w e

can �nd an algorithm that can b e of some use for the professor.

Simple Examples: As just seen, it is useful to try simple examples.

A Data Structure: It is useful to ha v e a go o d data structure with whic h to store the information that has

b een collected.

Chip T esting: Graphs are often useful. (See Section 2.2.) Here w e can ha v e a no de for eac h c hip.

After testing a pair of c hips, w e put a solid edge b et w een the corresp onding no des if they are

rep ortedly the same and a dotted edge if they are di�eren t.

75
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The Brute F orce Algorithm: One w a y of understanding a problem b etter is to initially pretend that y ou

ha v e un b ounded time and energy . With this, what tasks can y ou accomplish?

Chip T esting: With �( n

2

) tests w e can test ev ery pair of c hips. W e assume that the test is comm u-

tativ e, meaning that if c hip a test to b e the same as b , whic h test to b e the same as c , then a

will test to b e the same as c . Giv en this, w e can conclude that the tests will partition the c hips

in to sets of c hips that are the same. (In graph theory w e call these sets cliques , lik e in a clique

of friends in whic h ev ery one in the group is friends with ev ery one else in the group.) There is,

ho w ev er, no test a v ailable to determine whic h of these sets con tain the go o d c hips.

Change The Problem: When w e get stuc k, a useful thing to do is to go bac k to y our b oss or to the

application at hand and see if y ou can c hange the problem to mak e it easier. There are three w a ys of

doing this.

More T o ols: One option is to allo w the algorithm more p o w erful to ols.

Chip T esting: Certainly , in this example, a test that told y ou whether a c hip w as go o d w ould

solv e the problem. On the other hand, if the professor had suc h a test, y ou w ould b e out of

a job.

Change The Preconditions: Y ou can c hange the preconditions to require additional information

ab out the input instance or to disallo w particularly di�cult instances.

Chip T esting: W e need some w a y of distinguishing b et w een the go o d c hips and the v arious

forms of bad c hips. P erhaps w e can get the professor to assure us that at least half of the

c hips are go o d. With this w e can solv e the problem. W e test all pairs of c hips and partition

the c hips in to the sets of equiv alen t c hips. The largest of these sets will b e the go o d c hips.

Change The P ostconditions: Another options is to c hange the p ostconditions b y not requiring so

m uc h in the output.

Chip T esting: Instead of needing to distinguish completely b et w een go o d and bad c hips, an

easier task w ould b e to �nd a single go o d c hip.

A F aster Algorithm: Once w e ha v e brute force algorithm, w e will w an t to �nd a faster algorithm.

Chip T esting: The ab o v e algorithm tak es �( n

2

) time. Consider the problem of �nding a single go o d

c hip from among n c hips, assuming that more than n= 2 of the c hips are go o d. Can w e do this

faster?

Designing The Lo op In v arian t: In designing an iterativ e algorithm for this problem, the most creativ e

step is designing the lo op in v arian t.

Start with Small Steps: What basic steps migh t y ou follo w to mak e some kind of progress.

Chip T esting: Certainly the �rst step is to test t w o c hips. There are t w o cases.

Di�eren t: Supp ose that w e determine that the t w o c hips are di�eren t. In general, one w a y

to mak e progress is to narro w do wn the input instance while main taining what w e kno w

ab out it. What w e kno w is that more than half of the c hips are go o d. Because w e kno w

that at least one of the t w o tested c hips is bad, w e can thro w b oth of them a w a y . W e

kno w that w e do not go wrong b y doing this b ecause w e main tain the lo op in v arian t that

more than half of the c hips are go o d. F rom this w e kno w that there is still at least one

go o d c hip remaining whic h w e can return as the answ er.

Same: If the t w o c hips test to b e the same, w e cannot through them a w a y b ecause they

migh t b oth b e go o d. Ho w ev er, this to o seems lik e w e are making progress b ecause, as in

the brute force algorithm, w e are building up a set of c hips that are the same.

Picture from the Middle: What w ould y ou lik e y our data structure to lo ok lik e when y ou are half

done?
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Chip T esting: F rom our single step, w e sa w t w o forms of progress. First, w e sa w that some

c hips will ha v e b een set aside. Let S denote the subset con taining all the c hips that w e ha v e

not set aside. Second, w e sa w that w e w ere building up sets of c hips that w e kno w to b e the

same. It ma y turn out that w e will need to main tain a n um b er of these sets. Ho w ev er, to

b egin lets start with the simplest picture. Let us build only one suc h set.

Lo op In v arian t: De�ne y our lo op in v arian t in a w a y so that it is clear precisely what it requires and

what it do es not.

Chip T esting: W e main tain t w o sets. The set S con tains the c hips that w e ha v e not set aside.

W e main tain that more than half of the c hips in S are go o d. The set C is a subset of S . W e

main tain that all of the c hips in C are the same, though w e do not kno w whether they are

all go o d or all bad.

Main taining the Lo op In v arian t: i.e., h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

)

h l oop � inv ar iant

00

i

Chip T esting: Assume that all w e kno w is that the lo op in v arian t is true. Being the only thing that

w e kno w ho w to do, w e m ust test t w o c hips. But whic h t w o. T esting t w o from C is not useful,

b ecause w e already kno w that they are the same. T esting t w o that are not in C is dangerous,

b ecause if w e learn that they are same, then w e will ha v e to start a second set of alik e c hips and

w e ha v e decided to main tain only one. The remaining p ossibilit y is to c ho ose an y c hip from C

and an y from S � C and test them. Let us denote these c hips b y c and s .

Same: If the conclusion is that the c hips are the same, then add c hip s to C . W e ha v e not

c hanged S so its LI still holds. F rom our test, w e kno w that s has the same as c . F rom the

LI, w e kno w that c is that same as all the other c hips in C . Hence, w e kno w that s is the

same as all the other c hips in C and the LI follo ws.

Di�eren t: If the conclusion is that \at least one is bad", then delete b oth c and s from C and S .

S has lost t w o c hips, at least one of whic h is bad. Hence, w e ha v e main tained the fact that

more than half of the c hips in S are go o d. C has b ecome smaller. Hence, w e ha v e main tained

the fact that its c hips are all the same.

Either w a y w e main tain the lo op in v arian t while making some (y et unde�ned) progress.

Handle All Cases: Be sure to co v er all p ossible ev en ts.

Chip T esting: W e can only test one c hip from C and one from S � C if b oth are non-empt y . W e need

to consider the cases in whic h they are not.

S Is Empt y: If S is empt y , then w e are in trouble b ecause w e ha v e no more c hips to return as

the answ er. W e m ust stop b efore this.

S � C Is Empt y: If S � C is empt y , then w e kno w that all the c hips in S = C are the same.

Because more than half of them m ust b e go o d, w e kno w that all of them are go o d. Hence w e

are done.

C Is Empt y: If C is empt y , tak e an y c hip from S and add it to C .

W e ha v e not c hanged S , so its LI still holds. The single c hip in C is the same as itself.

Measure of Progress: W e need a measure of progress that alw a ys decreases.

Chip T esting: Let the measure b e j S � C j . In t w o cases, w e remo v e a c hip from S � C and add it to

C . In another case, w e remo v e a c hip from S � C and one from C . Hence, in all cases the measure

decreases b y 1.

Initial Co de (i.e., h pr e � cond i & code

pr e � loop

) h l oop � inv ar iant i : The initial co de of the algo-

rithm m ust establish the lo op in v arian t to b e true. T o do this it relies on the fact the preconditions on

the input instance are true.
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Chip T esting: Initially , w e ha v e neither tested nor thro wn a w a y an y c hips. Let S b e all the c hips and

C b e empt y . More than half of the c hips in S are go o d according to the problem's precondition.

Because there are no c hips in C , all the c hips that are in it are the same.

Exiting Lo op (i.e., h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i ): W e need

to design the exit condition of the lo op so that w e exit as so on as w e are able to solv e the prob-

lem.

Chip T esting: j S � C j = 0 is a go o d halting condition, but not the �rst. Halt when j C j > j S j = 2 and

return an y c hip from C . According to the LI, the c hips in C are either all go o d or all bad. The

c hips in C constitute more than half the c hips, so if they w ere all bad, more than half of the c hips

in S w ould also b e bad. This con tradicts the LI. Hence, the c hips in C are all go o d.

Running Time: W e b ound the running time, b y sho wing that initially our measure of progress is not to o

big, that it decreases eac h iteration, and that if it gets small enough the exit condition will o ccur.

Chip T esting: Initially , the measure of progress j S � C j is n . W e sho w ed that it decreases b y at least

1 eac h iteration. Hence, there are at most n steps b efore S � C is empt y . W e are guaran teed to

exit the lo op b y this p oin t b ecause j S � C j = 0 insures us that the exit condition j C j = j S j > j S j = 2

is met. Note that S con tains at least one c hip b ecause b y the lo op in v arian t more than half of

them are go o d.

Additional Observ ations:

Chip T esting: C can 
ip bac k and forth from b eing all bad to b eing all go o d man y times. Supp ose

it is all bad. If s from S � C happ ens to b e bad, then C gets bigger. If s from S � C happ ens to

b e go o d, then C gets smaller. If C ev er b ecomes empt y during this pro cess, then a new c hip is

added to C . This c hip ma y b e go o d or bad. The pro cess rep eats.

Extending The Algorithm: The ab o v e algorithm �nds one go o d c hip. What is the time complexit y of

�nding all the go o d c hips?

Answ er: Once y ou ha v e one go o d c hip, in more O ( n ) time, this go o d c hip will tell y ou whic h of the

other c hips are go o d.

4.2 Colouring The Plane

An input instance consists of a set of n (in�nitely long) lines. These lines form a sub division of the plane,

that is, they partition the plane in to a �nite n um b er of regions (some of them un b ounded). The output

consists of a colouring of eac h region with either blac k or white so that an y t w o regions with a common

b oundary ha v e di�eren t colours. (Note that an algorithm for this problem pro v es the theorem that suc h a

colouring exists for an y suc h sub division of the plane.)

Co de:

algorithm C ol our ing P l ane ( l ines )

h pr e � cond i : l ines sp eci�es n (in�nitely long) lines.

h post � cond i : C is a prop er colouring of the plane sub divided b y the lines.

b egin

C = the colouring that colours the en tire plane white.

i = 0

lo op

h l oop � inv ar iant i : C is a prop er colouring of the plane sub divided b y the �rst

i lines.
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exit when ( i = n )

% Mak e progress while main taining the lo op in v arian t

Line i + 1 cuts the plane in half.

On one half, the new colouring C

0

is the same as the old one C .

On the other one half, the new colouring C

0

is the same as the old one C ,

except white is switc hed to blac k and blac k to white.

i = i + 1 & C = C

0

end lo op

return( C )

end algorithm

Figure 4.1: An example of colouring the plane.

Pro of of Correctness:

h pr e � cond i & code

pr e � loop

) h l oop � inv ar iant i :

With i = 0 lines, the plane is all one region. The colouring that mak es the en tire plane white w orks.

h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i :

W e kno w that C is a prop er colouring giv en the �rst i lines. W e m ust establish that C

0

is a prop er

colouring giv en the �rst i + 1 lines. Consider an y t w o regions with a common b oundary in the plane

sub divided b y the �rst i + 1 lines.

If their b oundary is not line i + 1, then they w ere t w o regions with a common b oundary in the plane

sub divided b y the �rst i lines. Hence, b y the lo op in v arian t, the colouring C giv es them di�eren t

colours. The lo op either c hanges neither of their colours or b oth of their colours. Hence, they still ha v e

di�eren t colours in the new colouring C

0

.

If their b oundary is line i + 1, then they w ere one region in the plane sub divided b y the �rst i lines.

Hence, b y the lo op in v arian t, the colouring C giv es them the same colour. The lo op c hanges one of

their colours. Hence, they ha v e di�eren t colours in the new colouring C

0

.

h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i :

If C is a prop er colouring giv en the �rst i lines and i = n , then clearly C is a prop er colouring giv en

all of the lines.

4.3 Euclid's GCD Algorithm

The follo wing is an amazing algorithm for �nding the greatest common divisor (GCD) of t w o in tegers. E.g.,

GC D (18 ; 12) = 6. It w as �rst done b y Euclid, an ancien t Greek. Without the use of lo op in v arian ts, y ou

w ould nev er b e able to understand what the algorithm do es; with their help, it is easy .

Sp eci�cations:
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Preconditions: An input instance consists of t w o p ositiv e in tegers, a and b .

P ostconditions: The output is GC D ( a; b ).

Lo op In v arian t: The creativ e step in designing this algorithm is coming up with the lo op in v arian t. The

algorithm main tains t w o v ariables x and y whose v alues c hange with eac h iteration of the lo op under

the in v arian t that their GC D , GC D ( x; y ), do es not c hange, but remains equal to the required output

GC D ( a; b ).

Initial Conditions: The easiest w a y of establishing the lo op in v arian t that GC D ( x; y ) = GC D ( a; b ) is b y

setting x to a and y to b .

Measure of Progress: Progress is made b y making x or y smaller.

Ending: W e will exit when x or y is small enough that w e can compute their GCD easily . By the lo op

in v arian t, this will b e the required answ er.

A Middle Iteration on a General Instance: Let us �rst consider a general situation in whic h x is bigger

than y and b oth are p ositiv e.

Main Steps: Our goal is to mak e x or y smaller without c hanging their GCD. A useful fact is that

GC D ( x; y ) = GC D ( x � y ; y ), eg. GC D (52 ; 10) = GC D (42 ; 10) = 2. The reason is that an y v alue

that divides in to x and y also divides in to x � y and similarly an y v alue that divides in to x � y and

y also divides in to x . Hence, replacing x with x � y w ould mak e progress while main taining the lo op

in v arian t.

Exp onen tial?: Lets jump ahead in designing the algorithm and estimate its running time. A lo op executing

only x = x � y will iterate

a

b

times. If b is m uc h smaller than a , then this ma y tak e a while. Ho w ev er,

ev en if b = 1, this is only a iterations. This lo oks lik e it is linear time. Ho w ev er, y ou should express

the running time of an algorithm as a function of input size. See Section 1.3. The n um b er of bits

needed to represen t the instance h a; b i is n = log a + log b . Expressed in these terms, the running time

is T ime ( n ) = �( a ) = �(2

n

). This is exp onen tial time. F or example, if a = 1 ; 000 ; 000 ; 000 ; 000 ; 00 0

and b = 1, I w ould not w an t to w ait for it.

F aster Main Steps: Instead of subtracting one y from x eac h iteration, wh y not sp eed up the pro cess b y

subtracting man y all at once. W e could set x

new

= x � d � y for some in teger v alue of d . Our goal is

to mak e x

new

as small as p ossible without making it negativ e. Clearly , d should b e b

x

y

c . This giv es

x

new

= x � b

x

y

c � y = x mod y , whic h is within the range [0 ::y � 1] and is the remainder when dividing

y in to x , e.g., 52 mod 10 = 2.

Main taining the Lo op In v arian t: The step x

new

= x mod y , main tains the lo op in v arian t b ecause

GC D ( x; y ) = GC D ( x mod y ; y ), e.g., GC D (52 ; 10) = GC D (2 ; 10) = 2.

Making Progress: The step x

new

= x mod y mak es progress b y making x smaller only if x mod y is

smaller than x . This is only true if x is greater or equal to y . Supp ose that initially this is true b ecause

a is greater than b . After one iteration of x

new

= x mod y b ecomes smaller than y . Then the next

iteration will do nothing. A solution is to then sw ap x and y .

New Main Steps: Com bining x

new

= x mod y with a sw ap giv es the main steps of x

new

= y and y

new

=

x mod y .

Main taining the Lo op In v arian t: This main tains our original lo op in v arian t b ecause GC D ( x; y ) =

GC D ( y ; x mod y ), e.g., GC D (52 ; 10) = GC D (10 ; 2) = 2. It also main tains the new lo op in v arian t

that x less than y .

Making Progress: These new steps do not mak e x smaller. Ho w ev er, b ecause y

new

= x mod y 2 [0 ::y � 1]

is smaller than y , w e mak e progress b y making y smaller.
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Sp ecial Cases: Setting x = a and y = b do es not establish the lo op in v arian t that x is at least y if a is

smaller than b . An ob vious solutions is to initially test for this and to sw ap them if necessary . Ho w ev er,

as advised in Section 3.3.1, it is sometimes fruitful to try tracing out what the algorithm that y ou ha v e

already designed w ould do giv en suc h an input. Supp ose a = 10 and b = 52. The �rst iteration w ould

set x

new

= 52 and y

new

= 10 mod 52. This last v alue is a v alue within the range [0 :: 51] that is the

remainder when dividing 10 b y 52. Clearly this is 10. Hence, the co de automatically sw aps the v alues

b y setting x

new

= 52 and y

new

= 10. Hence, no new co de is needed. Similarly , if a and b happ en to b e

negativ e, the initial iteration will mak e y p ositiv e and the next will mak e b oth x and y p ositiv e.

Exit Condition: W e are making progress b y making y smaller. W e should stop when y is small enough

that w e can solv e compute the GCD easily . Lets try small v alues of y . Using GC D ( x; 1) = 1, the

GCD is easy to compute when y = 1, ho w ev er, w e will nev er get this unless GC D ( a; b ) = 1. Ho w

ab out GC D ( x; 0)? This turns out to b e x b ecause x divides ev enly in to b oth x and 0. Lets try an exit

condition of y = 0.

T ermination: W e kno w that the program will ev en tually stop as follo ws. y

new

= x mod y 2 [0 ::y � 1]

ensures that eac h step y gets strictly smaller and do es not go negativ e. Hence, ev en tually y m ust b e

zero.

Ending: F ormally w e pro v e that h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i .

h l oop � inv ar iant i giv es GC D ( x; y ) = GC D ( a; b ) and h exit � cond i giv es y = 0. Hence GC D ( a; b ) =

GC D ( x; 0) = x . The �nal co de will return the v alue of x . This establishes the h post � cond i that

GC D ( a; b ) is returned.

Co de:

algorithm GC D ( a; b )

h pr e � cond i : a and b are in tegers.

h post � cond i : Returns GC D ( a; b ).

b egin

in t x , y

x = a

y = b

lo op

h l oop � inv ar iant i : GCD( x , y ) = GCD(a,b).

if( y = 0) exit

x

new

= y y

new

= x mod y

x = x

new

y = y

new

end lo op

return( x )

end algorithm

Example: The follo wing traces the algorithm giv e a = 22 and b = 32.

iteration v alue of x v alue of y

1st 22 32

2nd 32 22

3rd 22 10

4th 10 2

5th 2 0

GC D (22 ; 32) = 2.
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Running Time: W e ha v e seen already that the running time is exp onen tial if y decreases b y a small in teger

eac h iteration. F or the running time to b e linear in the size of the input, the n um b er of bits log y to

represen t y m ust decrease b y at least one eac h iteration. This means that y m ust decrease b y at least

a factor of t w o. Consider the example of x = 19 and y = 10. y

new

b ecomes 19 mod 10 = 9, whic h is

only a decrease of one. Ho w ev er, the next v alue of y will b e 10 mod 9 = 1 whic h is a h uge drop.

What w e will b e able to pro v e is that ev ery t w o iterations, y drops b y a factor of t w o, namely that

y

k +2

< y

k

= 2. There are t w o cases. In the �rst case, y

k +1

� y

k

= 2. Then w e are done b ecause as stated

ab o v e y

k +2

< y

k +1

. In the second case, y

k +1

2 [ y

k

= 2 + 1 ; y

k

� 1]. Un winding the algorithm giv es that

y

k +2

= x

k +1

mod y

k +1

= y

k

mod y

k +1

. One algorithm for computing y

k

mod y

k +1

is to con tin ually

subtract y

k +1

from y

k

un til the amoun t is less than y

k +1

. Because y

k

is more than y

k +1

, this y

k +1

is subtracted at least once. It follo ws that y

k

mod y

k +1

� y

k

� y

k +1

. By the case, y

k +1

> y

k

= 2. In

conclusion y

k +2

= y

k

mod y

k +1

� y

k

� y

k +1

< y

k

= 2.

W e pro v e that the n um b er of times that the lo op iterates is O (log (min ( a; b ))) = O ( n ) as follo ws. After

the �rst or second iteration, y is min( a; b ). Ev ery iteration y go es do wn b y at least a factor of 2. Hence,

after k iterations, y

k

is at most min( a; b ) = 2

k

and after O (log (min ( a; b ))) iterations is at most one.

The algorithm iterates a linear n um b er O ( n ) of times. Eac h iteration m ust do a mod op eration. P o or

Euclid had to compute these b y hand, whic h m ust ha v e gotten v ery tedious. A computer ma y b e

able to do mod s in one op eration, ho w ev er, the n um b er of bit op erations need for t w o n bit inputs is

O ( n log n ). Hence, the time complexit y of this GCD algorithm is O ( n

2

log n ).

Lo w er Bound: W e will pro v e a lo w er b ound, not of the minim um time for an y algorithm to �nd the GCD,

but of this particular algorithm b y �nding a family of input v alues h a; b i for whic h the program lo ops

�(log(min( a; b ))) times. Un winding the co de giv es y

k +2

= x

k +1

mod y

k +1

= y

k

mod y

k +1

. As stated,

y

k

mod y

k +1

is computed b y subtracting y

k +1

from y

k

a n um b er of times. W e w an t the y 's to shrink

as slo wly as p ossible. Hence, let us sa y that it is subtracted only once. This giv es y

k +2

= y

k

� y

k +1

or y

k

= y

k +1

+ y

k +2

. This is the de�nition of Fib onacci n um b ers only bac kw ards, i.e. F ib (0) = 0,

F ib (1) = 1 and F ib ( n ) = F ib ( n � 1) + F ib ( n � 2). See Section 1.6.4. On input a = F ib ( n + 1) and

b = F ib ( n ), the program iterates n times. This is �(log(min ( a; b ))), b ecause F ib ( n ) = 2

�( n )

.

4.4 Magic Sev ens

My mom ga v e m y son Josh ua a b o ok of magic tric ks. Here is one that I knew as a kid. The b o ok writes,

\This is a really magic tric k. It comes righ t ev ery time y ou do it, but there is no explanation wh y ." As it

turns out, there is a bug in the w a y that they explain the tric k. Hence, I will explain it di�eren tly and more

generally . Our task is to �x their bug and to coun ter their \there is no explanation wh y ." The only Magic

is that of Lo op In v arian ts. The algorithm is a v arian t on binary searc h.

The T ric k:

� Let c , an o dd in teger, b e the n um b er of \columns". They use c = 3.

� Let r , an o dd in teger, b e the n um b er of \ro ws". They use r = 7.

� Let n = c � r b e the n um b er of cards. They use n = 21.

� Let t b e the n um b er of iterations. They use t = 2.

� Let f b e the �nal index of the selected card. They use f = 11.

� Ask someone to select one of the n cards and then sh u�e the dec k.

� Rep eat t times:

{ Spread the cards out as follo ws. Put c cards in a ro w left to righ t face up. Put a second ro w

on top, but shifted do wn sligh tly so that y ou can see what b oth the �rst and second ro w of

cards are. Rep eat for r ro ws. This forms c columns of r cards eac h.

{ Ask whic h column the selected card is in.
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{ Stac k the cards in eac h column. Put the selected column in the middle. (This is wh y c is

o dd.)

� Output the f

th

card.

Our task is to determine for whic h v alues c , r , n , t , and f this tric k �nds the selected card.

Easier V ersion: Analyzing this tric k, turns out to b e harder than I initially though t. Hence, consider the

follo wing easier tric k �rst. Instead of putting the selected column in the middle of the other columns,

put it in the fron t.

Basic Steps: Eac h iteration w e gain some information ab out whic h card had b een selected. The tric k

seems to b e similar to binary searc h. A di�erence is that binary searc h splits the curren t sublist

in to t w o parts while this tric k splits the en tire pile in to c parts. A similarit y is that eac h iteration

w e learn whic h of these piles the sough t after elemen t is in.

Lo op In v arian t: A go o d �rst guess for a lo op in v arian t w ould b e that used b y binary searc h. The

lo op in v arian t will state that some subset S

i

of the cards con tains the selected card. In this easier

v ersion, the column con taining the card is con tin uously mo v ed to the fron t of the stac k. Hence,

let us guess that S

i

= f 1 ; 2 ; : : : ; s

i

g indexes the �rst s

i

cards in the dec k. The lo op in v arian t states

that after i rounds the selected card is one of the �rst s

i

cards in the dec k. W e m ust de�ne s

i

in

terms of c , r , n , and i .

Initial Conditions: Again, as done in binary searc h, w e initially obtain the lo op in v arian t b y consid-

ering the en tire stac k of cards. This is done b y setting s

0

= n and S

0

= [1 ::n ]. The lo op in v arian t

then only claims that the selected card is in the dec k. This is true b efore the �rst iteration.

Main taining the Lo op In v arian t: Supp ose that b efore the i

th

iteration, the selected card is one of

the �rst s

i � 1

in the dec k. When the cards are laid out, the �rst s

i � 1

cards will b e spread on the

tops of the c columns. Some columns will get d

s

i � 1

c

e of these cards and some will get b

s

i � 1

c

c of

them. When w e are told whic h column the selected card is in, w e will kno w that the selected

card is one of the �rst d

s

i � 1

c

e cards in this column. W e use the ceiling instead of the 
o or here,

b ecause this is the w orst case. In conclusion s

i

= d

s

i � 1

c

e . W e solv e this recurrence relation b y

guessing that for eac h i , s

i

= d

n

c

i

e . W e v erify this guess b y c hec king that s

0

= d

n

c

0

e = n and that

s

i

= d

s

i � 1

c

e =

l

d

n

c

i � 1

e

c

m

= d

n

c

i

e .

Exit Condition: Let t = d log

c

n e and let f = 1. After t rounds, the lo op in v arian t will establish that

the selected card is one of the �rst s

t

= d

n

c

t

e = 1 in the dec k. Hence, the selected card m ust b e

the �rst card.

Lo w er Bound: F or a matc hing lo w er b ound on the n um b er of iterations needed see Section 17.3.

T ric k in Bo ok: The b o ok has n = 21, c = 3, and t = 2. Because 21 = n 6� c

t

= 3

2

= 9, the tric k in

the b o ok do es not w ork. Tw o rounds is not enough. There needs to b e three.

Original T ric k: Consider again the original tric k where the selected column is put in to the middle.

Lo op In v arian t: Because the selected column is put in to the middle, let us guess that S

i

consists of

the middle s

i

cards. More formally , let d

i

=

n � s

i

2

. Neither the �rst nor the last d

i

cards will b e

the selected card. Instead it will b e one of S

i

= f d

i

+ 1 ; : : : ; d

i

+ s

i

g . Note, ho w ev er, that this

requires that s

i

is o dd.

Initial Conditions: F or i = 0, s

0

= n , d

0

= 0, and the selected card can b e an y card in the dec k.

Main taining the Lo op In v arian t: Supp ose that b efore the i

th

iteration, the selected card is not

one of the �rst d

i � 1

cards, but is one of the middle s

i � 1

in the dec k. Then when the cards are

laid out, the �rst d

i � 1

cards will b e spread on the tops of the c columns. Some columns will get

d

d

i � 1

c

e of these cards and some will get b

d

i � 1

c

c of them. In general, ho w ev er, w e can sa y that the

�rst b

d

i � 1

c

c cards of eac h column are not the selected card. W e use the 
o or instead of the ceiling
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here, b ecause this is the w orst case. By symmetry , w e also kno w that the selected card is not one

of the last b

d

i � 1

c

c cards in eac h column.

When the p erson p oin ts at a column, w e learn that the selected card is somewhere in that column.

Ho w ev er, from b efore w e knew that the selected card is not one of the �rst or last b

d

i � 1

c

c cards in

this column. There are only r cards in the column. Hence, the selected card m ust b e one of the

middle r � 2 b

d

i � 1

c

c cards in the column. De�ne s

i

to b e this v alue. The new dec k is formed b y

stac king the columns together with these cards in the middle.

Running Time: When su�cien t rounds ha v e o ccurred so that s

t

= 1, then the selected card will b e

in the middle indexed b y f = d

n

2

e .

T ric k in Bo ok: The b o ok has n = 21, c = 3, and r = 7.

s

i

= r � 2 b

d

i � 1

c

c d

i

=

n � s

i

2

S

i

= f d

i

+ 1 ; : : : ; d

i

+ s

i

g

s

0

= n = 21 d

0

=

21 � 21

2

= 0 S

0

= f 1 ; 2 ; : : : ; 21 g

s

1

= 7 � 2 b

0

3

c = 7 d

1

=

21 � 7

2

= 7 S

1

= f 8 ; 9 ; : : : ; 14 g

s

2

= 7 � 2 b

7

3

c = 3 d

2

=

21 � 3

2

= 9 S

2

= f 10 ; 11 ; 12 g

s

3

= 7 � 2 b

9

3

c = 1 d

3

=

21 � 1

2

= 10 S

3

= f 11 g

Again three and not t w o rounds are needed.

Running Time: T emp orally ignoring the 
o or in the equation for s

i

mak es the analysis easier. s

i

=

r � 2 b

d

i � 1

c

c � r � 2

d

i � 1

c

=

n

c

� 2

( n � s

i � 1

) = 2

c

=

s

i � 1

c

. Again, this recurrence relation giv es that

s

i

=

n

c

i

. If w e include the 
o or, c hallenging manipulations giv e that s

i

= 2 d

s

i � 1

2 c

�

1

2

c + 1. More

calculations giv e that s

i

is alw a ys

n

c

i

rounded up to the next o dd in teger.



Chapter 5

Implemen tations of Abstract Data

T yp es (ADTs)

This c hapter will implemen t some of the abstract data t yp es listed in Section 2.2. F rom the user p ersp ectiv e,

these consist of a data structure and a set of op erations with whic h to access the data. F rom the p ersp ectiv e

of the data structure itself, it is a ongoing system that con tin ues to receiv e a stream of commands to whic h

it m ust dynamically react. As describ ed in Section 3.1, abstract data t yp es ha v e b oth public in v arian ts that

an y outside user of the system needs to kno w ab out and hidden in v arian ts that only the system's designers

need to kno w ab out and main tain. Section 2.2 fo cused on the �rst. This c hapter fo cuses on the second.

These consist of a set in tegrit y constrain ts or assertions that m ust b e true ev ery time the system is en tered

or left. Imagining a big lo op around the system, with one iteration for eac h in teraction the system has with

the outside w orld, motiv ates us to include them within the text part on lo op in v arian ts.

5.1 The List, Stac k, and Queue ADT

W e will giv e b oth an arra y and a link ed list implemen tation of stac ks, and queues and application of eac h.

W e also pro vide other list op erations on a link ed list.

5.1.1 Arra y Implemen tations

Stac k Implemen tation:

Stac k Sp eci�cations: Recall that a stac k is analogous to a stac k of plates, in whic h a plate can b e

added or remo v ed only at the top. The public in v arian t is that the order in whic h the elemen ts

w ere added to the stac k is main tained. The end with the last elemen t to b e added is referred to

as the top of the stac k. The only op erations are pushing a new elemen t on to the top of the stac k

and p opping the top elemen t o� the stac k. This is referred to as L ast-In-First-Out (LIF O).

Hidden In v arian ts: The hidden in v arian ts in an arra y implemen tation of a stac k are that the ele-

men ts in the stac k are stored in an arra y starting with the b ottom of the stac k and that a v ariable

top indexes en try of the arra y con taining the top elemen t. When the stac k is empt y , top = 0 if

the arra y indexes from 1 and top = � 1 if it indexes from 0. With these pictures in mind, it is not

di�cult to implemen t push and p op. The stac k gro ws to the righ t and shrinks as elemen ts are

push and p opp ed.

1 6 8 / / /5432 7 /

top

Co de:

algorithm P ush ( new E l ement )

85
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h pr e � cond i : This algorithm implicitly acts on some stac k ADT via top .

new E l ement is the information for a new elemen t.

h post � cond i : The new elemen t is pushed on to the top of the stac k.

b egin

if( top � M AX ) then

put "Stac k is full"

else

top = top + 1

A [ top ] = new E l ement

end if

end algorithm

algorithm P op ()

h pr e � cond i : This algorithm implicitly acts on some stac k ADT via top .

h post � cond i : The top elemen t is remo v ed and its information returned.

b egin

if( top � 0 ) then

put "Stac k is empt y"

else

el ement = A [ top ]

top = top � 1

return( el ement )

end if

end algorithm

Queue Implemen tation:

Queue Sp eci�cations: The queue abstract data t yp e, in con trast to a stac k, is only able to remo v e

the elemen t that has b een in the queue the longest and hence is at the fron t.

T rying Small Steps: Our �rst attempt stores the elemen ts in the arra y with new elemen ts added to

the high end as done in the stac k. When remo ving an elemen t from the fron t, y ou could shift

all the elemen ts in the queue to the fron t of the arra y in order to main tain the in v arian ts for the

queue, ho w ev er, that w ould tak e a lot of time. In order to a v oid getting stuc k, w e will let the

fron t of the queue to mo v e to the righ t do wn the arra y . Hence, a queue will require the use of

t w o di�eren t v ariables, f r ont and r ear to index the elemen ts at the fron t and the rear of the

queue. Because the rear mo v es to the righ t as elemen ts arriv e, and the fron t mo v es to the righ t

as elemen ts lea v e, the queue itself migrates to the righ t and will so on reac h the end of the queue.

T o a v oid getting stuc k, w e will treat the arra y as a circle, indexing mo dulo the size of the arra y .

This allo ws the queue to migrate around and around as elemen ts arriv e and lea v e.

Hidden In v arian ts: Giv en this thinking, the hidden in v arian t of this arra y implemen tation will b e

that the elemen ts are stored in order from the en try indexed b y f r ont to that indexed b y r ear

p ossibly wrapping around the end of the arra y .

rear

1 654328 / / /7 /

front

Extremes: It turns out that the cases of a completely empt y and a completely full queue are indis-

tinguishable b ecause with b oth f r ont will b e one to the left of r ear . The easiest solution is not

to let the queue get completely full.

Co de:

algorithm Add ( new E l ement )
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h pr e � cond i : This algorithm implicitly acts on some queue ADT via f r ont and r ear .

new E l ement is the information for a new elemen t.

h post � cond i : The new elemen t is added to the rear of the queue.

b egin

if( r ear = f r ont � 2 mod M AX ) then

put "Queue is full"

else

rear = ( r ear mod M AX ) + 1

A [ r ear ] = new E l ement

end if

end algorithm

algorithm R emov e ()

h pr e � cond i : This algorithm implicitly acts on some queue ADT via f r ont and r ear .

h post � cond i : The fron t elemen t is remo v ed and its information returned.

b egin

if( r ear = f r ont � 1 mod M AX ) then

put "Stac k is empt y"

else

el ement = A [ f r ont ]

f r ont = ( f r ont mod M AX ) + 1

r etur n ( el ement )

end if

end algorithm

Exercise 5.1.1 What is the di�er enc e b etwe en \ r ear = ( r ear + 1) mod M AX " and \ r ear =

( r ear mod M AX ) + 1 " and when should e ach b e use d.

Eac h of these op erations tak e a constan t amoun t of time, indep enden t of the n um b er of elemen ts in the stac k

or queue.

5.1.2 Link ed List Implemen tations

A problem with the arra y implemen tation is that the arra y needs to b e allo cated of some �xed size when

the stac k or queue is initialized. A linke d list is another implemen tation in whic h the memory allo cated can

gro w and shrink dynamically with the needs of the program.

info linklinkinfoinfo link

Hidden In v arian ts: In a link ed list, eac h no de con tains the information for one elemen t and a p oin ter

to the next no de in the list. The �rst no de is p oin ted to b y a v ariable that w e will call f ir st . The

other no des are accessed b y w alking do wn the list. The last no de is distinguished b y ha ving its p oin ter

v ariable con tain the v alue zero. W e sa y that it p oin ts to nil . When the list con tains no no des, the

v ariable top will also p oin t to nil. This is all that an implemen tation of the stac k abstract data t yp e

requires, b ecause its list can only b e accessed at one end. A queue implemen tation, ho w ev er, requires

a p oin ter to the last no de of the link ed list. W e will call this p oin ter l ast . An implemen tation of the

list abstract data t yp e ma y decide for eac h no de to con tain a p oin ter to b oth the next no de and the

previous no de, but w e will not consider this.

P oin ters: A p oin ter, suc h as f ir st , is a v ariable that is used to store a v alue that is essen tially an in teger

except that it is used to address a blo c k of memory in whic h other useful memory is stored. In this

application, these blo c ks of memory are called no des . Eac h has t w o �elds denoted inf o and l ink .
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Pseudo Co de Notation: Though w e do not w an t to b e tied to a particular programming language,

some pseudo co de notation will b e useful. The information stored in the inf o �eld of the no de

p oin ted to b y the p oin ter f ir st is denoted b y f ir st:inf o in JA V A and f ir st � > inf o in C. W e

will adopt the �rst notation. Similarly , f ir st:l ink denotes the p oin ter �eld of the no de. Being a

p oin ter itself, f ir st:l ink :inf o denotes the information stored in second no de of the link ed list and

f ir st:l ink :l ink :inf o denotes that in the third.

Op erations: Of the four p ossibilities: adding and deleting to the fron t and to the rear of a link ed list, w e

will see that the only di�cult op eration is deleting the last no de. F or this reason, a stac k uses the �rst

no de of the link ed list as the top and a queue uses the �rst no de as the fron t where no des lea v e and

the last as the bac k where no des en ter. W e will also consider op erations of w alking the link ed list and

inserting a no de in to the middle of it.

Remo ving No de F rom F ron t: This op eration remo v es the �rst no de from the link ed list and returns the

information for the elemen t.

first

last

first

last

Handle General Case: F ollo wing the instruction from Section 3.3.1, let us start designing this al-

gorithm b y considering the steps required when w e are starting with a large and a general link ed

list. The corresp onding pseudo co de is also pro vided.

� W e will need a temp orary v ariable, denoted k il l N ode , to

p oin t to the no de to b e remo v ed.

k il l N ode = f ir st

� Mo v e f ir st to p oin t to the second no de in the list b y p oin t-

ing it at the no de that the no de it p oin ts to p oin ts to.

f ir st = f ir st:l ink

� Sa v e the v alue to b e returned. el ement = k il l N ode:inf o

� Deallo cate the memory for the �rst no de. free k il l N ode

� Return the elemen t. return( el ement )

Sp ecial Cases: If the list is already empt y , a no de cannot b e remo v ed. The implemen ter ma y decide

to mak e it a precondition of the routine that the list is not empt y . If the list is empt y , the routine

ma y call an exception or giv e an error message. The only other sp ecial case o ccurs when the list

b ecomes empt y . Sometimes w e are luc ky and the co de written for the general case also w orks

for suc h sp ecial cases. Start with one elemen t p oin ted to b y b oth f ir st and l ast . T race through

the ab o v e co de. In the end, f ir st p oin ts to nil, whic h is correct for an empt y list. Ho w ev er, l ast

still p oin ts to the no de that has b een deleted. This can b e solv ed b y adding the follo wing to the

b ottom of the co de.

if( f ir st = nil ) then

l ast = nil

end if

When ev er adding co de to handle a sp ecial case, b e sure to c hec k that the previously handled

cases still are handled.

Implemen tation Details: Note that the v alue of f ir st and l ast c hange. If the routine P op passes

these parameters in b y v alue, the routine needs to b e written to allo w this to happ en.

T esting Whether Empt y: The abstract data t yp e needs a routine with whic h a user can determine

whether the link ed list is empt y .
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Co de: Recall that when the list is empt y the v ariable f ir st will p oin t to nil. The �rst implemen tation

that one ma y think of is the �rst b elo w. Ho w ev er, b ecause the routine simply returns a b o olean,

the second one w orks �ne to o.

algorithm I sE mpty ()

h pr e � cond i : This algorithm implicitly acts on some queue ADT.

h post � cond i : The output indicates whether it is empt y .

b egin

if( f ir st = nil ) then

return( true )

else

return( false )

end if

end algorithm

algorithm I sE mpty ()

h pr e � cond i : This algorithm implicitly acts on some queue ADT.

h post � cond i : The output indicates whether it is empt y .

b egin

return( f ir st = nil )

end algorithm

Information Hiding: It do es not lo ok lik e this routine do es m uc h, but it serv es t w o purp oses. It

hides from the user of the abstract data structure these implemen tation details. Also b y calling

this routine instead of doing the test directly , the users co de b ecomes more readable.

Adding No de to F ron t: This op eration is passed information for a new elemen t, whic h is to b e created

and inserted in to the fron t of the link ed list.

Handle General Case: Again w e will start b y designing the steps required for the general case.

� Allo cate space for the new no de. new temp

� Store the information for the new elemen t. temp:inf o = item

� P oin t the new no de at the rest of the list. temp:l ink = f ir st

� P oin t f ir st at the new no de. f ir st = temp

Sp ecial Cases: The main sp ecial case is an empt y list. Start with b oth f ir st and l ast p oin ting to

nil . T race through the ab o v e co de. Again ev erything w orks except for l ast . Add the follo wing to

the b ottom of the co de.

if( l ast = nil ) then

l ast = temp % P oin t l ast to the new and only no de.

end if

Adding No de to End: This op eration is passed information for a new elemen t, whic h is inserted on to the

end of the link ed list.

Co de: W e will skip the dev elopmen t of this algorithm and jump straigh t to the resulting co de.

new temp % Allo cate space for the new no de.

if( f ir st = nil ) then % The new no de is also the only no de.

f ir st = temp % P oin t �rst at this no de.

else

l ast:l ink = temp % Link the previous last no de to the new no de.
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end if

temp:inf o = item % Store the information for the new elemen t.

temp:l ink = nil % Being the last no de in the list, it needs a nil p oin ter.

l ast = temp % P oin t l ast to the new last no de.

Remo ving No de F rom The End: This op eration remo v es the last no de from the link ed list and returns

the information for the elemen t.

Easy P art: By the hidden in v arian t of the list implemen tation, the p oin ter l ast p oin ts to the last

no de in the list. Because of this, it is easy to access the information in this no de and to deallo cate

the memory for this no de.

Hard P art: In order to main tain this in v arian t, when the routine returns, the v ariable l ast m ust b e

p oin ting at the last no de in the list. This had b een the second last no de. The di�cult y is that

our only access to this no de is to start at the fron t of the list and walk all the w a y do wn the list.

This w ould tak e �( n ) time instead of �(1) time.

Adding No de in to the Middle: Supp ose that w e are to insert a new no de (sa y with the v alue 6) in to a

link ed list that is to remain sorted.

Handle General Insert: As w e often do, w e do not w an t to start designing the algorithm un til w e

ha v e an idea of where w e are going. Hence, let us jump ahead and determine what the data

structure will lo ok lik e in the general case just b efore inserting the no de. W e will need to ha v e

access to b oth the no de just b efore and just after the sp ot in whic h to insert the no de. The

p oin ters pr ev and next will p oin t at these.

3 4 8 9first

last

nextprev

3 4 8 9first

last

nextprev 6

new temp % Allo cate space for the new no de.

temp:inf o = item % Store the information for the new elemen t.

pr ev :l ink = temp % P oin t the previous no de to the new no de.

temp:l ink = next % P oin t the new no de to the next no de.

Sp ecial Cases: The co de dev elop ed ab o v e w orks when the no de is inserted in to the middle of the

list. Let us no w consider the cases in whic h the new no de b elongs at the b eginning of the list (sa y

v alue 2). If as b efore pr ev and next are to sandwic h the place in whic h to insert the no de, then

at this time the data structure is as follo ws.

last

first 9843

prev next

In this case, pr ev :l ink = temp w ould not w ork b ecause pr ev is not p oin ting at a no de. W e will

replace this line with the follo wing

if pr ev = nil then
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f ir st = temp % The new no de will b e the �rst no de.

else

pr ev :l ink = temp % P oin t the previous no de to the new no de.

end if

No w what if the new no de is to b e added on the end, (e.g. v alue 12)?

3 4 8 9first

last

nextprev

The only problem with the co de as it stands for this case is that the v ariable l ast will not longer

p oin t at the last no de. Adding the follo wing co de to the b ottom will solv e the problem.

if pr ev = l ast then

l ast = temp % The new no de will b e the last no de.

end if

Another case to consider is when the initial list is empt y . In this case, all the v ariables, f ir st ,

l ast , pr ev , and next will b e nil. In this case, the co de w orks as it is.

W alking Do wn the Link ed List: In order to �nd the lo cation to insert the no de, w e m ust w alk

along the link ed list un til the required sp ot is found. W e will ha v e a lo op to step do wn the list.

The lo op in v arian t will b e that pr ev and next sandwic h a lo cation that is either b efore or at the

lo cation where the no de is to b e inserted. W e stop when w e either reac h the lo cation to insert the

no de or the end of the list. If the list is sorted, then the lo cation to insert the no de is c haracterized

b y b eing the �rst lo cation for whic h the information con tained in the next no de is greater or equal

to that b eing inserted.

Co de for W alking:

lo op

exit when next = nil or next:inf o � new E l ement

pr ev = next % P oin t pr ev where next is p oin ting.

next = next:l ink % P oin t next to the next no de.

end lo op

Exercise 5.1.2 (Se e solution in Se ction 20) What e�e ct if any would it have if the or der of

the exit c onditions would b e switche d to \exit when next:inf o � new E l ement or next = nil ?"

Initialize the W alk: T o initially establish the lo op in v arian t, pr ev and next m ust sandwic h the

lo cation b efore the �rst no de. W e do this as follo ws.

last

first 9843

prev next

pr ev = nil % Sandwic h the lo cation b efore the �rst no de.

next = f ir st

Breaking the W alk: Whether the no de to b e inserted b elongs at the b eginning, middle, or end

of list, the lo op w alking do wn the list breaks with the lo cations at whic h to insert the no de

sandwic hed as w e require.

Co de: Putting together the pieces giv es the follo wing co de.

algorithm I nser t ( new E l ement )

h pr e � cond i : This algorithm implicitly acts on some sorted list ADT via f ir st and l ast .

new E l ement is the information for a new elemen t.
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h post � cond i : The new elemen t is added where it b elongs in the ordered list.

b egin

% create no de to insert

new temp % Allo cate space for the new no de.

temp:inf o = item % Store the information for the new elemen t.

% Find the lo cation to insert the new no de.

pr ev = nil % Sandwic h the lo cation b efore the �rst no de.

next = f ir st

lo op

exit when next = nil or next:inf o � new E l ement

pr ev = next % P oin t pr ev where next is p oin ting.

next = next:l ink % P oin t next to the next no de.

end lo op

% Insert the new no de.

if pr ev = nil then

f ir st = temp % The new no de will b e the �rst no de.

else

pr ev :l ink = temp % P oin t the previous no de to the new no de.

end if

temp:l ink = next % P oin t the new no de to the next no de.

if pr ev = l ast then

l ast = temp % The new no de will b e the last no de.

end if end algorithm

Deleting a No de in the Middle: T o delete a no de in the middle of the link ed list, w e can use the same

lo op ab o v e to �nd the no de in question.

3 4 8 9first

last

nextprev

3 4 9first

last

prev next

W e m ust main tain the link ed list BEF ORE destro ying the no de. Otherwise, w e will drop the list.

pr ev :l ink = next:l ink % By-pass the no de b eing deleted.

free next % Deallo cate the memory p oin ted to b y next .

5.1.3 Merging With A Queue

Merging consists of com bining t w o sorted lists, A and B , in to one completely sorted list, C . A , B , and C

are eac h implemen ted as queues. The lo op in v arian t main tained is that the k smallest of the elemen ts are

sorted in C . The larger elemen ts are still in their original lists A and B . The next smallest elemen t will

either b e the �rst elemen t in A or the the �rst elemen t in B . Progress is made b y remo ving the smaller of

these t w o �rst elemen ts and adding it to the bac k of C . In this w a y , the algorithm pro ceeds lik e t w o lanes

of tra�c merging in to one. A t eac h iteration, the �rst car from one of the incoming lanes is c hosen to mo v e
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in to the merged lane. This increases k b y one. Initially , with k = 0, w e simply ha v e the giv en t w o lists. W e

stop when k = n . A t this p oin t, all the elemen ts w ould b e sorted in C . Merging is a k ey step in the merge

sort algorithm presen ted in Section 11.2.1.

algorithm M er g e ( l ist : A; B )

h pr e � cond i : A and B are t w o sorted lists.

h post � cond i : C is the sorted list con taining the elemen ts of the other t w o.

b egin

lo op

h l oop � inv ar iant i : The k smallest of the elemen ts are sorted in C . The larger

elemen ts are still in their original lists A and B .

exit when A and B are b oth empt y

if( the �rst in A is smaller than the �rst in B or B is empt y ) then

nextE l ement = Remo v e �rst from A

else

nextE l ement = Remo v e �rst from B

end if

Add nextE l ement to C

end lo op

return( C )

end algorithm

5.1.4 P arsing With A Stac k

Exercise 5.1.3 Write a pr o c e dur e that is p asse d a string c ontaining br ackets in one line and prints out a

string of inte gers that indic ate how the inte gers match. F or example,

on input \( [ ( ) ] ( ) ( ) )"

the output is \1 2 3 3 4 4 2 5 5 6 7 7 6 1"

Exercise 5.1.4 Write another pr o c e dur e that do es not use a stack that determines whether br ackets (())()

ar e matche d and only uses one inte ger.

5.2 Graphs and T ree ADT

5.2.1 T ree Data Structures

5.2.2 Union-Find Set Systems

5.2.3 Balanced Binary Searc h T rees (A VL T rees)

Binary Searc h T ree: A binary searc h tree is a data structure used to store k eys along with asso ciated

data. The no des are ordered suc h that for eac h no de all the k eys in its left subtree are smaller than

its k ey and all those in the righ t are larger.

The A VL T ree Balance Prop ert y: An A VL tree is a binary searc h tree with an extra prop ert y to ensure

that the tree is not to o un balanced. This prop ert y is that ev ery no de has a balance factor of -1, 0, or

1, where its balance factor is the di�erence b et w een the heigh t of its left and its righ t subtrees. Giv en

a binary tree as input, the problem is to return whether or not it is an A VL tree.
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Minimal and Maxim um Heigh t of an A VL T ree: The minim um heigh t of a tree with n no des is ob-

tained b y making the tree completely balanced. It then has heigh t h = log

2

n . The maxim um heigh t

of a binary tree is n , when the tree is a single path. Ho w ev er, this second tree is not an A VL tree,

b ecause its rules limit ho w un balanced it can b e. In order to get a b etter understanding of what shap e

A VL trees can tak e, let us compute its maxim um heigh t.

It is easier to compute the in v erse of the relationship b et w een the maxim um heigh t and the n um b er

of no des. Hence, let N ( h ) b e the minim um n um b er of no des in an A VL tree with heigh t h . Suc h a

minimal tree will ha v e one subtree of heigh t h � 1 with minimal n um b er of no des and one with heigh t

h � 2. This giv es N ( h ) = N ( h � 1) + N ( h � 2) + 1. These are almost the Fib onacci n um b ers. See

Section 1.6.4. Complex calculations giv e that F ib ( h ) =

1

p

5

�

h

1+

p

5

2

i

h

�

h

1 �
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h

�

. This is a lot of

detail. W e can simplify our analysis b y sa ying that F ib ( h ) = �((1 : 61 :: )

h

). This giv es n � 1 : 61

h

, or

h �

1

log 1 : 61

log n = 1 : 455 log

2

n .

5.2.4 Heaps



Chapter 6

Other Sorting Algorithms

com bining T ec hniques

** The tree and heap sort material will lik ely get merged in to the previous sections. I am not sure where

the Linear Sort will b e put. **

Sorting is a classic computational problem. During the �rst few decades of computers, almost all computer

time w as dev oted to sorting. Though this is no longer the case, it is still �tting that the �rst algorithm to

b e presen ted is for sorting.

Man y sorting algorithms ha v e b een dev elop ed. It is useful to kno w a n um b er of them. One reason is

that algorithms can b e simple y et extremely di�eren t. Hence they pro vide a ric h selection of examples for

demonstrating di�eren t algorithmic tec hniques. Another reason is that sorting needs to b e done in man y

di�eren t situations and on man y di�eren t t yp es of hard w are. Some of these fa v or di�eren t algorithms.

This c hapter presen ts t w o sorting algorithms, heap sort and radix/coun ting sort. Neither use the previous

algorithmic tec hniques in a straigh tforw ard w a y . Ho w ev er, b oth incorp orate all of these ideas. The most

predominan t of these tec hniques used is that of using subroutines to break the problem in to easy to state

subproblems. Heap sort calls heapify man y times and of radix sort calls coun ting sort man y times. The

main structures of heap sort, of radix sort, and of their corresp onding subroutines rely the iterativ e/lo op

in v arian t tec hnique. Ho w ev er, instead of taking steps from the start to the destination in a direct w a y , they

eac h head in an unexp ected direction, go around the blo c k, and head in the bac k do or. Finally , b oth heap

sort and radix sort ha v e a strange recursiv e/divide and conquer 
a v or that is hard to pin do wn.

6.1 Heap Sort and Priorit y Queues

Heap sort is another fun sorting algorithm that com bines b oth the lo op in v arian t and recursiv e/friend

paradigms.

De�nition of a Completely Balanced Binary T ree: A binary tree is a data structure used to store a

set of v alues. Eac h no de of the tree stores one v alue from the set. W e sa y that the tree is completely

balanced if ev ery lev el of the tree is completely full except for the b ottom lev el, whic h is �lled in from

the left.

Arra y Implemen tation of Balanced Binary T ree:

node in array A(3)
stores contents of

n=6
654

32

1

95
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The v alues are mo v ed from the arra y to the binary tree starting with the ro ot and then �lling eac h

lev el in from left to righ t.

� The ro ot is stored in A [1]

� The paren t of A [ i ] is A [ b

i

2

c ].

� The left c hild of A [ i ] is A [2 � i ].

� The righ t c hild of A [ i ] is A [2 � i + 1].

� If 2 i + 1 > n , then the no de do es not ha v e a righ t c hild.

� The no de in the far righ t of the b ottom lev el is stored in A [ n ].

De�nition of a Heap: A heap imp oses a partial order on a set of n v alues. Review Section 8.5 for the

de�nition of a partial order. The n v alues of the heap are arranged in a completely balanced binary

tree of v alues. The partial order requires that the v alue of eac h no de is greater or equal to that of eac h

of the no de's c hildren. Note that there are no rules ab out whether the left or righ t c hild is larger.

Implications of the Heap P artial Order: Kno wing that a set of v alues is ordered as a heap somewhat

restricts, but do es not completely determine, where the n um b ers are stored.

Maxim um at Ro ot: The v alue at the ro ot is of maxim um v alue. (The maxim um ma y app ear re-

p eatedly in other places as w ell.)

Pro of: By w a y of con tradiction, assume that there is a heap whose ro ot do es not con tain a

maxim um v alue. Let v b e the no de con taining the maxim um v alue. (If this v alue app ears

more than once, let v b e the one that is as high as p ossible in the tree.) By the assumption,

v is not the ro ot. Let u b e the paren t of v . The v alue at u is not greater than or equal to

that at its c hild v , con tradicting the requiremen t of a heap.

Exercise 6.1.1 (Se e solution in Se ction 20) Consider a he ap storing the values 1 ; 2 ; 3 ; : : : ; 15 . Pr ove

the fol lowing:

� Wher e in the he ap c an the value 1 go?

� Which values c an b e stor e d in entry A[2]?

� Wher e in the he ap c an the value 15 go?

� Wher e in the he ap c an the value 6 go?

The Heapify Problem:

Sp eci�cations:

Precondition: The input is a balanced binary tree suc h that the left and righ t subtrees are

heaps. (I.e., it is a heap except that its ro ot migh t not b e larger than that of its c hildren.)

P ostcondition: The output is a heap.

Recursiv e Algorithm: By the precondition, the left and righ t subtrees are heaps. Hence, the max-

im ums of these trees are at their ro ots. Hence, the maxim um of the entir e tree is either at the

ro ot, its left c hild, or its righ t c hild. Find the maxim um b et w een these three. If the maxim um

is at the ro ot, then w e are �nished. Otherwise, sw ap this maxim um v alue with that of the ro ot.

The subtree that has a new ro ot no w has the prop ert y of its left and righ t subtrees b eing heaps.

Hence, w e can recurse to mak e it in to a heap. The en tire tree is no w a heap.

Runnin Time: T ( n ) = 1 � T ( n= 2) + �(1). The tec hnique in Section 1.6 notes that

log a

log b

=

log 1

log 2

= 0

and f ( n ) = �( n

0

) so c = 0. Because

log a

log b

= c , w e conclude that time is dominated b y all

lev els and T ( n ) = �( f ( n ) log n ) = �(log n ).

Because this algorithm recurses only once p er call, it is easily made in to an iterativ e algorithm.
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Iterativ e Algorithm: A go o d lo op in v arian t w ould b e \The en tire tree is a heap except that no de i

migh t not b e greater or equal to b oth of its c hildren. As w ell, the v alue of i 's paren t is at least

the v alue of i and of i 's c hildren." When i is the ro ot, this is the precondition. The algorithm

pro ceeds as in the recursiv e algorithm. No de i follo ws one path do wn the tree to a leaf. When i

is a leaf, the whole tree is a heap.

Runnin Time: T ( n ) = �(the heigh t of tree ) = �(log n ).

The Mak e-Heap Problem:

Sp eci�cations:

Precondition: The input is an arra y of n um b ers, whic h can b e view ed as a balanced binary tree

of n um b ers.

P ostcondition: The output is a heap.

Algorithm: The lo op in v arian t is that all subtrees of heigh t i are heaps. Initially , the lea v es of heigh t

i = 1 are already heaps. Supp ose that all subtrees of heigh t i are heaps. The subtrees of heigh t

i + 1 ha v e the prop ert y that their left and righ t subtrees are heaps. Hence, w e can use Heapify

to mak e them in to heaps. This main tains the lo op in v arian t while increasing i b y one. The

p ostcondition clearly follo ws from the lo op in v arian t and the exit condition that i = log n .

When the heap is stored in an arra y , this algorithm is v ery simple.

lo op k = d

n

2

e :: 1

Heapify(subtree ro oted at A [ k ]).

Running Time: Subtrees of heigh t i ha v e 2

i

no des and tak e �( i ) to heapify . W e m ust determine

ho w man y suc h trees get heapi�ed. Eac h suc h tree has its ro ot at lev el (log n ) � i in the tree, and

the n um b er of no des at this lev el is 2

(log n ) � i

. Hence, this is the n um b er of subtrees of heigh t i on

whic h Heapify is called. This giv es a total time of T ( n ) =

P

log n

i =1

�

2

(log n ) � i

�

i .

This sum is geometric. Hence, its total is theta of its max term. But what is its max term?

The �rst term for i = 1 is

�

2

(log n ) � i

�

i = �(2

log n

) = �( n ). The last term for i = log n is

�

2

(log n ) � i

�

i =

�

2

0

�

log n = log n . The �rst term is the biggest. Hence, the total time is �( n ).

The Heap-Sort Problem:

Sp eci�cations:

Precondition: The input is an arra y of n um b ers.

P ostcondition: The output is an arra y of the same n um b ers in sorted order.

Algorithm: The lo op in v arian t is that for some i 2 [0 ; n ], the n � i largest elemen ts ha v e b een remo v ed

and are sorted on the side and that the remaining i elemen ts form a heap. When i = n , this

means simply that the v alues are in a heap. When i = 0, the v alues are sorted.

The lo op in v arian t is established for i = n b y forming a heap from the n um b ers using the Mak e-

Heap algorithm. Supp ose that the lo op in v arian t is true for i . The maxim um of the remaining

v alues is at the ro ot of the heap. Remo v e it from the ro ot and put it on the left end of the sorted

list of elemen ts on the side. T ak e the b ottom righ t-hand elemen t of the heap and �ll the newly

created hole at the ro ot. This main tains the correct shap e of the tree. The tree no w has the

prop ert y that its left and righ t subtrees are heaps. Hence, y ou can use Heapify to mak e it in to

a heap. This main tains the lo op in v arian t while decreasing i b y one. The p ostcondition clearly

follo ws from the lo op in v arian t and the exit condition that i = 0.

Running Time: Mak e-Heap tak es �( n ) time. The i

th

heap-sort step in v olv es heapi�ng an input of

size i , taking time log( i ). The total time is T ( n ) = �( n ) +

P

1

i = n

log i . This sum b eha v es lik e an

arithmetic sum. Hence, its total is n times its maxim um v alue, i.e., �( n log n ).

Arra y Implemen tation: The heap sort can o ccur in place within the arra y . As the heap gets smaller,

the arra y en tries on the righ t b ecome empt y . These can b e used to store the sorted list that is on

the side. Putting the ro ot elemen t where it b elongs, putting the b ottom left elemen t at the ro ot,

and decreasing the size of the heap can b e accomplished b y sw apping the elemen ts at A [1] and at

A [ i ] and decremen ting i .
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BuildHeap3
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Figure 6.1: An example computation of Heap Sort.

Common Mistak es when Describing These Algorithms: Recall that a lo op in v arian t describ es what

the data structure lo oks lik e at eac h p oin t in the computation and express ho w m uc h w ork has b een

completed. It should 
o w smo othly from the b eginning to the end of the algorithm. A t the b eginning,

it should follo w easily from the preconditions. It should progress in small natural steps. Once the exit

condition has b een met, the p ostconditions should follo w easily from the lo op in v arian t.

� One lo op in v arian t often giv en on a midterm giv es a statemen t that is always true, suc h as 1 + 1 = 2

or \The ro ot is the max of an y heap". Although these are true, they giv e no information ab out

the state of the program within the lo op. Studen ts also write that the \LI (lo op in v arian t) is . .

." and then giv e co de, a precondition, or a p ostcondition.

� F or Heapify , studen ts often giv e the LI \The left subtree and the righ t subtree of the curren t no de

are heaps". This is useful. Ho w ev er, in the end the subtree b ecomes a leaf, and at whic h p oin t

this lo op in v arian t do es not tell y ou that the whole tree is a heap.

� F or Heap Sort, an LI commonly giv en on midterms is \The tree is a heap". This is great, but

ho w do y ou get a sorted list from this in the end?

� Studen ts often call routines without making sure that their preconditions are met. F or example,

they ha v e Heapify recurse or ha v e Heap Sort call Heapify without b eing sure that the left and

righ t subtrees of the giv en no de are heaps.

Priorit y Queues: Lik e stac ks and queues, priorit y queues are an imp ortan t abstract data t yp e. Recall that

an abstract data t yp e consists of a description of the t yp es of data that can b e stored, constrain ts on

this data, and a set of op erations that act up on this data.

De�nition: A priority queue consists of:

Data: A set of elemen ts. Eac h elemen t of whic h is asso ciated with an in teger that is referred to

as the priority of the elemen t.

Op erations:

Insert Elemen t: An elemen t, along with its priorit y , is added to the queue.

Change Priorit y: The priorit y of an elemen t already in the queue is c hanged. The addi-

tional p oin ters should lo cate within the priorit y queue the elemen t whose priorit y should

c hange.

Remo v e an Elemen t: Remo v es and returns an elemen t of the highest priorit y from the

queue.

Implemen tations:
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Implemen tation Insert Time Change Time Remo v e Time

Sorted in an arra y or link ed list b y priorit y O ( n ) O ( n ) O (1)

Unsorted in an arra y or link ed list O (1) O (1) O ( n )

Separate queue for eac h p ossible priorit y lev el

(to add, go to correct queue;

to delete, �nd �rst non-empt y queue)

O (1) O (1) O (# of pr ior ities )

Heaps O ( l og n ) O ( l og n ) O ( l og n )

Heap Implemen tation: The elemen ts of a priorit y queue are stored in a heap ordered according to

the priorit y of the elemen ts. If y ou w an t to b e able to c hange the priorit y of an elemen t, then y ou

m ust also main tain p oin ters in to the heap indicating where eac h elemen t is.

Op erations:

Remo v e an Elemen t: The elemen t of the highest priorit y is at the top of the heap. It can

b e remo v ed and the heap reheapi�ed as done in Heap Sort.

Insert Elemen t: Place the new elemen t in the lo w er righ t corner of the heap and then

bubble it up the heap un til it �nds the correct place according to its priorit y . I lea v e this

as an exercise for y ou to do.

Exercise 6.1.2 Design this algorithm.

Change Priorit y: The additional p oin ters should lo cate the elemen t within the heap whose

priorit y should c hange. After making the c hange, this elemen t is either bubbled up or

do wn the heap, dep ending on whether the priorit y has increased or decreased. This to o

is left as an exercise for y ou to do.

Exercise 6.1.3 Design this algorithm.

6.2 Linear Sort

All the previous sorting algorithms are said to b e c omp arison b ase d . This is b ecause the only w a y that the

actual input elemen ts are manipulated is b y comparing some pair of them, i.e., a

i

� a

j

. This next algorithm

is called a r adix/c ounting sort. It is the �rst that manipulates the elemen ts in other w a ys. This algorithm

runs in linear time. Ho w ev er, when determining the time complexit y , one needs to b e careful ab out what

mo del is b eing used.

In practice, the radix/coun ting algorithm ma y b e a little faster than the other algorithms. Ho w ev er,

quic k and heap sorts ha v e the adv an tage of b eing done \in place" in memory , while the radix/coun ting sort

requires an auxiliary arra y of memory to transfer the data to.

I will presen t the coun ting sort algorithm �rst. It is only useful in the sp ecial case where the elemen ts

to b e sorted ha v e v ery few p ossible v alues. The radix sort, describ ed next, uses the coun ting sort as a

subroutine.

6.2.1 Coun ting Sort (A Stable Sort)

Sp eci�cations:

Preconditions: The input is a list of n v alues a

0

; : : : ; a

n � 1

, eac h within the range 0 : : : k � 1.

P ostconditions: The output is a list consisting of the same n v alues in non-decreasing order. The

sort is stable , meaning that if t w o elemen ts ha v e the same v alue, then they m ust app ear in the

same order in the output as in the input. (This is imp ortan t when extra data is carried with eac h

elemen t.)

The Main Idea:

Where an Elemen t Go es: Consider an y elemen t of the input. By coun ting, w e will determine where

this elemen t b elongs in the output and then w e will simply put it there. Where it b elongs in the

output is determined b y the n um b er of same-v alued elemen ts of the input that m ust app ear b efore
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it. T o simplify the argumen t, let's index the lo cations in the output with [0 ::n � 1]. This w a y , the

elemen t in the lo cation indexed b y zero has zero elemen ts b efore it and that in lo cation b c has bc

elemen ts b efore it.

Supp ose that the elemen t a

i

in consideration has the v alue v . Ev ery elemen t that has a strictly

smaller v alue m ust go b efore it. Let's denote this coun t with b c

v

, i.e., bc

v

= jf j j a

j

< v gj . The

only other elemen ts that go b efore a

i

are those elemen ts with exactly the same v alue. Because

the sort m ust b e stable , the n um b er of elemen ts that go b efore it is the same n um b er as app ear

b efore it in the input. If the n um b er of these happ ens to b e q

a

i

, then our elemen t a

i

w ould b elong

in the output lo cation indexed b y b c

v

+ q

a

i

. In particular, the �rst elemen t in the input with v alue

v go es in lo cation b c

v

+ 0.

Example:

Input: 1 0 1 0 2 0 0 1 2 0

Output: 0 0 0 0 0 1 1 1 2 2

Index: 0 1 2 3 4 5 6 7 8 9

The �rst elemen t to app ear in the input with v alue 0 go es in to lo cation 0 b ecause there are

bc

0

= 0 elemen ts with smaller v alues. The next suc h elemen t go es in to lo cation 1, the next

in to 2, and so on.

The �rst elemen t to app ear in the input with v alue 1 go es in to lo cation 5 b ecause there are

bc

1

= 5 elemen ts with smaller v alues. The next suc h elemen t go es in to lo cation 6, and the

next in to 7.

Similarly , the �rst elemen t with v alue 2 go es in to lo cation bc

2

= 8.

In con trast, some implemen tation of this algorithm compute C [ v ] to b e the n um b er of elemen ts

with v alues less than or equal to v . This determine where the last elemen t in the input with

v alue v go es. F or example, C [1] = 8. Hence, the last 1 w ould go in to lo cation 8 when indexing

the lo cations from 1. I b eliev e that m y metho d is easier to understand.

Computing
b

c

v

: Y ou could compute b c

v

b y making a pass through the input coun ting the n um b er of

elemen ts that ha v e v alues smaller than v . Doing this separately for eac h v alue v 2 [0 ::k � 1],

ho w ev er, w ould tak e O ( k n ) time, whic h is to o m uc h.

Instead, let's �rst coun t ho w man y times eac h v alue o ccurs in the input. F or eac h v 2 [0 ::k � 1],

let c

v

= jf i j a

i

= v gj . This coun t can b e computed with one pass through the input. F or

eac h elemen t, if the elemen t has v alue v , incremen t the coun ter c

v

. This requires only O ( n )

\op erations". Ho w ev er, w e m ust b e careful as to whic h op erations w e use. Here a single op eration

m ust b e able to index in to an arra y of n elemen ts and in to another of k coun ters, and it m ust b e

able to incremen t a coun ter that has a v alue O ( n ).

Giv en the c

v

v alues, y ou could compute bc

v

=

P

v � 1

v

0

=0

c

v

. In the ab o v e example, b c

2

= c

0

+ c

1

= 5 + 3.

Computing one suc h bc

v

using this tec hnique w ould require O ( k ) additions; computing all of them

w ould tak e O ( k

2

) additions, whic h is to o m uc h.

Alternativ ely , note that bc

0

= 0 and b c

v

= b c

v � 1

+ c

v � 1

. Note the lo op in v arian t/inductiv e nature

of this tec hnique that one m ust ha v e computed the previous v alues b efore computing the next.

Computing one suc h b c

v

using this tec hnique requires O (1) additions, and hence computing all of

them tak es only O ( k ) additions.

The Main Lo op of the Coun ting Sort Algorithm: The main lo op in the algorithm considers the input

elemen ts one at a time in the order a

0

; : : : ; a

n � 1

that they app eared in the input and places them in

the output arra y where they b elong. T o do this quic kly , the follo wing lo op in v arian t is useful:

Lo op In v arian t:

1. The input elemen ts that ha v e already b een considered ha v e b een put in their correct places in the

output.

2. F or eac h v 2 [0 ::k � 1], bc

v

giv es the index in the output arra y where the next input elemen t with

v alue v go es.
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Establishing the Lo op In v arian t: Compute the coun ts bc

v

as describ ed ab o v e. This establishes the lo op

in v arian t b efore an y input elemen ts are considered, b ecause this bc

v

v alue giv es the lo cation where the

�rst elemen t with v alue v go es.

Bo dy of the Lo op: T ak e the next input elemen t. If it has v alue v , place it in the output lo cation indexed

b y b c

v

. Then incremen t bc

v

.

Main taining the First Lo op In v arian t: By the lo op in v arian t, w e kno w that if the next input elemen t

has v alue v , then it b elongs in the output lo cation indexed b y b c

v

. Hence, it is b eing put in the correct

place.

Main taining the Second Lo op In v arian t: The next input elemen t with v alue v will then go immediately

after this curren t one in the output, i.e., in to lo cation bc

v

+ 1. Hence, incremen ting b c

v

main tains the

second part of the lo op in v arian t.

Exiting the Lo op: Once all the input elemen ts ha v e b een considered, the �rst lo op in v arian t establishes

that the list has b een sorted.

Co de:

8 v 2 [0 ::k � 1] ; c

v

= 0

lo op i = 0 to n � 1

+ + c

a [ i ]

b c

0

= 0

lo op v = 1 to k � 1

b c

v

= b c

v � 1

+ c

v � 1

lo op i = 0 to n � 1

b [ bc

a [ i ]

] = a [ i ]

+ + b c

a [ i ]

Running Time: The total time is O ( n + k ) addition and indexing op erations. If input can only con tain

k = O ( n ) p ossible v alues, then this algorithm w orks in linear time. It do es not w ork w ell if the n um b er

of p ossible v alues is m uc h higher.

6.2.2 Radix Sort

The radix sort is a useful algorithm that dates bac k to the da ys of card-sorting mac hines, no w found only in

computer m useums.

Sp eci�cations:

Preconditions: The input is a list of n v alues. Eac h v alue is an in teger with d digits. Eac h digit is a

v alue from 0 to k � 1, i.e., the v alue is view ed as an in teger base k .

P ostconditions: The output is a list consisting of the same n v alues in non-decreasing order.

The Main Step: F or some digit i 2 [1 ::d ], sort the input according to the i

th

digit, ignoring the other

digits. Use a stable sort, eg. coun ting sort.

Examples: Old computer punc h cards w ere organized in to 80 columns, and in eac h column a hole could b e

punc hed in one of 12 places. A card-sorting mac hine could mec hanically examine eac h card in a dec k

and distribute the card in to one of 12 bins, dep ending on whic h hole had b een punc hed in a sp eci�ed

column.

A \v alue" migh t consist of a y ear, a mon th, and a da y . Y ou could then sort the elemen ts b y the y ear,

b y the mon th, or b y the da y .
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Order in whic h to Consider the Digits: It is most natural to sort with resp ect to the most signi�can t

digit �rst. The �nal sort, after all, has all the elemen ts with a 0 as the �rst digit at the b eginning,

follo w ed b y those with a 1.

If the op erator of the card-sorting mac hine sorted �rst b y the most signi�can t digit, he w ould get 12

piles. Eac h of these piles w ould then ha v e to b e sorted separately , according to the remaining digits.

Sorting the �rst pile according to the second digit w ould pro duce 12 more piles. Sorting the �rst of

those piles according to the third digit w ould pro duce 12 more piles. The whole pro cess w ould b e a

nigh tmare.

On the other hand, sorting with resp ect to the least signi�can t digit seems silly at �rst. Sorting

h 79 ; 94 ; 25 i giv es h 94 ; 25 ; 79 i , whic h is completely wrong. Ev en so, this is what the algorithm do es.

The Algorithm: Lo op through the digits from lo w to high order. F or eac h, use a stable sort to sort the

elemen ts according to the curren t digit, ignoring the other digits.

Example:

sorted b y �rst 3

digits

consider 4

th

digit

sorted b y �rst 4

digits

184 3184 1195

192 5192 1243

195 1195 1311

243 1243 3184

271 3271 3271

311 1311 5192

Pro of of Correctness:

Lo op In v arian t: After sorting wrt (with resp ect to) the �rst i lo w order digits, the elemen ts are

sorted wrt the v alue formed from these i digits, i.e., the v alue mo d k

i

.

F or example, the v alue formed from t w o lo w est digits of 352 is 52. The elemen ts

h 904 ; 817 ; 325 ; 529 ; 03 2 ; 8 79 i are sorted wrt these t w o digits.

Establishing the Lo op In v arian t: The LI is initially trivially true, b ecause initially no digits ha v e

b een considered.

Main taining the Lo op In v arian t: Supp ose that the elemen ts are sorted wrt the v alue formed from

the i � 1 lo w est digits.

F or the elemen ts to b e sorted wrt the v alue formed from the i lo w est digits, all the elemen ts with a

0 in the i

th

digit m ust come �rst, follo w ed b y those with a 1, and so on. This can b e accomplished

b y sorting the elemen ts wrt the i

th

digit while ignoring the other digits.

Moreo v er, for the elemen ts to b e sorted wrt the v alue formed from the i lo w est digits, the blo c k of

elemen ts with a 0 in the i

th

digit m ust b e sorted wrt the i � 1 lo w est digits. Because the sorting

wrt the i

th

digit w as stable, these elemen ts will remain in the same relativ e order as they w ere at

the top of the lo op. By the lo op in v arian t, they ha v e b een sorted wrt the i � 1 lo w est digits at the

top of the lo op. The same is true for the blo c k of elemen ts with a 1 or 2 or so on in the i

th

digit.

6.2.3 Radix/Coun ting Sort

I will no w com bine the radix and coun ting sorts to giv e a linear-time sorting algorithm.

Sp eci�cations:

Preconditions: The input is a list of n v alues. Eac h v alue is an l -bit in teger.

P ostconditions: The output is a list consisting of the same n v alues in non-decreasing order.
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The Algorithm: The algorithm is to use radix sort with coun ting sort to sort eac h digit. T o do this, w e

need to view eac h l -bit v alue as an in teger with d digits, where eac h digit is a v alue from 0 to k � 1.

Here, d and k are parameters to set later. One w a y of doing this is b y lo oking at the v alue base 2, then

splitting the l bits in to d blo c ks of

l

d

bits eac h. Then, treat eac h suc h blo c k as a digit b et w een 0 and

k � 1, where k = 2

l

d

.

Example: Consider sorting the n um b ers 30,41,28,40,31,26,47,4 5. Here n = 8 and l = 6. Let's set d = 2 and

split the l = 6 bits in to d = 2 blo c ks of

l

d

= 3 bits eac h. T reat eac h of these blo c ks as a digit b et w een

0 and k � 1, where k = 2

3

= 8. F or example, 30 = 011110

2

giv es the blo c ks 011

2

= 3 and 110

2

= 6.

Doing this for all

the n um b ers giv es:

� 30 = 36

8

= 011 110

2

� 41 = 51

8

= 101 001

2

� 28 = 34

8

= 011 100

2

� 40 = 50

8

= 101 000

2

� 31 = 37

8

= 011 111

2

� 26 = 32

8

= 011 010

2

� 47 = 57

8

= 101 111

2

� 45 = 55

8

= 101 101

2

Stable sorting wrt

the �rst digit giv es:

� 40 = 50

8

= 101 000

2

� 41 = 51

8

= 101 001

2

� 26 = 32

8

= 011 010

2

� 28 = 34

8

= 011 100

2

� 45 = 55

8

= 101 101

2

� 30 = 36

8

= 011 110

2

� 31 = 37

8

= 011 111

2

� 47 = 57

8

= 101 111

2

Stable sorting wrt

the second digit giv es:

� 26 = 32

8

= 011 010

2

� 28 = 34

8

= 011 100

2

� 30 = 36

8

= 011 110

2

� 31 = 37

8

= 011 111

2

� 40 = 50

8

= 101 000

2

� 41 = 51

8

= 101 001

2

� 45 = 55

8

= 101 101

2

� 47 = 57

8

= 101 111

2

This is sorted!

Running Time: Using the coun ting sort to sort with resp ect to one of the d digits tak es �( n + k ) \op era-

tions". Hence, the en tire algorithm tak es �( d � ( n + k )) op erations.

The input instance sp eci�es the n um b er n of elemen ts to b e sorted and the n um b er of bits l needed to

represen t eac h elemen t. The parameters k and d , ho w ev er, are not sp eci�ed. W e ha v e the freedom to

set them as w e lik e, sub ject to the restriction that k = 2

l

d

or equiv alen tly d =

l

log k

.

When k � n , the k is insigni�can t in terms of � to the time �( d � ( n + k )). By increasing k , w e

can decrease d , whic h in turn decreases the time. Ho w ev er, if k b ecomes bigger than n , then the k

dominates the n in the expression for the time. In conclusion, the time, �( d � ( n + k )), is minimized

b y setting k = O ( n ) and d =

l

log k

=

l

log n

. This giv es T = �( d � ( n + k )) = �(

l

log n

n ) \op erations".

F ormally time complex measures the n um b er of bit op erations p erformed as a function of the n um b er

of bits to represen t the input. When w e sa y that coun ting sort tak es �( n + k ) \op erations", a single

\op eration" m ust b e able to add t w o v alues with magnitude �( n ) or to index in to arra ys of size n and

of size k . In Section 17.1, w e will see that eac h of these tak es log n bit-op erations. Hence, the total

time to sort is T = �(

l

log n

n ) \op erations" � log n

bit-op erations

\op eration"

= �( l � n ) bit-op erations. The input,

consisting of n l -bit v alues, requires l � n bits to represen t. Hence, the running time is considered to b e

linear in the size of the input.

One example is when y ou are sorting n v alues in the range 0 to n

5

. Eac h v alue requires l = log n

5

=

5 log n bits to represen t it. Our settings w ould then b e k = n , d =

l

log n

= 5, and T = �( d � n ) = �(5 n ),

whic h is linear.



Chapter 7

Deterministic Finite Automaton

One large class of problems that can b e solv ed using an iterativ e algorithm with the help of a lo op in v arian t

is the class of r e gular languages . Y ou ma y ha v e learned that this is the class of languages that can b e decided

b y a Deterministic Finite Automata (DF A) or describ ed using a regular expression.

Examples: This class is useful for mo deling

� simple iterativ e algorithms

� simple mec hanical or electronic devices lik e elev ators and calculators

� simple pro cesses lik e the job queue of an op erating system

� simple patterns within strings of c haracters.

Similar F eatures: All of these ha v e the follo wing similar features.

Input Stream: They receiv e a stream of information to whic h they m ust react. F or example, the

stream of input for a simple algorithm consists of the c haracters read from input; for a calculator,

it is the sequence of buttons pushed; for the job queue, it is the stream of jobs arriving; and for

the pattern within a string, one scans the string once from left to righ t.

Read Once Input: Once a tok en of the information has arriv ed it cannot b e requested for again.

Bounded Memory: The algorithm/device/pro cess/pattern has limited memory with whic h to re-

mem b er the information that it has seen so far.

Simple Example: Giv en a string � , the problem is to determine whether it is con tained in the set ( language )

L = f � 2 f 0 ; 1 g

�

j � has length at most three and the n um b er of 1's is o dd g .

Ingredien ts of Iterativ e Algorithm:

Lo op In v arian t: Eac h iteration of the algorithm reads in the next c haracter of the input string.

Supp ose that y ou ha v e already read in some large pre�x of the complete input. With b ounded

memory y ou cannot remem b er ev erything y ou ha v e read. Ho w ev er, y ou will nev er b e able to go

bac k and to read it again. Hence, y ou m ust remem b er a few k ey facts ab out the pre�x read. The

lo op in v arian t states what information is remem b ered.

In the ab o v e example, the most ob vious thing to remem b er ab out it w ould b e length and the

n um b er of 1's read so far. Ho w ev er, with a large input these coun ts can gro w arbitrarily large.

Hence, with only b ounded memory y ou cannot remem b er them. Luc kily , the language is only

concerned with this length up to four and whether the n um b er of 1's is ev en or o dd. This can b e

done with t w o v ariables length, l 2 f 0 ; 1 ; 2 ; 3 ; mor e g , and parit y , r 2 f ev en; odd g . This requires

only a �nite memory .
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Main taining Lo op In v arian t: The co de within the lo op m ust main tain the lo op in v arian t. Let !

denote the pre�x of the input string read so far. Y ou do not kno w all of ! , but b y the lo op

in v arian t y ou kno w something ab out it. No w supp ose y ou read another c haracter c . What y ou

ha v e read no w is ! c . What m ust y ou remem b er ab out ! c in order to meet the lo op in v arian t? Is

what y ou kno w ab out ! and c enough to kno w what y ou need to kno w ab out ! c ?

In the example, if w e kno w the length l 2 f 0 ; 1 ; 2 ; 3 ; mor e g of the pre�x ! and whether the n um b er

of 1's in it is r 2 f ev en; odd g , then it is easy to kno w that the length of ! c is one more and the

n um b er of 1's is either one more mo d 2 or the same dep ending on whether or not the new c haracter

c is a 1 or not.

Initial Conditions: A t the b eginning of the computation, no input c haracters ha v e b een read and

hence the pre�x that has b een read so far is the empt y string ! = � . Whic h v alues should the

state v ariables ha v e to establish the lo op in v arian t?

In our example, the length of ! = � is l = 0 and the n um b er of 1's is r = ev en .

Ending: When the input string has b een completely read in, the kno wledge that y our lo op in v arian t

states that y ou kno w m ust b e su�cien t for y ou to no w compute the �nal answ er. The co de outside

the lo op do es this.

Co de:

algorithm D F A ()

h pr e � cond i : The input string � will b e read in one c haracter at a time.

h post � cond i : The string will b e ac c epte d if it has length at most three and the n um b er of 1's

is o dd.

b egin

l = 0 and r = ev en

lo op

h l oop � inv ar iant i : When the iterativ e program has read in some pre�x ! of

the input string � , the �nite memory of the mac hine remem b ers the length

l 2 f 0 ; 1 ; 2 ; 3 ; mor e g of this pre�x and whether the n um b er of 1's in it is r 2

f ev en; odd g .

exit when end of input

get( c ) % Reads next c haracter of input

if( l < 4) then l = l + 1

if( c = 1) then r = r + 1 mo d 2

end lo op

if( l � 4 AND r = odd ) then

accept

else

reject

end if

end algorithm

Mec hanically Compiling an Iterativ e Program in to a DF A: An y iterativ e program with b ounded

memory and an input stream can b e mec hanically compiled in to a DF A that solv es the same problem.

This pro vides another mo del or notation for understanding the algorithm.

The DF A for the ab o v e program is represen ted b y the follo wing graph.

A DF A is sp eci�ed b y the follo wing M = h � ; Q; � ; s; F i .

Alphab et �: Here � sp eci�es the alphab et of c haracters that migh t app ear in the input string. This

ma y b e f 0 ; 1 g , f a; b g , f a; b; : : : ; z g , ASCI I, or an y other �nite set of tok ens that the program ma y

input.

Set of States Q : Q sp eci�es the set of di�eren t states that the iterativ e program migh t b e in when

at the top of the lo op. Eac h state q 2 Q sp eci�es a v alue for eac h of the program's v ariables. In

the graph represen tation of a DF A, there is a no de for eac h state.
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1
1

1
1

0 0 0

0 0 0

Even

Odd

leng 0 leng 1
0,1

leng >3leng 3leng 2

1
1

dead

0,1

Figure 7.1: The graphical represen tation of the DF A corresp onding to the iterativ e program giv en ab o v e.

T ransition F unction � : The DF A's transition function � de�nes ho w the mac hine transitions from

state to state. F ormally , it is a function � : Q � � ! Q . If the DF A's curren t state is q 2 Q and

the next input c haracter is c 2 �, then the next state of the DF A is giv en b y q

0

= � ( q ; c ).

W e de�ne � as follo ws. Consider some state q 2 Q and some c haracter c 2 �. Set the program's

v ariables to the v alues corresp onding to state q , assume the c haracter read is c , and execute the

co de once around the lo op. The new state q

0

= � ( q ; c ) of the DF A is de�ned to b e the state

corresp onding to the v alues of the program's v ariables when the computation has reac hed the top

of the lo op again.

In the graph represen tation of a DF A, for eac h state q and c haracter c , there is an edge lab eled c

from no de q to no de q

0

= � ( q ; c ).

The Start State s : The start state s of the DF A M is the state in Q corresp onding to the initial

v alues that the program assigns to its v ariables. In the graph represen tation, the corresp onding

no de has an arro w to it.

Accept States F : A state in Q will b e considered an ac c ept state of the DF A M if it corresp onds to

a setting of the v ariables for whic h the program accepts. In the graph represen tation, these no des

are circled.

Adding: Addition is problem that has a classic iterativ e algorithm. The input consists of t w o in tegers x

and y represen ted as strings of digits. The output is the sum z also represen ted as a string of digits.

W e will use the standard algorithm. As a reminder, add the follo wing n um b ers.

1896453

+ 7288764

----------

The input can b e view as a stream if the algorithm is �rst giv en the lo w est digits of x and of y , then the

second lo w est, and so on. The algorithm outputs the c haracters of z as it pro ceeds. The only memory

required is a single bit to store the carry bit. Because of these features, the algorithm can b e mo deled

as a DF A.

algorithm Adding ()

h pr e � cond i : The digits of t w o in tegers x and y are read in bac kw ards in parallel.

h post � cond i : The digits of their sum will b e outputted bac kw ards.

b egin

allo cate car r y 2 f 0 ; 1 g

car r y = 0

lo op

h l oop � inv ar iant i : If the lo w order i digits of x and of y ha v e b een read, then

the lo w order i digits of the sum z = x + y ha v e b een outputted. The �nite

memory of the mac hine remem b ers the carry .
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exit when end of input

get( h x

i

; y

i

i )

s = x

i

+ y

i

+ car r y

z

i

= lo w order digit of s

car r y = high order digit of s

put( z

i

)

end lo op

if( car r y = 1) then

put( car r y )

end if

end algorithm

The DF A is as follo ws.

Set of States: Q = f q

h car r y =0 i

; q

h car r y =1 i

g .

Alphab et: � = fh x

i

; y

i

i j x

i

; y

i

2 [0 :: 9] g .

Start state: s = q

h car r y =0 i

.

T ransition F unction: � ( q

h car r y = c i

; h x

i

; y

i

i ) = h q

car r y = c

0

; z

i

i

where c

0

is is the high order digit and z

i

is the lo w order digit of x

i

+ y

i

+ c .

Dividing: Dividing an in teger b y sev en is reasonably complex algorithm. It w ould b e surprising if it could

b e done b y a DF A. Ho w ev er, it can. Consider the language L = f w 2 f 0 ; 1 ; ::; 9 g

�

j w is divisible b y 7

when view ed as an in teger in normal decimal notation g .

Consider the standard algorithm to divide an in teger b y 7. T ry it y ourself on sa y 3946. Y ou consider

the digits one at a time. After considering the pre�x 394, y ou ha v e determined that 7 divides in to 394,

56 times with a remainder of 2. Y ou lik ely ha v e written the 56 ab o v e the 394 and the 2 at the b ottom

of the computation.

The next step is to \bring do wn" the next digit, whic h in this case is the 6. The new question is ho w

7 divides in to 3946. Y ou determine this b y placing the 6 to the righ t of the 2, turning the 2 in to a 26.

Then y ou divide 7 in to the 26, learning that it go es in 3 times with a remainder of 5. Hence, y ou write

the 3 next to the 56 making it a 563 and write the 3 on the b ottom. F rom this w e can conclude that

7 divides in to 3946, 563 times with a remainder of 5.

W e do not care ab out ho w man y times 7 divides in to our n um b er, but only whether or not it divides

ev enly . Hence, w e remem b er only the remainder 2. One can also use the notation 395 = 2 mo d 7. T o

compute 3956 mo d 7 , w e observ e that 3956 = 395 � 10 + 6. Hence, 3956 mo d 7 = (395 � 10 + 6) mo d 7 =

(395 mo d 7 ) � 10 + 6 mo d 7 = (2) � 10 + 6 mo d 7 = 26 mo d 7 = 3.

More formally , the algorithm is as follo ws. Supp ose that w e ha v e read in the pre�x ! . W e store a v alue

r 2 f 0 ; 1 ; ::; 6 g and main tain the lo op in v arian t that r = ! mo d 7 , when the string ! is view ed as an

in teger. No w supp ose that the next c haracter is c 2 f 0 ; 1 ; :::; 9 g . The curren t string is then ! c . W e m ust

compute ! c mo d 7 and set r to this new remainder in order to main tain the lo op in v arian t. The in teger

! c is ( ! � 10 + c ). Hence, w e can compute r = ! c mo d 7 = ( ! � 10 + c ) mo d 7 = ( ! mo d 7) � 10 + c mo d 7 =

r � 10 + c mo d 7. The co de for the lo op is simply r = r � 10 + c mo d 7.

Initially , the pre�x read so far is the empt y string. The empt y string view ed as an in teger is 0. Hence,

the initial setting is r = 0. In the end, w e accept the string if when view ed as an in teger it is divisible

b y 7. This is true when r = 0. This completes the dev elopmen t of the iterativ e program.

The DF A to compute this will ha v e sev en states q

0

; : : : ; q

6

. The transition function is � ( q

r

; c ) =

q

h

r � 10+ c mo d 7

i

. The start state is s = q

0

. The set of accept states is F = f q

0

g .

Calculator: The follo wing is an example of ho w in v arian ts can b e used to understand a computer system

that, instead of simply computing one function, con tin ues dynamically to tak e in inputs and pro duce

outputs. See Chapter 3.1 for further discussion of suc h systems.
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Consider a simple calculator. Its k eys are limited to � = f 0 ; 1 ; 2 ; : : : ; 9 ; + ; cl r g . Y ou can en ter a

n um b er. As y ou do so it app ears on the screen. The + k ey adds the n um b er on the screen to the

accum ulated sum and displa ys the sum on the screen. The cl r k ey resets b oth the screen and the

accum ulator to zero. The mac hine only can store p ositiv e in tegers from zero to 99999999. Additions

are done mo d 10

8

.

algorithm C al cul ator ()

h pr e � cond i : A stream of commands are en tered.

h post � cond i : The results are displa y ed on a screen.

b egin

allo cate accum; cur r ent 2 f 0 :: 10

8

� 1 g

allo cate scr een 2 f show A; show C g

accum = cur r ent = 0

scr een = show C

lo op

h l oop � inv ar iant i : The �nite memory of the mac hine remem b ers the curren t

v alue of the accum ulator and the curren t v alue b eing en tered. It also has a

b o olean v ariable whic h indicates whether the screen should displa y the curren t

or the accum ulator v alue.

get( c )

if( c 2 f 0 :: 9 g ) then

cur r ent = 10 � cur r ent + c mo d 10

8

scr een = show C

else if( c =

0

+

0

) then

accum = accum + cur r ent mo d 10

8

cur r ent = 0

scr een = show A

else if( c =

0

cl r

0

) then

accum = 0

cur r ent = 0

scr een = show C

end if

if( scr een = show C ) then

displa y( cur r ent )

else

displa y( accum )

end if

end lo op

end algorithm

The input is the stream k eys that the user presses. It uses only b ounded memory to store the eigh t

digits of the accum ulator and of the curren t v alue and the extra bit. Because of these features, the

algorithm can b e mo deled as a DF A.

Set of States: Q = f q

h acc;cur ;scr i

j acc; cur 2 f 0 :: 10

8

� 1 g and scr 2 f show A; show C gg . Note that

there are 10

8

� 10

8

� 2 states in this set so y ou w ould not w an t to dra w the diagram.

Alphab et: � = f 0 ; 1 ; 2 ; : : : ; 9 ; + ; cl r g .

Start state: s = q

h 0 ; 0 ;show C i

.

T ransition F unction:

� F or c 2 f 0 :: 9 g , � ( q

h acc;cur ;scr i

; c ) = q

h acc; 10 � cur + c;show C i

.

� � ( q

h acc;cur ;scr i

; +) = q

h acc + cur ;cur ;show A i

.

� � ( q

h acc;cur ;scr i

; cl r ) = q

h 0 ; 0 ;show C i

.



Chapter 8

Graph Searc h Algorithms

A surprisingly large n um b er of problems in computer science can b e expressed as a graph theory problem.

In this c hapter, w e will �rst learn a generic searc h algorithm in whic h the algorithm �nds more and more of

the graph b y follo wing arbitrary edges from no des that ha v e already b een found. W e also consider the more

sp eci�c orders of depth �rst and breadth �rst searc h to tra v erse the graph. Using these ideas, w e are able

to disco v er shortest paths b et w een pairs of no des and learn information ab out the structure of the graph.

8.1 A Generic Searc h Algorithm

Sp eci�cations of the Problem: R e achability-fr om-single-sour c e s

Preconditions: The input is a graph G (either directed or undirected) and a source no de s .

P ostconditions: The output consists of all the no des u that are reac hable b y a path in G from s .

Basic Steps: Consider what basic steps or op erations will mak e progress to w ards solving this problem.

Supp ose y ou kno w that no de u is reac hable from s (denoted as s � ! u ) and that there is an edge from

u to v . Then y ou can conclude that v is reac hable from s (i.e., s � ! u ! v ). Y ou can use suc h steps

to build up a set of reac hable no des.

� s has an edge to v

4

and v

9

. Hence, v

4

and v

9

are reac hable.

� v

4

has an edge to v

7

and v

3

. Hence, v

7

and v

3

are reac hable.

� v

7

has an edge to v

2

and v

8

. : : :

Di�culties:

� Ho w do y ou k eep trac k of all this?

� Ho w do y ou kno w that y ou ha v e found all the no des?

� Ho w do y ou a v oid cycling, i.e., reac hing the same no de man y times, as in s ! v

4

! v

7

! v

2

!

v

4

! v

7

! v

2

! v

4

! v

7

! v

2

! v

4

: : : forev er?

Designing the Lo op In v arian t: Lo ok at a few of the basic steps. Ho w ha v e y ou made \progress"? De-

scrib e what the data structure lo oks lik e. A lo op in v arian t should lea v e the reader with an image.

Dra w a picture if y ou lik e.

109
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F ound: If y ou trace a path from s to a no de, then w e will sa y that the no de has b een found .

Handled: A t some p oin t in time after no de u has b een found, y ou will w an t to follo w all the edges

from u and �nd all the no des v that ha v e edges from u . When y ou ha v e done that for no de u , w e

sa y that it has b een hand le d .

Data Structure: Y ou m ust main tain (1) the set of no des f oundH andl ed that ha v e b een found and

handled and (2) the set of no des f oundN otH andl ed that ha v e b een found but not handled.

Lo op In v arian t:

LI1: F or eac h found no de v , w e kno w that v is reac hable from s b ecause w e ha v e traced out a path

s � ! v from s to it.

LI2: If a no de has b een handled, then all of its neigh b ors ha v e b een found.

Recall that a lo op in v arian t should follo w easily from the preconditions. W e m ust b e able to main tain

it while making some (as y et unde�ned) kind of progress. When the \exit" conditions are met, w e m ust

b e able to conclude that the p ostconditions ha v e b een met. The ab o v e lo op in v arian t is simple enough

that the �rst t w o requiremen ts should b e easy to meet. But do es it su�ce to pro v e the p ostcondition?

W e will see.

Bo dy of the Lo op: A reasonable step w ould b e:

� Cho ose some no de u from f oundN otH andl ed and handle it. This in v olv es follo wing all the edges

from u .

� Newly-found no des are no w added to the set f oundN otH andl ed (if they ha v e not b een found

already).

� u is mo v ed from f oundN otH andl ed to f oundH andl ed .

FoundHandled

FoundNotHandled

Node just handled

ss

ss

s

s

Figure 8.1: The generic searc h algorithm hand les one found no de at a time b y �nding their neigh b ors.

Co de:

algorithm S ear ch ( G; s )

h pr e � cond i : G is a (directed or undirected) graph and s is one of its no des.

h post � cond i : The output consists of all the no des u that are reac hable b y a path in G from s .

b egin

f oundH andl ed = ;

f oundN otH andl ed = f s g

lo op
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h l oop � inv ar iant i : See ab o v e.

exit when f oundN otH andl ed = ;

let u b e some no de from f oundN otH andl ed

for eac h v connected to u

if v has not previously b een found then

add v to f oundN otH andl ed

end if

end for

mo v e u from f oundN otH andl ed to f oundH andl ed

end lo op

return f oundH andl ed

end algorithm

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): Supp ose that LI'

whic h denotes the statemen t of the lo op in v arian t b efore the iteration is true, the exit condition h exit i

is not, and w e ha v e executed another iteration of the algorithm.

Main taining LI1: After the iteration, the no de v is considered found. Hence, in order to main tain the

lo op in v arian t, w e m ust b e sure that v is reac hable from s . Because u w as in f oundN otH andl ed ,

the lo op in v arian t assures us that w e ha v e traced out a path s � ! u to it. No w that w e ha v e

traced the edge u ! v , w e ha v e traced a path s � ! u ! v to v .

Main taining LI2: No de u is designated handled only after ensuring that all its neigh b ors ha v e b een

found.

Measure of Progress: The measure of progress requires the follo wing three prop erties:

Progress: W e m ust guaran tee that our measure of progress increases b y at least one ev ery time around

the lo op. Otherwise, w e ma y lo op forev er, making no progress.

Bounded: There m ust b e an upp er b ound on the progress required b efore the lo op exits. Otherwise,

w e ma y lo op forev er, increasing the measure of progress to in�nit y .

Conclusion: When su�cien t progress has b een made to exit, w e m ust b e able to conclude that the

problem is solv ed.

An ob vious measure w ould b e the n um b er of found no des. The problem is that when handling a no de,

y ou ma y only �nd no des that ha v e already b een found. In suc h a case, no progress is actually made.

A b etter measure of progress is the n um b er of no des that ha v e b een handled. W e can mak e progress

simply b y handling a no de that has not y et b een handled. W e also kno w that if the graph G has only

n no des, then this measure cannot increase past n .

Exit Condition: Giv en our measure of progress, when are w e �nished? W e can only handle no des that

ha v e b een found and not handled. Hence, when all the no des that ha v e b een found ha v e also b een

handled, w e can mak e no more progress. A t this p oin t, w e m ust stop.

Initial Co de (i.e., h pr e � cond i & code

pr e � loop

) h l oop � inv ar iant i ): Initially , w e kno w only that

s is reac hable from s . Hence, let's start b y sa ying that s is found but not handled and that all other

no des ha v e not y et b een found.

Exiting Lo op (i.e., h LI i & h exit i ! h post i ): Our output will b e the set of found no des. The p ostcon-

dition requires the follo wing t w o claims to b e true.

Claim: F ound no des are reac hable from s .

This is clearly stated in the lo op in v arian t.

Claim: Ev ery reac hable no de has b een found. A logically equiv alen t statemen t is that ev ery no de

that has not b een found is not reac hable.

One Pro of:
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� Dra w a circle around the no des of the graph G that ha v e b een found.

� If there are no edges going from the inside of the circle to the outside of the circle, then there

are no paths from s to the no des outside of the circle. Hence, w e can claim w e ha v e found all

the no des reac hable from s .

� Ho w do w e kno w that this circle has no edges lea ving it?

{ Consider a no de u in the circle. Because u has b een found and f oundN otH andl ed = ; ,

w e kno w that u has also b een handled.

{ By the lo op in v arian t LI2, if h u; v i is an edge, then v has b een found and th us is in the

circle as w ell.

{ Hence, if u is in the circle and h u; v i is an edge, then v is in the circle as w ell (i.e., no

edges lea v e the circle).

{ This is kno wn as a closur e pr op erty . See Section 16.2.8 for more information on this

prop ert y .

Another Pro of: Pro of b y con tradiction.

� Supp ose that w is reac hable from s and that w has not b een found.

� Consider a path from s to w .

� Because s has b een found and w has not, the path starts in the set of found no des and at

some p oin t lea v es it.

� Let h u; v i b e the �rst edge in the path for whic h u but not v has b een found.

� Because u has b een found and f oundN otH andl ed = ; , it follo ws that u has b een handled.

� Because u has b een handled, v m ust b e found.

� This con tradicts the de�nition of v .

Running Time:

A Simple but F alse Argumen t: F or ev ery iteration of the lo op, one no de is handled and no no de is

handled more then once. Hence, the measure of progress (the n um b er of no des handled) increases

b y one with ev ery lo op. G only has j V j = n no des. Hence, the algorithm lo ops at most n times.

Th us, the running time is O ( n ).

This argumen t is false, b ecause while handling u w e m ust consider v for ev ery edge coming out

of u .

Ov erestimation: Eac h no de has at most n edges coming out of it. Hence, the running time is O ( n

2

).

Correct Complexit y: Eac h edge of G is lo ok ed at exactly t wice, once from eac h direction. The

algorithm's time is dominated b y this fact. Hence, the running time is O ( j E j ), where E is the set

of edges in G .

The Order of Handling No des: This algorithm sp eci�cally did not indicate whic h no de u to select from

f oundN otH andl ed . It did not need to, b ecause the algorithm w orks no matter ho w this c hoice is

made. W e will no w consider sp eci�c orders in whic h handle the no des and sp eci�c applications of these

orders.

Queue/Breadth-First Searc h: One option is to handle no des in the order they are found. This

treats f oundN otH andl ed as a queue: \�rst in, �rst out". T ry this out on a few graphs. The

e�ect is that the searc h is br e adth �rst , meaning that all no des at distance 1 from s are handled

�rst, then all those at distance t w o, and so on. A b ypro duct of this is that w e �nd for eac h no de

v a shortest path from s to v . See Section 8.2.

Priorit y Queue/Shortest (W eigh ted) P aths: Another option calculates for eac h no de v in

f oundN otH andl ed the minim um w eigh ted distance from s to v along an y path seen so far. It

then handles the no de that is closest to s according to this appro ximation. Because these ap-

pro ximations c hange through out time, f oundN otH andl ed is implemen ted using a priorit y queue:

\highest curren t priorit y out �rst". T ry this out on a few graphs. Lik e breadth-�rst searc h, the
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searc h handles no des that are closest to s �rst, but no w the length of a path is the sum of its edge

w eigh ts. A b y-pro duct of this metho d is that w e �nd for eac h no de v the shortest w eigh ted path

from s to ` v . See Section 8.3.

Stac k/Depth-First Searc h: Another option is to handle the no de that w as found most recen tly .

This metho d treats f oundN otH andl ed as a stac k: \last in, �rst out". T ry this out as w ell.

The e�ect is that the searc h is depth �rst , meaning that a particular path is follo w ed as deeply

as p ossible in to the graph un til a dead-end is reac hed, forcing the algorithm to bac ktrac k. See

Section 8.4.

See Section 2.2 for an explanation of stac ks, queues, and priorit y queues.

8.2 Breadth-First Searc h/Shortest P aths

W e will no w dev elop an algorithm for the shortest-p aths pr oblem . The algorithm uses a br e adth-�rst se ar ch .

This algorithm is the same as the generic algorithm w e lo ok ed at previously , but it is less generic, b ecause

the order in whic h the no des are handled is no w sp eci�ed more precisely . The previous lo op in v arian ts are

strengthened in order to solv e the shortest-paths problem.

Tw o V ersions of the Problem:

The Shortest-P ath st Problem: Giv en a graph G (either directed or undirected) and sp eci�c no des

s and t , the problem is to �nd one of the shortest paths from s to t in G .

Ingredien ts of an Optimization Problem: This problem has the ingredien ts of an optimiza-

tion problem. Suc h problems in v olv e searc hing for a b est solution from some large set of

solutions. See Section 15.1.1 for a formal de�nition.

Instances: An instance h G; s; t i consists of a graph G and sp eci�c no des s and t .

Solutions for Instance: A solution for instance h G; s; t i is a path � from s to t .

Cost of Solution: The length (or cost) of a path � is the n um b er of edges in the path.

Goal: Giv en an instance h G; s; t i , the goal is to �nd an optimal solution, i.e., a shortest path

from s to t in G .

As in other optimization problems, the set of solutions for an instance (i.e., the set of paths from

s to t ) ma y w ell b e exp onen tial. W e do not w an t to c hec k them all.

The Shortest P ath - Single Source s Multiple Sink t :

Preconditions: The input is a graph G (either directed or undirected) and a source no de s .

P ostconditions: The output consists of a d and a � for eac h no de of G . It has the follo wing

prop erties:

1. F or eac h no de v , d ( v ) giv es the length � ( s; v ) of the shortest path from s to v .

2. The shortest p aths or br e adth-�rst se ar ch tr e e is de�ned using � as fol-

lo ws: s is the ro ot of the tree. � ( v ) is the paren t of v in the tree. F or

eac h no de v , one of the shortest paths from s to v is giv en bac kw ard,

with v ; � ( v ) ; � ( � ( v )) ; � ( � ( � ( v ))) ; : : : ; s . A recursiv e de�nition is that

this shortest path from s to v is the giv en shortest path from s to � ( v ),

follo w ed b y the edge h � ( v ) ; v i .

p(

p(p(

p(p(p(

p(p(p(p(s =

v

v)

v))

v)))

v))))

Pro v e P ath Is Shortest: In order to claim that the shortest path from s to v is of some length d ( v ), y ou

m ust do t w o things:

Not F urther: Y ou m ust pro duce a suitable path of this length. W e call this path a witness of the

fact that the distance from s to v is at most d ( v ).

Not Closer: Y ou m ust pro v e that there are no shorter paths. This is harder. Other than c hec king

an exp onen tial n um b er of paths, ho w can y ou pro v e that there are no shorter paths?
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These are accomplished as follo ws.

Not F urther: In �nding a no de, w e trace out a path from s to it. If w e ha v e already traced out a

shortest path from s to u with d ( u ) edges in it and w e trace an edge from u to v , then w e ha v e

traced a path from s to v with d ( v ) = d ( u ) + 1 edges in it. In this path from s to v , the no de

preceding v is � ( v ) = u .

Not Closer: As I already said, pro ving that there are no shorter paths is somewhat di�cult. W e will

do it using the follo wing tric k: Supp ose w e can ensure that the order in whic h w e �nd the no des

is according to the length of the shortest path from s to them. Then, when w e �nd v , w e kno w

that there isn't a shorter path to it or else w e w ould ha v e found it already .

De�nition V

j

: Let V

j

denote the set of no des at distance j from s .

Lo op In v arian t: This pro of metho d requires the follo wing lo op in v arian ts to b e main tained.

LI1: F or eac h found no de v , d ( v ) and � ( v ) are as required, i.e., they giv e the shortest length and a

shortest path from s to the no de.

LI2: If a no de has b een handled, then all of its neigh b ors ha v e b een found.

LI3: So far, the order in whic h the no des ha v e b een found is according to the length of the shortest

path from s to it, i.e. the no des in V

j

b efore those in V

j +1

.

Order to Handle No des: The only w a y in whic h w e are c hanging the general searc h algorithm is b y b eing

more careful in our c hoice of whic h no de from f oundN otH andl ed to handle next. According to LI3,

the no des that w ere found earlier are closer to s than those that are found later. The closer a no de

is to s , the closer are its neigh b ors. Hence, in an attempt to �nd close no des, the algorithm will next

handle the most recen tly found no de. This is accomplished b y treating the set f oundN otH andl ed as

a queue, \�rst in, �rst out".

Main taining the Lo op In v arian t LI3 (Informal): The lo op in v arian t LI3 ensures that the no des in V

j

are found b efore an y no de in V

j +1

is found. Handling the no des in the order in whic h they w ere found

will ensure that all the no des in V

j

are handled b efore an y no de in V

j +1

is handled. Handling all the

no des in V

j

will �nd all the no des in V

j +1

b efore an y no de in V

j +2

is found.

u

s

V k+1

V k Queue of foundNotHandled

NotFound

Handled

Figure 8.2: Breadth-First Searc h T ree: W e cannot assume that the graph is a tree. Here I ha v e presen ted

only the tree edges giv en b y � . The �gure helps to explain the lo op in v arian t, sho wing whic h no des ha v e

b een found, whic h found but not handled, and whic h handled. The dotted line separates the no des V

0

V

1

,

V

2

, : : : with di�eren t distances d from s .

Bo dy of the Lo op: Remo v e the �rst no de u from the f oundN otH andl ed queue and handle it as follo ws.

F or ev ery neigh b or v of u that has not b een found,
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� add the no de to the queue,

� let d ( v ) = d ( u ) + 1,

� let � ( v ) = u , and

� consider u to b e handled and v to b e f oundN otH andl ed .

Co de:

algorithm S hor testP ath ( G; s )

h pr e � cond i : G is a (directed or undirected) graph and s is one of its no des.

h post � cond i : � sp eci�es a shortest path from s to eac h no de of G and d sp eci�es their lengths.

b egin

f oundH andl ed = ;

f oundN otH andl ed = f s g

d ( s ) = 0, � ( s ) = �

lo op

h l oop � inv ar iant i : See ab o v e.

exit when f oundN otH andl ed = ;

let u b e the no de in the fron t of the queue f oundN otH andl ed

for eac h v connected to u

if v has not previously b een found then

add v to f oundN otH andl ed

d ( v ) = d ( u ) + 1

� ( v ) = u

end if

end for

mo v e u from f oundN otH andl ed to f oundH andl ed

end lo op

(for unfound v , d ( v ) = 1 )

return h d; � i

end algorithm

Example:

1  {2,3,4,5}
1,2  {3,4,5,6,7}
1,2,3  {4,5,6,7}
1,2,3,4  {5,6,7,8}
1,2,3,4,5  {6,7,8,9}
1,2,3,4,5,6,7,8,9

{1}

S1

2
3

4

5

6

7

8

9

d=1

d=2

d=0

Handled  {Queue}

Figure 8.3: Breadth-First Searc h of a Graph. The n um b ers sho w the order in whic h the no des w ere found.

The con ten ts of the queue are giv en at eac h step. The tree edges are dark ened.

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): Supp ose that LI'

whic h denotes the statemen t of the lo op in v arian t b efore the iteration is true, the exit condition h exit i

is not, and w e ha v e executed another iteration of the algorithm.



116 CHAPTER 8. GRAPH SEAR CH ALGORITHMS

Closer No des Ha v e Already Been F ound: W e will need the follo wing claim t wice.

Claim: If the �rst no de in the queue f oundN otH andl ed , i.e. u , is in V

k

, then

1. all the no des in V

0

, V

1

, V

2

, . . . , V

k � 1

ha v e already b een found and handled

2. and all the no des in V

k

ha v e already b een found.

Pro of of Claim 1: Let u

0

denote an y no de in V

0

, V

1

, V

2

, . . . , V

k � 1

. Because LI3' ensures

that no des ha v e b een found in the order of their distance and b ecause b ecause u

0

is closer

to s than u , u

0

m ust ha v e b een found earlier than u . Hence, u

0

cannot b e in the queue

f oundN otH andl ed or else it w ould b e earlier in the queue than u , y et u is �rst. This pro v es

that u

0

has b een handled.

Pro of of Claim 2: Consider an y no de v in V

k

and an y path of length k to it. Let u

0

b e the

previous no de in this path. Because the subpath to u

0

is of length k � 1, u

0

is in V

k � 1

, and

hence b y claim 1 has already b een handled. Therefore, b y LI2', the neigh b ors of u

0

, of whic h

v is one, m ust ha v e b een found.

Main taining LI1: During this iteration, all the neigh b ors v of no de u that had not b een found are

no w considered found. Hence, their d ( v ) and � ( v ) m ust no w giv e the shortest length and a

shortest path from s . The co de sets d ( v ) to d ( u ) + 1 and � ( v ) to u . Hence, w e m ust pro v e that

the neigh b ors v are in V

k +1

. As said ab o v e in the general steps, there are t w o steps to do this.

Not F urther: There is a path from s to v of length k + 1: follo w the path of length k to u and

then tak e edge to v . Hence, the shortest path to v can b e no longer then this.

Not Closer: W e kno w that there isn't a shorter path to v or it w ould ha v e b een found already .

More formally , the claim states that all the no des in V

0

, V

1

, V

2

, . . . , V

k

ha v e already b een

found. Because v has not already b een found, it cannot b e one of these.

Main taining LI2: No de u is designated handled only after ensuring that all its neigh b ors ha v e b een

found.

Main taining LI3: By the claim, all the no des in V

0

, V

1

, V

2

, . . . , V

k

ha v e already b een found and

hence ha v e already b een added to the queue. Ab o v e w e pro v e that the no de v b eing found is in

V

k +1

. It follo ws that the order in whic h the no des are found con tin ues to b e according to their

distance from s .

Initial Co de (i.e., h pr e i ! h LI i ): The initial co de puts the source s in to f oundN otH andl ed and sets

d ( s ) = 0 and � ( s ) = � . This is correct, giv en that initially s has b een found but not handled. The

other no des ha v e not b een found and hence their d ( v ) and � ( v ) are irrelev an t. The lo op in v arian ts

follo w easily .

Exiting Lo op (i.e., h LI i & h exit i ! h post i ): The general-searc h p ostconditions pro v e that all reac h-

able no des ha v e b een found. LI1 states that for these no des the v alues of d ( v ) and � ( v ) are as required.

F or the no des that are unreac hable from s , y ou can set d ( v ) = 1 or y ou can lea v e them unde�ned.

In some applications (suc h as the w orld wide w eb), y ou ha v e no access to unreac hable no des. An

adv an tage of this algorithm is that it nev er needs to kno w ab out a no de unless it has b een found.

Exercise 8.2.1 (Se e solution in Se ction 20) Supp ose u is b eing hand le d, u 2 V

k

, and v is a neighb or of u .

F or e ach of the fol lowing c ases, explain which V

k

0

v might b e in:

� h u; v i is an undir e cte d e dge, and v has b e en found b efor e.

� h u; v i is an undir e cte d e dge, and v has not b e en found b efor e.

� h u; v i is a dir e cte d e dge, and v has b e en found b efor e.

� h u; v i is a dir e cte d e dge, and v has not b e en found b efor e.
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8.3 Shortest-W eigh ted P aths

W e will no w mak e the shortest-paths problem more general b y allo wing eac h edge to ha v e a di�eren t w eigh t

(length). The length of a path from s to v will b e the sum of the w eigh ts on the edges of the path. Only

small c hanges need to b e made to the algorithm. This algorithm is called Dijkstr a's algorithm .

Sp eci�cations of the Problem: Name: The shortest-weighte d-p ath problem.

Preconditions: The input is an graph G (either directed or undirected) and a source no de s . Eac h

edge h u; v i is allo cated a w eigh t w

h u;v i

2 (0 ; 1 ].

P ostconditions: The output consists of d and � , where for eac h no de v of G , d ( v ) giv es the length

� ( s; v ) of the shortest-w eigh ted path from s to v and � de�nes a shortest-weighte d-p aths tr e e . (See

Section 8.2.)

Basic Steps: As b efore, pro ving that the shortest path from s to v is of some length d ( v ) in v olv es pro ducing

a suitable path of this length and pro ving that there are no shorter paths.

Not F urther: The path is traced out as b efore. The only c hange is that when w e �nd a path s � !

u ! v , w e compute its length to b e d ( v ) = d ( u ) + w

h u;v i

.

Not Closer: Again this is done b y handling (not �nding) the no des v in the order according to the

length of the shortest path from it to s . When w e �nd v , w e kno w that there is no shorter path

to it b ecause otherwise w e w ould ha v e handled it already .

Circular Argumen t?: This seems lik e a circular argumen t. Initially , w e do not kno w the length of the

shortest path to no de, so ho w can w e p ossibly handle the no des in this order. In breadth-�rst searc h,

the argumen t seemed more reasonable, b ecause the no des that ha v e a small distance from s are only

a few edges from s and hence these can b e found quic kly . Ho w ev er, no w the shortest path to a no de

ma y wind deep in to the graph along man y short edges instead of along a few long edges.

Gro wing The T ree One Edge A t A Time: One k ey to a happ y life is to giv e though t only to to da y

and lea v e the problems of tomorro w un til then. As w e ha v e seen, this is the philosoph y of all iterativ e

lo op in v arian t algorithms. Supp ose that at the b eginning of the i

th

da y w e ha v e already handled the

i no des with the shortest paths from s . Our only task is to determine whic h of the unhandled no des

has the shortest path from s and handle this no de.

A Prop ert y of the Next No de: The follo wing claim will help us narro w do wn the searc h for this

next no de.

Claim: Let s = v

0

, v

1

, v

2

, : : : v

i � 1

, v

i

, b e the i + 1 no des with the shortest paths from s . Then

an y shortest path from s to v

i

will con tain only no des from s = v

0

, v

1

, : : : v

i � 1

, except of

course for the last no de whic h will b e v

i

itself.

Pro of of Claim: Supp ose that this shortest path s � ! w � ! v

i

con tains the no de w . The

subpath s � ! w to w m ust b e shorter than the shortest path to v

i

b ecause the edges in the

rest of the path w � ! v

i

all ha v e p ositiv e lengths (w eigh ts). Hence, the shortest path to w

is less that to v

i

and hence w m ust b e one of s = v

0

, v

1

, : : : v

i � 1

.

Because the next no de to handle is alw a ys only one edge from a previously handled no de, w e can

slo wly expand the tree of handled no des out, one edge (no de) at a time.

The Greedy Criteria: W e still m ust, ho w ev er, determine whic h no de to handle next. T o do this

w e will simply c ho ose the one that lo oks b est according to the gr e e dy criteria of whic h app ears

to b e closest to s according to our curren t appro ximation. (See Chapter 10 for more on greedy

algorithms.) F or ev ery no de v , d ( v ) and � ( v ) will giv e the shortest length and path from s to v

from among those paths that w e ha v e considered so far. This information is con tin uously up dated

as w e �nd shorter paths to v . F or example, if w e �nd v when handling u , then w e up date these

v alues as follo ws:



118 CHAPTER 8. GRAPH SEAR CH ALGORITHMS

f oundP athLeng th = d ( u ) + w

h u;v i

if d ( v ) > f oundP athLeng th then

d ( v ) = f oundP athLeng th

� ( v ) = u

end if

s

u
(u,v)

(u,v)New path of length d(u) + w

w

Previous path of length d(v)

v

p(v)

Later, if w e again �nd v when handling another no de u

0

, then these v alues are up dated again in

the same w a y .

The next ob vious question is ho w accurately this d ( v ) appro ximates the actual length of the

shortest path. W e will see that it giv es the length of the shortest path from amongst those paths

from s to v that w e ha v e hand le d . This set of paths is de�ned as follo ws.

De�nition of A Handled P ath: When handling no de u , w e follo w the edges from u to its

neigh b ors v . When this has b een done, w e sa y that the edge from u to v has b e hand le d .

(The edge or half-edge from v to u migh t not ha v e b een handled.) W e sa y that a path has

b een handled if it con tains only handled edges. Suc h paths start at s , visit as an y n um b er

of handled no des, and then follo w one last edge to a no de that ma y or ma y not b e handled.

(See the paths to u and to v in Figure 8.5.)

Cho osing Next No de to Handle: F rom among the no des not y et handled, w e will c ho ose the

no de u with the smallest d ( u ) v alue, i.e., the one that (as far as w e kno w) is the closest to s .

Priorit y Queue: Searc hing the remaining list of no des eac h iteration for the next b est no de

w ould b e to o time consuming. Re-sorting the no des eac h iteration according to the new

greedy criteria w ould also b e to o time consuming. A more e�cien t implemen tation uses a

priorit y queue to hold the remaining no des prioritized according to the curren t greedy criteria.

This can b e implemen ted using a Heap. (See Section 6.1.) W e will denote this priorit y queue

b y notH andl ed .

Consider All No des \F ound": No path has y et b een handled to an y no de that has not y et b een found,

and hence d ( v ) = 1 . If w e add these no des to the queue, they will b e selected last. Therefore, there is

no harm in adding them. Hence, w e will distinguish only b et w een those no des that ha v e b een handled

and those that ha v e not.

Lo op In v arian t:

LI1: F or eac h handled no de v , the v alues of d ( v ) and � ( v ) are as required, i.e., they giv e the shortest

length and a shortest path from s .

LI2: F or eac h of the unhandled no des v , the v alues of d ( v ) and � ( v ) giv e the shortest length and path

from among those paths that ha v e b een hand le d .

LI3: So far, the order in whic h the no des ha v e b een handled is according to the length of the shortest

path from s to it.

Bo dy of Lo op: T ak e the next no de from the priorit y queue notH andl ed and handle it. This in v olv es

handling all edges h u; v i out of this no de u . Handling edge h u; v i in v olv es up dating the d ( v ) and � ( v )

v alues. The priorities of these no des are c hanged in the priorit y queue as necessary .

Co de:

algorithm S hor testW eig htedP ath ( G; s )

h pr e � cond i : G is a w eigh ted (directed or undirected) graph and s is one of its no des.

h post � cond i : � sp eci�es a shortest w eigh ted path from s to eac h no de of G and d sp eci�es their

lengths.

b egin

d ( s ) = 0, � ( s ) = �

for other v , d ( v ) = 1 and � ( v ) = nil
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handl ed = ;

notH andl ed = priorit y queue con taining all no des. Priorities giv en b y d ( v ).

lo op

h l oop � inv ar iant i : See ab o v e.

exit when notH andl ed = ;

let u b e a no de from notH andl ed with smallest d ( u )

for eac h v connected to u

f oundP athLeng th = d ( u ) + w

h u;v i

if d ( v ) > f oundP athLeng th then

d ( v ) = f oundP athLeng th

(up date the notH andl ed priorit y queue)

� ( v ) = u

end if

end for

mo v e u from notH andl ed to handl ed

end lo op

return h d; � i

end algorithm

Example:
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Figure 8.4: Dijkstra's Algorithm. The d v alue at eac h step is giv en for eac h no de. The tree edges are

dark ened.

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): Supp ose that LI'

whic h denotes the statemen t of the lo op in v arian t b efore the iteration is true, the exit condition h exit i

is not, and w e ha v e executed another iteration of the algorithm.

Main taining LI1 and LI3: The lo op handles no de u . Hence to main tain LI1, w e m uc h ensure that

its d ( u ) and � ( u ) v alues are as required. In order to main tain LI3, w e m uc h ensure that u is the

unhandled no de with the next shortest path from s . T o do these t w o things, let w e will let v

i

denote the unhandled no de with the next shortest path from s and will pro v e the follo wing t w o

claims.

d ( v

i

) and � ( v

i

) are as required: The earlier claim pro v es that an y shortest path from to v

i

will con tain only no des from s = v

0

, v

1

, : : : v

i � 1

, except of course for the last no de whic h

will b e v

i

itself, where these are the i + 1 no des with the shortest paths from s . LI3' ensures

that these no des ha v e b een handled already . Hence, b y the de�nition of a handled path, this

shortest path to v

i

is a hand le d path. LI2' ensures that d ( v

i

) and � ( v

i

) giv e the shortest

length and path from among those paths that ha v e b een hand le d . Com bining these t w o facts

giv es that d ( v

i

) and � ( v

i

) are in fact that for the o v er all shortest path to v

i

and hence are

as required.
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v

i

= u : The no de v

i

m ust ha v e the smallest d ( u ) v alue from amongst the unhandled no des or

else this no de (b y LI2') w ould ha v e a shorter path from s con tradicting the de�nition of v

i

b eing the unhandled no de with the next shortest path. It follo ws that v

i

is in fact the no de

u that is remo v ed from the notH andl ed priorit y queue.

These facts ab out the next no de handled pro v e that b oth LI1 and LI3 are main tained.

Main taining LI2: Consider some no de v . Let d

0

( v ) and d

00

( v ) b e the v alues b efore and after this

iteration of the lo op. Let P

0

and P

00

b e the set of paths that w ere handled b efore and after this

iteration. LI2' giv es that d

0

( v ) is the length of the shortest path to v from among the paths in

P

0

. The co de in the lo op sets d

00

( v ) to b e min f d

0

( v ) ; d

0

( u ) + w

h u;v i

g and considers more paths P

00

.

W e m ust pro v e LI2", i.e. that d

00

( v ) is the length of the shortest path from among those in P

00

.

The set of handled paths P

00

c hanges b ecause the lo op handles u . W e consider the paths in P

00

in the follo wing three cases (see Figure 8.5):

s

u

v

case 1: |P|=d'(v)

u'

case 3

case 2: |P|=d'(u)+w(u,v) 

Figure 8.5: Main taining LI2 in Dijkstra's Algorithm.

� Consider a path P that (1) go es from s to v and (2) is in P

0

, i.e., w as handled b efore en tering

the lo op. By LI2', d

0

( v ) � j P j . Hence, d

00

( v ) = min f d

0

( v ) ; d

0

( u ) + w

h u;v i

g � d

0

( v ) � j P j .

� Consider a path P that starts at s , visits an y n um b er of previously handled no des, vis-

its the newly handled no de u , and then follo ws the last edge h u; v i to v . Here d

00

( v ) =

min f d

0

( v ) ; d

0

( u ) + w

h u;v i

g � d

0

( u ) + w

h u;v i

� j P j .

� There is y et one other t yp e of newly handled paths in P

00

. Consider a path P that starts

at s , visits an y n um b er of previously handled no des, visits the newly handled no de u , visits

some more previously handled no des, and then follo ws one last edge to v . Let u

0

b e the no de

that o ccurs in P just b efore v . Because u

0

is previously handled, w e kno w that there is a

shortest path from s to u

0

that do es not pass through no de u . A path that is at least as go o d

as P tak es this more direct ro ot to u

0

and then tak es the edge h u

0

; v i . Suc h paths ha v e b een

considered already .

Initial Co de (i.e., h pr e i ! h LI i ): The initial co de is the same as that for the previous shortest path

(n um b er of edges) algorithm. I.e., s is found but not handled with d ( s ) = 0, � ( s ) = � . Initially no

paths to v ha v e b een hand le d and hence the length of the shortest handled path to v is d ( v ) = 1 . This

satis�es all three lo op in v arian ts.

Exiting Lo op (i.e., h LI i & h exit i ! h post i ): See the shortest paths algorithm ab o v e.

Running Time: As I said, the general searc h algorithm tak es time O ( j E j ), where E are the edges in G .

This algorithm is the same, except for handling the priorit y queue. A no de u is remo v ed from the

priorit y queue j V j times and a d ( v ) v alue is up dated at most j E j times, once for eac h edge. Section 6.1

co v ered ho w priorit y queues can b e implemen ted using a heap so that deletions and up dates eac h tak e

�(log(size of the priorit y queue)) time. Hence, the running time of this algorithm is �( j E j log( j V j )).
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8.4 Depth-First Searc h

The t w o classic searc h orders are breadth �rst and depth �rst. W e ha v e considered breadth-�rst searc h

that �rst visits no des at distance 1 from s , then those at distance 2, and so on. W e will no w consider a

depth-�rst se ar ch , whic h con tin ues to follo w some path as deeply as p ossible in to the graph b efore it is forced

to bac ktrac k.

Changes to the Basic Searc h Algorithm: The next no de u w e handle is the one most recen tly found.

f oundN otH andl ed will b e implemen ted as a stac k. A t eac h iteration, w e p op the most recen tly pushed

no de and handle it. T ry this out on a graph (or on a tree). The pattern in whic h no des are found

consists of a single path with single edges hanging o� it. See Figure 8.6a.

s

Handled
Not Found

Found-Partially Handled
Path is stack of
s

s

Figure 8.6: If the next no de in the stac k w as completely handled, then the initial order in whic h no des are

found is giv en in (a). If the next no de is only partially handled, then this initial order is giv en in (b). Clearly ,

(b) is a more useful order. This is wh y the algorithm is designed this w a y . (c) presen ts more of the order

in whic h the no des are found. Though the input graph ma y not b e a tree, presen ted are only the tree edges

giv en b y � .

In order to prev en t the single edges hanging o� the path from b eing searc hed, a second c hange is made

to the original searc hing algorithm: w e no longer completely handle one no de b efore w e start handling

edges from other no des. F rom s , an edge is follo w ed to one of its neigh b ors v

1

. Before visiting the

other neigh b ors of s , the curren t path to v

1

is extended to v

2

; v

3

; : : : . (See Figure 8.6b.) W e k eep trac k

of what has b een handled b y storing an in teger i

u

for eac h no de u . W e main tain that for eac h u , the

�rst i

u

edges of u ha v e already b een handled.

f oundN otH andl ed will b e implemen ted as a stac k of tuples h v ; i

v

i . A t eac h iteration, w e p op the most

recen tly pushed tuple h u; i

u

i and handle the ( i

u

+ 1)

st

edge from u . T ry this out on a graph (or on a

tree). Figure 8.6c sho ws the pattern in whic h no des are found.

Lo op In v arian ts:

LI1: The no des in the stac k f oundN otH andl ed are ordered suc h that they de�ne a path starting at

s .

LI2: f oundN otH andl ed is a stac k of tuples h v ; i

v

i suc h that for eac h v , the �rst i

v

edges of v ha v e

b een handled. (Eac h no de v app ears no more than once.)

Co de:

algorithm D epthF ir stS ear ch ( G; s )

h pr e � cond i : G is a (directed or undirected) graph and s is one of its no des.

h post � cond i : The output is a depth-�rst searc h tree of G ro oted at s .
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b egin

f oundH andl ed = ;

f oundN otH andl ed = f h s; 0 ig

lo op

h l oop � inv ar iant i : See ab o v e.

exit when f oundN otH andl ed = ;

p op h u; i i o� the stac k f oundN otH andl ed

if u has an ( i + 1)

st

edge h u; v i

push h u; i + 1 i on to f oundN otH andl ed

if v has not previously b een found then

� ( v ) = u

h u; v i is a tree edge

push h v ; 0 i on to f oundN otH andl ed

else if v has b een found but not completely handled then

h u; v i is a bac k edge

else ( v has b een completely handled)

h u; v i is a forw ard or cross edge

end if

else

mo v e u to f oundH andl ed

end if

end lo op

return f oundH andl ed

end algorithm

Example:

Back edges
Forward edges
Cross edges

Tree edges

Types of Edges

2

97

8

6

5
4

3

Recursive Stack FramesGraph

s=1

Iterative Alg

9

S

8

7
6

1

5

4

3

2

Handled

6,5,4,3
6,5,4,3
6,5,4,3,8,7
6,5,4,3,8,7
6,5,4,3,8,7,9,2,1

Stack
{s=1}
{1,2,3,4,5,6}
{1,2}
{1,2,7,8}
{1,2}
{1,2,9}

Figure 8.7: Depth-First Searc h of a Graph. The n um b ers giv e the order in whic h the no des are found. The

con ten ts of the stac k are giv en at eac h step.

Establishing and Main taining the Lo op In v arian t: It is easy to see that with f oundN otH andl ed =

f h s; 0 ig , the lo op in v arian t is established. If the stac k do es con tain a path from s to u and u has an
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unhandled edge to v , then u is k ept on the stac k and v is pushed on top. This extends the path from

u on w ard to v . If u do es not ha v e an unhandled edge, then u is p opp ed o� the stac k. This decreases

the path from s b y one.

Classi�cation of Edges: The depth-�rst searc h algorithm can b e used to classify edges.

T ree Edges: T ree edges are the edges h u; v i in the depth-�rst searc h tree. When suc h edges are

handled, v has not y et b een found.

Bac k Edges: Bac k edges are the edges h u; v i suc h that v is an ancestor of u in the depth-�rst searc h

tree. When suc h edges are handled, v is in the stac k and is found but not completely handled.

Cyclic: A graph is cyclic if and only if it has a bac k-edge.

Pro of ( ( ): The lo op in v arian t of the depth-�rst searc h algorithm ensures that the con ten ts of

the stac k forms a path from s through v and on w ard to u . Adding on the edge h u; v i creates

a cycle bac k to v .

Pro of ( ) ): Later w e pro v e that if the graph has no bac k edges then there is a total ordering

of the no des resp ecting the edges and hence the graph has no cycles.

Bipartite: A graph is bipartite if and only if there is no bac k-edge b et w een an y t w o no des with

the same lev el-parit y , i.e., i� it has no o dd length cycles.

F orw ard Edges and Cross Edges: F orw ard edges are the edges h u; v i suc h that v is a descenden t

of u in the depth-�rst searc h tree.

Cross edges h u; v i are suc h that u and v are in di�eren t branc hes of the depth-�rst searc h tree

(i.e. are neither ancestors or descenden ts of eac h other) and v 's branc h is tra v ersed b efore (to the

\left" of ) u 's branc h.

When forw ard edges and cross edges are are handled, v has b een completely handled. The depth-

�rst searc h algorithm do es not distinguish b et w een forw ard edges and cross edges.

Exercise 8.4.1 Pr ove that when doing DFS on undir e cte d gr aphs ther e ar e never any forwar d or

cr oss e dges.

Time Stamping: Some implemen tations of depth-�rst searc h time stamp eac h no de u with a start time

s ( u ) and a �nish time f ( u ). Here \time" is measured b y starting a coun ter at zero and incremen ting

it ev ery time a no de is found for the �rst time or a no de is completely handled. s ( u ) is the time at

whic h no de u is �rst found and f ( u ) is the time at whic h it is completely handled. The time stamps

are useful in the follo wing w a y . (Some texts use d ( u ) instead of f ( u ). W e, ho w ev er, prefer to reserv e

d ( u ) to b e the distance from s .)

� v is descenden t of u if and only if the time in terv al [ s ( v ) ; f ( v )] is completely con tained in

[ s ( u ) ; f ( u )].

� If u and v are neither ancestor or descenden t of eac h other, then the time in terv als [ s ( u ) ; f ( u )]

and [ s ( v ) ; f ( v )] are completely disjoin t.

Using the time stamps, this can b e determined in constan t time.

A Recursiv e Implemen tation: There is a recursiv e implemen tation of this depth-�rst searc h algorithm

that is easier to understand (assuming that y ou understand recursion). See Section 15.3.1. In fact,

recursion itself is implemen ted b y a stac k. See Section 11.1.5. Hence, an y recursiv e program can b e

con v erted in to an iterativ e algorithm that uses a stac k as done ab o v e. (In fact most compliers do this

automatically).

8.5 Linear Ordering of a P artial Order

Finding a linear order consisten t with a giv en partial order is one of man y applications of a depth-�rst searc h.

Hin t: If a question ev er men tions that a graph is acyclic alw a ys start b y running this algorithm.
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T otal and P artial Orders:

Def

n

: A total or der of a set of ob jects V sp eci�es for eac h pair of ob jects u; v 2 V either (1) that u is

b efor e v or (2) that v is b efor e u . It m ust b e tr ansitive , in that if u is b efore v and v is b efore w , then

u is b efore w .

Def

n

: A p artial or der of a set of ob jects V supplies only some of the information of a total order. F or

eac h pair of ob jects u; v 2 V , it sp eci�es either that u is b efore v , that v is b efore u , or that the order

of u and v is unde�ned. It m ust also b e transitiv e.

F or example, y ou m ust put on y our underw ear b efore y our pan ts, and y ou m ust put on y our sho es after

b oth y our pan ts and y our so c ks. According to transitivit y , this means y ou m ust put y our underw ear

on b efor e y our sho es. Ho w ev er, y ou do ha v e the freedom to put y our underw ear and y our so c ks on in

either order. My son, Josh, when six misto ok this partial order for a total order and refuses to put on

his so c ks b efore his underw ear. When he w as eigh t, he explained to me that the reason that he could

get dressed faster than me w as that he had a \short-cut", consisting of putting his so c ks on b efore his

pan ts. I w as thrilled that he had at least partially understo o d the idea of a partial order.

underwear

\

pants socks

\ /

shoes

A partial order can b e represen ted b y a directed acyclic graph G . The v ertices consist of the ob jects

V , and the directed edge h u; v i indicates that u is b efore v . It follo ws from transitivit y that if there is

a directed path in G from u to v , then w e kno w that u is b efore v . A cycle in G from u to v and bac k

to u presen ts a con tradiction b ecause u cannot b e b oth b efore and after v .

Sp eci�cations of the Problem: T op olo gic al Sort :

Preconditions: The input is a directed acyclic graph G represen ting a partial order.

P ostconditions: The output is a total order consisten t with the partial order giv en b y G , i.e., 8 edges

h u; v i 2 G , i app ears b efore v in the total order.

An Easy but Slo w Algorithm:

The Algorithm: Start at an y no de v of G . If v has an outgoing edge, w alk along it to one of its

neigh b ors. Con tin ue w alking un til y ou �nd a no de t that has no outgoing edges. Suc h a no de is

called a sink . This pro cess cannot con tin ue forev er b ecause the graph has no cycles.

The sink t can go after ev ery no de in G . Hence, y ou should put t last in the total order, delete t

from G , and recursiv ely rep eat the pro cess on G � v .

Running Time: It tak es up to n time to �nd the �rst sink, n � 1 to �nd the second, and so on. The

total time is �( n

2

).

Algorithm Using a Depth-First Searc h:

The Algorithm: Start at an y no de s of G . Do a depth-�rst searc h starting at no de s . After this

searc h completes, no des that are considered found will c ontinue to b e considered found, so should

not b e considered again. Let s

0

b e an y unfound no de of G . Do a depth-�rst searc h starting at

no de s

0

. Rep eat the pro cess un til all no des ha v e b een found.

Use the time stamp f ( u ) to k eep trac k of the order in whic h no des are c ompletely hand le d , i.e.,

remo v ed from the stac k. Output the no des in the r everse order.

If y ou ev er �nd a bac k edge, then stop and rep ort that the graph has a cycle.

Pro of of Correctness:

Lemma: F or ev ery edge h u; v i of G , no de v is completely handled b efore u .
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a
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l

hb

d

e

g

{d}
{d,e,f,g}
{d,e,f}
{d,e,f,l}
{}
{i}
{i,j,k}
{}
{a}
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{a}
{a,h}
{}
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g
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g,l,f,e,d
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g,l,f,e,d,k,j,i,c,b
g,l,f,e,d,k,j,i,c,b
g,l,f,e,d,k,j,i,c,b,h,a

Stack Handled

   (Topplogical Sort) = a,h,b,c,i,j,k,d,e,f,l,g

Figure 8.8: A T op ological Sort Is F ound Using a Depth-First Searc h.

Exercise 8.5.1 Pr ove that the lemma is su�cient to pr ove that the r everse or der to that in

which the no des wer e c ompletely hand le d is a c orr e ct top olo gic al sort.

Pro of of Lemma: Consider some edge h u; v i of G . Before u is completely handled, it m ust b e

put on to the stac k f oundN otH andl ed . A t this p oin t in time, there are three cases:

T ree Edge: v has not y et b een found. Because u has an edge to v , v is put on to the top of

the stac k ab o v e u b efor e u has b een completely handled. No more progress will b e made

to w ards handling u un til v has b een completely handled and remo v ed from the stac k.

Bac k Edge: v has b een found, but not completely handled, and hence is on the stac k some-

where b elo w u . Suc h an edge is a bac k edge. This con tradicts the fact that G is acyclic.

F orw ard or Cross Edge: v has already b een completely handled and remo v ed from the

stac k. In this case, w e are done: v w as completely handled b efore u .

Running Time: As with the depth-�rst searc h, no edge is follo w ed more than once. Hence, the total

time is �( j E j ).

Shortest-W eigh ted P ath: Supp ose y ou w an t to �nd the shortest-w eigh ted path for a graph G that y ou

kno w is acyclic. Y ou could use Dijkstra's algorithm from Section 8.3. Ho w ev er, as hin ted ab o v e, when

ev er a question men tions that a graph is acyclic alw a ys start b y �nding a linear order consisten t with

the edges of the graph. Once this has b een completed, y ou can handle the no des (as done in Dijkstra's

algorithm) in this linear order of the no des.

Pro of of Correctness: The shortest path to no de v will not con tain an y no des u that app ear after

it in the total order b ecause b y the requiremen ts of the total order there is not path from u to

v . Hence, it is �ne to handle v , committing to a shortest path to v , b efore considering no de u .

Hence, it is �ne to handle the no des in the order giv en b y the total order.

Running Time: The adv an tage of this algorithm is that y ou do not need to main tain a priorit y queue,

as done in Dijkstra's algorithm. This decreases the time from �( j E j log j V j ) to �( j E j ).
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Net w ork Flo ws

Net w ork 
o w is a classic computational problem. Supp ose that a giv en directed graph is though t of as a

net w ork of pip es starting at a source no de s and ending at a sink no de t . Through eac h pip e w ater can 
o w

in one direction at some rate up to some maxim um capacit y . The goal is to �nd the maxim um total rate

at whic h w ater can 
o w from the source no de s to the sink no de t . If y ou ph ysically had this net w ork, y ou

could determine the answ er simply b y pushing as m uc h w ater through as y ou could. Ho w ev er, ac hieving this

algorithmically is more di�cult than y ou migh t �rst think b ecause the exp onen tially man y paths from s to t

o v erlap winding forw ard and bac kw ards in complicated w a ys. Being able to solv e this problem, on the other

hand, has a surprisingly large n um b er of applications.

F ormal Sp eci�cation: Net w ork Flo w is another example of an optimization problem whic h in v olv es searc h-

ing for a b est solution from some large set of solutions. See Section 15.1.1 for a formal de�nition.

Instances: An instance h G; s; t i consists of a directed graph G and sp eci�c no des s and t . Eac h edge

h u; v i is asso ciated with a p ositiv e capacit y c

h u;v i

.

Solutions for Instance: A solution for the instance is a 
ow F whic h sp eci�es the 
o w F

h u;v i

through

eac h edge of the graph. The requiremen ts of a 
o w are as follo ws.

Unidirectional Flo w: F or an y pair of no des, it is easiest to assume that 
o w do es not go in

b oth directions b et w een them. Hence, w e will require that at least one of F

h u;v i

and F

h v ;u i

is

zero and that neither are negativ e.

Edge Capacit y: The 
o w through an y edge cannot exceed the capacit y of the edge, namely

F

h u;v i

� c

h u;v i

.

No Leaks: No w ater can b e added at an y no de other then the source s and no w ater can b e

drained at an y no de other than the sink t . A t eac h other no de the total 
o w in to the no de

equals the total 
o w out, namely for all no des u 62 f s; t g ,

P

v

F

h v ;u i

=

P

v

F

h u;v i

.

F or example, see the left of Figure 9.1.

Cost of Solution: T ypically in an optimization problem, eac h solution is assigned a \cost" that either

m ust b e maximized or minimized. F or this problem, the cost of a 
o w F , denoted r ate ( F ), is the

total rate of 
o w from the source s to the sink t . W e will de�ne this to b e the total that lea v es

s without coming bac k, namely r ate ( F ) =

P

v

�

F

h s;v i

� F

h v ;s i

�

. Agreeing with our in tuition, w e

will later pro v e that b ecause no 
o w leaks or is created in b et w een s and t , this 
o w equals that


o wing in to t without lea ving it, namely

P

v

�

F

h v ;t i

� F

h t;v i

�

.

Goal: Giv en an instance h G; s; t i , the goal is to �nd an optimal solution, i.e., a maxim um 
o w.

Exercise 9.0.2 Some texts ensur e that 
ow go es in only one dir e ction b etwe en any two no des, not by r e-

quiring that the 
ow in one dir e ction F

h v ;u i

is zer o, but by r e quiring that F

h v ;u i

= � F

h u;v i

. We do not do this

in or der to b e mor e c onsistent with intuition and to emphasis the subtleties. The advantage, however, is that

this change simpli�es many of the e quation. F or example, the no le ak r e quir ement simpli�es to

P

v

F

h u;v i

= 0 .

126
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Figure 9.1: A net w ork, with its edge capacities lab eled, is giv en on the left. In the middle are t w o paths

through whic h 
o w can b e pushed. On the righ t, the resulting 
o w is giv en. The �rst v alue asso ciated with

eac h edge is its 
o w and the second is its capacit y . The total rate of the 
o w is 50.

This exer cise is to explain this change and then to r e do al l of the other e quations in this se ction in a similar

way.

In Section 9.1, w e will design an algorithm for the net w ork 
o w problem. W e will see that this algorithm

is an example of a hil l climbing algorithm and that it do es not necessarily w ork b ecause it ma y get stuc k

in a smal l lo c al maximum . In Section 9.2, w e will mo dify the algorithm and use the primal-dual metho d to

guaran teed that it will �nd a global maxim um. The problem is that the running time ma y b e exp onen tial.

In Section 9.3, w e pro v e that the ste ep est assent v ersion of this hill clim bing algorithm runs in p olynomial

time. Finally , Section 9.4, relates these ideas to another more general problem called line ar pr o gr amming .

9.1 A Hill Clim bing Algorithm with a Small Lo cal Maxim um

Basic Steps: The �rst step in designing an algorithm is to see what basic op erations migh t b e p erformed.

Push from Source: The �rst ob vious thing to try is to simply start pushing w ater out of s . If the

capacities of the edges near s are large then they can tak e lots of 
o w. F urther do wn the net w ork,

ho w ev er, the capacities ma y b e smaller, in whic h case the 
o w that w e started will get stuc k. T o

a v oid causing capacit y violation or leaks, w e will ha v e to bac k o� the 
o w that w e started. Ev en

further do wn the net w ork, an edge ma y fork in to edges with larger capacities, in whic h case w e

will need to decide in whic h direction to route the 
o w. Keeping trac k of this could b e a headac he.

Plan P ath F or A Drop of W ater: A solution to b oth of the problem of 
o w getting stuc k and the

problem of routing 
o w along the w a y is to �rst �nd an en tire path from s to t through whic h


o w can tak e. In our example, w ater can 
o w along the path h s; b; c; t i . See the top middle of

Figure 9.1. W e then can push as m uc h as p ossible through this path. It is easy to see that the

b ottle nec k is edge h b; c i with capacit y 30. Hence, w e add a 
o w of 30 to eac h edge along this

path. That w orking w ell, w e can try adding more w ater through another path. Let us try the

path h s; a; c; t i . The �rst in teresting thing to note is that the edge h c; t i in this path already has


o w 30 through it. Because this edge has a capacit y of 75, the maxim um 
o w that can b e added

to it is 75 � 30 = 40. This, ho w ev er, turns out not to b e the b ottle nec k b ecause edge h s; a i has

capacit y 20. Adding a 
o w of 20 to eac h edge along this path giv es the 
o w sho wn on the righ t

of Figure 9.1. F or eac h edge, the left v alue giv es its 
o w and the righ t giv es its capacit y . There

b eing no more paths forw ard from s to t , w e are no w stuc k. Is this the maxim um 
o w?

A Winding P ath: W ater has a funn y w a y of seeping from one place to another. It do es not need to

only go forw ard. Though the path h s; b; a; c; t i winds bac kw ards, more 
o w can b e pushed through

it. Another w a y to see that the concept of \forw ard" is not relev an t to this problem, note that

Figure 9.3 giv es another la y out of the exact same graph except that in this la y out this path mo v es

only forw ard. The b ottle nec k in adding 
o w through this path is edge h a; c i . Already ha ving a


o w 20, its 
o w can only increase b y 1. Adding a 
o w of 1 along this path giv es the 
o w sho wn

on the b ottom left in Figure 9.2. Though this example reminds us that w e need to consider all

viable paths from s to t , w e kno w that �nding paths through a graph is easy using either breadth
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�rst or depth �rst searc h (Sections 8.2 and 8.4). Ho w ev er, in addition, w e w an t to mak e sure

that the path w e �nd is suc h that w e can add a non-zero amoun t of 
o w through it. F or this, w e

in tro duce the idea of an augmentation gr aph.
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Figure 9.2: The top left is the same 
o w giv en in Figure 9.1, the �rst v alue asso ciated with eac h edge b eing

its 
o w and the second b eing its capacit y . The top middle is a �rst attempt at an augmen tation graph for

this 
o w. Eac h edge is lab eled with the amoun t of more 
o w that it can handle, namely c

h u;v i

� F

h u;v i

. The

top righ t is the path in this augmen tation graph through whic h 
o w is augmen ted. The b ottom left is the

resulting 
o w. The b ottom middle is its (fault y) augmen tation graph. No more 
o w can b e added through

it.

The (fault y) Augmen tation Graph: Before w e can �nd a path through whic h more 
o w can b e

added, w e need to compute for eac h edge the amoun t of 
o w that can b e added through this edge.

T o k eep trac k of this information, w e construct from the curren t 
o w F a graph denoted b y G

F

and called an augmentation gr aph . (Augmen t means to add on. Augmen tation is the amoun t y ou

add on.) This graph initially will ha v e the same directed edges as our net w ork, G . Eac h of these

edges is lab eled with the amoun t b y whic h its 
o w can b e increase. W e will call this the edge's

augment c ap acity . Assuming that the curren t 
o w through the edge is F

h u;v i

and its capacit y

is c

h u;v i

, this augmen t capacit y is giv en b y c

h u;v i

� F

h u;v i

. An y edge for whic h this capacit y is

zero is deleted from the augmen tation graph. Because of this, non-zero 
o w can b e added along

an y path found from s to t within this augmen tation graph. The path c hosen will b e called the

augmentation p ath . The minim um augmen tation capacit y of an y of its edges is the amoun t b y

whic h the 
o w in eac h of its edges is augmen ted. F or an example, see Figure 9.2. In this case,

the only path happ ens to b e the path h s; b; a; c; t i , whic h is the path that w e used. Its path is

augmen ted b y a 
o w of 1.

W e ha v e no w de�ned the basic step of the algorithm.

The (fault y) Algorithm: W e can no w easily �ll in the remaining detail of the algorithm.

Lo op In v arian t: The most ob vious lo op in v arian t is that at the top of the main lo op w e ha v e a legal


o w. It is p ossible that some more complex in v arian t will b e needed, but for the time b eing this

seems to b e enough.

Measure of Progress: The ob vious measure of progress is ho w m uc h 
o w the algorithm has managed

to get b et w een s and t , i.e. the rate r ate ( F ) of the curren t 
o w.

The Main Steps: Giv en some curren t legal 
o w F through the net w ork G , the algorithm impro v es

the 
o w as follo ws: It constructs the augmen tation graph G

F

for the 
o w; �nds an augmen tation

path from s to t through this graph using breadth �rst or depth �rst searc h; �nds the edge in the

path whose augmen tation capacit y is the smallest; and increases the 
o w b y this amoun t through

eac h edge in the path.
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Main taining the Lo op In v arian t: W e m ust pro v e that the newly created 
o w is a legal 
o w in

order to pro v e that h l oop � inv ar iant

0

i & not h exit � cond i & code

loop

) h l oop � inv ar iant

00

i .

Edge Capacit y: W e are careful nev er to increase the 
o w of an y edge b y more than the amoun t

c

h u;v i

� F

h u;v i

. Hence, its 
o w nev er increases b ey ond its capacit y c

h u;v i

.

No Leaks: W e are careful to add the same amoun t to ev ery edge along a path from s to t . Hence,

for an y no de u along the path there is one edge h v ; u i in to the no de whose 
o w c hanges and

one edge h u; v

0

i out of the no de whose 
o w c hanges. Because these c hange b y the same

amoun t, the 
o w in to the no de remains equal to that out, namely for all no des u 62 f s; t g ,

P

v

F

h v ;u i

=

P

v

F

h u;v i

. In this w a y , w e main tain the fact that the curren t 
o w has no leaks.

Making Progress: Because the edges whose 
o ws could not c hange w ere deleted from the augmen ting

graph, w e kno w that the 
o w through the path that w as found can b e increase b y a p ositiv e

amoun t. This increases the total 
o w. Because the capacities of the edges are in tegers, w e can

pro v e inductiv ely that the 
o ws are alw a ys in tegers and hence the 
o w increases b y at least one.

(Ha ving fractions as capacities is �ne, but ha ving irrationals as capacities can cause the algorithm

to run for ev er.)

Initial Co de: W e can start with a 
o w of zero through eac h edge. This establishes the lo op in v arian t

b ecause this is a legal 
o w.

Exit Condition: A t the momen t, it is hard to imagine ho w w e will kno w whether or not w e ha v e

found the maxim um 
o w. Ho w ev er, it is easy to see what will cause our algorithm to get stuc k.

If the augmen ting graph for our curren t 
o w is suc h that there is no path in it from s to t then

unless w e can think of something b etter to do, w e m ust exit.

T ermination: As usual, w e pro v e that this iterativ e algorithm ev en tually terminates b ecause ev ery

iteration the rate of 
o w increases b y at least one and b ecause the total 
o w certainly cannot

exceed the sum of the capacities of all the edges.

This completely de�nes an algorithm.

T yp es of Algorithms: A t this p oin t, w e will bac k up and consider ho w the algorithm that w e ha v e just

dev elop ed �ts in to three of the classic t yp es of algorithms.

Hill Clim bing: This algorithm is an example of an algorithmic tec hnique kno wn as hill clim bing.

Hiking at the age of sev en, m y son Josh stated that the w a y to

�nd the top of the hill is simply to k eep w alking in a direction that

tak es y ou up and y ou kno w y ou are there when y ou cannot go up

an y more. Little did he kno w that this is also a common tec hnique

for �nding the b est solution for man y optimization problems. The

algorithm main tains one solution for the problem and rep eatedly

mak es one of a small set of prescrib ed c hanges to this solution

in a w a y that mak es it a b etter solution. It stops when none of

these c hanges is able to mak e a b etter solution. There are t w o

problems with this tec hnique. First, it is not necessarily clear ho w

long it will tak e un til the algorithm stops. The second is that

sometimes it �nds a small lo cal maxim um, i.e. the top of a small

hill, instead of the o v erall global maxim um. There are man y hill

clim bing algorithms that are used extensiv ely ev en though they are

not guaran teed to w ork, b ecause in practice they seem to w ork w ell.

Greedy vs Bac k T rac king: Chapter 10 describ es a class of algorithms kno wn as greedy algorithms

in whic h no decision that is made is rev ok ed. Chapter 15 describ es another class of algorithms
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kno wn as recursiv e bac k trac king algorithms that con tin ually notices that it has made a mistak e

and bac k trac ks trying other options un til a correct sequence of c hoices is made.

The net w ork 
o w algorithm just dev elop ed could b e considered to b e greedy b ecause once the

algorithm decides to put 
o w through an edge it ma y later add more, but it nev er remo v es 
o w.

Giv en that our goal is to get as m uc h 
o w from s to t as p ossible and that it do es not matter ho w

that 
o w gets there, it mak es sense that suc h a greedy approac h w ould w ork.

W e will no w return to the algorithm that w e ha v e dev elop ed and determine whether or not it w orks.

A Coun ter Example: Pro ving that a giv en algorithm w orks for ev ery input instance can b e a ma jor

c hallenge. Ho w ev er, in order to pro v e that it do es not w ork, w e only need to giv e one input instance in

whic h it fails. Figure 9.3 giv es suc h an example. It traces out the algorithm on the same instance from

Figure 9.1 that w e did b efore. Ho w ev er, this time the algorithm happ ens to c ho ose di�eren t paths.

First it puts a 
o w of 2 through the path h s; b; a; c; t i , follo w ed b y a 
o w of 19 through h s; a; c; t i ,

follo w ed b y a 
o w of 29 through h s; b; c; t i . A t this p oin t, w e are stuc k b ecause the augmen ting graph

do es not con tain a path from s to t . This is a problem b ecause the curren t 
o w is only 50, while w e

ha v e already seen that the 
o w for this net w ork can b e 51. In hill clim bing terminology , this 
o w is a

small lo cal maxim um b ecause w e cannot impro v e it using the steps that w e ha v e allo w ed, but it is not

a global maxim um b ecause there is a b etter solution.
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Figure 9.3: The fault y algorithm is traced on the instance from Figure 9.1. The no des in this graph are laid

out di�eren tly to emphasize the �rst path c hosen. The curren t 
o w is giv en on the left, the corresp onding

augmen tation graph in the middle, the augmen ting path on the righ t, and the resulting 
o w on the next

line. The algorithm gets stuc k in a sub optimal lo cal maxim um.

Where W e W en t W rong: F rom a hill clim bing p ersp ectiv e, w e to ok a step in an arbitrary direction

that tak es us up but with our �rst attempt w e happ ened to head up the big hill and in the second

w e happ ened to head up the small hill. The 
o w of 51 that w e obtained �rst turns out to b e the

unique maxim um solution (often there are more than one p ossible maxim um solutions). Hence,

w e can compare it to our presen t solution to see where w e w en t wrong. In the �rst step, w e put

a 
o w of 2 through the edge h b; a i , ho w ev er, in the end it turns out that putting more than 1

through it is a mistak e.

Fixing the Algorithm: The follo wing are p ossible w a ys of �xing bugs lik e this one.
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Mak e Better Decisions: W e ha v e seen that if w e start b y putting 
o w through the path h s; b; c; t i

then the algorithm w orks but if w e start with the path h s; b; a; c; t i it do es not. One w a y of �xing

the bug is �nding some w a y to c ho ose whic h path to add 
o w to next so that w e do not get stuc k

in this w a y . F rom the greedy algorithm's p ersp ectiv e, if w e are going to commit to a c hoice then

w e b etter mak e a go o d one. I kno w of no w a y to �x the net w ork 
o ws algorithm in this w a y .

Bac k T rac k: If w e mak e a decision that is bad, then w e m ust bac k trac k and c hange it. In this

example, w e need to �nd a w a y of decreasing the 
o w through the edge h b; a i from 2 do wn to 1. A

general danger of bac k trac king algorithms o v er greedy algorithms is that the algorithm will ha v e

a m uc h longer running time if it k eeps c hanging its mind. F rom b oth a iterativ e algorithm and

a hill clim bing p ersp ectiv e, y ou cannot ha v e an iteration that decreases y our measure of progress

b y taking a step do wn the hill or else there is a danger that the algorithm runs for ev er.

T ak e Bigger Steps: One w a y of a v oiding getting stuc k at the top of a small hill is to tak e a step that

is big enough so that y ou step o v er the v alley on to the slop e of the bigger hill and a little higher

up. Doing this requires rede�ne y our de�nition of a \step". This is the approac h that w e will

tak e. W e need to �nd a w a y of decreasing the 
o w through the edge h b; a i from 2 do wn to 1 while

main taining the lo op in v arian t that w e ha v e a legal 
o w and increasing the o v er all 
o w from s

to t . The place in the algorithm in whic h w e consider ho w the 
o w through an edge is allo w ed to

c hange is when w e de�ne the augmen ting graph. Hence, let us reconsider its de�nition.

9.2 The Primal-Dual Hill Clim bing Metho d

W e will no w de�ne a larger \step" that the hill clim bing algorithm ma y tak e in hop es to a v oid lo cal maxim um.

The (correct) Algorithm:

The Augmen tation Graph: As b efore, the augmen tation graph expresses ho w the 
o w in eac h edge

is able to c hange.

F orw ard Edges: As b efore when an edge h u; v i has 
o w F

h u;v i

and capacit y c

h u;v i

, w e put the

corresp onding edge h u; v i in the augmen ting graph with augmen t capacit y c

h u;v i

� F

h u;v i

to

indicate that w e are allo w ed to add this m uc h 
o w from u to v .

Rev erse Edges: No w w e see that there is a p ossibilit y that w e migh t w an t to decrease the 
o w

from u to v . Giv en that its curren t 
o w is F

h u;v i

, this is the amoun t that it can b e decreased

b y . E�ectiv ely this is the same as increasing the 
o w from v to u b y this same amoun t.

Moreo v er, ho w ev er, if the rev erse edge h v ; u i is also in the graph and has capacit y c

h v ;u i

, then

w e are able to increase the 
o w from v to u b y this second amoun t c

h v ;u i

as w ell. Therefore,

when the edge h u; v i has 
o w F

h u;v i

and the rev erse edge h v ; u i has capacit y c

h v ;u i

, w e also

put the rev erse edge h v ; u i in the augmen ting graph with augmen t capacit y F

h u;v i

+ c

h v ;u i

.

F or example, see edge h a; b i in the �rst augmen ting graph in Figure 9.4.

If instead the rev erse edge h v ; u i has the 
o w in F , then w e do the rev erse. If neither edges ha v e


o w, then b oth edges with their capacities are added to the augmen ting graph.

The Main Steps: Little else c hanges in the algorithm. Giv en some curren t legal 
o w F through the

net w ork G , the algorithm impro v es the 
o w as follo ws: It constructs the augmen tation graph G

F

for the 
o w; �nds an augmen tation path from s to t through this graph using breadth �rst or

depth �rst searc h; �nds the edge in the path whose augmen tation capacit y is the smallest; and

increases the 
o w b y this amoun t through eac h edge in the path. If the edge in the augmen ting

graph is in the opp osite direction as that in the 
o w graph then this in v olv es decreases its 
o w

b y this amoun t. Recall that this is b ecause increasing 
o w from v to u is e�ectiv ely the same as

decreasing it from u to v .

Con tin uing The Example: Figure 9.4 traces this new algorithm on the same example as in Fig-

ure 9.3. Note ho w the new augmen ting graphs include edges in the rev erse direction. Eac h step is

the same as that in Figure 9.3, un til the last step, in whic h these rev erse edges pro vide the path
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h s; a; b; c; t i from s to t . The b ottle nec k in this path is 1. Hence, w e increase the 
o w b y 1 in

eac h edge in the path. The e�ect is that the 
o w through the edge h b; a i decreases from 2 to 1

giving the optimal 
o w that w e had obtained b efore.
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Figure 9.4: The correct algorithm is traced as w as done in Figure 9.3. The curren t 
o w is giv en on the left,

the corresp onding augmen tation graph in the middle, the augmen ting path on the righ t, and the resulting


o w on the next line. The optimal 
o w is obtained. The b ottom �gure is a minim um cut C = h U; V i .

Bigger Step: The rev erse edges that ha v e b een added to the augmen tation graph ma y w ell not b e

needed. They do, after all, undo 
o w that has already b een added through an edge. On the other

hand, ha ving more edges in the augmen tation graph can only increase the p ossibilit y of there

b eing a path from s to t through it.

Main taining the Lo op In v arian t and Making Progress: Little c hanges in the pro of that these

steps increase the total 
o w without violating an y edge capacities or creating leaks at no des,

except that no w one need to b e a little more careful with y our plus and min us signs. This will b e

left as an exercise.

Exercise 9.2.1 Pr ove that the new 
ow is le gal.

Exit Condition: As b efore the algorithm exits when it gets stuc k b ecause the augmen ting graph for

our curren t 
o w is suc h that there is no path in it from s to t . Ho w ev er, with more edges in our

augmen ting graph this ma y not o ccur as so on.

Minim um Cut: W e will de�ne this later.

Co de:
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algorithm N etw or k F l ow ( G; s; t )

h pr e � cond i : G is a net w ork giv en b y a directed graph with capacities on the edges. s is the

source no de. t is the sink.

h post � cond i : F sp eci�es a maxim um 
o w through G and C sp eci�es a minim um cut.

b egin

F = the zero 
o w

lo op

h l oop � inv ar iant i : F is a legal 
o w.

G

F

= the augmen ting graph for F , where

edge h u; v i has augmen t capacit y c

h u;v i

� F

h u;v i

and

edge h v ; u i has augmen t capacit y c

h v ;u i

+ F

h u;v i

.

exit when s is not connected to t in G

F

P = a path from s to t in G

F

w = the minim um augmen ting capacit y in P

Add w to the 
o w F in ev ery edge in P

end lo op

U = no des reac hable from s in G

F

V = no des not reac hable from s in G

F

C = h U; V i

return( F , C )

end algorithm

Ending: The next step in pro ving that this impro v ed algorithm w orks correctly is to pro v e that it alw a ys

�nds a global maxim um without getting stuc k in a small lo cal maxim um. Using the notation of iterativ e

algorithms, w e m ust pro v e that h l oop � inv ar iant i & h exit � cond i & code

post � loop

) h post � cond i . F rom

the lo op in v arian t w e kno w that the algorithm has a legal 
o w. Because w e ha v e exited, w e kno w that

the augmen ting graph do es not con tain a path from s to t and hence w e are stuc k at the top of a lo cal

maxim um. W e m ust pro v e that there are no small lo cal maxim um and hence w e m ust b e at a global

maxim um and hence ha v e an optimal 
o w. The metho d used is called the primal-dual metho d .

Primal-Dual Hill Clim bing As an analogy supp ose that o v er the hills on whic h w e are clim bing

there is an exp onen tial n um b er of ro ofs one on top of the other. As b efore our problem is to �nd a

place to stand on the hills that has maxim um heigh t. W e call this the primal optimization problem.

An equally c hallenging problem is to �nd the lo w est ro of. W e call this the dual optimization

problem. One thing that is easy to pro v e is that eac h ro of is ab o v e eac h place to stand. It follo ws

trivially that lo w est and hence optimal ro of is ab o v e the highest and hence optimal place to stand,

but o� hand w e do not kno w ho w m uc h ab o v e it is.

W e sa y that a hill clim bing algorithm gets stuc k when it is unable to step in a w a y that mo v es it

to a higher place to stand. A primal-dual hill clim bing algorithm is able to pro v e that the only

reason for getting stuc k is b ecause the place it is standing is pressed up against a ro of. This is

pro v ed b y pro ving that from an y lo cation, it can either step to higher lo cation or sp ecify a ro of

to whic h this lo cation is adjacen t. W e will no w see ho w these conditions are su�cien t for pro ving

what w e w an t.

Lemma: Finds Optimal. A primal-dual hill clim bing algorithm is guaran teed to �nd an opti-

mal solution to b oth the primal and the dual optimization problems.

Pro of: By the design of the algorithm, it only stops when it has a lo cation L and a ro of R with

matc hing heigh ts, i.e. heig ht ( L ) = heig ht ( R ). This lo cation m ust b e optimal b ecause ev ery

other lo cation L

0

m ust b e b elo w this ro of and hence cannot b e higher than this lo cation, i.e.

8 L

0

; heig ht ( L

0

) � heig ht ( R ) = heig ht ( L ). W e sa y that this dual solution R witnesses the

fact that the primal solution L is optimal. Similarly , this primal solution L witnesses the fact

that the dual solution R is optimal, namely 8 R

0

; heig ht ( R

0

) � heig ht ( L ) = heig ht ( R ). This

is called the duality principle .
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Cuts As Upp er Bounds: In order to apply these ideas to the net w ork 
o w problem, w e m ust �nd

some upp er b ounds on the 
o w b et w een s and t . Through a single path, the capacit y of eac h edge

acts as upp er b ound b ecause the 
o w through the path cannot exceed the capacit y of an y of its

edges. The edge with the smallest capacit y , b eing the lo w est upp er b ound, is the b ottlenec k. In

a general net w ork, a single edge cannot act as b ottlenec k b ecause the 
o w migh t b e able to go

around this edge via other edges. A similar approac h, ho w ev er, w orks. Supp ose that w e w an ted

to b ound the tra�c b et w een T oron to and Berk eley . W e kno w that an y suc h 
o w m ust cross the

Canadian/US b order. Hence, there is no need to w orry ab out what the 
o w migh t do within

Canada or within the US. W e can safely sa y that the 
o w from T oron to to Berk eley is b ounded

ab o v e b y the sum of the capacities of all the b order crossings. Of course, this do es not mean

that this 
o w can b e ac hiev ed. Other upp er b ounds can b e obtained b y summing up the b order

crossing for other regions. F or example, y ou could b ound the tra�c lea ving T oron to, lea ving

On tario, en tering California, or en tering Berk eley . This brings us to the follo wing de�nition.

Cut of a Graph: A cut C = h U; V i of a graph is a partitioning of the no des of the graph in to

t w o sets U and V suc h that the source s is in U and the sink t is in V . The capacit y of a cut

is the sum of the capacities of all edges from U to V , namely cap ( C ) =

P

u 2 U

P

v 2 V

c

h u;v i

.

One thing to note is that b ecause the no des in a graph do not ha v e a \lo cation" as cities do,

there is no reason for the partition of the no des to b e \geographically con tiguous". An y one

of the exp onen tial n um b er of partitions will do.

Flo w Across a Cut: T o b e able to compare the rate of 
o w from s to t with the capacit y of a

cut, w e will �rst need to de�ne the 
o w across a cut.

r ate ( F ; C ): De�ne r ate ( F ; C ) to b e the curren t 
o w F across the cut C , whic h is the total

of all 
o w in edges that cross from U to V min us the total of all the 
o w that comes bac k,

namely r ate ( F ; C ) =

P

u 2 U

P

v 2 V

�

F

h u;v i

� F

h v ;u i

�

.

r ate ( F ) = r ate ( F ; hf s g ; G � f s gi ): Recall that the 
o w from s to t w as de�ned to b e the

total 
o w that lea v es s without coming bac k, namely r ate ( F ) =

P

v

�

F

h s;v i

� F

h v ;s i

�

. Y ou

will note that this is precisely the equation for the 
o w across the cut that puts s all b y

itself, namely that r ate ( F ) = r ate ( F ; h f s g ; G � f s gi ).

Lemma: r ate ( F ; C ) = r ate ( F ). In tuitiv ely this mak es sense. Because no w ater leaks or

is created b et w een the source s and the sink t , the 
o w out of s equals the 
o w across an y

cut b et w een s and t , whic h in turn equals the 
o w in to t . It is b ecause these are the same

that w e simply call this the 
o w from s to t . The in tuition for the pro of is that b ecause

the 
o w in to a no de is the same as that out of the no de, if y ou mo v e the no de from one

side of the cut to the other this do es not c hange the total 
o w across the cut. Hence w e

can c hange the cut one no de at a time from b eing the one con taining only s to b eing the

cut that w e are in terested in.

More formally this is done b y induction on the size of U . F or the base case, r ate ( F ) =

r ate ( F ; h f s g ; G � f s gi ) giv es us that our h yp othesis r ate ( F ; C ) = r ate ( F ) is true for ev ery

cut whic h has only one no de in U . No w supp ose that b y w a y of induction, w e assume that

it is true for ev ery cut whic h has i no des in U . W e will no w pro v e it for those cuts that

ha v e i + 1 no des in it. Let C = h U; V i b e an y suc h cut. Cho ose one no de x (other then s )

from U and mo v e it across the b oarder. This giv es us a new cut C

0

= h U � f x g ; V [ f x gi ,

where the side U � f x g con tains only i no des. Our assumption then giv es us that the


o w across this cut is equal to the 
o w of F , i.e. r ate ( F ; C

0

) = r ate ( F ). Hence, in order

to pro v e that r ate ( F ; C ) = r ate ( F ), w e only need to pro v e that r ate ( F ; C ) = r ate ( F ; C

0

).

W e will do this b y pro ving that the di�erence b et w een these is zero. By de�nition

r ate ( F ; C ) � r ate ( F ; C

0

) =

"

X

u 2 U

X

v 2 V

F

h u;v i

� F

h v ;u i

#

�

2

4

X

u 2 U �f x g ;

X

v 2 V [f x g

F

h u;v i

� F

h v ;u i

3

5

Figure 9.5 sho ws the terms that do not cancel.
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=

"

X

v 2 V

F

h x;v i

� F

h v ;x i

#

�

"

X

u 2 U

F

h u;x i

� F

h x;u i

#

=

"

X

v 2 V

F

h x;v i

� F

h v ;x i

#

+

"

X

v 2 U

F

h x;v i

� F

h v ;x i

#

=

"

X

v

F

h x;v i

� F

h v ;x i

#

= 0

u

C'

x
v

C

x

Figure 9.5: The edges across the cut that do not cancel in r ate ( F ; C ) � r ate ( F ; C

0

) are sho wn.

This last v alue is the total 
o w out of the no de x min us the total 
o w in to the no de

whic h is zero b y the requiremen t of the 
o w F that no no de leaks. This pro v es that

r ate ( F ; C ) = r ate ( F ) for ev ery cut whic h has i + 1 no des in U . By w a y of induction, it

then is true for all cuts for ev ery size of U . In conclusion, this formally pro v es that giv en

an y 
o w F , its 
o w is the same across an y cut C .

Lemma: r ate ( F ) � cap ( C ): It is no w easy to pro v e that the rate r ate ( F ) of an y 
o w F is at

most the capacit y cap ( C ) of an y cut C . In the primal-dual analogy , this pro v es that eac h ro of

is ab o v e eac h place to stand. Giv en r ate ( F ) = r ate ( F ; C ), it is su�cien t to pro v e that the


o w across a cut is at most the capacit y of the cut. This follo ws easily from the de�nitions.

r ate ( F ; C ) =

P

u 2 U

P

v 2 V

�

F

h u;v i

� F

h v ;u i

�

�

P

u 2 U

P

v 2 V

�

F

h u;v i

�

, b ecause ha ving p ositiv e


o w bac kw ards across the cut from V to U only decreases the 
o w. Then this sum is at most

P

u 2 U

P

v 2 V

�

c

h u;v i

�

, b ecause no edge can ha v e 
o w exceeding its capacit y . Finally , this is

the de�nition of the capacit y cap ( C ) of the cut. This pro v es the required r ate ( F ) � cap ( C ).

T ak e a Step or Find a Cut: The primal-dual metho d requires that from an y lo cation, one can ei-

ther step to higher lo cation or sp ecify a ro of to whic h this lo cation is adjacen t. In the net w ork


o w problem, this translates to: giv en an y legal 
o w F , b eing able to �nd either a b etter 
o w or

a cut whose capacit y is equal to the rate of the curren t 
o w. Doing this is quite in tuitiv e. The

augmen ting graph G

F

includes those edges through whic h the 
o w rate can b e increased. Hence,

the no des reac hable from s in this graph are the no des to whic h more 
o w could b e pushed. Let

U denote this set of no des. In con trast, the remaining set of no des, whic h w e will denote V , are

those to whic h more 
o w cannot b e pushed. See the cut at the b ottom of Figure 9.4. No 
o w can

b e pushed across the b order b et w een U and V b ecause all the edges crossing o v er are at capacit y .

If t is in U , then there is a path from s to t through whic h the 
o w can b e increased. On the

other hand, if t is in V , then C = h U; V i is a cut separating s and t . What remains is to formalize

the pro of that the capacit y of this cut is equal to rate of the curren t 
o w.

cap ( C ) = r ate ( F ): Ab o v e w e pro v ed r ate ( F ; C ) = r ate ( F ), i.e. that the rate of the curren t


o w is the same as that across the cut C . It then remains only to pro v e r ate ( F ; C ) = cap ( C ),

i.e. that the curren t 
o w across the cut C is equal to the capacit y of the cut.

r ate ( F ; C ) = cap ( C ): T o pro v e this, it is su�cien t to pro v e that ev ery edge h u; v i crossing from

U to V has 
o w in F at capacit y , i.e. F

h u;v i

= c

h u;v i

and ev ery edge h v ; u i crossing bac k from
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V to U has zero 
o w in F . These giv e that r ate ( F ; C ) =

P

u 2 U

P

v 2 V

�

F

h u;v i

� F

h v ;u i

�

=

P

u 2 U

P

v 2 V

�

c

h u;v i

� 0

�

= cap ( C ).

F

h u;v i

= c

h u;v i

: Consider an y edge h u; v i crossing from U to V . If F

h u;v i

< c

h u;v i

then

the edge h u; v i with augmen t capacit y c

h u;v i

� F

h u;v i

w ould b e added to the augmen ting

graph. Ho w ev er, ha ving suc h an edge in the augmen ting graph con tradicts the fact that

u is reac hable from s in the augmen ting graph and v is not.

F

h v ;u i

= 0: If F

h v ;u i

> 0 then the edge h u; v i with augmen t capacit y c

h u;v i

+ F

h v ;u i

w ould b e

added to the augmen ting graph. Again ha ving suc h an edge is a con tradiction.

This pro v es that r ate ( F ; C ) = cap ( C ).

Ha ving pro v ed r ate ( F ; C ) = cap ( C ) and r ate ( F ; C ) = r ate ( F ) giv es us the required statemen t

cap ( C ) = r ate ( F ) that the 
o w w e ha v e found equals the capacit y of the cut.

Ending: The conclusion of the ab o v e pro ofs is that this impro v ed net w ork 
o ws algorithm alw a ys

�nds a global maxim um without getting stuc k in a small lo cal maxim um. Eac h iteration it either

�nds a path in the augmen ting graph through whic h it can impro v e the curren t 
o w or it �nds a

cut that witnesses the fact that there are no b etter 
o ws.

Max Flo w, Min Cut Dualit y Principle: By acciden t, when pro ving that our net w ork 
o w algorithm

w orks, w e pro v ed t w o in teresting things ab out a completely di�eren t computational problem, the

min cut pr oblem . This problem, giv en a net w ork h G; s; t i �nds a cut C = h U; V i whose capacit y

cap ( C ) =

P

u 2 U

P

v 2 V

c

h u;v i

is minim um. The �rst in teresting thing is that w e ha v e pro v ed is that the

maxim um 
o w through this graph is equal to its minim um cut. The second in teresting thing is that

this algorithm to �nd a maxim um 
o w also �nds a minim um cut.

Credits: This algorithm w as dev elop ed b y F ord and F ulk erson in 1962.

Running Time: Ab o v e w e pro v ed that this algorithm ev en tually terminates b ecause ev ery iteration the

rate of 
o w increases b y at least one and b ecause the total 
o w certainly can nev er exceed the sum of

the capacities of all the edges. No w w e m ust b ound its running time.

Exp onen tial?: Supp ose that the net w ork graph has m edges eac h with a capacit y that is represen ted

b y an O ( ` ) bit n um b er. Eac h capacit y could b e as large as O (2

`

) and the total maxim um 
o w

could b e as large as O ( m � 2

`

). Starting out as zero and increasing b y ab out one eac h iteration, the

algorithm w ould need O ( m � 2

`

) iterations un til the maxim um 
o w is found. This running time

is p olynomial in the n um b er of edges m . Recall, ho w ev er, that the running time of an algorithm

is expressed not as a function the n um b er of v alues in the input nor as a function of the v alues

themselv es, but as a function of the size of the input instance, whic h in this case is the n um b er

of bits (or digits) needed to represen t all of the v alues, namely O ( m � ` ). If ` is large, then the

n um b er of iterations, O ( m � 2

`

), is exp onen tial in this size. This is a common problem with hill

clim bing algorithms.

Exercise 9.2.2 Find an exe cution of the algorithm on the input given in Figur e 9.1 in which the

�rst

30

2

iter ations incr e ase the 
ow by only 2. Consider the same c omputation on the same gr aph

exc ept that the four e dges forming the squar e now have c ap acities 1 ; 000 ; 000 ; 000 ; 00 0 ; 0 00 and the

cr oss over e dge has c ap acity one. (A lso move t to c or give that last e dge a lar ge c ap acity.) How

much p ap er is r e quir e d to write down this instanc e and how many iter ations ar e r e quir e d? Do you

want to miss your lunch waiting for the c omputation to c omplete?

9.3 The Steep est Assen t Hill Clim bing Algorithm

W e ha v e all exp erienced that clim bing a hill can tak e a long time if y ou wind bac k and forth barely increasing

y our heigh t at all. In con trast, y ou get there m uc h faster if energetically y ou head straigh t up the hill. This

metho d, whic h is call the metho d of ste ep est assent , is to alw a ys tak e the step that increases y our heigh t b y

the most. If y ou already kno w that the hill clim bing algorithm in whic h y ou tak e an y step up the hill w orks,
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then this new more sp eci�c algorithm also w orks. Ho w ev er, if w e are luc ky it �nds the optimal solution

faster.

In our net w ork 
o w algorithm, the c hoice of what step to tak e next in v olv es c ho osing whic h path in the

augmen ting graph to tak e. The amoun t the 
o w increases is the smallest augmen tation capacit y of an y edge

in this path. It follo ws that the c hoice that w ould giv e us the biggest impro v emen t is the path whose smallest

edge is the largest for an y path from s to t . Our steep est assen t net w ork 
o w algorithm will augmen t suc h

a b est path eac h iteration. What remains to b e done is to giv e an algorithm that �nds suc h a path and to

pro v e that doing this, a maxim um 
o w is found within a p olynomial n um b er of iterations.

Finding The Augmen ting P ath With The Biggest Smallest Edge: The new problem to b e solv ed

is as follo ws. The input consists of a directed graph with p ositiv e edge w eigh ts and with sp ecial no des

s and t . The output consists of a path from s to t through this graph whose smallest w eigh ted edge is

as big as p ossible.

Easier Problem: Before attempting to dev elop an algorithm for this, let us consider an easier but

related problem. In addition to the directed graph, the input to the easer problem pro vides a

w eigh t denoted w

min

. It either outputs a path from s to t whose smallest w eigh ted edge is at

least as big as w

min

or states that no suc h path exists.

Using the Easier Problem: Assuming that w e can solv e this easier problem, w e solv e the original

problem b y running the �rst algorithm with w

min

b eing ev ery edge w eigh t in the graph, un til w e

�nd the w eigh t for whic h there is a path with suc h a smallest w eigh t, but there is not a path with

a bigger smallest w eigh t. This is our answ er. (See Exercise 9.3.1 on the p ossibilit y of using binary

searc h on the w eigh ts w

min

to �nd the critical w eigh t.)

Solving the Easier Problem: A path whose smallest w eigh ted edge is at least as big as w

min

will

ob viously not con tain an y edge whose w eigh t is smaller than w

min

. Hence, the answ er to this

easier problem will not c hange if w e delete from the graph all edges whose w eigh t is smaller. An y

path from s to t in the remaining graph will meet our needs. If there is no suc h path then w e also

kno w there is no suc h path in our original graph. This solv es the problem.

Implemen tation Details: In order to �nd a path from s to t in a graph, the algorithm branc hes

out from s using breadth �rst or depth searc h marking ev ery no de reac hable from s with the

predecessor of the no de in the path to it from s . If in the pro cess t is mark ed, then w e ha v e

our path. (See Section 8.1.) It seems a w aist of time to ha v e to redo this w ork for eac h w

min

.

A standard algorithmic tec hnique in suc h a situation is to use an iterativ e algorithm. The lo op

in v arian t will b e that the w ork for the previous w

min

has b een done and is stored in a useful

w a y . The main lo op will then complete the w ork for the curren t w

min

reusing as m uc h of the

previous w ork as p ossible. This can b e implemen ted as follo ws. Sort the edges from biggest to

smallest (breaking ties arbitrarily). Consider them one at a time. When considering w

i

, w e m ust

construct the graph formed b y deleting all the edges with w eigh ts smaller than w

i

. Denote this

G

w

i

. W e m ust mark ev ery no de reac hable from s in this graph. Supp ose that w e ha v e already

done these things in the graph G

w

i � 1

. W e form G

w

i

from G

w

i � 1

simply b y adding the single edge

with w eigh t w

i

. Let h u; v i denote this edge. No des are reac hable from s in G

w

i

that w ere not

reac hable in G

w

i � 1

only if u w as reac hable and v w as not. This new edge then allo ws v to b e

reac hable. In addition, other no des ma y b e reac hable from s via v through other edges that w e

had added b efore. These can all b e mark ed reac hable simply b y starting a depth �rst searc h from

v , marking all those no des that are no w reac hable that ha v e not b een mark ed reac hable b efore.

The algorithm will stop at the �rst edge that allo ws t to b e reac hed. The edge with the smallest

w eigh t in this path to t will b e the edge with w eigh t w

i

added during this iteration. There is

not a path from s to t in the input graph with a larger smallest w eigh ted edge b ecause t w as not

reac hable when only the larger edges w ere added. Hence, this path is a path to t in the graph

whose smallest w eigh ted edge is the largest. This is the required output of this subroutine.

Running Time: Ev en though the algorithm for �nding the path with the largest smallest edge runs

depth �rst searc h for eac h w eigh t w

i

, b ecause the w ork done b efore is reused, no no de in the

pro cess is mark ed reac hed more than once and hence no edge is tra v ersed more than once. It
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follo ws that this pro cess requires only O ( m ) time, where m is the n um b er of edges. This time,

ho w ev er, is dominated b y the time O ( m log m ) to sort the edges.

Co de:

algorithm Lar g estS hor testW eig ht ( G; s; t )

h pr e � cond i : G is a w eigh ted directed (augmen ting) graph. s is the source no de. t is the sink.

h post � cond i : P sp eci�es a path from s to t whose smallest edge w eigh t is as large as p ossible.

h u; v i is its smallest w eigh ted edge.

b egin

Sort the edges b y w eigh t from largest to smallest

G

0

= graph with no edges

mark s reac hable

lo op

h l oop � inv ar iant i : Ev ery no de reac hable from s in G

0

is mark ed reac hable.

exit when t is reac hable

h u; v i = the next largest w eigh ted edge in G

Add h u; v i to G

0

if( u is mark ed reac hable and v is not ) then

Do a depth �rst searc h from v marking all reac hable no des not mark ed b efore.

end if

end lo op

P = path from s to t in G

0

return( P , h u; v i )

end algorithm

Binary Searc h: Exercise 9.3.1 Could we use binary se ar ch on the weights w

min

to �nd the critic al

weight (se e Se ction 3.3.2) and if so would it b e faster? Why?

Running Time of Steep est Assen t: What remains to b e done is to determine ho w man y times the net-

w ork 
o w algorithm m ust augmen t the 
o w in a path when the path c hosen is that whose augmen tation

capacit y is the largest p ossible.

Decreasing the Remaining Distance b y Constan t F actor: The 
o w starts out as zero and ma y

need to increase b e as large as O ( m � 2

`

) when there are m edges with ` bit capacities. W e w ould

lik e the n um b er of steps to b e not exp onen tial but linear in ` . One w a y to ac hiev e this is to

ensure that the curren t 
o w doubles eac h iteration. This, ho w ev er, is lik ely not happ en. Another

p ossibilit y is to turn the measure of progress around. After the i

th

iteration, let R

i

denote the

remaining amoun t that the 
o w m ust increase. More formally , supp ose that the maxim um 
o w

is r ate

max

and that the rate of the curren t 
o w is r ate ( F ). The remaining distance is then

R

i

= r ate

max

� r ate ( F ). W e will sho w that the amoun t w

min

b y whic h the 
o w increases is at

least some constan t fraction of R

i

.

Bounding The Remaining Distance: The funn y thing ab out this measure of progress, is that the

algorithm do es not kno w what the maxim um 
o w r ate

max

is. Ho w ev er, it is only needed as part of

the analysis. F or this, w e m ust b ound ho w big the remaining distance, R

i

= r ate

max

� r ate ( F ), is.

Recall that the augmen tation graph for the curren t 
o w is constructed so that the augmen tation

capacit y of eac h edge giv es the amoun t that the 
o w through this edge can b e increased b y . Hence,

just as the sum of the capacities of the edges across an y cut C = h U; V i in the net w ork, acts as an

upp er b ound to the total 
o w p ossible, the sum of the augmen tation capacities of the edges across

an y cut C = h U; V i in the augmen tation graph, acts as an upp er b ound to the total amoun t that

the curren t 
o w can b e increased.

Cho osing a Cut: T o do this analysis, w e need to c ho ose whic h cut w e will use. (This is not part

of the algorithm.) As b efore, the natural cut to use comes out of the algorithm that �nds the

path from s to t . Let w

min

= w

i

denote the smallest augmen tation capacit y in the path whose

smallest augmen tation capacit y is largest. Let G

w

i � 1

b e the graph created from the augmen ting
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graph b y deleting all edges whose augmen tation capacities are smaller or equal to w

min

. Note

that this is the last graph that the algorithm whic h �nds the augmen ting path considers b efore

adding the edge with w eigh t w

min

that connects s and t . W e kno w that there is not a path from s

to t in G

w

i � 1

or else there w ould b e an path in the augmen ting graph whose smallest augmen ting

capacit y w as larger then w

min

. F orm the cut C = h U; V i b y letting U b e the set of all the no des

reac hable from s in G

w

i � 1

and letting V b e those that are not. No w consider an y edge in the

augmen ting graph that crosses this cut. This edge cannot b e in the graph G

w

i � 1

or else it w ould

b e crossing from a no de in U that is reac hable from s to a no de that is not reac hable from s , whic h

is a con tradiction. Because this edge has b een deleted in G

w

i � 1

, w e kno w that its augmen tation

capacit y is at most w

min

. The n um b er of edges across this cut is at most the n um b er of edges in

the net w ork, whic h has b e denoted b y m . It follo ws that the sum of the augmen tation capacities

of the edges across this cut C = h U; V i is at most m � w

min

.

Bounding The Increase, w

min

�

1

m

R

i

: W e ha v e determined that R

i

= r ate

max

� r ate ( F ), whic h

is the remaining amoun t that the 
o w needs to b e increased, is at most the sum of the augmen-

tation capacities across the cut C , whic h is at most m � w

min

, i.e. R

i

� m � w

min

. Rearranging

this giv es that w

min

�

1

m

R

i

. It giv es that w

min

, whic h is the amoun t that the 
o w do es increase

b y this iteration, is at least

1

m

R

i

.

The n um b er of Iterations: W e ha v e determined that the 
o w increases eac h iteration b y at least

1

m

times the remaining amoun t R

i

that it m ust b e increased. This, of course, decreases the remaining

amoun t, giving that R

i +1

� R

i

�

1

m

R

i

. Y ou migh t think that it follo ws that the maxim um 
o w is

obtained in only m iterations. This w ould b e true if R

i +1

� R

i

�

1

m

R

0

. Ho w ev er, it is not b ecause

the smaller R

i

gets, the smaller it decreases b y . One w a y to b ound the n um b er of iterations

needed is to note that R

i

� (1 �

1

m

)

i

R

0

and then to either b ound logarithms base (1 �

1

m

) or to

kno w that lim

m !1

(1 �

1

m

)

m

=

1

e

�

1

2 : 17

. Ho w ev er, I think that the follo wing metho d is more

in tuitiv e. As long as R

i

is big, w e kno w that it decreases b y a lot. T o mak e this concrete, lets

consider what happ ens after some I

th

iteration and sa y that R

i

is still relativ ely big when it is

still at least

1

2

R

I

. As long as this is the case, R

i

decrease b y at least

1

m

R

i

�

1

2 m

R

I

. After m

suc h iterations, R

i

w ould decrease from R

I

to

1

2

R

I

. The only reason that it w ould not con tin ue

to decrease this fast is if it already had decreased this m uc h. Either w a y , w e kno w that ev ery m

iterations, R

i

decreases b y a factor of t w o.

This pro cess ma y mak e y ou think of what is kno wn as zeno's parado x. If y ou cut the remaining

distance in half and then in half again and so on, then though y ou get v ery close v ery fast, y ou

nev er actually get there. Ho w ev er, if all the capacities are in tegers then all v alues will b e in tegers

and hence when R

i

decreases to b e less that one, it m ust in fact b e zero, giving us the maxim um


o w.

Initially , the remaining amoun t R

i

= r ate

max

� r ate ( F ) is at most O ( m � 2

`

). Hence, if it decreases

b y at least a factor of t w o eac h m iterations, then after mj iterations, this amoun t is at most

O (

m � 2

`

2

j

). This reac hes one when j = O (log

2

( m � 2

`

)) = O ( ` + log m ) or O ( m` + m log m ) iterations.

If y our capacities are real n um b ers, then y ou will b e able to appro ximate the maxim um 
o w to

within `

0

bits of accuracy in another m`

0

iterations.

Bounding the Running Time: W e ha v e determined that eac h iteration tak es m log m time and

that only O ( m` + m log m ) iterations are required. It follo ws that this steep est assen t net w ork


o w algorithm runs in time O ( `m

2

log m + m

2

log

2

m ).

F ully P olynomial Time: A lot of w ork w as sp en t �nding an algorithm that is what is kno wn as ful ly

p olynomial . This requires that the n um b er of iterations b e p olynomial in the n um b er of v alues

and do es not dep end at all on the v alues themselv es. Hence, if y ou c harge only one time step

for addition and subtraction, ev en if the capacities are strange things lik e

p

2 , then the algorithm

giv es the exact answ er (at least sym b olically) in p olynomial time. My father, Jac k Edmonds,

and a colleague, Ric hard Karp, dev elop ed suc h an algorithm in 1972. It is v ersion of the original

F ord-F ulk erson algorithm. Ho w ev er, in this, eac h iteration, the path from s to t in the augmen ting

graph with the smallest n um b er of edges is augmen ted. This algorithm iterates at most O ( nm )

times, where n is the n um b er of no des and m the n um b er of edges. In practice, this is slo w er than
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the O ( m` ) time steep est assen t algorithm.

9.4 Linear Programming

When I w as an undergraduate, I had a summer job with a fo o d compan y . Our goal w as to mak e c heap hot

dogs. Ev ery morning w e got the prices of thousands of ingredien ts: pig hearts, sa wdust, : : : . Eac h ingredien t

has an asso ciated v ariable indicating ho w m uc h of it to add to the hot dogs. There are thousands of linear

constrain ts on these v ariables: so m uc h meat, so m uc h moisture, : : : . T ogether these constrain ts sp ecify

whic h com binations of ingredien ts constitute a \hot dog". The cost of the hot dog is a linear function of

what y ou put in to it and their costs. The goal is to determine what to put in to the hot dogs that da y to

minimize the cost. This is an example of a general class of problems referred to as line ar pr o gr ams .

F ormal Sp eci�cation: A linear program is an optimization problems whose constrain ts and ob jectiv e

functions are linear functions.

Instances: An input instance consists of (1) a set of linear constrain ts on a set of v ariables and (2) a

linear ob jectiv e function.

Solutions for Instance: A solution for the instance is a setting of all the v ariables that satis�es the

constrain ts.

Cost of Solution: The cost of a solutions is giv en b y the ob jectiv e function.

Goal: The goal is to �nd a setting of these v ariables that optimizes the cost, while resp ecting all of

the constrain ts.

Examples:

Concrete Example:

maximize

7 x

1

� 6 x

2

+ 5 x

3

+ 7 x

4

sub ject to

3 x

1

+ 7 x

2

+ 2 x

3

+ 9 x

4

� 258

6 x

1

+ 3 x

2

+ 9 x

3

� 6 x

4

� 721

2 x

1

+ 1 x

2

+ 5 x

3

+ 5 x

4

� 524

3 x

1

+ 6 x

2

+ 2 x

3

+ 3 x

4

� 411

4 x

1

� 8 x

2

� 4 x

3

+ 4 x

4

� 685

Matrix Represen tation: A linear program can b e expressed v ery compactly using matrix algebra.

Let n denote the n um b er of v ariables and m the n um b er of constrain ts. Let a denote the ro w

of n co e�cien ts in the ob jectiv e function, M denote the matrix with m ro ws and n columns of

co e�cien ts on the left hand side of the constrain ts, let b denote the column of m co e�cien ts on

the righ t hand side of the constrain ts, and �nally let x denote the column of n v ariables. Then

the goal of the linear program is to maximize a � x sub ject to M � x � b .

Net w ork Flo ws: The net w ork 
o ws problem can b e expressed as instances of linear programming.

Exercise 9.4.1 Given a network 
ow instanc e, expr ess it as a line ar pr o gr am.

The Euclidean Space In terpretation: Eac h p ossible solution, giving v alues to the v ariables x

1

; : : : ; x

n

,

can b e view ed as a p oin t in n dimensional space. This space is easiest to view when there are only t w o

or three dimensions, but the same ideas hold for an y n um b er of solutions.

Constrain ts: Eac h constrain t sp eci�es a b oundary in space, on one side of whic h a v alid solution

m ust lie. When n = 2, this constrain t is a one-dimensional line. See Figure 9.6. When n = 3, it

is a t w o-dimensional plane, lik e the side of a b o x. In general, it is an n � 1 dimensional space.

The space b ounded b y all of the constrain ts is called a p olyhe dr al .
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Initial Solution

2

1
x

Optimal Solution

Hill Climbing Algorithm

x

Objective function

Figure 9.6: The Euclidean space represen tation of a linear program with n = 2.

The Ob jectiv e F unction: The ob jectiv e function giv es a direction in Euclidean space. The goal is

to �nd a p oin t in the b ounded p olyhedral that is the furthest in this direction. The b est w a y to

visualize this is to rotate the Euclidean space so that the ob jectiv e function p oin ts straigh t up.

F or Figure 9.6, rotate the b o ok so that the big arro w p oin ts up w ards. Giv en this, the goal is to

�nd a p oin t in the b ounded p olyhedral that is as high as p ossible.

A V ertex is an Optimal Solution: Y ou ma y recall that n linear equations with n unkno wns are

su�cien t to sp ecify a unique solution. Because of this, n constrain ts, when met with equalit y ,

in tersect at one p oin t. This is called a vertex . F or example, y ou can see in Figure 9.6 ho w for

n = 2, t w o lines de�nes a v ertex. Y ou can also see ho w for n = 3, three sides of a b o x de�nes a

v ertex.

As y ou can imagine from lo oking at Figure 9.6, if there is a unique solution, it will b e at a v ertex

where n constrain ts meet. If there is a whole region of equiv alen tly optimal solutions, then at

least one of them will b e a v ertex. The adv an tage of this kno wledge is that our searc h for an

optimal solution will fo cus on these v ertices.

The Hill Clim bing Algorithm: Once the b o ok is rotated to p oin t the ob jectiv e function in Figure 9.6

up w ards, the ob vious algorithm simply clim bs the hill formed b y the outside of the b ounded p olyhedral

un til the top is reac hed. Recall that hill clim bing algorithms main tain a v alid solution and eac h iteration

tak e a \step", replacing it with a b etter solution, un til there is no b etter solution that can b e obtained in

one suc h \step". The only things remaining in de�ning a hill clim bing algorithm for linear programming

is to devise a w a y to �nd an initial v alid solution and to de�ne what constitutes a \step" to a b etter

solution.

A Step: Supp ose b y the lo op in v arian t, w e ha v e a solution that in addition to b eing v alid, it is also

a v ertex of the b ounding p olyhedral. More formally , the solution satisfying all of the constrain ts

and meets n of the constrain ts with equalit y . A step will in v olv e sliding along the edge (one

dimensional line) b et w een t w o adjacen t v ertices. This in v olv es r elaxing one of the constrain ts that

is met with equalit y so that it no longer is met with equalit y and tightening one of the constrain ts

that w as not met with equalit y so that it no w is met with equalit y . This is called is called pivoting

out one equation and in another. The new solution will b e the unique solution that satis�es with

equalit y the n presen tly selected equations. Of course, eac h iteration suc h a step can b e tak e only

if it con tin ues to satisfy all of the constrain ts and impro v es the ob jectiv e function. There are fast

w a ys of �nding a go o d step to tak e. Ho w ev er, ev en if y ou do not kno w these, there are only n � m

c hoices of \steps" to try , when there are n v ariables and m equations.

Finding an Initial V alid Solution: If w e are luc ky , the origin is a v alid solution. Ho w ev er, in

general �nding some v alid solution is itself a c hallenging problem. Our algorithm to do so will b e

an iterativ e algorithm that includes the constrain ts one at a time. Supp ose b y the lo op in v arian t,
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w e ha v e v ertex solution that satis�es the �rst i of the equations. F or example, that w e ha v e

a v ertex solution that satis�es all of the constrain ts in our ab o v e concrete example except the

last one, whic h happ ens to b e 4 x

1

� 8 x

2

� 4 x

3

+ 4 x

4

� 685. W e will then treat the negativ e

of this next constrain t as the ob jectiv e function, namely � 4 x

1

+ 8 x

2

+ 4 x

3

� 4 x

4

. W e will run

our hill clim bing algorithm, starting with the v ertex w e ha v e un til, w e ha v e a v ertex solution

that maximizes this new ob jectiv e function sub ject to the �rst i equations. This is equiv alen t to

minimizing the ob jectiv e 4 x

1

� 8 x

2

� 4 x

3

+ 4 x

4

. If this minim um is less that 685, then w e ha v e

found a v ertex solution that satis�es the �rst i + 1 equation. If not, then w e determined that no

suc h solution exists.

No Small Lo cal Maxim um: T o pro v e that the ab o v e algorithm ev en tually �nds a global maxim um, w e

m ust pro v e that it will not get stuc k in a small lo cal maxim um.

Con v ex: The in tuition is straigh t forw ard. Because the b ounded p olyhedral is the in tersection of

straigh t cuts, it is what w e call c onvex . More formally , this means that the line b et w een an y

t w o p oin ts in the p olyhedral are also in the p olyhedral. This means that there cannot b e t w o

lo cal maxim um p oin ts, b ecause b et w een these t w o hills there w ould need to b e a v alley and a line

b et w een t w o p oin ts across this v alley w ould b e outside the p olyhedral.

The Primal-Dual Metho d: As done with the net w ork 
o w algorithm, the primal dual metho d for-

mally pro v es that a global maxim um will b e found. Giv en an y linear program, de�ned b y an

optimization function and a set constrain ts, there is a w a y of forming its dual minimization linear

program. Eac h solution to this dual acts as a ro of or upp er b ound on ho w high the primal solution

can b e. Then eac h iteration either �nds a b etter solution for the primal or pro viding a solution for

the dual linear program with a matc hing v alue. This dual solution witnesses the fact no primal

solution is bigger.

F orming the Dual: If the primal linear program is to maximize a � x sub ject to M x � b , then

the dual is to minimize b

T

� y sub ject to M

T

� y � a

T

. Where b

T

, M

T

, and a are the transp oses

formed b y 
ipping the v ector or matrix along the diagonal. The dual of the concrete example

giv en ab o v e is

minimize

258 + 721 y

2

+ 524 y

3

+ 411 y

4

+ 685 y

5

sub ject to

3 y

1

+ 6 y

2

+ 2 y

3

+ 3 y

4

+ 4 y

5

� 7

7 y

1

+ 3 y

2

+ 1 y

3

+ 6 y

4

� 8 y

5

� � 6

2 y

1

+ 9 y

2

+ 5 y

3

+ 2 y

4

� 4 y

5

� 5

9 y

1

� 6 y

2

+ 5 y

3

+ 3 y

4

+ 4 y

5

� 7

The dual will ha v e a v ariable for eac h constrain t in the primal and a constrain t for eac h of its

v ariables. The co e�cien ts of the ob jectiv e function b ecomes the n um b ers on the righ t hand

side of the inequalities and the n um b ers on the righ t hand side of the inequalities b ecomes the

co e�cien ts of the ob jectiv e function. Finally , the maximize b ecomes a minimize. Another

in teresting thing is that the dual of the dual is the same as the original primal.

Upp er Bound: W e pro v e that the v alue of an y solution to the primal linear program is at most

the v alue of an y solution to the dual linear program as 
o ws. The v alue of the primal solution

x is a � x . The constrain ts M

T

� y � a

T

can b e turned around to giv e a � y

T

� M . This giv es

that a � x � y

T

� M � x . Using the constrain ts M x � b , this is at most y

T

� b . This can b e

turned around to giv e b

T

� y , whic h is v alue of the dual solution y .

Running Time: The primal-dual hill clim bing algorithm is guaran teed to �nd the optimal solution. In

practice, it w orks quic kly (though for m y summer job, the computers w ould crank for hours.) Ho w ev er,

there is no kno wn hill clim bing algorithm that is guaran teed to run in p olynomial time.

There is another algorithm that solv es this problem, called the El lipsoid Metho d . Practically , it is not

as fast, but theoretically it pro v ably runs in p olynomial time.



Chapter 10

Greedy Algorithms

Ev ery t w o y ear old kno ws the greedy algorithm. In order to get what y ou w an t, just start grabbing what

lo oks b est.

10.1 The T ec hniques and the Theory

Optimization Problems: An imp ortan t and practical class of computational problems is referred to as

optimization pr oblems . F or most suc h problems, the fastest kno wn algorithms run in exp onen tial time.

(There ma y b e faster algorithms; w e simply do not kno w.) F or most of those that ha v e p olynomial

time algorithms, the algorithm is either greedy , recursiv e bac k trac king, dynamic programming, net w ork


o w, or linear programming. (See later c hapters.)

Most of the optimization problems that are solv ed using the greedy metho d ha v e the follo wing form.

(A more complete de�nition of an optimization problem is giv en in Section 15.1.1.)

Instances: An instance consists of a set of ob jects and a relationship b et w een them. Think of the

ob jects as b eing prizes that y ou m ust c ho ose b et w een.

Solutions for Instance: A solution requires the algorithm to mak e a c hoice ab out eac h of the ob jects

in the instance. Sometimes, this c hoice is more complex, but usually it is simply whether or not

to k eep it. In this case, a solution is the subset of the ob jects that y ou ha v e k ept. The catc h is

that some subsets are not allo w ed b ecause these ob jects con
ict someho w with eac h other.

Cost of Solution: Eac h non-con
icting subset of the ob jects is assigned a cost. Often this cost is the

n um b er of ob jects in the subset or the sum of the costs of its individual ob jects. Sometimes the

cost is a more complex function of the subset.

Goal: Giv en an instance, the goal is to �nd one of the v alid solutions for this instance with optimal

(minim um or maxim um as the case ma y b e) cost. (The solution to b e outputted migh t not b e

unique.)

143
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The Brute F orce Algorithm (Exp onen tial Time): The brute force algorithm for an optimization

problem considers eac h p ossible solution for the giv en instance, computes its cost, and outputs the

c heap est. Because eac h instance has an exp onen tial n um b er of solutions, this algorithm tak es exp o-

nen tial time.

The Greedy Choice: The greedy step is the �rst that w ould come to mind when designing an algorithm

for a problem. Giv en the set of ob jects sp eci�ed in the input instance, the greedy step c ho oses and

commits to one of these ob jects b ecause, according to some simple criteria, it seems to b e the \b est".

When pro ving that the algorithm w orks, w e m ust b e able to pro v e that this lo cally greedy c hoice do es

not ha v e negativ e global consequences.

The Game Sho w Example: Supp ose the instance sp eci�es a set of prizes and an in teger m and allo ws

y ou to c ho ose m of the prizes. The criteria, according to whic h some of these prizes app ear to b e

\b etter" than others, ma y b e its dollar price, the amoun t of jo y it w ould bring y ou, ho w practical it

is, or ho w m uc h it w ould impress the neigh b ors. A t �rst it seem ob vious that y ou should c ho ose y our

�rst prize using the greedy approac h. Ho w ev er, some of these prizes con
ict with eac h other and as is

often the case in life there are compromises that need to b e made. F or example, if y ou tak e the p o ol,

then y our y ard is to o full to b e able to tak e man y of the other prizes. Or if y ou tak e the lion, then

are man y other animals that w ould not appreciate living together with it. As is also true in life, it is

sometimes hard to lo ok in to the future and predict the rami�cations of the c hoices made to da y .

Making Change Example: The goal of this optimization problem is to �nd the minim um n um b er of

quarters, dimes, nic k els, and p ennies. that total to a giv en amoun t. The ab o v e format states that an

instance consists of a set ob jects and a relationship b et w een them. Here, the set is a h uge pile of coins

and the relationship is that the c hosen coins m ust total to the giv en amoun t. The cost of a solution,

whic h is to b e minimized, is the n um b er of coins in the solution.

The Greedy Choice: The coin that app ear to b e b est to tak e is a quarter, b ecause it mak es the

most progress to w ards making our required amoun t while only incurring a cost of one.

A V alid Choice: Before committing to a quarter, w e m ust mak e sure that it do es not con
ict with

the p ossibilit y of arriving at a v alid solution. If the sum to b e obtained happ ens to b e less than

$0.25, then this quarter should b e rejected, ev en though it app ears at �rst to b e b est. On the other

hand, if the amoun t is at least $0.25, then w e can commit to the quarter without in v alidating the

solution w e are building.

Leading to an Optimal Solution: A m uc h more di�cult and subtle question is whether or not

committing to a quarter leads us to w ards obtaining an optimal solution. In this case, it happ ens

that it do es, though this not at all ob vious.

Going W rong: Supp ose that the previous Making Change Problem is generalized to include as part

of the input the set of coin denominations a v ailable. This problem is iden tical to In teger-Knapsac k

Problem giv en in Section 16.3.4. With general coin denominations, the greedy algorithm do es not

w ork. F or example, supp ose w e ha v e 4, 3, and 1 cen t coins. If the giv en amoun t is 6, than the

optimal solution con tains t w o 3 cen t coins. One go es wrong b y greedily committing to a 4 cen t

coin.

Exercise 10.1.1 What r estrictions on the c oin denominations ensur e that the gr e e dy algorithm

works?
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Ha v e Not Gone W rong: Committing to the p o ol, to the lion, or to the 4 cen t coin in the previous

examples, though they lo cally app ear to b e the \b est" ob jects, do not lead to an optimal solution.

Ho w ev er, for some problems and for some de�nitions of \b est", the greedy algorithm do es w ork. Before

committing to the seemingly \b est" ob ject, w e need to pro v e that w e do not go wrong b y doing it.

\The" Optimal Solution Con tains the \Best" Ob ject: The �rst attempt at pro ving this migh t

try to pro v e that for ev ery set of ob jects that migh t b e giv en as an instance, the \b est" of these

ob jects is de�nitely in its optimal solution. The problem with this is that there ma y b e more than

one optimal solution. It migh t not b e the case that all of them con tain the c hosen ob ject. F or

example, if all the ob jects w ere the same, then it w ould not matter whic h subset of ob jects w ere

c hosen.

A t Least One Optimal Solution Remaining: Instead of requiring all optimal solutions to con tain

the \b est" ob ject, what needs to b e pro v en is that at least one do es. The e�ect of this is that

though committing to the \b est" ob ject ma y eliminate the p ossibilit y of some of the optimal

solutions, it do es not eliminate all of them. There is the sa ying, \Do not burn y our bridges

b ehind y ou." The message here is sligh tly di�eren t. It is ok to burn a few of y our bridges as long

as y ou do not burn all of them.

The Second Step: After the \b est" ob ject has b een c hosen and committed to, the algorithm m ust con tin ue

and c ho ose the remaining ob jects for the solution. There are t w o di�eren t abstractions within whic h

one can think ab out this pro cess, iterativ e and recursiv e. Though the resulting algorithm is (usually)

the same, ha ving the di�eren t paradigms at y our disp osal can b e helpful.

Iterativ e: In the iterativ e v ersion, there is a main lo op. Eac h iteration, the \b est" is c hosen from

amongst the ob jects that ha v e not y et b een considered. The algorithm then commits to some

c hoice ab out this ob ject. Usually , this in v olv es deciding whether to commit to putting this c hosen

ob ject in the solution or to commit to rejecting it.

A V alid Choice: The most common reason for rejecting an ob ject is that it con
icts with the

ob jects committed to previously . Another reason for rejecting an ob ject is that the ob ject

�lls no requiremen ts that are not already �lled b y the ob jects already committed to.

Cannot Predict the F uture: A t eac h step, the c hoice that is made can dep end on the c hoices

that w ere made in the past, but it cannot dep end on the c hoices that will b e made in the

future. Because of this, no bac k trac king is required.

Making Change Example: The greedy algorithm for �nding the minim um n um b er of coins

summing to a giv en amoun t is as follo ws. Commit to quarters un til the next quarter increases

y our curren t sum ab o v e the required amoun t. Then reject the remain quarters. Then do the

same with the dimes, the nic k els, and p ennies.

Recursiv e: A recursiv e greedy algorithm mak es a greedy �rst c hoice and then recurses once or t wice

in order to solv e the remaining subinstance.

Making Change Example: After committing to a quarter, w e could subtract $0.25 from the

required amoun t and ask a friend to �nd the minim um n um b er of coins to mak e this new

amoun t. Our solution, will b e his solution plus our original quarter.

Binary Searc h T ree Example: The recursiv e v ersion of a greedy algorithm is more useful when

y ou need to recurse more than once. F or example, supp ose y ou w an t to construct a binary

searc h tree for a set of k eys that minimizes the total heigh t of the tree, i.e. a balanced tree.

The greedy algorithm will commit to the middle k ey b eing at the ro ot. Then it will recurse

once for the left subtree and once for the righ t.

T o learn more ab out ho w to recurse after the greedy c hoice has b een made see recursiv e bac k-

trac king algorithms in Section 15.

Pro of of Correctness: Greedy algorithms themselv es are v ery easy to understand and to co de. If y our

in tuition is that it should not w ork, then y our in tuition is correct. F or most optimization searc h
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problems, all greedy algorithms tried do not w ork. By some miracle, ho w ev er, for some problems there

is a greedy algorithm that w orks. The pro of that they w ork, ho w ev er, is v ery subtle and di�cult. As

with all iterativ e algorithms, w e pro v e that it w orks using lo op in v arian ts.

The Lo op In v arian t: The lo op in v arian t main tained is that w e ha v e not gone wrong. There is at

least one optimal solution consisten t with the c hoices made so far, i.e. con taining the ob jects

committed to so far and not con taining the ob jects rejected so far.

Three Pla y ers: T o help understand this pro of, w e will tell a story in v olving three c haracters: the

algorithm, the pro v er, and a fairy go d mother. Ha ving these three helps us k eep trac k of what

eac h do es, kno ws, and is capable of. Using the analogy of a rela y race used to describ e iterativ e

algorithms in Section 3.2.1, w e could consider a separate algorithm executor, pro v er, a fairy go d

mother for eac h iteration of the algorithm. Doing this helps us k eep trac k of what information is

passed b y eac h of these pla y ers from one iteration to the next.

The Algorithm: A t the b eginning of an iteration, the algorithm has a set C ommit of ob jects

committed to so far and the set of jobs rejected so far. The algorithm then c ho oses the \b est"

ob ject from amongst those not considered so far and either commits to it or rejects it.

The Pro v er: A t the b eginning of an iteration, the pro v er kno ws that the lo op in v arian t is true.

The job of the pro v er is to mak e sure that it has b een main tained when the algorithm commits

to or rejects the next b est ob ject. W e separate his role from that of the algorithm to emphasize

that his actions are not a part of the algorithm and hence do not need to b e co ded or executed.

By the lo op in v arian t, the pro v er kno ws that there is at least one optimal solution consisten t

with the c hoices made b y the algorithm so far. He, ho w ev er, do es not kno w an y of them. If,

he did, then p erhaps the algorithm could to o, and w e w ould not need to b e going through

all of this w ork. On the other hand, as part of a though t exp erimen t, the pro v er do es ha v e a

fairy go d mother to \help" him.

The F airy Go d Mother: A t the b eginning of an iteration, the fairy go d mother is holding for

the pro v er one of the optimal solutions that is kno wn to exist. This solution is said to witness

to the fact suc h a solution exists. Though the fairy go d mother is all p o w erful, practically

sp eaking she is not all that helpful, b ecause she is unable to comm unicate an ything bac k

to either the pro v er or the algorithm. The pro v er do es, ho w ev er, receiv e moral supp ort b y

sp eaking in a one w a y comm unication to her.

Initially (i.e., h pr e i ! h LI i ): Initially , the algorithm has made no c hoices, neither committing to

nor rejecting an y ob jects. The pro v er then establishes the lo op in v arian t as follo ws. Assuming

that there is at least one legal solution, he kno ws that there m ust b e an optimal solution. He

go es on to note that this optimal solution b y default is consisten t with the c hoices made so far,

b ecause no c hoices ha v e b een made so far. Kno wing that suc h a solution exists, the pro v er kindly

asks his fairy go o d mother to �nd one. She b eing all p o w erful has no problem doing this. If there

are more than one equally go o d optimal solutions, then she c ho oses one arbitrarially .

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): No w con-

sider an arbitrary iteration.

What W e Kno w: A t the b eginning of this iteration, the algorithm has a set C ommit of ob jects

committed to so far and the set of jobs rejected so far. The pro v er kno ws that the lo op

in v arian t is true, i.e. that there is at least one optimal solution consisten t with these c hoices

made so far. Witnessing this fact, the fairy go d mother is holding one suc h optimal solution.

W e will use optS

LI

to denote the solution that she holds. In addition to con taining those

ob jects in C ommit and not those in R ej ect , this solution ma y con tain ob jects that the

algorithm has not considered y et. Neither the algorithm nor the pro v er kno w what these

ob jects are.

T aking a Step: During the iteration, the algorithm pro ceeds to c ho ose the \b est" ob ject from

amongst those not considered so far and either commits to it or rejects it. In order to pro v e

that the lo op in v arian t has b een main tained, the pro v er m ust pro v e that there is at least

one optimal solution consisten t with b oth the c hoices made previously and with this new
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c hoice. He is going to accomplish this b y getting his fairy go o d mother to witness this fact

b y switc hing to suc h an optimal solution.

W eakness in Comm unication: It w ould b e great if the pro v er could simply ask the fairy go d

mother whether suc h a solution exists. Ho w ev er, she is unable to reply to his questions. More

o v er he cannot ask her to �nd suc h a solution if he is not already con�den t that it exists,

b ecause he do es not w an t to ask her to do an ything that is imp ossible.

Massage Instructions: The pro v er accomplishes his task b y giving his fairy go d mother detailed

instructions. He starts b y sa ying, \If it happ ens to b e the case that the optimal solution that

y ou hold is consisten t with this new c hoice that w as made, then w e are done, b ecause this will

witness the fact that there is at least one optimal solution consisten t with b oth the c hoices

made previously and with this new c hoice." \ Otherwise," he sa ys, \y ou m ust massage

(mo dify) the optimal solution that y ou ha v e in the follo wing w a ys." The fairy go d mother

follo ws the detailed instructions that he giv es her, but of course giv es him no feed bac k as to

ho w they go. W e will use optS

our s

to denote what she constructs.

Making Change Example: If the remaining amoun t required is at least $0.25, then the

algorithm commits to another quarter. The pro v er m ust pro v e that there exists an optimal

solution consisten t with all the c hoices made. His fairy go d mother has an optimal solution

optS

LI

that con tains all the coins committed to so far. He considers the follo wing cases.

If this solution, happ ens to con tain the newly committed to quarter, then he is done.

If it con tains another quarter (other than those committed to previously), but not the

exact quarter that the algorithm happ ened to commit to, then though what his fairy go d

mother holds is a p erfectly go o d optimal solution, it is not exactly consisten t with the

c hoices made b y the algorithm. The pro v er instructs his fairy go d mother that if this case

arises to kindly sw ap the extra quarter that she has for the quarter that the algorithm has.

In another case, optS

LI

do es not con tain an additional quarter at all. The pro v er pro v es

in this case that in order to mak e up the required remaining amoun t, optS

LI

m ust either

con tains three dimes, t w o dimes and a nic k el, one dime and three nic k els, �v e nic k els, or

com binations with at least �v e p ennies. He tells her that in suc h cases she m ust replace

the three dimes with the newly committed to quarter and a nic k el and the other options

with just the quarter. Note that the pro v er giv es these instructions without gaining an y

information. There is another case to consider. If the remaining amoun t required is less

than $0.25, then the algorithm rejects the next (and later all remaining) quarters. The

pro v er is con�den t that optimal solution held b y his fairy go d mother cannot con tain

additional quarters either, so he kno ws he is safe.

Pro ving That She Has A Witness: It is the job of the pro v er to pro v e that the thing optS

our s

that his fairy go d mother no w holds is a v alid, consisten t, and optimal solution.

Pro ving A V alid Solution: First he m ust pro v e that what she no w holds is a v alid solution.

Because he kno ws that what she had b een holding, optS

LI

, at the b eginning of the

iteration w as a v alid solution, he kno w that the ob jects in it did not con
ict in an y w a y .

Hence, all he needs to do is to pro v e that he did not in tro duce an y con
icts that he did

not �x.

Making Change Example: The pro v er w as careful that the c hanges he made did not

c hange the total amoun t that she w as holding.

Pro ving Consisten t: He m ust also pro v e that the solution she is no w holding is consisten t

with b oth the c hoices made previously b y the algorithm and with this new c hoice. Because

he kno ws that what she had b een holding w as consisten t with the previous c hoices, he

need only pro v e that he mo di�ed it to b e consisten t with the new c hoices without messing

this earlier fact.

Making Change Example: Though the pro v er ma y ha v e remo v ed some of the coins

that the algorithm has not considered y et, he w as sure not to ha v e her remo v e an y of

the previously committed to coins. He also managed to add the newly committed to

quarter.
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Pro ving Optimal: The pro v er m ust also pro v e that the solution, optS

our s

, she holds is

optimal. One migh t think that pro ving it is optimal w ould b e hard, giv en that w e do

not ev en kno w the cost of an optimal solution. Ho w ev er, the pro v er can b e assured that

it is optimal as long as its cost is the same as the optimal solution, optS

LI

, from whic h

it w as deriv ed. If there is case in whic h pro v er manages to impro v e the solution, then

this con tradicts the fact that optS

LI

is optimal. This con tradiction only pro v es that suc h

a case will not o ccur. Ho w ev er, the pro v er do es not need to concern himself with this

problem.

Making Change Example: Eac h c hange that the pro v er instructs his fairy go d mother

to mak e either k eeps the n um b er of coins the same or decreases the n um b er. Hence,

b ecause optS

LI

is optimal, optS

our s

is as w ell.

This completes the pro v ers pro of that his fairy go o d mother no w has an optimal solution

consisten t with b oth the previous c hoices and with the latest c hoice. This witnesses the fact

that suc h a solution exists.

This pro v es that the lo op in v arian t has b een main tained.

Con tin uing: This completes ev eryb o dy's requiremen ts for this iteration. This is all rep eated o v er and

o v er again. Eac h iteration, the algorithm commits to more ab out the solution and the fairy go d

mother's solution is c hanged to b e consisten t with these commitmen ts.

Exiting Lo op (i.e., h LI i & h exit i ! h post i ): After the algorithm has considered ev ery ob ject in

the instance and eac h has either b een committed to or rejected, the algorithm exits. W e still

kno w that the lo op in v arian t is true. Hence, the pro v er kno ws that there is an optimal sc hedule

optS

LI

consisten t with all of these c hoices. Previously , this optimal solution w as only imaginary .

Ho w ev er, no w w e concretely kno w what this imagined solution is. It m ust consist of those ob jects

committed to. Hence, the algorithm can return this set as the solution.

Running Time: Greedy algorithms are v ery fast b ecause they tak e only a small amoun t of time p er

ob ject in the instance.

Fixed vs Adaptiv e Priorit y: Iterativ e greedy algorithms come in t w o 
a v ors, �xe d priority and adaptive

priority .

Fixed Priorit y: A �xed priorit y greedy algorithm b egins b y sorting the ob jects in the input instance

from b est to w orst according to a �xed greedy criteria. F or example, it migh t sort the ob jects

based on the cost of the ob ject or the arriv al time of the ob ject. The algorithm then considers

the ob jects one at a time in this order.

Adaptiv e Priorit y: In an adaptiv e priorit y greedy algorithm, the greedy criteria is not �xed, but

dep ends on whic h ob jects ha v e b een committed to so far. A t eac h step, the next \b est" ob ject

is c hosen according to the curren t greedy criteria. Blindly searc hing the remaining list of ob jects

eac h iteration for the next b est ob ject w ould b e to o time consuming. So w ould re-sorting the

ob jects eac h iteration according to the new greedy criteria. A more e�cien t implemen tation uses

a priorit y queue to hold the remaining ob jects prioritized according to the curren t greedy criteria.

This can b e implemen ted using a Heap. (See Section 6.1.)

Co de:

algorithm Adaptiv eGr eedy ( set of ob jects )

h pr e � cond i : The input consists of a set of ob jects.

h post � cond i : The output consists of an optimal subset of them.

b egin

Put ob jects in a Priorit y Queue according to the initial greedy criteria

C ommit = ; % set of ob jects previously committed to

lo op

h l oop � inv ar iant i : See ab o v e.

exit when the priorit y queue is empt y

Remo v e \b est" ob ject from priorit y queue
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If this ob ject do es not con
ict with those in C ommit and is needed then

Add ob ject to C ommit

end if

Up date the priorit y queue to re
ect the new greedy criteria.

This is done b y c hanging the priorities of the ob jects e�ected.

end lo op

return ( C ommit )

end algorithm

Example: Dijkstra's shortest w eigh ted path algorithm can b e considered to b e a greedy algorithm

with an adaptiv e priorit y criteria. See Section 8.3. It c ho oses the next edge to include in the

optimal shortest-weighte d-p aths tr e e based on whic h no de curren tly seems to b e the closest

to s . Those y et to b e c hosen are organized in a priorit y queue. Ev en Breadth-First and

Depth-First Searc h can b e considered to b e adaptiv e greedy algorithms. In fact, they v ery

closely resem bles Prim's Minimal Spanning T ree algorithm, Section 10.2.3, in ho w a tree is

gro wn from a source no de. They are adaptiv e b ecause as the algorithm pro ceeds, the set from

whic h the next edge is c hosen c hanges.

10.2 Examples of Greedy Algorithms

This completes the presen tation of the general tec hniques and the theory b ehind greedy algorithms. W e no w

will pro vide a few examples.

10.2.1 A Fixed Priorit y Greedy Algorithm for The Job/Ev en t Sc heduling Prob-

lem

Supp ose that man y p eople w an t to use y our conference ro om for ev en ts and y ou m ust sc hedule as man y

of these as p ossible. (The v ersion in whic h some ev en ts are giv en a higher priorit y is considered in Sec-

tion 16.3.3.)

The Ev en t Sc heduling Problem:

Instances: An instance is h h s

1

; f

1

i ; h s

2

; f

2

i ; : : : ; h s

n

; f

n

ii , where 0 � s

i

� f

i

are the starting and

�nishing times for the i

th

ev en t.

Solutions: A solution for an instance is a sc hedule S . This consists of a subset S � [1 ::n ] of the ev en ts

that don't con
ict b y o v erlapping in time.

Cost of Solution: The cost C ( S ) of a solution S is the n um b er of ev en ts sc heduled, i.e., j S j .

Goal: Giv en a set of ev en ts, the goal of the algorithm is to �nd an optimal solution , i.e., one that

maximizes the n um b er of ev en ts sc heduled.

P ossible Criteria for De�ning \Best":

The Shortest Ev en t f

i

� s

i

: It seems that it w ould b e b est to sc hedule short ev en ts �rst b ecause

they increase the n um b er of ev en ts sc heduled without b o oking the ro om for a long p erio d of time.

This greedy approac h do es not w ork.

Coun ter Example: Supp ose that the follo wing lines indicate the starting and completing times

of three ev en ts to sc hedule.

The only optimal sc hedule includes the t w o long ev en ts. There are no optimal sc hedules

con taining the short ev en t in the middle, b ecause b oth the other t w o ev en ts con
ict with it.

Hence, if in a greedy w a y w e committed to sc heduling this short ev en t, then w e w ould b e

going wrong. The conclusion is that using the shortest ev en t as a criteria do es not w ork as a

greedy algorithm.
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The Earliest Starting Time s

i

or the Latest Finishing Time f

i

: First come �rst serv e, whic h

is a common sc heduling algorithm, do es not w ork either.

Coun ter Example:

The long ev en t is b oth the earliest and the latest. Committing to sc heduling it w ould b e a

mistak e.

Ev en t Con
icting with the F ew est Other Ev en ts: Sc heduling an ev en t that con
icts with other

ev en ts prev en ts y ou from sc heduling these ev en ts. Hence a reasonable criteria w ould b e to �rst

sc hedule the ev en t with the few est con
icts.

Coun ter Example: In the follo wing example, the middle ev en t w ould b e committed to �rst.

This eliminates the p ossibilit y of sc heduling four ev en ts.

Earliest Finishing Time f

i

: This criteria ma y seem a little o dd at �rst, but it to o mak es sense. It

sa ys to sc hedule the ev en t who will free up y our ro om for someone else as so on as p ossible. W e

will see that this criteria w orks for ev ery set of ev en ts.

Exercise 10.2.1 Se e how it works on the ab ove thr e e examples.

Co de: The resulting greedy algorithm for the Ev en t Sc heduling problem is as follo ws:

algorithm S chedul ing ( h h s

1

; f

1

i ; h s

2

; f

2

i ; : : : ; h s

n

; f

n

ii )

h pr e � cond i : The input consists of a set of ev en ts.

h post � cond i : The output consists of a sc hedule that maximizes the n um b er of ev en ts sc heduled.

b egin

Sort the ev en ts based on their �nishing times f

i

C ommit = ; % The set of ev en ts committed to b e in the sc hedule

lo op i = 1 : : : n % Consider the ev en ts in sorted order.

if( ev en t i do es not con
ict with an ev en t in C ommit ) then

C ommit = C ommit [ f i g

end lo op

return( C ommit )

end algorithm

i

optSLI

Commit

j<i j>=i

Figure 10.1: A set of ev en ts, those committed to at the curren t p oin t in time, those rejected, those in the

optimal solution assumed to exist, and the next ev en t to b e considered

The Lo op In v arian t: The lo op in v arian t is that w e ha v e not gone wrong. There is at least one optimal

solution consisten t with the c hoices made so far, i.e. con taining the ob jects committed to so far and

not con taining the ob jects rejected so far, i.e. the previous ev en ts j < i not in C ommit .
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Initial Co de (i.e., h pr e i ! h LI i ): Assuming that there is at least one solution, there is at least one that

is optimal. Initially , no c hoices ha v e b een made and hence trivially this optimal solution is consisten t

with these c hoices.

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): Supp ose that LI'

whic h denotes the statemen t of the lo op in v arian t b efore the iteration is true, the exit condition h exit i

is not, and w e ha v e executed another iteration of the algorithm.

Hyp othetical Optimal Solution: Let optS

LI

denote one of the h yp othetical optimal sc hedules as-

sumed to exist b y the lo op in v arian t.

Ev en t i Not Added: If ev en t i con
icts with an ev en t in C ommit , then it is not committed to. After

going around the lo op, ev en t i will also b e considered a previous ev en t. Hence, the lo op in v arian t

will require (in addition to the previous conditions) that this ev en t is not in the optimal sc hedule

stated to exist. The same optimal sc hedule optS

LI

meets this condition. It cannot con tain ev en t

i b ecause it con tains all the ev en ts in C ommit and ev en t i con
icts with an ev en t in C ommit .

Hence, the lo op in v arian t is main tained.

Ev en t i Is Added: F rom here on, let us assume that i do es not con
ict with an y ev en t in C ommit

and hence will b e added to it.

A t Least One Optimal Solution Left: T o pro v e that the lo op in v arian t is main tained after the

lo op, w e m ust pro v e that there is at least one optimal sc hedule con taining the ev en ts in C ommit

and con taining i .

Massaging Optimal Solutions: If w e are luc ky , the sc hedule optS

LI

already con tains ev en t i . In

this case, w e are done. Otherwise, w e will massage the sc hedule optS

LI

in to another sc hedule

optS

our s

con taining C ommit [ f i g and pro v e that this is also an optimal sc hedule. Note that this

massaging is NOT part of the algorithm. W e do not actually ha v e an optimal sc hedule y et. W e

ha v e only main tained the lo op in v arian t that suc h an optimal sc hedule exists.

Constructing optS

our s

: There are four t yp es of ev en ts to consider.

Ev en t i : Because the new massaged sc hedule optS

our s

m ust con tain the curren t ev en t i and the

h yp othetical optimal sc hedule optS

LI

happ ens not to con tain it, the �rst step in massaging

optS

LI

in to optS

our s

is simply to add ev en t i .

Ev en ts in C ommit : W e kno w that optS

LI

already con tains the ev en ts in C ommit b ecause of

LI'. In order to main tain this lo op in v arian t, these ev en ts m ust remain in the new sc hedule

optS

our s

. Ho w ev er, this is not a problem b ecause w e kno w that ev en t i do es not con
ict

with an y ev en t in C ommit . Recall that the co de tests whether i con
icts with an y ev en t in

C ommit .

P ast Ev en ts not in C ommit : By LI', w e kno w that the ev en ts that w ere seen in the past y et

not added to C ommit are not con tained in optS

LI

. Neither will they b e in optS

our s

.

F uture Ev en ts: What remains to b e considered are the ev en ts that are y et to b e seen in the

future i.e. j > i . Though the algorithm has not y et considered them, some of them are lik ely

in the h yp othetical optimal sc hedule optS

LI

, y et w e do not kno w whic h ones. The issue at

hand is determining ho w adding ev en t i to this sc hedule c hanges whic h of these future ev en ts

should b e sc heduled. Adding ev en t i ma y create con
icts with these future jobs. Suc h future

jobs are deleted from the sc hedule. In summary , optS

our s

= optS

LI

[ f i g � f j 2 optS

LI

j

j > i and ev en t j con
icts with ev en t i g .

optS

our s

is a Solution: Our massaged set optS

our s

con tains no con
icts, b ecause optS

LI

con tained

none and w e w ere careful to in tro duce none. Hence, it is a v alid solution for our instance.

optS

our s

is Optimal: T o pro v e that optS

our s

has the optimal n um b er of ev en ts in it, w e need only

to pro v e that it has at least as man y as optS

LI

. W e added one ev en t to the sc hedule. Hence, w e

m ust pro v e that w e ha v e not remo v ed more than one of the future ev en ts, i.e. that jf j 2 optS

LI

j

j > i and ev en t j con
icts with ev en t i gj � 1.

Consider some ev en t j in this set. Because the ev en ts are sorted based on their �nishing time,

j > i implies that ev en t j �nishes after ev en t i �nishes, i.e. f

j

� f

i

. If ev en t j con
icts with ev en t
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i , it follo ws that it also starts b efore it �nishes, i.e. s

j

� f

i

. (In Figure 10.1, there are three future

ev en ts con
icting with i .)

Com bining f

j

� f

i

and s

j

� f

i

, giv es that suc h an ev en t j is running at the �nishing time f

i

of ev en t i . This completes the pro of that there can only b e one ev en t j in optS

LI

with these

prop erties. By w a y of con tradiction, supp ose that there are t w o suc h ev en ts, j

1

; j

2

. W e sho w ed

that eac h of them m ust b e running at time f

i

. Hence, they con
ict with eac h other. Therefore,

they cannot b oth b e in the sc hedule optS

LI

b ecause it con tains no con
icts.

Lo op In v arian t Has Been Main tained: In conclusion, w e constructed a legal sc hedule optS

our s

that con tains the ev en ts in C ommit [ f i g . W e pro v ed that it is of optimal size b ecause it has

the same size as the optimal sc hedule optS

LI

. This pro v es that the lo op in v arian t is main tained

b ecause it pro v es that there is an optimal sc hedule that con tains the ev en ts in C ommit [ f i g .

Exiting Lo op (i.e., h LI i & h exit i ! h post i ): Supp ose that b oth h LI i and h exit i are true. W e m ust

pro v e that the ev en ts in C ommit form an optimal sc hedule. By LI, there is an optimal sc hedule optS

LI

con taining the ev en ts in C ommit and not con taining the previous ev en ts not in C ommit . Because all

ev en ts are previous ev en ts, it follo ws that C ommit = optS

LI

is in an optimal sc hedule for our instance.

Running Time: The lo op is iterated once for eac h of the n ev en ts. The only w ork is determining whether

ev en t i con
icts with a ev en t within C ommit . Because of the ordering of the ev en ts, ev en t i �nishes

after all the ev en ts in C ommit . Hence, it con
icts with an ev en t in C ommit if and only if it starts

b efore the last �nishing time of an ev en t in it. It is easy to remem b er this last �nishing time, b ecause

it is simply the �nishing time of the last ev en t to b e added to C ommit . Hence, the main lo op runs in

�( n ) time. The total time of the algorithm then is dominated b y the time to sort the ev en ts.

10.2.2 An Adaptiv e Priorit y Greedy Algorithm for The In terv al Co v er Problem

The In terv al Co v er Problem:

Instances: An instance consists a set of p oin ts P and a set of in terv als I on the real line. An in terv al

consists of a starting and a �nishing time h f

i

; s

i

i .

Solutions: A solution for an instance is a subset S of the in terv als that co v ers all the p oin ts.

Cost of Solution: The cost C ( S ) of a solution S is the n um b er of in terv als required, i.e., j S j .

Goal: The goal of the algorithm is to �nd an optimal c over , i.e., a subset of the in terv als that co v ers

all the p oin ts and that con tains the minim um n um b er of in terv als.

The Adaptiv e Greedy Criteria: The algorithm sorts the p oin ts and co v ers them in order from left to

righ t. If the in terv als committed to so far, i.e. those in C ommit , co v er all of the p oin ts in P , then the

algorithm stops. Otherwise, let P

i

denote the left most p oin t in P that is not co v ered b y C ommit . The

next in terv al committed to m ust co v er this next unco v ered p oin t, P

i

. Of the in terv als that start to the

left of the p oin t, the algorithm greedily tak es the one that extends as far to the righ t as p ossible. The

hop e in doing so is that the c hosen in terv al, in addition to co v ering P

i

, will co v er as man y other p oin ts

as p ossible. Let I

j

denote this in terv al. If there is no suc h in terv al I

j

or it do es not extend to the righ t

far enough to co v er the p oin t P

i

, then no in terv al co v ers this p oin t and the algorithm rep orts that no

subset of the in terv als co v ers all of the p oin ts. Otherwise, the algorithm commits to this in terv al b y

adding it C ommit . Note that this greedy criteria with whic h to select the next in terv al c hanges as the

p oin t P

i

to b e co v ered c hanges.

The Lo op In v arian t: The lo op in v arian t is that w e ha v e not gone wrong. There is at least one optimal

solution consisten t with the c hoices made so far, i.e. con taining the ob jects committed to so far and

not con taining the ob jects rejected so far.

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): Assume that w e

are at the top of the lo op and that the lo op in v arian t is true, i.e. there exists an optimal co v er that

con tains all of the in terv als in C ommit . Let optS

LI

denote suc h a co v er that is assumed to exist. If
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w e are luc ky and optS

LI

already con tains the in terv al I

j

b eing committed to this iteration, then w e

automatically kno w that there exists an optimal co v er that con tains all of the in terv als in C ommit [ f I

j

g

and hence the lo op in v arian t has b een main tained. If on the other hand, the in terv al I

j

b eing committed

to is not in optS

LI

, then w e m ust massage this optimal solution in to another optimal solution that

do es con tain it.

Massaging optS

LI

in to optS

our s

: The optimal solution optS

LI

m ust co v er p oin t P

i

. Let I

j

0

denote

one of the in terv als in optS

LI

that co v ers P

i

. Our solution optS

our s

is the same as optS

LI

except

I

j

0

is remo v ed and I

j

is added. W e kno w that I

j

0

is not in C ommit , b ecause the p oin t P

i

is not

co v ered b y C ommit . Hence as constructed optS

our s

con tains all the in terv als in C ommit [ f I

j

g .

optS

our s

is an Optimal Solution: Because optS

LI

is an optimal co v er, w e can pro v e that optS

our s

in an optimal co v er, simply b y pro ving that it co v ers all of the p oin ts co v ered b y optS

LI

and that

it con tains the same n um b er of in terv als. (The later is trivial.)

The algorithm considered the p oin t P

i

b ecause it is the left most unco v ered p oin t. It follo ws that

the in terv als in C ommit co v er all the p oin ts to the left of p oin t P

i

.

The in terv al I

j

0

, b ecause it co v ers p oin t P

i

, m ust b e one of these in terv als that starts to the left

of p oin t P

i

. The algorithm's greedy c hoice of in terv als c hose I

j

b ecause of those in terv als that

start to the left of p oin t P

i

, it is the one that extends as far to the righ t as p ossible. Hence, I

j

extends further to the righ t than I

j

0

and hence I

j

co v ers as man y p oin ts to the righ t as I

j

0

co v ers.

It follo ws that optS

our s

co v ers all of the p oin ts co v ered b y optS

LI

.

Because optS

our s

is an optimal solution con taining C ommit [ f I

j

g , w e ha v e pro v ed suc h a solution

exists. Hence, the lo op in v arian t has b een main tained.

Main taining the Greedy Criteria: As the p oin t P

i

to b e co v ered c hanges, the greedy criteria according

to whic h the next in terv al is c hosen c hanges. Blindly searc hing for the in terv al that is b est according to

the curren t greedy criteria w ould b e to o time consuming. The follo wing data structures help to mak e

the algorithm more e�cien t.

An Ev en t Queue: The progress of the algorithm can b e view ed as an event marker mo ving along

the real line. An event in the algorithm o ccurs when this mark er either reac hes the start of an

in terv al or a p oin t to b e co v ered. This is implemen ted not with a mark er, but b y event queue .

The queue is constructed initially b y sorting the in terv als according to their start time, the p oin ts

according to their p osition, and merging these t w o lists together. The algorithm remo v es and

pro cesses these ev en ts one at a time.

Additional Lo op In v arian ts: The follo wing additional lo op in v arian ts relate the curren t p osition

ev en t mark er with the curren t greedy criteria.

LI1 P oin ts Co v ered: All the p oin ts to the left of the ev en t mark er ha v e b een co v ered b y the

in terv als in C ommit .

LI2 The Priorit y Queue: A priorit y queue con tains all in terv als (except p ossibly those in

C ommit ) that start to the left of the ev en t mark er. The priorit y according to whic h they

are organized is ho w far f

j

to the righ t the in terv al extends. This priorit y queue can b e

implemen ted using a Heap. (See Section 6.1.)

LI3 Last Place Co v ered: A v ariable l ast indicates the righ t most place co v ered b y an in terv al

in C ommit .

Main taining the Additional Lo op In v arian ts:

A Start In terv al Ev en t: When the ev en t mark er passes the starting time s

j

of an in terv al I

j

,

this in terv al from then on will start to the left of the ev en t mark er and hence is added to the

priorit y queue with its priorit y b eing its �nishing time f

j

.

An End In terv al Ev en t: When the ev en t mark er passes the �nishing time f

j

of an in terv al I

j

,

w e learn that this in terv al will not b e able to co v er future p oin ts P

i

. Though the algorithm

no longer w an ts to consider this in terv al, the algorithm will b e lazy and lea v e it in the priorit y

queue. Its priorit y will b e lo w er than those actually co v ering P

i

. There b eing nothing useful

to do, the algorithm do es not consider these ev en ts.
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A P oin t Ev en t: When the ev en t mark er reac hes a p oin t P

i

in P , the algorithm uses l ast � P

i

to c hec k whether the p oin t is already co v ered b y an in terv al in C ommit . If it is co v ered,

then nothing needs to b e done. If not, then LI1 assures us that this p oin t is the left most

unco v ered p oin t. LI2 ensures that the priorit y queue is organizing the in terv als according to

the curren t greedy criteria, namely it con tains all in terv als that start to the left of the p oin t

P

i

sorted according to ho w far to the righ t the in terv al extends. Let I

j

denote the highest

priorit y in terv al in the priorit y queue. Assuming that it co v er P

i

, the algorithm commits to

it. As w ell, if it co v ers P

i

, then it m ust extend further to the righ t than other in terv als in

C ommit and hence l ast is up dated to f

j

. (The algorithm can either remo v e the in terv al I

j

committed to from the priorit y queue or not. It will not extend far enough to the righ t to

co v er the next unco v ered p oin t, and hence its priorit y will b e lo w in the queue.)

Co de:

algorithm I nter v al P ointC ov er ( P ; I )

h pr e � cond i : P is a set of p oin ts and I is a set of in terv als on a line.

h post � cond i : The output consists of the smallest set of in terv als that co v ers all of the p oin ts.

b egin

Sort P = f P

1

; :::; P

n

g in ascending order of p

i

's.

Sort I = fh s

1

; f

1

i ; : : : ; h s

m

; f

m

ig in ascending order of s

j

's.

E v ents = M er g e ( P ; I ) % sorted in ascending order

consider edI = ; % the priorit y queue of in terv als b eing considered

C ommit = ; % solution set: co v ering subset of in terv als

l ast = �1 % righ tmost p oin t co v ered b y in terv als in C ommit

for eac h ev en t e 2 E v ents , in ascending order do

if( e = h s

j

; f

j

i ) then

Insert in terv al h s

j

; f

j

i in to the priorit y queue consider edI with priorit y f

j

else ( e = P

i

)

if( P

i

> l ast ) then % P

i

is not co v ered b y C ommit

h s

j

; f

j

i = E xtr actM ax ( consider edI ) % f

j

is max in consider edI

if( consider edI w as empt y or P

i

> f

j

) then

return ( P

i

cannot b e co v ered)

else

C ommit = C ommit [ f j g

l ast = f

j

end if

end if

end if

end for

return ( C ommit )

end algorithm

Running Time: The initial sorting tak es O (( n + m ) log ( n + m )) time. The main lo op iterates n + m times,

once p er ev en t. Since H con tains a subset of I , the priorit y queue op erations I nser t and E xtr actM ax

eac h tak es O (log m ) time. The remaining op erations of the lo op tak e O (1) time p er iteration. Hence,

the lo op tak es a total of O (( n + m ) log m ) time. Therefore, the running time of the algorithm is

O (( n + m ) log( n + m )).

10.2.3 The Minim um-Spanning-T ree Problem

Supp ose that y ou are building net w ork of computers. Y ou need to decide b et w een whic h pairs of computers

to run a comm unication line. Y ou w an t all of the computers to b e connected via the net w ork. Y ou w an t to

do it in a w a y that minimizes y our costs. This is an example of the Minim um Spanning T ree Problem.
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De�nitions: Consider a subset S of the edges of an undirected graph G .

A T ree: S is said to b e tr e e if it con tains no cycles and is connected.

Spanning Set: S is said to sp an the graph i� ev ery pair no des is connected b y a path through edges

in S .

Spanning T ree: S is said to b e a sp anning tr e e of G i� it is a tree that spans the graph. Note cycles

will cause redundan t paths b et w een pairs of no des.

Minimal Spanning T ree: S is said to b e a minimal sp anning tr e e of G i� it is a spanning tree with

minimal total edge w eigh t.

Spanning F orest: If the graph G is not connected then it cannot ha v e a spanning tree. S is said to

b e a sp anning for est of G i� it is a collection of trees that spans eac h of the connected comp onen ts

of the graph. In other w ords, pairs of no des that are connected b y a path in G are still connected

b y a path when considering only the edges in S .

The Minim um Spanning T ree (F orest) Problem:

Instances: An instance consists of an undirected graph G . Eac h edge f u; v g is lab eled with a real-

v alued (p ossibly negativ e) w eigh t w

f u;v g

.

Solutions: A solution for an instance is a spanning tree (forest) S of the graph G .

Cost of Solution: The cost C ( S ) of a solution S is sum of its edge w eigh ts.

Goal: The goal of the algorithm is to �nd a minim um spanning tree (forest) of G .

P ossible Criteria for De�ning \Best":

Cheap est Edge (Krusk al's Algorithm): The ob vious greedy algorithm simply commits to the

c heap est edge that do es not create a cycle with the edges committed to already .

Co de: The resulting greedy algorithm is as follo ws.

algorithm K r usk al M S T ( G )

h pr e � cond i : G is an undirected graph.

h post � cond i : The output consists of a minimal spanning tree.

b egin

Sort the edges based on their w eigh ts w

f u;v g

.

C ommit = ; % The set of edges committed to

lo op i = 1 : : : n % Consider the edges in sorted order.

if( edge i do es not create a cycle with the edges in C ommit ) then

C ommit = C ommit [ f i g

end lo op

return( C ommit )

end algorithm

Chec king F or a Cycle: One task that this algorithm m ust b e able to do quic kly is to determine

whether the new edge i creates a cycle with the edges in C ommit . As a task in itself, this

w ould tak e a while. Ho w ev er, if w e main tain an extra data structure, this this task can b e

done v ery quic kly .

Connected Comp onen ts of C ommit : The edges in C ommit connect some pairs of no des

with a path and do not connect other pairs. Using this, w e can partition the no des in

the graph in to sets so that b et w een an y t w o no des in the same set, C ommit pro vides a

path b et w een them and b et w een an y t w o no des in the di�eren t sets, C ommit do es not

connect them. These sets are referred to as c omp onents of the subgraph induced b y the

edges in C ommit . The algorithm can determine whether the new edge i creates a cycle

with the edges in C ommit b y c hec king whether the endp oin ts of the edge i = f u; v g are

con tained in the same comp onen t. The required op erations on comp onen ts are handled

b y the follo wing Union-Find data structure.



156 CHAPTER 10. GREED Y ALGORITHMS

Union-Find: The Union-Find data structure main tains a n um b er of disjoin t sets of elemen ts

and allo ws three op erations: 1) M ak eset ( v ) whic h creates a new set con taining the sp ec-

i�ed elemen t v ; 2) F ind ( v ) whic h determines the \name" of the set con taining a sp eci�ed

elemen t; and 3) U nion ( u; v ) whic h merges the sets con taining the sp eci�ed elemen ts u

and v . On a v erage, for all practical purp oses, eac h of these op erations can b e comp eted

in a constan t amoun t of time. More formally , the total time to do m of these op erations

on n elemen ts is �( m� ( n )) where � is inverse A ckermann 's function . This function is so

slo w gro wing that ev en if n equals the n um b er of atoms in the univ erse, then � ( n ) � 4.

Co de: The union-�nd data structure is in tegrated in to the MST algorithm as follo ws.

algorithm K r usk al M S T ( G )

h pr e � cond i : G is an undirected graph.

h post � cond i : The output consists of a minimal spanning tree.

b egin

Sort the edges based on their w eigh ts w

f u;v g

.

C ommit = ; % The set of edges committed to

for eac h v ,

% With no edges in C ommit , eac h no de is in a comp onen t b y itself.

M ak eS et ( v )

end for

lo op i = 1 : : : n % Consider the edges in sorted order.

u and v are end p oin ts of edge i .

if( F ind ( u ) 6= F ind ( v ) ) then

% The end p oin ts of edge i are in di�eren t comp onen ts and hence do

not create a cycle with edges in C ommit .

C ommit = C ommit [ f i g

U nion ( u; v )

% Edge i connects the t w o comp onen ts, hence they

are merged in to one comp onen t.

end if

end lo op

return( C ommit )

end algorithm

Running Time: The initial sorting tak es O (( m ) log ( m )) time when G has m edges. The main

lo op iterates m times, once p er edge. Chec king for a cycle tak es time � ( n ) � 4 on a v erage.

Therefore, the running time of the algorithm is O ( m log m ).

Cheap est Connected Edge (Prim's Algorithm): The follo wing greedy algorithm expands out a

tree of edges from a source no de as done in the generic searc h algorithm of Section 8.1. Eac h

iteration it commits to the c heap est edge of those that expand this tree, i.e., c heap est from

amongst those edges that are connected to the tree C ommit and y et do not create a cycle with

it.

Adv an tage: If y ou are, for example, trying to �nd a MST of the w orld wide w eb, then y ou ma y

not kno w ab out an edge un til y ou ha v e expanded out to it.

Adaptiv e: Note that this is an adaptiv e greedy algorithm. The priorities of the edges c hange

as the algorithm pro ceeds, not b ecause their w eigh ts w

f u;v g

c hange, but b ecause an edge is

not alw a ys allo w ed. The adaptiv e algorithm main tains a priorit y queue of the allo w ed edges

with priorities giv en b y their w eigh ts w

f u;v g

. The edges allo w ed are those that are connected

to the tree C ommit . When a new edge i is added to C ommit , the edges connected to i are

added to the queue.

Co de:

algorithm P r imM S T ( G )

h pr e � cond i : G is an undirected graph.

h post � cond i : The output consists of a minimal spanning tree.
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s

97  99  95

97  89  99  95

97  89  84  85  99  95  81

97  16  89  84  85  99  95  81

97  75  84  85  99  95  81

97  75  67  84  64  85  99  95  81

56  67  84  64  85  99  95  81

61  67  84  64  85  99  95  81

53  61  67  84  64  85  99  95  81

53  61  12  64  85  99  95  81

53  61  27  95  81

53  61  42  81

Priority QueuePrim's Algorithm:

Input Graph:

12  16  27  42  53  56  61  64  67  75  81  84  85  89  95  97  99  

Kruskal's Algorithm:

84

64

67

95

53 12

61

81

16

97

27 56
85

89
75

9942

Figure 10.2: Both Krusk al's and Prim's algorithms are run on the giv en graph. F or Krusk al's algorithm the

sorted order of the edges is sho wn. F or Prim's algorithm the running con ten ts of the priorit y queue is sho wn

(edges are in no particular order). Eac h iteration, the b est edge is considered. If it do es not create a cycle,

it is add to the MST. This is sho wn b y circling the edge w eigh t and dark ening the graph edge. F or Prim's

algorithm, the lines out of the circles indicate ho w the priorit y queue is up dated. If the b est edge do es create

a cycle, then the edge w eigh t is Xed.

b egin

Let s b e the start no de in G .

C ommit = ; % The set of edges committed to

Queue = edges adjacen t to s % Priorit y Queue

Lo op un til Queue = ;

i = c heap est edge in Queue

if( edge i do es not create a cycle with the edges in C ommit ) then

C ommit = C ommit [ f i g

Add to Queue edges adjacen t to edge i that ha v e not b een added b efore

end if

end lo op

return( C ommit )

end algorithm

Chec king F or a Cycle: Because one tree is gro wn, lik e in the generic searc h algorithm of Sec-

tion 8.1, one end of the edge i will ha v e b een found already . It will create a cycle i� the other

end has also b een found already .

Running Time: The main lo op iterates m times, once p er edge. The priorit y queue op erations

I nser t and E xtr actM ax eac h tak es O (log m ) time. Therefore, the running time of the

algorithm is O ( m log m ).

A More General Algorithm: When designing an algorithm it is b est to lea v e as man y implemen-

tation details unsp eci�ed as p ossible. One reason is that this giv es more freedom to an y one who

ma y w an t to implemen t or to mo dify y our algorithm. Another reason is that it pro vides b etter

in tuition as to wh y the algorithm w orks. The follo wing is a greedy criteria that is quite general.

Cheap est Connected Edge of Some Comp onen t: P artition the no des of the graph G in to

connected c omp onents of no des that are reac hable from eac h other only through the edges

in C ommit . No des with no adjacen t edges will b e in a comp onen t b y themselv es. Eac h
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iteration, the algorithm is free to c ho oses ho w ev er it lik es one of these comp onen ts. Denote

this comp onen t with C . (If fact, if it prefers C can b e the union of a n um b er of di�eren t

comp onen ts.) Then the algorithm greedily commits to the c heap est edge of those that expand

this comp onen t, i.e., c heap est from amongst those edges that are connected to the comp onen t

and y et do not create a cycle with it. When ev er it lik es, the algorithm also has the freedom

to thro w a w a y uncommitted edges that create a cycle with the edges in C ommit .

Generalizing: This greedy criteria is general enough to include b oth Krusk al's and Prim's algo-

rithms. Therefore, if w e pro v e that this greedy algorithm w orks no matter ho w it is imple-

men ted, then w e automatically pro v e that b oth Krusk al's and Prim's algorithms w ork.

Cheap est Edge (Krusk al's Algorithm): This general algorithm ma y c ho ose the comp o-

nen t that is connected to the c heap est uncommitted edge that do es not create a cycle.

Then when it c ho oses the c heap est edge out of this comp onen t, it gets the o v er all c heap est

edge.

Cheap est Connected Edge (Prim's Algorithm): This general algorithm ma y alw a ys

c ho ose the comp onen t that con tains the source no de s . This amoun ts to Prim's Al-

gorithm.

The Lo op In v arian t: The lo op in v arian t is that w e ha v e not gone wrong. There is at least one optimal

solution consisten t with the c hoices made so far, i.e. con taining the ob jects committed to so far and

not con taining the ob jects rejected so far.

Main taining the Lo op In v arian t (i.e., h LI

0

i & not h exit i & code

loop

! h LI

00

i ): If w e are unluc ky

and the optimal MST optS

LI

that is assumed to exist b y the lo op in v arian t do es not con tain the edge

i b eing committed to this iteration, then w e m ust massage this optimal solution optS

LI

in to another

one optS

our s

that con tains all of the edges in C ommit [ f i g . This pro v es that the lo op in v arian t has

b een main tained.

Edges from which to choose i
Edges in Opt

LI

i

jC

Edges in Commit

Other edges

Boundries of components

not shown

Figure 10.3: Let C b e one of the comp onen ts of the graph induced b y the edges in C ommit . Edge i is

c hosen to b e the c heap est out of C . An optimal solution optS

LI

is assumed to exist that con tains the edges

in C ommit . Let j b e an y edge in optS

LI

that is out of C . F orm optS

our s

b y remo ving j and adding i .

Massaging optS

LI

in to optS

our s

: Let u and v denote the t w o no des of the edge i b eing committed

to this iteration. As usual, the �rst massaging step is to add the edge i to the optimal solution

optS

LI

. The problem is that b ecause optS

LI

spans the graph G , there is some path P within it

from no de u to no de v . This path along with the edge i = f u; v g creates a cycle. Cycles, ho w ev er,

are not allo w ed in our solution. Hence, w e will ha v e to break this cycle b y remo ving one of its

other edges.

Let C denote the comp onen t of C ommit that the general greedy algorithm c ho oses the edge i

from. Because i expands the comp onen t without creating a cycle with it, one and only one of the

edge i 's no des u and v are within the comp onen t. Hence, this path P starts within C and ends
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outside of C . Hence, there m ust b e some edge j in the path that lea v es C . W e will delete this

edge from our optimal MST, namely optS

our s

= optS

LI

[ f i g � f j g .

optS

our s

is an Optimal Solution:

optS

our s

has no cycles: Because optS

LI

has no cycles, w e create only one cycle b y adding edge

i and w e destro y ed this cycle b y deleting edge j .

optS

our s

Spans G : Because optS

LI

spans G , optS

our s

spans it as w ell. An y path b et w een t w o

no des that go es through edge j in optS

LI

will no w follo w the remaining edges of path P

together with edge i in optS

our s

.

optS

our s

has minim um w eigh t: Because optS

LI

has minim um w eigh t, it is su�cien t to pro v e

that edge i is at least as c heap as edge j . Note that b y construction edge j lea v es comp onen t

C and do es not create a cycle with it. Because edge i w as c hosen b ecause it w as the c heap est

(or at least one of the c heap est) suc h edges, it is true that edge i is at least as c heap as edge

j .

Exercise 10.2.2 In Figur e 10.2, supp ose we de cide to change the weight 61 to any r e al numb er fr om �1

to + 1 . What is the interval of values that it c ould b e change d to, for which the MST r emains the same?

Explain your answer. Similarly for the weight 95.
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Chapter 11

An In tro duction to Recursion

The previous c hapters co v ered iterativ e algorithms. These start at the b eginning and tak e one step at a

time to w ards the �nal destination. Another tec hnique used in man y algorithms is to slice the giv en task

in to a n um b er of disjoin t pieces, to solv e eac h of these separately , and then to com bine these answ ers in to

an answ er for the original task. This is the divide and c onquer metho d. When the subtasks are di�eren t,

this leads to di�eren t subroutines. When they are instances of the original problem, it leads to recursiv e

algorithms.

11.1 Recursion - Abstractions, T ec hniques, and Theory

P eople often �nd recursiv e algorithms v ery di�cult. T o understand them, it is imp ortan t to ha v e a go o d

solid understanding of the theory and tec hniques presen ted in this section.

11.1.1 Di�eren t Abstractions

There are a n um b er of di�eren t abstractions within whic h one can view a recursiv e algorithm. Though the

resulting algorithm is the same, ha ving the di�eren t paradigms at y our disp osal can b e helpful.

Co de: Co de is useful for implemen ting an algorithm on a computer. It is precise and succinct. Ho w ev er,

as said, co de is prone to bugs, language dep enden t, and often lac ks higher lev el of in tuition.

Stac k of Stac k F rames: Recursiv e algorithms are executed using a stac k of stac k frames. Though this

should b e understo o d, tracing out suc h an execution is painful.

162
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T ree of Stac k F rames: This is a useful w a y of viewing the en tire computation at once. It is particularly

useful when computing the running time of the algorithm. Ho w ev er, the structure of the computation

tree migh t b e v ery complex and di�cult to understand all at once.

F riends & Strong Induction: The easiest metho d is to fo cus separately on one step at a time.

Supp ose that someone giv es y ou an instance of the computational

problem. Y ou solv e it as follo ws. If it is su�cien tly small, solv e

it y ourself. Otherwise, y ou ha v e a n um b er of friends to help y ou.

Y ou construct for eac h friend an instance of the same computa-

tional problem that is smal ler then y our o wn. W e refer to these

as subinstanc es . Y our friends magically pro vide y ou with the solu-

tions to these. Y ou then com bine these subsolutions in to a solution

for y our original instance.

I refer to this as the friends lev el of abstraction. If y ou prefer, y ou can call it the str ong induction lev el

of abstraction and use the w ord \recurse" instead of \friend". Either w a y , the k ey is that y ou concern

y ourself only ab out y our stac k frame. Do not w orry ab out ho w y our friends solv e the subinstances

that y ou assigned them. Similarly , do not w orry ab out whom ev er ga v e y ou y our instance and what

he do es with y our answ er. Lea v e these things up to them.

Though studen ts resist it, I strongly recommend using this metho d when designing, understanding,

and describing a recursiv e algorithm.

F aith in the Metho d: As said for the lo op in v arian t metho d, y ou do not w an t to b e rethinking the issue

of whether or not y ou should steal ev ery time y ou w alk in to a store. It is b etter to ha v e some general

principles with whic h to w ork. Ev ery time y ou consider a hard algorithm, y ou do not w an t to b e

rethinking the issue of whether or not y ou b eliev e in recursion. Understanding the algorithm itself will

b e hard enough. Hence, while reading this c hapter y ou should once and for all come to understand and

b eliev e to the depth of y our soul ho w the ab o v e men tioned steps are su�cien t to describing a recursiv e

algorithm. Doing this can b e di�cult. It requires a whole new w a y of lo oking at algorithms. Ho w ev er,

at least for the duration of this course, adopt this as something that y ou b eliev e in.

11.1.2 Circular Argumen t? Lo oking F orw ards vs Bac kw ards

Circular Argumen t?: Recursion in v olv es designing an algorithm b y using it as if it already exists. A t

�rst this lo ok parado xical. Consider the follo wing related problem. Y ou m ust get in to a house, but the

do or is lo c k ed and the k ey is inside. The magical solution is as follo ws. If I could get in, I could get

the k ey . Then I could op en the do or, so that I could get in. This is a circular argumen t. Ho w ev er, it

is not a legal recursiv e program b ecause the sub-instance is not smaller.

One Problem and a Ro w of Instances: Consider a ro w of houses. The recursiv e problem consists of

getting in to an y sp eci�ed house. Eac h house in the ro w is a separate instance of this problem. Eac h
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house is bigger than the next. T ask is to get in to the biggest one. Y ou are lo c k ed out of all the houses.

Ho w ev er, the k ey to a house is lo c k ed in the house of the next smaller size.

The Algorithm: The task is no longer circular. The algorithm is as follo ws. The smallest house is small

enough that one can use brute force to get in. F or example, one could simply lift o� the ro of. Once in

this house, w e can get the k ey to the next house, whic h is then easily op ened. Within this house, w e

can get the k ey to the house after that and so on. Ev en tually , w e are in the largest house as required.

F o cus On One Step: Though this algorithm is quite simple to understand, more complex algorithms are

harder to understand all at once. Instead w e w an t to fo cus on one step at a time. Here one step

consists of the follo wing. W e are required to op en house i . W e ask a friend to op en house i � 1, out of

whic h w e tak e the k ey with whic h w e op en house i .

W orking F orw ards vs Bac kw ards: An iterativ e algorithm w orks forw ard. It kno ws ab out house i � 1. It

uses a lo op in v arian t to assume that this house has b een op ened. It searc hes this house and learns that

the k ey within it is that for house i . Because of this, it decides that house i w ould b e a go o d one to go

to next.

A recursion algorithm w orks bac kw ards. It kno ws ab out house i . It w an ts to get it op en. It determines

that the k ey for house i is con tained in house i � 1. Hence, op ening house i � 1 is a subtask that needs

to b e accomplished.

There are t w o adv an tages of recursiv e algorithms o v er iterativ e ones. The �rst is that sometimes it is

easier to w ork bac kw ards than forw ards. The second is that a recursiv e algorithm is allo w ed to ha v e

more than one subtask to b e solv ed. This forms a tree of houses to op en instead of a ro w of houses.

Do Not T race: When designing a recursiv e algorithm it is tempting to trace out the en tire computation.

\I m ust op en house n , so I m ust op en house n � 1, : : : . The smallest house I rip the ro of o�. I get the

k ey for house 1 and op en it. I get the k ey for house 2 and op en it. : : : I get the k ey for house n and

op en it." Suc h an explanation is b ound to b e incomprehensible.

Solving Only Y our Instance: An imp ortan t qualit y of an y leader is kno wing ho w to delegate. Y our job

is to op en house i . Delegate to a friend the task of op ening house i � 1. T rust him and lea v e the

resp onsibilit y to him.

11.1.3 The F riends Recursion Lev el of Abstraction

The follo wing are the steps to follo w when dev eloping a recursiv e algorithm within the friends lev el of

abstraction.

Sp eci�cations: Carefully write the sp eci�cations for the problem.

Preconditions: The preconditions state an y assumptions that m ust b e true ab out the input instance

for the algorithm to op erate correctly .

P ostconditions: The p ostconditions are statemen ts ab out the output that m ust b e true when the

algorithm returns.

This step is ev en more imp ortan t for recursiv e algorithms than for other algorithms, b ecause there

m ust b e a tigh t agreemen t b et w een what is exp ected from y ou in terms of pre and p ost conditions and

what is exp ected from y our friends.

Size: Devise a measure of the \size" of eac h instance. This measure can b e an ything y ou lik e and corresp onds

to the measure of progress within the lo op in v arian t lev el of abstraction.

General Input: Consider a large and general instance of the problem.
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Magic: Assume that b y \magic" a friend is able to pro vide the solution to an y instance of y our problem

as long as the instance is strictly smaller than the curren t instance (according to y our measure of

size). More sp eci�cally , if the instance that y ou giv e the friend meets the stated preconditions,

then his solution will meet the stated p ost conditions. Do not , ho w ev er, exp ect y our friend to

accomplish more than this. (In realit y , the friend is simply a mirror image of y ourself.)

Subinstances: F rom the original instance, construct one or more subinstanc es , whic h are smaller

instances of the same problem. Be sure that the preconditions are met for these smaller instances.

Do not refer to these as \subproblems". The problem do es not c hange, just the input instance to

the problem.

Subsolutions: Ask y our friend to (recursiv ely) pro vide solutions for eac h of these subinstances. W e

refer to these as subsolutions ev en though it is not the solution, but the instance that is smaller.

Solution: Com bine these subsolutions in to a solution for the original instance.

Generalizing the Problem: Sometimes a subinstance y ou w ould lik e y our friend to solv e is not a legal

instance according to the preconditions. In suc h a case, start o v er rede�ning the preconditions in

order to allo w suc h instances. Note, ho w ev er, that no w y ou to o m ust b e able to handle these extra

instances. Similarly , the solution pro vided b y y our friend ma y not pro vide enough information ab out

the subinstance for y ou to b e able to solv e the original problem. In suc h a case, start o v er rede�ning

the p ost condition b y increasing the amoun t of information that y our friend pro vides. Note again that

no w y ou to o m ust also pro vide this extra information. See Section 12.3.

Minimizing the Num b er of Cases: Y ou m ust ensure that the algorithm that y ou dev elop w orks for every

v alid input instance. T o ac hiev e this, the algorithm often will require man y separate pieces of co de to

handle inputs of di�eren t t yp es. Ideally , ho w ev er, the algorithm dev elop ed has as few suc h cases as

p ossible. One w a y to help y ou minimize the n um b er of cases needed is as follo ws. Initially , consider

an instance that is as large and as general as p ossible. If there are a n um b er of di�eren t t yp es of

instances, c ho ose one whose t yp e is as general as p ossible. Design an algorithm that w orks for this

instance. Afterw ards, if there is another t yp e of instance that y ou ha v e not y et considered, consider a

general instance of this t yp e. Before designing a separate algorithm for this new instance, try executing

y our existing algorithm on it. Y ou ma y b e surprised to �nd that it w orks. If, on the other hand, it fails

to w ork for this instance, then rep eat the ab o v e steps to dev elop a separate algorithm for this case.

This pro cess ma y need to b e rep eated a n um b er of times.

F or example, supp ose that the input consists of a binary tree. Y ou ma y w ell �nd that the algorithm

designed for a tree with a full left c hild and a full righ t c hild also w orks for a tree with a missing c hild

and ev en for a c hild consisting of only a single no de. The only remaining case ma y b e the empt y tree.

Base Cases: When all the remaining unsolv ed instances are su�cien tly small, solv e them in a brute force

w a y .

Running Time: Use a recurrence relation or the tree of stac k frames to estimate the running time.

11.1.4 Pro ving Correctness with Strong Induction

Whether y ou giv e y our subinstances to friends or y ou recurse on them, this lev el of abstraction considers

only the algorithm for the \top" stac k frame. W e m ust no w pro v e that this su�ces to pro duce an algorithm

that successfully solv es the problem on ev ery input instance. When pro ving this, it is tempting to talk ab out

stac k frames. This stac k frame calls this one, whic h calls that one, un til y ou hit the base case. Then the

solutions bubble bac k up to the surface. These pro ofs tend to mak e little sense and get v ery lo w marks.

Instead, w e use strong induction to pro v e formally that the friends lev el of abstraction w orks.

Strong Induction: Strong induction is similar to induction except instead of assuming only S ( n � 1) to

pro v e S ( n ), y ou m ust assume all of S (0) ; S (1) ; S (2) ; : : : ; S ( n � 1).

A Statemen t for eac h n : F or eac h v alue of n � 0, let S ( n ) represen t a b o olean statemen t. F or some

v alues of n , this statemen t ma y b e true and for others it ma y b e false.
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Goal: Our goal is to pro v e that it is true for ev ery v alue of n , namely that 8 n � 0 ; S ( n ).

Pro of Outline: Pro of b y strong induction on n .

Induction Hyp othesis: "F or eac h n � 0, let S ( n ) b e the statemen t that ...". (It is imp ortan t

to state this clearly .)

Base Case: Pro v e that the statemen t S (0) is true.

Induction Step: F or eac h n � 0, pro v e S (0) ; S (1) ; S (2) ; : : : ; S ( n � 1) ) S ( n ).

Conclusion: \By w a y of induction, w e can conclude that 8 n � 0 ; S ( n )."

Exercise 11.1.1 Give the \pr o c ess" of str ong induction as we did for r e gular induction.

Exercise 11.1.2 (Se e solution in Se ction 20) As a formal statement, the b ase c ase c an b e eliminate d

b e c ause it is include d in the formal induction step. How is this? (In pr actic e, the b ase c ases ar e stil l

pr ove d sep ar ately.)

Pro ving The Recursiv e Algorithm W orks:

Induction Hyp othesis: F or eac h n � 0, let S ( n ) b e the statemen t, \The recursiv e algorithm w orks

for every instance of size n ."

Goal: Our goal is to pro v e that 8 n � 0 ; S ( n ), namely that \The recursiv e algorithm w orks for every

instance."

Pro of Outline: The pro of is b y strong induction on n .

Base Case: Pro ving S (0) in v olv es sho wing that the algorithm w orks for the base cases of size

n = 0.

Induction Step: The statemen t S (0) ; S (1) ; S (2) ; : : : ; S ( n � 1) ) S ( n ) is pro v ed as follo ws. First

assume that the algorithm w orks for ev ery instance of size strictly smaller than n and then

pro ving that it w orks for ev ery instance of size n . This mirrors exactly what w e do in the

friends lev el of abstraction. T o pro v e that the algorithm w orks for ev ery instance of size

n , consider an arbitrary instance of size n . The algorithm constructs subinstances that are

strictly smaller. By our induction h yp othesis w e kno w that our algorithm w orks for these.

Hence, the recursiv e calls return the correct solutions. Within the friends lev el of abstraction,

w e pro v ed that the algorithm constructs the correct solutions to our instance from the correct

solutions to the subinstances. Hence, the algorithm w orks for this arbitrary instance of size

n . S ( n ) follo ws.

Conclusion: By w a y of strong induction, w e can conclude that 8 n � 0 ; S ( n ), i.e., The recursiv e

algorithm w orks for ev ery instance.

11.1.5 The Stac k F rame Lev els of Abstraction

T ree Of Stac k F rames Lev el Of Abstraction: T racing out the en tire computation of a recursiv e al-

gorithm, one line of co de at a time, can get incredibly complex. This is wh y the friend's lev el of

abstraction, whic h considers one stac k frame at a time, is the b est w a y to understand, explain, and

design a recursiv e algorithm. Ho w ev er, it is also useful to ha v e some picture of the en tire computation.

F or this, the tree of stac k frames lev el of abstraction is b est.

The k ey thing to understand is the di�erence b et w een a particular routine and a particular execution

of a routine on a particular input instance. A single routine can at one momen t in time ha v e man y

instances of it b eing "executed". Eac h suc h execution is referred to as a stack fr ame . Y ou can think of

eac h as the task giv en to a separate friend. Note that, ev en though eac h ma y b e executing exactly the

same routine, eac h ma y curren tly b e on a di�eren t line of co de and ha v e di�eren t v alues for the lo cal

v ariables.

If eac h routine mak es a n um b er of subroutine calls (recursiv e or not), then the stac k frames that get

executed form a tree.
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K

H

G

F

B

A

JI

ED

C

In this example, instance A is called �rst. It executes for a while and at some p oin t recursiv ely calls

B . When B returns, A then executes for a while longer b efore calling H . When H returns, A executes

for a while b efore completing. W e skipp ed o v er the details of the execution of B . Let's go bac k to

when instance A calls B . B then calls C , whic h calls D . D completes, then C calls E . After E , C

completes. Then B calls F whic h calls G . G completes, F completes, B completes and A go es on to

call H . It do es get complicated.

Stac k Of Stac k F rames Lev el Of Abstraction: Both the friend lev el of abstraction and the tree of stac k

frames lev el are only abstract w a ys of understanding the computation. The algorithm is actually

implemen ted on a computer b y a stac k of stac k frames. What is actually stored in the computer

memory at an y giv en p oin t in time is a only single path do wn the tree. The tree represen ts what

o ccurs through out time.

In the ab o v e example, when instance G is activ e, the stac k frames that are in memory w aiting are

A , B , F , and G ; the stac k frames for C , D and E ha v e b een remo v ed from memory as these ha v e

completed. H , I , J , and K ha v e not b een started y et.

Although w e sp eak of man y separate stac k frames executing on the computer, the computer is not

a parallel mac hine. Only the most recen tly created instance is activ ely b eing executed. The other

instances are on hold w aiting for a sub-routine call that it made to return.

It is useful to understand ho w memory is managed for the sim ultaneous execution of man y instances

of the same routine. The routine itself is describ ed only once b y a blo c k of co de that app ears in static

memory . This co de declares a set of v ariables. Eac h instance of this routine that is curren tly b eing

executed, on the other hand, ma y b e storing di�eren t v alues in these v ariables and hence needs to

ha v e its o wn separate cop y of these v ariables. The memory requiremen ts of eac h of these instances

are stored in a separate "stac k frame". These frames are stac k ed on top of eac h other within stac k

memory . The �rst stac k frame in the stac k is that for the main routine. The second is that created

when the execution of the main routine made a subroutine call. The third is that created when the

execution of this subroutine call made a subroutine call, and so on.

Recall that a stac k is a data structure in whic h either the last elemen t to b e added is p opp e d o� or

a new elemen t is pushe d on to the top. Similarly here. The last stac k frame to en ter the stac k is the

instance that is curren tly b eing executed and on its completion p opp ed o� the stac k. Let us denote

this stac k frame b y A . When the execution of A mak es a subroutine call to a routine with some input

v alues, a stac k frame is created for this new instance. This frame denoted B is pushed on to the stac k

after that for A . In addition to a separate cop y of the lo cal v ariables for the routine, it con tains a

p oin ter to the next line co de that A m ust execute when B returns. When B returns, its stac k frame

is p opp ed and A con tin ues to execute at the line of co de that had b een indicated within B .

Silly Example: The follo wing is a silly example that demonstrates ho w di�cult it is to trace out the full

stac k-frame tree, y et ho w easy it is to determine the output using the friends/strong-induction metho d.

algorithm F un ( n )

h pr e � cond i : n is an in teger.

h post � cond i : Outputs a silly string.
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b egin

if( n > 0 ) then

if( n = 1 ) then

put "X"

else if( n = 2 ) then

put "Y"

else

put "A"

F un( n � 1)

Put "B"

F un( n � 2)

Put "C"

end if

end if

end algorithm

Exercise 11.1.3 A ttempt to tr ac e out the tr e e of stack fr ames for this algorithm for n = 5 .

Exercise 11.1.4 (Se e solution in Se ction 20) Now try the fol lowing simpler appr o ach. What is the

output with n = 1 ? What is the output with n = 2 ? T rust the answers to al l pr evious questions; do not

r e c alculate them. (Assume a truste d friend gave you the answer.) Now, what is the output with n = 3 ?

R ep e at this appr o ach for n = 4 , 5, and 6.

11.2 Some Simple Examples of Recursiv e Algorithms

I will no w giv e some simple examples of recursiv e algorithms. Ev en if y ou ha v e already seen them b efore,

study them again, k eeping the abstractions, tec hniques, and theory learned in this c hapter in mind. F or eac h

example, lo ok for the k ey steps of the friend paradigm. What are the subinstances giv en to the friend? What

is the size of an instance? Do es it get smaller? Ho w are the friend's solutions com bined to giv e y our solution?

As w ell, what do es the tree of stac k frames lo ok lik e? What is the time complexit y of the algorithm?

11.2.1 Sorting and Selecting Algorithms

The classic divide and conquer algorithms are merge sort and quic k sort. They b oth ha v e the follo wing basic

structure.

General Recursiv e Sorting Algorithm:

� T ak e the giv en list of ob jects to b e sorted (n um b ers, strings, studen t records, etc.)

� Split the list in to t w o sublists.

� Recursiv ely ha v e a friend sort the t w o sublists.

� Com bine the t w o sorted sublists in to one en tirely sorted list.

This pro cess leads to four di�eren t algorithms, dep ending on whether y ou:

Sizes: Split the list in to t w o sublists eac h of size

n

2

or one of size n � 1 and the one of size one.

W ork: Put minimal e�ort in to splitting the list but put lots of e�ort in to recom bining the sublists or

put lots of e�ort in to splitting the list but put minimal e�ort in to recom bining the sublists.

Exercise 11.2.1 (Se e solution in Se ction 20) Consider the algorithm that puts minimal e�ort into

splitting the list into one of size n � 1 and the one of size one, but put lots of e�ort into r e c ombining

the sublists. A lso c onsider the algorithm that puts lots of e�ort into splitting the list into one of size

n � 1 and the one of size one, but put minimal e�ort into r e c ombining the sublists. What ar e these two

algorithms?
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Merge Sort (Minimal w ork to split in half ): This is the classic recursiv e algorithm.

F riend's Lev el of Abstraction: Recursiv ely giv e one friend the �rst half of the input to sort and

another friend the second half to sort. Y ou then com bine these t w o sorted sublists in to one

completely sorted list. This com bining pro cess is referred to as mer ging . A simple linear time

algorithm for it can b e found in Section 3.2.2.

Size: The size of an instance is the n um b er of elemen ts in the list. If this is at least t w o, then the

sublists are smaller than the whole list. Hence, it is v alid to recurse on them with the reassurance

that y our friends will do their parts correctly . On the other hand, if the list con tains only one

elemen t, then b y default it is already sorted and nothing needs to b e done.

Generalizing the Problem: If the input is assumed to b e receiv ed in an arra y indexed from 1 to n ,

then the second half of the list is not a v alid instance. Hence, w e rede�ne the preconditions of

the sorting problem to require as input b oth an arra y A and a subrange [ i; j ]. The p ostcondition

is that the sp eci�ed sublist b e sorted in place.

Running Time: Let T ( n ) b e the total time required to sort a list of n elemen ts. This total time

consists of the time for t w o subinstance of half the size to b e sorted, plus �( n ) time for merging the

t w o sublists together. This giv es the recurrence relation T ( n ) = 2 T ( n= 2) + �( n ). See Section 1.6

to learn ho w to solv e recurrence relations lik e these. In this example,

log a

log b

=

log 2

log 2

= 1 and

f ( n ) = �( n

1

) so c = 1. Because

log a

log b

= c , the tec hnique concludes that time is dominated b y all

lev els and T ( n ) = �( f ( n ) log n ) = �( n log n ).

T ree of Stac k F rames: The follo wing is a tree of stac k frames for a concrete example.

______________________ ___ ____ ___ ____ ___ ____ _

| In: 100 21 40 97 53 9 25 105 99 8 45 10 |

| Out: 8 9 10 21 25 40 45 53 97 99 100 105 |

|_____________________ ___ ____ ___ ____ ___ ____ |

/ \

__________________/_____ __ _____\__________________ __

| In: 100 21 40 97 53 9 | | In: 25 105 99 8 45 10 |

| Out: 9 21 40 53 97 100 | | Out: 8 10 25 45 99 105 |

|_______________________ _| |_______________________ _|

/ \ / \

_____________/____ ____\___________ _________/________ __\_____________

| In: 100 21 40 | | In: 97 53 9 | | In: 25 105 99 | | In: 8 45 10 |

| Out: 21 40 100 | | Out: 9 53 97 | | Out: 25 99 105 | | Out: 8 10 45 |

|________________| |______________| |________________| |______________|

/ \ / \ / \ / \

_____/____ __\___ ___/_____ _\___ ____/_____ __\___ ___/____ __\___

In: | 100 21 | | 40 | | 97 53 | | 9 | | 25 105 | | 99 | | 8 45 | | 10 |

Out: | 21 100 | | 40 | | 53 97 | | 9 | | 25 105 | | 99 | | 8 45 | | 10 |

|________| |____| |_______| |___| |________| |____| |______| |____|

/ \ / \ / \ / \

___/___ _\____ __/___ _\____ __/___ __\____ __/__ __\___

In: | 100 | | 21 | | 97 | | 53 | | 25 | | 105 | | 8 | | 45 |

Out: | 100 | | 21 | | 97 | | 53 | | 25 | | 105 | | 8 | | 45 |

|_____| |____| |____| |____| |____| |_____| |___| |____|

Quic k Sort (Minimal w ork to recom bine the halv es): The follo wing is one of the fastest sorting al-

gorithms. Hence, the name.

F riend's Lev el of Abstraction: The �rst step in the algorithm is to c ho ose one of the elemen ts to

b e the "piv ot elemen t". Ho w this is to b e done is discussed b elo w. The next step is to p artition

the list in to t w o sublists using the P artition routine de�ned b elo w. This routine rearranges the

elemen ts so that all the elemen ts that are less than or equal to the piv ot elemen t are to the left

of the piv ot elemen t and all the elemen ts that are greater than it are to the righ t of it. (There

are no requiremen ts on the order of the elemen ts in the sublists.) Next, recursiv ely ha v e a friend

sort those elemen ts b efore the piv ot and those after it. Finally , (without e�ort) put the sublists

together, forming one completely sorted list.
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T ree of Stac k F rames: The follo wing is a tree of stac k frames for a concrete example.

______________________ ___ ____ ___ ____ ___ ____ _

| In: 100 21 40 97 53 9 25 105 99 8 45 10 |

| Out: 8 9 10 21 25 40 45 53 97 99 100 105 |

|_____________________ ___ ____ ___ ____ ___ ____ |

/ | \

__________________/ | \_______________________ ____ ___

| In: 21 9 8 10 | 25 | In: 100 40 97 53 105 99 45 |

| Out: 8 9 10 21 | | Out: 40 45 53 97 99 100 105 |

|________________| |_______________________ ____ __|

/ | \ / | \

____________/ | \___________ _________/_______ | ___\_______________

| In: 9 8 | 10 | In: 21 | | In: 40 53 45 | 97 | In: 100 105 99 |

| Out: 8 9 | | Out: 21 | | Out: 40 45 53 | | Out: 99 100 105 |

|__________| |_________| |_______________| |_________________|

/ | \ / | \ / | \

__/__ | _\__ ______/__ | __\_ ___/__ | __\____

In: | 8 | 9 | | | 40 45 | 53 | | | 99 | 100 | 105 |

Out: | 8 | | | | 40 45 | | | | 99 | | 105 |

|___| |__| |_______| |__| |____| |_____|

/ | \

___/ | _\____

In: | | 40 | 45 |

Out: | | | 45 |

|__| |____|

Running Time: The computation time dep ends on the c hoice of the piv ot elemen t.

Median: If w e are luc ky and the piv ot elemen t is close to b eing the median v alue, then the list

will b e split in to t w o sublists of size appro ximately n= 2. W e will see that partitioning the

arra y according to the piv ot elemen t can b e done in time �( n ). In this case, the timing is

T ( n ) = 2 T ( n= 2) + �( n ) = �( nl og n ).

Reasonable Split: The ab o v e timing is quite robust with resp ect to the c hoice of the piv ot. F or

example, supp ose that the piv ot alw a ys partitions the list in to one sublist of

1

5

th the original

size and one of

4

5

th the size. The total time is then the time to partition plus the time to sort

the sublists of these sizes. This giv es T ( n ) = T (

1

5

n ) + T (

4

5

n ) + �( n ). Because

1

5

+

4

5

= 1, this

ev aluates to T ( n ) = �( n log n ). (See Section 1.6.) More generally , supp ose that the piv ot

alw a ys partitions the list so that the �rst half is b et w een

1

5

th and

4

5

th the original size. The

time will still b e �( n log n ).

W orst Case: On the other hand, supp ose that the piv ot alw a ys splits the list in to one of size

n � 1 and one of size 1. In this case, T ( n ) = T ( n � 1) + T (1) + �( n ), whic h ev aluates to

T ( n ) = �( n

2

). This is the w orst case scenario.

W e will return to Quic k Sort after considering the follo wing related problem.

Finding the k

th

Smallest Elemen t: Giv en an unsorted list and an in teger k , this problem �nds the k

th

smallest elemen t from the list. It is not clear at �rst that there is an algorithm for doing this that

is an y faster than sorting the en tire list. Ho w ev er, it can b e done in linear time using the subroutine

Piv ot.

F riend's Lev el of Abstraction: The algorithm is lik e that for binary searc h. Ignoring input k , it

pro ceeds just lik e quic k sort. A piv ot elemen t is c hosen randomly , and the list is split in to t w o

sublists, the �rst con taining all elemen ts that are all less than or equal to the piv ot elemen t and

the second those that are greater than it. Let ` b e the n um b er of elemen ts in the �rst sublist.

If ` � k , then w e kno w that the k

th

smallest elemen t from the en tire list is also the k

th

smallest

elemen t from the �rst sublist. Hence, w e can giv e this �rst sublist and this k to a friend and ask

him to �nd it. On the other hand, if ` < k , then w e kno w that the k

th

smallest elemen t from

the en tire list is the ( k � ` )

th

smallest elemen t from the second sublist. Hence, giving the second

sublist and k � ` to a friend, he can �nd it.
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T ree of Stac k F rames: The follo wing is a tree of stac k frames for a concrete example.

______________________ ___ ____ ___ ____ ___ ____ ___ _

| In: 100 21 40 97 53 9 25 105 99 8 45 10 |

| Sorted: 8 9 10 21 25 40 45 53 97 99 100 105 |

| k=7 Out:45 |

|_____________________ ___ ____ ___ ____ ___ ____ ___ |

Pivot:25 \

\_______________________ ____ ___ ___

| In: 100 40 97 53 105 99 45 |

| Sorted: 40 45 53 97 99 100 105 |

| k=7-5=2 Out:45 |

|_______________________ ____ ___ __|

/ Pivot:97

_________/_____________

| In: 40 53 45 97 |

| Sorted: 40 45 53 97 |

| k=2 Out:45 |

|_____________________|

/ Pivot:45

______/__________

| In: 40 45 |

| Sorted: 40 45 |

| k=2 Out:45 |

|_______________|

\

Pivot:40 _\________________

| In: 45 |

| Sorted: 45 |

| k=2-1=1 Out:45 |

|________________|

Running Time: Again, the computation time dep ends on the c hoice of the piv ot elemen t.

Median: If w e are luc ky and the piv ot elemen t is close to b eing the median v alue, then the list

will b e split in to t w o sublists of size appro ximately n= 2. Because the routine recurses on only

one of the halv es, the timing is T ( n ) = T ( n= 2) + �( n ) = �( n ).

Reasonable Split: If the piv ot alw a ys partitions the list so that the larger half is at most

4

5

n ,

then the total time is at most T ( n ) = T (

4

5

n ) + �( n ), whic h is still linear time, T ( n ) = �( n ).

W orst Case: In the w orst case, the piv ot splits the list in to one of size n � 1 and one of size 1.

In this case, T ( n ) = T ( n � 1) + �( n ), whic h is T ( n ) = �( n

2

).

Cho osing the Piv ot: In the last t w o algorithms, the timing dep ends on c ho osing a go o d piv ot elemen t

quic kly .

Fixed V alue: If y ou knew that y ou w ere sorting elemen ts that are n um b ers within the range [1 :: 100],

then it reasonable to partition these elemen ts based on whether they are smaller or larger than

50. This is often referred to as bucket sort . See b elo w. Ho w ev er, there are t w o problems with this

tec hnique. The �rst is that in general w e do not kno w what range the input elemen ts will lie. The

second is that at ev ery lev el of recursion another piv ot v alue is needed with whic h to partition

the elemen ts. The solution is to use the input itself to c ho ose the piv ot v alue.

Use A [1] as the Piv ot: The �rst thing one migh t try is to let the piv ot b e the elemen t that happ ens

to b e �rst in the input arra y . The problem with this is that if the input happ ens to b e sorted (or

almost sorted) already , then this �rst elemen t will split the list in to one of size zero and one of size

n � 1. This giv es the w orst case time of �( n

2

). Giv en random data, the algorithm will execute

quic kly . On the other hand, if y ou forget that y ou sorted the data and y ou run it a second time,

then second time will tak e a long time to complete.

Use A [

n

2

] as the Piv ot: Motiv ated b y the last attempt, one migh t use the elemen t that happ ens to

b e lo cated in the middle of the input arra y . F or all practical purp oses, this w ould lik ely w ork great.

It w ould w ork exceptionally w ell when the list is already sorted. Ho w ev er, the w orst case time
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complexit y assumes that the input instance is c hosen b y some nast y adv ersary . The adv ersary

will pro vide an input for whic h the piv ot is alw a ys bad. The w orst case time complexit y is still

�( n

2

).

A Randomly Chosen Elemen t: In practice, what is often done is to c ho ose the piv ot elemen t ran-

domly from the input elemen ts. See Section 19.2. The adv an tage of this is that the adv ersary who

is c ho osing the w orst case input instance, kno ws the algorithm, but do es not kno w the random

coin tosses. Hence, all input instances are equiv alen tly go o d and equiv alen tly bad.

W e will pro v e that the exp ected computation time is �( nl og n ). What this means is that if y ou

ran the algorithm 1000000 times on the same input, then the a v erage running time w ould b e

�( nl og n ). W e pro v e this as follo ws. Supp ose that the randomly c hosen piv ot elemen t happ ens to

b e the i

th

smallest elemen t. The list is split in to one of size i and one of size n � i . This giv es the

recursiv e relation T ( n ) = Avg

n

i =1

�

T ( i ) + T ( n � i ) + �( n )

�

. With a little w ork, this ev aluates to

�( nl og n ).

Ev en though the exp ected time is go o d, it w ould b e bad, if once in a while the running time is

�( n

2

). W e will no w pro v e that the probabilit y that the running time is not �( n log n ) is 2

� �( n )

,

i.e. for reasonable n it is not going to happ en within y our lifetime. W e pro v e this as follo ws. Let

us sa y progress is made if piv ot elemen t is c hosen suc h that the split is b et w een

1

5

and

4

5

. This

o ccurs if the piv ot happ ens to b e one of the elemen ts b et w een the

1

5

n

th

and the

4

5

n

th

smallest. The

probabilit y of this is

3

5

, whic h means that w e exp ect progress to o ccur

3

5

ths of the time. Hence, if

w e recurse H times, the exp ected n um b er of times progress made is h =

3

5

H . The probabilit y is

exp onen tially small, 2

� �( n )

, that w e are unluc ky and the progress is less than sa y h =

1

2

H times.

When h progress has b een made, the subinstance are no larger than n= (

4

5

)

h

. This size b ecomes 1

when H = 2 log ( n ) = log(4 = 5) and hence h � log ( n ) = log(4 = 5). The w ork at eac h lev el of recursion

is �( n ). Hence, the total time is �( n log n ).

Randomly Cho ose 3 Elemen ts: Another option is to randomly select three elemen ts from the input

list and use the middle one as the piv ot. Doing this greatly increases the probabilit y that the piv ot

is close to the middle and hence decreases the probabilit y of the w orst case o ccurring. Ho w ev er,

doing so also tak es time. All in all, the exp ected running time is w orse.

A Deterministic Algorithm: The follo wing is a deterministic metho d of c ho osing the piv ot that

leads to the w orst case running time of �( n ) for �nding k

th

smallest elemen t. First group the n

elemen ts in to

n

5

groups of 5 elemen ts eac h. Within eac h group of 5 elemen ts, do �(1) w ork to

�nd the median of the group. Let S

median

b e the set of

n

5

elemen ts that is the median from eac h

group. Recursiv ely ask a friend to �nd the median elemen t from the set S

median

. This elemen t

will b e used as our piv ot.

W e claim that this piv ot elemen t has at least

3

10

n elemen ts that are less than or equal to it and

another

3

10

n elemen ts that are greater or equal to it. The pro of of the claim is as follo ws. Because

the piv ot is the median within S

median

, there are

1

10

n =

1

2

j S

median

j elemen ts within S

median

that

are less than or equal to the piv ot. Consider an y suc h elemen t x

i

2 S

median

. Because x

i

is the

median within its group of 5 elemen ts, there are 3 elemen ts within this group (including x

i

itself )

that are less than or equal to x

i

and hence in turn less than or equal to the piv ot. Coun ting all

these giv es 3 �

1

10

n elemen ts. A similar argumen t coun ts this man y that are greater or equal to

the piv ot.

The algorithm to �nd the k

th

largest elemen t pro ceeds as stated originally . A friend is either

ask ed to �nd the k

th

smallest elemen t within all elemen ts that are less than or equal to the piv ot

or the ( k � ` )

th

smallest elemen t from all those that are greater than it. The claim insures that

the size of the sublist giv en to the friend is at most

7

10

n .

Unlik e the �rst algorithm for the �nding k

th

smallest elemen t, this algorithm recurses t wice.

Hence, one w ould initially assume that the running time is �( n log n ). Ho w ev er, careful analysis

sho ws that it is only �( n ). Let T ( n ) denote the running time. Finding the median of eac h of

the

1

5

n groups tak es �( n ) time. Recursiv ely �nding the median of S

median

tak es T (

1

5

n ) time.

Recursing on the remaining at most

7

10

n elemen ts tak es at most T (

7

10

n ) time. This giv es a total
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of T ( n ) = T (

1

5

n ) + T (

7

10

n ) + �( n ) time. Because

1

5

+

7

10

< 1, this ev aluates to T ( n ) = �( n ). (See

Section 1.6).

A deterministic Quic k Sort algorithm can use this deterministic �( n ) time algorithm for the

�nding k

th

smallest elemen t, to �nd the median of the list to b e the piv ot. Because partitioning the

elemen ts according to the piv ot already tak es �( n ) time, the timing is still T ( n ) = 2 T (

n

2

) + �( n ) =

�( n log n ).

P artitioning According T o The Piv ot Elemen t: The input consists of a list of elemen ts A [ I ] ; : : : ; A [ J ]

and a piv ot elemen t. The output consists of the rearranged elemen ts and an index i , suc h that the

elemen ts A [ I ] ; : : : ; A [ i � 1] are all less than or equal to the piv ot elemen t, A [ i ] is the piv ot elemen t, and

the elemen ts A [ i + 1] ; : : : ; A [ J ] are all greater than it.

The lo op in v arian t is that there are indexes I � i � j � J for whic h

1. The v alues in A [ I ] ; : : : ; A [ i � 1] are less than or equal to the piv ot elemen t.

2. The v alues in A [ j + 1] ; : : : ; A [ J ] are greater than the piv ot elemen t.

3. The piv ot elemen t has b een remo v ed and is on the side, lea ving an empt y en try either at A [ i ] or

at A [ j ].

4. The other elemen ts in A [ i ] ; : : : ; A [ j ] ha v e not b een considered.

The lo op in v arian t is established b y setting i = I and j = J , making A [ i ] empt y b y putting the elemen t

in A [ i ] where the piv ot elemen t is and putting the piv ot elemen t aside.

If the lo op in v arian t is true and i < j , then there are four p ossible cases:

Case A) A [ i ] is empt y and A [ j ] � piv ot: A [ j ] b elongs on the left, so mo v e it to the empt y A [ i ].

A [ j ] is no w empt y . Increase the left side b y increasing i b y one.

Case B) A [ i ] is empt y and A [ j ] > piv ot: A [ j ] b elongs on the righ t and is already there. Increase

the righ t side b y decreasing j b y one.

Case C) A [ j ] is empt y and A [ i ] � piv ot: A [ i ] b elongs on the left and is already there. Increase

the left side b y increasing i b y one.

Case D) A [ j ] is empt y and A [ i ] > piv ot: A [ i ] b elongs on the righ t, so mo v e it to the empt y A [ j ].

A [ i ] is no w empt y . Increase the righ t side b y decreasing j b y one.

In eac h case, the lo op in v arian t is main tained. Progress is made b ecause j � i decreases.

?
i j JI

Less More

?
i j JI

Less More

Post:

Pre:D:

i JI
Less More?

j

j JI
Less More?Post:

i

Pre:C:

Post:

Pre:B:

i JI
Less More?

j

j JI
Less More?Post:

i

i j JI
Less MorePre:A:

i j JI
Less More?

?

Figure 11.1: The four cases of ho w to iterate are sho wn.

When i = j , the list is split as needed, lea ving A [ i ] empt y . Put the piv ot there. The p ostcondition

follo ws.

Sorting By Hand: As a professor, I often ha v e to sort a large stac k of studen t's pap ers b y the last name.

Surprisingly enough, the algorithm that I use is a v ersion of quic k sort called bucket sort .

Fixed Piv ot V alues: When �xed piv ot v alues are used with whic h to partition the elemen ts, the

algorithm is called buc k et sort instead of quic k sort. This w orks for this application b ecause the

list to b e sorted consist of names whose �rst letters are fairly predictably distributed through the

alphab et.
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P artitioning In to 5 Buc k ets: Computers are go o d at using a single comparison to determine

whether an elemen t is greater than the piv ot v alue or not. Humans, on the other hand, tend

to b e go o d at quic kly determining whic h of 5 buc k ets an elemen t b elongs in. I �rst partition the

pap ers based on whic h of the follo wing ranges the �rst letter of the name is within: [A-E], [F-K],

[L-O], [P-T], or [U-Z]. Then I partition the [A-E] buc k et in to the sub-buc k ets [A], [B], [C], [D],

and [E]. Then I partition the [A] buc k et based on the second letter of the name.

A Stac k of Buc k ets: One di�cult y with this algorithm is k eeping trac k of all the buc k ets. F or

example, after the second partition, w e will ha v e nine buc k ets: [A], [B], [C], [D], [E], [F-K], [L-O],

[P-T], and [U-Z]. After the third, w e will ha v e 13. On a computer, the recursion of the algorithm

is implemen ted with a stac k of stac k frames. Corresp ondingly , when I sort the studen t's pap ers,

I ha v e a stac k of buc k ets.

Lo op In v arian t: I use the follo wing lo op in v arian t to k eep trac k of what I am doing. I alw a ys

ha v e a pile (initially empt y) of pap ers that are sorted. These pap ers b elong b efore all other

pap ers. I also ha v e a stac k of piles. Though the pap ers within eac h pile are out of order, eac h

pap er in a pile b elongs b efore eac h pap er in a later pile. F or example, at some p oin t in the

algorithm, the pap ers starting with [A-C] will b e sorted and the piles in m y stac k will consist

of [D], [E], [F-K], [L-O], [P-T], and [U-Z].

Main tain the Lo op In v arian t: I mak e progress while main taining this lo op in v arian t as fol-

lo ws. I tak e the top pile o� the stac k, here the [D]. If it only con tains a half dozen or so

pap ers, I sort them using insertion sort. These are then added to the top of the sorted pile,

[A-C], giving [A-D]. On the other hand, if the pile [D] tak en o� the stac k is larger then this, I

partition it in to 5 piles, [D A-DE], [DF-DK], [DL-DO], [DP-DT], and [DU-DZ], whic h I push

bac k on to the stac k. Either w a y , m y lo op in v arian t is main tained.

Exiting: When the last buc k et has b een remo v ed from the stac k, the pap ers are sorted.

11.2.2 Op erations on In tegers

Raising an in teger to a p o w er b

N

, m ultiplying x � y , and matrix m ultiplication eac h ha v e surprising divide

and conquer algorithms.

b

N

: Supp ose that y ou are giv en t w o in tegers b and N and w an t to compute b

N

.

The Iterativ e Algorithm: The ob vious iterativ e algorithm simply m ultiplies b together N times.

The ob vious recursiv e algorithm recurses with P ow er ( b; N ) = b � P ow er ( b; N � 1). This requires

the same N m ultiplications.

The Straigh tforw ard Divide and Conquer Algorithm: The ob vious divide and conquer tec h-

nique cuts the problem in to t w o halv es using the prop ert y that b

d

N

2

e

� b

b

N

2

c

= b

d

N

2

e + b

N

2

c

= b

N

.

This leads to the recursiv e algorithm P ow er ( b; N ) = P ow er ( b; d

N

2

e ) � P ow er ( b; b

N

2

c ). Its recur-

rence relation giv es T ( N ) = 2 T (

N

2

) + 1 m ultiplications. The tec hnique in Section 1.6 notes that

log a

log b

=

log 2

log 2

= 1 and f ( N ) = �( N

0

) so c = 0. Because

log a

log b

> c , the tec hnique concludes that

time is dominated b y the base cases and T ( N ) = �( N

log a

log b

) = �( N ). This is no faster than the

standard iterativ e algorithm.

Reducing the Num b er of Recursions: This algorithm can b e impro v ed b y noting that the t w o

recursiv e calls are almost the same and hence need only to b e called once. The new recurrence

relation giv es T ( N ) = 1 T (

N

2

) + 1 m ultiplications. Here

log a

log b

=

log 1

log 2

= 0 and f ( N ) = �( N

0

)

so c = 0. Because

log a

log b

= c , w e conclude that time is dominated b y all lev els and T ( N ) =

�( f ( N ) log N ) = �(log N ) m ultiplications.

algorithm P ow er ( b; N )

h pr e � cond i : N � 0 ( N and b not b oth 0)

h post � cond i : Outputs b

n

.
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b egin

if( N = 0 ) then

result 1

else

hal f = b

N

2

c

p = P ow er ( b; hal f )

if( 2 � hal f = N ) then

result( p � p ) % if N is ev en, b

N

= b

N = 2

� b

N = 2

else

result( p � p � b ) % if N is o dd, b

N

= b � b

N = 2

� b

N = 2

end if

end if

end algorithm

T ree of Stac k F rames:

<-| return value

| 32 = 4x4x2

_____

| b=2 | <-| return value

|_N=5_| | 4 = 2x2

\_____

| b=2 | <-| return value

|_N=2_| | 2 = 1x1x2

\_____

| b=2 | <-| return value

|_N=1_| | 1

\_____

| b=2 |

|_N=0_|

Running Time: One is tempted to sa y that the �rst t w o �( N ) algorithms are linear time and that

the last �(log N ) one is logarithmic time. Ho w ev er, in fact the �rst t w o are exp onen tial �(2

n

)

time and the last is linear �( n ). Recall that time complexit y is measured as a function of the

\size" of the input, whic h is t ypically the n um b er of bits n = log N to represen t the n um b er.

x � y : The time complexit y of the last algorithm w as measured in terms of the n um b er of m ultiplications.

This b egs the question of ho w quic kly one can m ultiply .

The input for the next problem consists of t w o strings of n digits eac h. These are view ed as t w o in tegers

x and y either in binary or in decimal notation. The problem is to m ultiply them.

The Iterativ e Algorithm: The standard elemen tary sc ho ol algorithm considers eac h pair of digits,

one from x and the other from y , and m ultiplies them together. These n

2

pro ducts are shifted

appropriately and summed. The total time is �( n

2

). It is hard to b eliev e that one could do faster.

8 2 7

5 9 6

4 2

1 2

4 8

6 3

1 8

7 2

3 5

1 0

4 0

4 9 2 8 9 2
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The Straigh tforw ard Divide and Conquer Algorithm: Let us see ho w w ell the divide and con-

quer tec hnique can w ork. Split eac h sequence of digits in half and consider eac h half as an in teger.

This giv es x = x

1

� 10

n

2

+ x

0

and y = y

1

� 10

n

2

+ y

0

. Multiplying these sym b olically giv es

x � y =

�

x

1

� 10

n

2

+ x

0

�

�

�

y

1

� 10

n

2

+ y

0

�

= ( x

1

y

1

) � 10

n

+ ( x

1

y

0

+ x

0

y

1

) � 10

n

2

+ ( x

0

y

0

)

The ob vious divide and conquer algorithm w ould recursiv ely compute the four subproblems x

1

y

1

,

x

1

y

0

, x

0

y

1

, and x

0

y

0

, eac h of

n

2

digits. This w ould tak e 4 T (

n

2

) time. Then these four pro ducts are

shifted appropriately and summed. Note that additions can b e done in �( n ) time. See Section 7.

Hence, the total time is T ( n ) = 4 T (

n

2

) + �( n ). Here

log a

log b

=

log 4

log 2

= 2 and f ( n ) = �( n

1

) so

c = 1. Because

log a

log b

> c , the tec hnique concludes that time is dominated b y the base cases and

T ( n ) = �( n

log a

log b

) = �( n

2

). This is no impro v emen t in time.

Reducing the Num b er of Recursions: Supp ose that w e could �nd a tric k so that w e only need to

recurse three times instead of four. One's in tuition migh t b e that this w ould only pro vide a linear

time sa vings, but in fact the sa vings is m uc h more. T ( n ) = 3 T (

n

2

) + �( n ). No w

log a

log b

=

log 3

log 2

=

1 : 58 :: , whic h is still bigger than c =. Hence, time is still dominated b y the base cases, but no w

this is T ( n ) = �( n

log a

log b

) = �( n

1 : 58 ::

). This is a signi�can t impro v emen t from �( n

2

).

The tric k for requiring only three recursiv e m ultiplications is as follo ws. The �rst step is to m ultiply

x

1

y

1

and x

0

y

0

recursiv ely as required. This lea v es us only one more recursiv e m ultiplication.

If y ou review the sym b olic expansion of x � y , y ou will see that w e do not actually need to kno w

the v alue of x

1

y

0

and x

0

y

1

. W e only need to kno w their sum. Sym b olically , w e can observ e the

follo wing.

x

1

y

0

+ x

0

y

1

= [ x

1

y

1

+ x

1

y

0

+ x

0

y

1

+ x

0

y

0

] � x

1

y

1

� x

0

y

0

= [( x

1

+ x

0

) ( y

1

+ y

0

)] � x

1

y

1

� x

0

y

0

Hence, the sum x

1

y

0

+ x

0

y

1

that w e need can b e computed b y adding x

1

to x

0

and y

1

to y

0

;

m ultiplying these sums; and subtracting o� the v alues x

1

y

1

and x

0

y

0

that w e kno w from b efore.

This requires only one additional recursiv e m ultiplication. Again w e use the fact that additions

are fast, requiring only �( n ) time.

algorithm M ul tipl y ( x; y )

h pr e � cond i : x and y are t w o in tegers represen ted as an arra y of n digits

h post � cond i : The output consists of their pro duct represen ted as an arra y of n + 1 digits

b egin

if(n=1) then

result( x � y ) % pro duct of single digits

else

h x

1

; x

0

i = high and lo w order

n

2

digits of x

h y

1

; y

0

i = high and lo w order

n

2

digits of y

A = M ul tipl y ( x

1

; y

1

)

C = M ul tipl y ( x

0

; y

0

)

B = M ul tipl y ( x

1

+ x

0

; y

1

+ y

0

) � A � C

result( A � 10

n

+ B � 10

n

2

+ C )

end if

end algorithm

It is surprising that this tric k reduces the time from �( n

2

) to �( n

1 : 58

).

Dividing in to More P arts: The next question is whether the same tric k can b e extended to impro v e

the time ev en further. Instead of splitting eac h of x and y in to t w o pieces, lets split them eac h in to



11.2. SOME SIMPLE EXAMPLES OF RECURSIVE ALGORITHMS 177

d pieces. The straigh tforw ard metho d recursiv ely m ultiplies eac h of the d

2

pairs of pieces together,

one from x and one from y . The total time is T ( n ) = d

2

T (

n

d

) + �( n ). Here a = d

2

; b = d; c = 1 ;

and

log d

2

log d

= 2 > c . This giv es T ( n ) = �( n

2

). Again, w e are bac k where w e b egan.

Reducing the Num b er of Recursions: The tric k no w is to do the same with few er recursiv e m ul-

tiplications. It turns out it can b e done with only 2 d � 1 of them. This giv es time of only T ( n ) =

(2 d � 1) T (

n

d

) + �( n ). Here a = 2 d � 1 ; b = d; c = 1 ; and

log (2 d � 1)

log ( d )

�

log ( d )+1

log ( d )

= 1 +

1

log ( d )

� c . By

increasing d , the time for the top stac k frame and for the base cases b ecomes closer and closer to

b eing equal. Recall that when this happ ens, w e m ust add an extra �(log n ) factor to accoun t for

the �(log n ) lev els of recursion. This giv es T ( n ) = �( n log n ), whic h is a surprising running time

for m ultiplication.

F ast F ourier T ransformations: W e will not describ e the tric k for reducing the n um b er of recursiv e

m ultiplications from d

2

to only 2 d � 1. Let it su�ce that it in v olv es thinking of the problem

as the ev aluation and in terp olation of p olynomials. When d b ecomes large, other complications

arise. These are solv ed b y using the 2 d -ro ots of unit y o v er a �nite �eld. P erforming op erations

o v er this �nite �eld require �(log log n ) time. This increases the total time from �( n log n ) to

�( n log n log log n ). This algorithm is used often for m ultiplication and man y other applications

suc h as signal pro cessing. It is referred to as F ast F ourier T r ansformations .

Exercise 11.2.2 Design the algorithm and c ompute the running time when d = 3 .

Strassen's Matrix Multiplication: The next problem is to m ultiply t w o n � n matrices.

The Iterativ e Algorithm: The ob vious iterativ e algorithm computes the h i; j i en try of the pro duct

matrix b y m ultiplying the i

th

ro w of the �rst matrix with the j

th

column of the second. This

requires �( n ) scalar m ultiplications. Because there are n

2

suc h en tries, the total time is �( n

3

).

The Straigh tforw ard Divide and Conquer Algorithm: When designing a divide and conquer

algorithm, the �rst step is to divide these t w o matrices in to four submatrices eac h. Multiplying

these sym b olically giv es the follo wing.

�

a b

c d

� �

e g

f h

�

=

�

ae + bf ag + bh

ce + d f cg + dh

�

Computing the four

n

2

�

n

2

submatrices in this pro duct in this w a y requires recursiv ely m ultiplying

eigh t pairs of

n

2

�

n

2

matrices. The total computation time is giv en b y the recurrence relation

T ( n ) = 8 T ( n= 2) + �( n

2

) = �( n

log 8

log 2

) = �( n

3

). As seen b efore, this is no faster than the standard

iterativ e algorithm.

Reducing the Num b er of Recursions: Strassen found a w a y of computing the four

n

2

�

n

2

subma-

trices in this pro duct using only sev en suc h recursiv e calls. This giv es T ( n ) = 7 T ( n= 2) + �( n

2

) =

�( n

log 7

log 2

) = �( n

2 : 8073

). W e will not include the details of the algorithm.

11.2.3 Ak erman's F unction

If y ou are w ondering just ho w slo wly a program can run, consider the co de b elo w. Assume the input

parameters n and k are natural n um b ers. Let T

k

( n ) denote the v alue returned b y A ( k ; n ).

algorithm A ( k ; n )

if( k = 0) then

return( n+1+1 )

else

if( n = 0) then

if( k = 1) then

return( 0 )
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else

return( 1 )

else

return( A ( k � 1 ; A ( k ; n � 1)))

end if

end if

end algorithm

1. W rite out an expression using recurrence relations to express T

k

( n ). Be sure to include all base cases.

� Answ er: T

0

( n ) = 2 + n , T

1

(0) = 0, T

k

(0) = 1 for k � 2, and T

k

( n ) = T

k � 1

( T

k

( n � 1)) for k > 0

and n > 0.

2. Solv e eac h of the follo wing exactly (not the � appro ximation): T

0

( n ), T

1

( n ), T

2

( n ), and T

3

( n ). Com-

pute T

4

(1), T

4

(2), T

4

(3), and T

4

(4). Explain y our w ork.

� Answ er:

T

0

( n ) = 2 + n

T

1

( n ) = T

0

( T

1

( n � 1)) = 2 + T

1

( n � 1) = 4 + T

1

( n � 2) = 2 i + T

1

( n � i ) = 2 n + T

1

(0) = 2 n .

T

2

( n ) = T

1

( T

2

( n � 1)) = 2 � T

2

( n � 1) = 2

2

� T

2

( n � 2) = 2

i

� T

2

( n � i ) = 2

n

� T

2

(0) = 2

n

T

3

( n ) = T

2

( T

3

( n � 1)) = 2

T

2

( n � 1)

= 2

2

T

3

( n � 2)

=

"

2

2

2

:::

2

| {z }

i

#

T

3

( n � i )

=

"

2

2

2

:::

2

| {z }

n

#

T

3

(0)

= 2

2

2

:::

2

| {z }

n

T

4

(0) = 1. T

4

(1) = T

3

( T

4

(0)) = T

3

(1) = 2

2

2

:::

2

| {z }

1

= 2.

T

4

(2) = T

3

( T

4

(1)) = T

3

(2) = 2

2

2

:::

2

| {z }

2

= 2

2

= 4.

T

4

(3) = T

3

( T

4

(2)) = T

3

(4) = 2

2

2

:::

2

| {z }

4

= 2

2

2

2

= 2

2

4

= 2

16

= 65 ; 536.

Note 2

2

2

:::

2

| {z }

5

= 2

65 ; 536

� 10

21 ; 706

, while the n um b er of atoms in the univ erse is less than 10

100

.

T

4

(4) = T

3

( T

4

(3)) = T

3

(65 ; 536) = 2

2

2

:::

2

| {z }

65 ; 536

.

Ak erman's function is de�ned to b e A ( n ) = T

n

( n ). As seen A (4) is is bigger than an y n um b er in

the natural w orld. A (5) is unimaginable.

3. Giv e a lo w er b ound on the n um b er of times the computation on input A ( k ; n ) adds one t wice on line

n + 1 + 1 of the co de.

� Answ er: The only w a y that the program builds up a big n um b er is b y con tin ually incremen ting it

b y one. Hence, the n um b er of times one is added is at least as h uge as the v alue T

k

( n ) returned.

4. Programs can stop at run time b ecause of: 1) o v er 
o w in an in teger v alue; 2) running out of memory;

3) running out of time. Whic h is lik ely to happ en �rst?

� Answ er: If the mac hine's in tegers are 32 bits, then they hold a v alue that is ab out 10

10

. Incremen t-

ing up to this v alue will tak e a long time. Ho w ev er, m uc h w orse than this, eac h t w o incremen ts

needs another recursiv e call creating a stac k of ab out this man y recursiv e stac k frames. The

mac hine is b ound to run out of memory �rst.



Chapter 12

Recursion on T rees

One k ey application of recursiv e algorithms is to p erform actions on trees. The reason is that trees themselv es

ha v e a recursiv e de�nition.

Recursiv e De�nition of T ree: A tree is either:

� an empt y tree (zero no des) or

� a ro ot no de with some subtrees as c hildren.

A binary tr e e is a sp ecial kind of tree where eac h no de has a righ t and a left subtree.

z

yx

+

*

Tree representing (x + y) * zBinary Tree

12.1 Abstractions, T ec hniques, and Theory

T o demonstrate the ideas giv en in Section 11.1, w e will no w dev elop a recursiv e algorithm that will compute

the n um b er of no des in a binary tree.

The Steps:

Sp eci�cations:

Preconditions: The input is an y binary tree. Note that trees with an empt y subtree are v alid

trees. So are trees consisting of a single no de and the empt y tree.

P ostconditions: The output is the n um b er of no des in the tree.

Size: The \size" of an instance is the n um b er of no des in it.

General Input: Consider a large binary tree with t w o complete subtrees.

Magic: W e assume that b y \magic" a friend is able to coun t the n um b er of no des in an y tree

that is strictly smaller than ours.

Subinstances: The subinstances of our instance tree will b e the tree's left and its righ t subtree.

These are v alid instances that are strictly smaller than ours b ecause the ro ot (and the other

subtree) has b een remo v ed.

179
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Subsolutions: W e ask one friend to (recursiv ely) coun t the n um b er of no des in the left subtree

and another friend for that in the righ t subtree.

Solution: The n um b er of no des in our tree is the n um b er in its left subtree plus the n um b er in

its righ t subtree plus one for the ro ot.

Other Instances: Ab o v e w e considered a large binary tree with t w o complete subtrees. No w w e will

try ha ving the instance b e a tree with the righ t subtree missing. Surprisingly , the ab o v e algorithm

still w orks. The n um b er of no des in our tree's righ t subtree is zero. This is the answ er that our

friend will return. Hence, the ab o v e algorithm returns the n um b er in its left subtree plus zero

plus one for the ro ot. This is the correct answ er. Similarly , the ab o v e algorithm w orks when the

left subtree is empt y or when the instance consists of a single leaf no de. The remaining instance is

the empt y tree. The ab o v e algorithm do es not w ork for it, b ecause it do es not ha v e an y subtrees.

Hence, the algorithm can handle all trees except the empt y tree with one piece of co de.

Base Cases: The empt y tree is su�cien tly small that w e can solv e it in a brute force w a y . The n um b er

of no des in it is zero.

The T ree of Stac k F rames: There is one recursiv e stac k frame for eac h no de in the tree and the

tree of stac k frames directly mirrors the structure of the tree.

Running Time: Because there is one recursiv e stac k frame for eac h no de in the tree and eac h stac k

frame do es a constan t amoun t of w ork, the total time is linear in the n um b er of no des in the

input tree. The recurrence relation is T ( n ) = T ( n

lef t

) + T ( n

r ig ht

) + �(1). Plugging the guess

T ( n ) = cn , giv es cn = cn

lef t

+ cn

r ig ht

+ �(1), whic h is correct b ecause n = n

lef t

+ n

r ig ht

+ 1.

Co de:

algorithm N umber N odes ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : Returns the n um b er of no des in the tree.

b egin

if( tr ee = empty T r ee ) then

result( 0 )

else

result( N umber N odes ( tr ee:l ef t ) + N umber N odes ( tr ee:r ig ht ) + 1 )

end if

end algorithm

Note, that w e ensured that the algorithm dev elop ed w orks for ev ery v alid input instance.

Common Bugs with Base Cases: Man y p eople are tempted to use trees with a single no de as the base

case. A minor problem with this is that it means that the routine no longer w orks for the empt y tree,

i.e. the tree with zero no des. A bigger problem is that the routine no longer w orks for trees that con tain

a no de with a left c hild but no righ t c hild, or visa v ersa. This tree is not a base case b ecause it has

more than one no de. Ho w ev er, when the routine recurses on the righ t subtree, the new subinstance

consists of the empt y tree. The routine, ho w ev er, no longer w orks for this tree.

Another common bug that p eople mak e is to pro vide the wrong answ er for the empt y tree. When in

doubt as to what answ er should b e giv en for the empt y tree, consider an instance with the left or righ t

subtree empt y . What answ er do y ou need to receiv e from the empt y tree to mak e this tree's answ er

correct.

Heigh t: F or example, a tree with one no de can either b e de�ned to ha v e heigh t 0 or heigh t 1. It is

y our c hoice. Ho w ev er, if y ou sa y that it has heigh t 0, then b e careful when de�ning the heigh t of

the empt y tree.

IsBST: Another example is that p eople often sa y that the empt y tree is not a binary searc h tree

(de�ned later). Ho w ev er, it is. A binary tree fails to b e a binary searc h tree when certain

relationships b et w een the no des exist. Because the empt y tree has no no des, none of these

violating conditions exist. Hence, b y default it is a binary searc h tree.
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Max: What is the maxim um v alue within an empt y list of v alues? One migh t think 0 or 1 .

Ho w ev er, a b etter answ er is �1 . When adding a new v alue, one uses the co de new M ax =

max( ol dM ax; new V al ue ). Starting with ol dM ax = �1 , giv es the correct answ er when the �rst

v alue is added.

Exercise 12.1.1 Many texts that pr esent r e cursive algorithms for tr e es do not c onsider the empty tr e e

to b e a valid input instanc e. This se ems to lack the ability to think abstr actly. By not c onsidering empty

tr e es the algorithm r e quir es many mor e c ases. R e design the ab ove algorithm to r eturn the numb er of

no des in the input tr e e. However, now do it without c onsidering the empty tr e e.

12.2 Simple Examples

Here is a list of problems in v olving binary trees. Before lo oking at the recursiv e algorithms giv en b elo w, try

dev eloping them y ourself.

1. Prin ting the con ten ts of eac h no de in pre�x, in�x, and p ost�x order.

2. Returns the sum of the v alues within the no des.

3. Returns the heigh t of tree.

4. Returns the n um b er of lea v es in the tree. (A harder one.)

5. Cop y T ree.

6. Deallo cate T ree.

7. Searc hes for a k ey within a binary searc h tree.

Think of y our o wn.

The Solutions for these Problems are as follo ws.

Prin ting:

6

4

2

1

3

5

7

43

*

+

algorithm PreFix(treeObj tree) algorithm PostFix(treeObj tree)

if tree not= emptyTree then if tree not= emptyTree then

put tree.item PostFix(tree.left )

PreFix(tree.left) PostFix(tree.righ t)

PreFix(tree.right ); put tree.item

end if end if

end PreOrder end PostOrder

Output: 531246 Output: 214365

algorithm InFix(treeObj tree)

if tree not= emptyTree then

InFix(tree.left)

put tree.item

InFix(tree.right)
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end if

end InOrder

Output: 123456

eg. InOrder: 3*4+7

PreOrder: +*347

P ostOrder: 34*7+

P r eF ix visits the no des in the same order that a depth �rst searc h �nds the no des. See Section 8.4

for the iterativ e algorithm for doing depth �rst searc h of a more general graph and Section 15.3.1 for

the recursiv e v ersion of the algorithm.

Sum:

algorithm S um ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : Returns the sum of data �elds of no des.

b egin

if( tr ee = empty T r ee ) then

result( 0 )

else

result( S um ( tr ee:l ef t ) + S um ( tr ee:r ig ht ) + tr ee:data )

end if

end algorithm

Heigh t:

algorithm H eig ht ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : Returns the heigh t of the tree.

b egin

if( tr ee = empty T r ee ) then

result( 0 )

else

result( max ( H eig ht ( tr ee:l ef t ) ; H eig ht ( tr ee:r ig ht )) + 1 )

end if

end algorithm

Num b er of Lea v es: This problem is harder than previous ones.

algorithm N umber Leav es ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : Returns the n um b er of lea v es in the tree.

b egin

if( tr ee = empty T r ee ) then

result( 0 )

else if( tr ee:l ef t = empty T r ee and tr ee:r ig ht = empty T r ee ) then

result( 1 )

else

result( N umber Leav es ( tr ee:l ef t ) + N umber Leav es ( tr ee:r ig ht ) )

end if

end algorithm
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Output V alues: Eac h en try giv es v alue returned b y stated subroutine giv en subtree as input.

--------------- --- -- -- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- -- -- --- -- --- -- --- -

| Items in tree | # nodes | # leaves | Height | sum |

--------------- --- -- -- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- -- -- --- -- --- -- --- -

| 3 | 10 | 5 | 5 | 26 |

| / \ | / \ | / \ | / \ | / \ |

| / \ | / \ | / \ | / \ | / \ |

| 2 1 | 3 6 | 2 3 | 2 4 | 6 17 |

| / \ / \ | / \ / \ | / \ / \ | / \ / \ | / \ / \ |

| 3 1 0 7 | 1 4 1 1 | 1 2 1 1 | 1 3 1 1 | 3 1 9 7 |

| / \ | / \ | / \ | / \ | / \ |

| 3 2 | 1 2 | 1 | 1 2 | 3 6 |

| / | / | / | / | / |

| 4 | 1 | 1 | 1 | 4 |

--------------- --- -- -- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- -- -- --- -- --- -- --- -

Cop y T ree: If one w an ts to mak e a cop y of a tree, one migh t b e tempted to use the co de tr eecopy = tr ee .

Ho w ev er, the e�ect of this will only b e that b oth the v ariables tr eecopy and tr ee refer to the same tree

data structure that tr ee originally did. This is su�cien t if one only w an ts to ha v e read access to the

data structure from b oth v ariables. Ho w ev er, if one w an ts to mo dify one of the copies, then one needs

to ha v e a completely separate cop y . T o obtain this, the cop y routine m ust allo cate memory for eac h

of the no des in the tree, cop y o v er the information in eac h no de, and link the no des together in the

appropriate w a y . The follo wing simple recursiv e algorithm, tr eecopy = C opy ( tr ee ), accomplishes this.

algorithm C opy ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : Returns a cop y of the tree.

b egin

if( tr ee = empty T r ee ) then

result( empty T r ee )

else

tr eecopy = allo cate memory for one no de

tr eecopy :inf o = tr ee:inf o % cop y o v er all data in ro ot no de

tr eecopy :l ef t = C opy ( tr ee:l ef t ) % cop y left subtree

tr eecopy :r ig ht = C opy ( tr ee:r ig ht ) % cop y righ t subtree

result( tr eecopy )

end if

end algorithm

Deallo cate T ree: If the computer system do es not ha v e garbage collection, then it is the resp onsibilit y of

the programmer to deallo cate the memory used b y all the no des of a tree when the tree is discarded.

The follo wing recursiv e algorithm, D eal l ocate ( tr ee ), accomplishes this.

algorithm D eal l ocate ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : The memory used b y the tree has b een deallo cated.

b egin

if( tr ee 6= empty T r ee ) then

D eal l ocate ( tr ee:l ef t )
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D eal l ocate ( tr ee:r ig ht )

deallo cate ro ot no de p oin ted to b y tree

end if

end algorithm

Exercise 12.2.1 In the ab ove Copy and De al lo c ate r outines, how much fr e e dom is ther e in the or der

of the lines of the c o de?

Searc h Binary Searc h T ree: A binary searc h tree is a data structure used to store k eys along with as-

so ciated data. F or example, the k ey could b e a studen t n um b er and the data could con tain all the

studen t's marks. Eac h k ey is stored in a di�eren t no de of the binary tree. They are ordered suc h that

for eac h no de all the k eys in its left subtree are smaller than its k ey and all those in the righ t are larger.

This problem searc hes for a k ey within a binary searc h tree. The follo wing recursiv e algorithm for it

directly mirrors the iterativ e algorithm for it giv en in Section 5.2.3.

algorithm S ear chB S T ( tr ee; k ey T oF ind )

h pr e � cond i : tr ee is a binary tree whose no des con tain k ey and data �elds. k ey T oF ind is a k ey .

h post � cond i : If there is a no de with this k ey is in the tree, then the asso ciated data is returned.

b egin

if( tr ee = empty T r ee ) then

result \k ey not in tree"

else if( k ey T oF ind < tr ee:k ey ) then

result( S ear chB S T ( tr ee:l ef t; k ey T oF ind ) )

else if( k ey T oF ind = tr ee:k ey ) then

result( tr ee:data )

else if( k ey T oF ind > tr ee:k ey ) then

result( S ear chB S T ( tr ee:r ig ht; k ey T oF ind ) )

end if

end algorithm

12.3 Generalizing the Problem Solv ed

Sometimes when writing a recursiv e algorithm for a problem it is easier to solv e a more general v ersion of

the problem. This arises for the follo wing t w o reasons.

Tw o Reasons for Generalizing:

Ask for More Information Ab out Subinstance: Sometimes y our friends do es not pro vide

enough information ab out the subinstance for y ou to b e able to solv e the problem for y our original

instance. When this o ccurs, y ou need to generalize the problem b eing solv ed. Y ou ma y c hange

the p ost conditions of the problem to require that y our friend pro vides the information that y ou

need. Y ou can also c hange the preconditions to include additional inputs that let y our friend kno w

more precisely what it is that y ou require. Of course, if y ou c hange the pre or the p ostconditions,

then y ou to o m ust solv e the more general problem for whom ev er y ou are w orking for.

Pro vide More Information ab out the Original Instance: Y ou are giv en an instance to the

problem that y ou m ust solv e. Y ou pro duce a n um b er of subinstance that y ou giv e to y our friend

to solv e. The only thing that y our friend kno ws is the subinstance that y ou pro vide. He do es

not kno w y our larger instance that his subinstance came from. Neither do es he kno w the other

subinstances that y ou ga v e to other friends. F or some problems, y our friend needs to kno w some

of this information. This is another situation in whic h y ou ma y w an t to generalize the problem,

c hanging the precondition to require that additional information is pro vided. Of course, y ou to o

m ust b e able to handle this extra information appropriately .
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Example - Is Binary Searc h T ree: A binary searc h tree is a data structure used to store k eys along

with asso ciated data. The no des are ordered suc h that for eac h no de all the k eys in its left subtree are

smaller than its k ey and all those in the righ t are larger. See Sections 5.2.3 and 12.2. This problem

returns whether or not the giv en tree is a binary searc h tree.

An Ine�cien t Algorithm:

algorithm I sB S T tr ee ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : The output indicates whether it is a binary searc h tree.

b egin

if( tr ee = empty T r ee ) then

return Y es

else if( I sB S T tr ee ( tr ee:l ef t ) and I sB S T tr ee ( tr ee:r ig ht )

and M ax ( tr ee:l ef t ) � tr ee:k ey � M in ( tr ee:r ig ht ) ) then

return Y es

else

return N o

end if

end algorithm

Running Time: F or eac h no de in the input tree, the ab o v e algorithm computes the minim um or the

maxim um v alue in the no de's left and righ t subtrees. Though these op erations are relativ ely fast

for binary searc h trees, doing it for eac h no de increases the time complexit y of the algorithm.

The reason is that eac h no de ma y b e tra v ersed b y either the M in or M ax routine man y times.

Supp ose for example that the input tree is completely un balanced, i.e. a single path. F or no de i ,

computing the max of its subtree in v olv es tra v ersing to the b ottom of the path and tak es time

n � i . Hence, the total running time is T ( n ) =

P

i =1 ::n

n � i = �( n

2

). This is far to slo w.

Ask for More Information Ab out Subinstance: It is b etter to com bine the I sB S T tr ee and the

M in= M ax routines in to one routine so that the tree only needs to b e tra v ersed once.

In addition to whether or not the tree is a BST tree, the routine will return the minim um and

the maxim um v alue in the tree. If our instance tree is the empt y tree, then w e return that it

is a BST tree with minim um v alue 1 and with maxim um v alue �1 . (See Common Bugs with

Base Cases Chapter 12.) Otherwise, w e ask one friend ab out the left subtree and another ab out

the righ t. They tell us the minim um and the maxim um v alues of these and whether they are

BST trees. If b oth subtrees are BST trees and l ef tM ax � tr ee:k ey � r ig htM in , then our tree

is a BST. Our minim um v alue is min( l ef tM in; r ig htM in; tr ee:k ey ) and our maxim um v alue is

max( l ef tM ax; r ig htM ax; tr ee:k ey ).

algorithm I sB S T tr ee ( tr ee )

h pr e � cond i : tr ee is a binary tree.

h post � cond i : The output indicates whether it is a binary searc h tree.

It also giv es the minim um and the maxim um v alues in the tree.

b egin

if( tr ee = empty T r ee ) then

return h Y es; 1 ; �1i

else

h l ef tI s; l ef tM in; l ef tM ax i = I sB S T tr ee ( tr ee:l ef t )

h r ig htI s; r ig htM in; r ig htM ax i = I sB S T tr ee ( tr ee:r ig ht )

min = min ( l ef tM in; r ig htM in; tr ee:k ey )

max = max( l ef tM ax; r ig htM ax; tr ee:k ey )

if( l ef tI s and r ig htI s and l ef tM ax � tr ee:k ey � r ig htM in ) then

isBST = Y es
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else

isBST = No

end if

return h isB S T ; min; max i

end if

end algorithm

One migh t ask wh y the left friend pro vides the minim um of the left subtree ev en though it is not

used. There are t w o related reasons. The �rst reason is b ecause the p ost conditions requires that

he do es so. Y ou can c hange the p ost conditions if y ou lik e, but what ev er con tract is made, ev ery

one needs to k eep it. The other reason is that the left friend do es not kno w that he is the \left

friend". All he kno ws is that he is giv en a tree as input. The algorithm designer m ust not assume

that the friend kno ws an ything ab out the con text in whic h he is solving his problem other than

what he is passed within the input instance.

Pro vide More Information ab out the Original Instance: Another elegan t algorithm for the

I sB S T problem generalizes the problem in order to pro vide y our friend more information ab out

y our subinstance. Here the more general problem, in addition to the tree, will pro vide in range of

v alues [ min; max ] and ask whether the tree is a binary searc h tree with v alues within this range.

The original problem is solv ed using I sB S T tr ee ( tr ee; [ �1 ; 1 ]).

algorithm I sB S T tr ee ( tr ee; [ min; max ])

h pr e � cond i : tr ee is a binary tree. In addition, [ min; max ] is a range of v alues.

h post � cond i : The output indicates whether it is a binary searc h tree with v alues within this

range.

b egin

if( tr ee = empty T r ee ) then

return Y es

else if( tr ee:k ey 2 [ min; max ] and

I sB S T tr ee ( tr ee:l ef t; [ min; tr ee:k ey ]) and I sB S T tr ee ( tr ee:r ig ht; [ tr ee:k ey ; max ]) then

return Y es

else

return N o

end if

end algorithm

See Section 12.5 for another example.

12.4 Represen ting Expressions with T rees

W e will no w consider ho w to represen t m ultiv ariate equations using binary trees. W e will dev elop the

algorithms to ev aluate, cop y , di�eren tiate, simplify , and prin t suc h an equation. Though these are seemingly

complex problems, they ha v e simple recursiv e solutions.

Recursiv e De�nition of an Expression: An Expression is either:

� Single v ariables "x", "y", and "z" and single real v alues are themselv es examples of an equation.

� If f and g are equations then f+g, f-g, f*g, and f/g are also equations.

T ree Data Structure: Note that the ab o v e recursiv e de�nition of an expression directly mirrors that of

a binary tree. Because of this, a binary tree is a natural data structure for storing an equation.

(Con v ersely , y ou can use an equation to represen t a binary tree.) Eac h no de either stores an op erand

or an op erator. If the no de is an op erand, than the op �eld of the no de will con tain either a v ariable

name, eg "x", "y", or "z" or the string v ersion of a 
oating p oin ting p oin t n um b er, eg "24.23". If the
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no de is an op erator, then op will con tain an op erator name, eg "+", "-", "*", "/". Eac h no de also

con tains left and righ t p oin ters. If the no de is an op erand then these p oin ters are n ull (i.e. p oin t to

the empt y tree). If the no de is an op erator then these p oin t at the ro ots of the sub equations b eing

op erated on. F or example, f=3+y is represen ted as:

f

y3

+

Ev aluate Equation: This routine ev aluates an equation that is represen ted b y a tree.

Sp eci�cation:

Precondition: The input consists of h f ; xv al ue; y v al ue; z v al ue i , where f is an equation repre-

sen ted b y a tree whose only v ariables are x , y , and z , and xv al ue , y v al ue , and z v al ue are the

three real v alues to assign to these v ariables.

P ostConditions: The returned v alue is the ev aluation of the equation at these v alues for x , y ,

and z . The equation is unc hanged.

Example: f = x � ( y + 7), xv al ue = 2, y v al ue = 3, z v al ue = 5, and returns 2 � (3 + 7) = 20.

+

y 7

x

*

f

Co de:

algorithm E v al ( f ; xv al ue; y v al ue; z v al ue )

h pr e � cond i : f is an equation whose only v ariables are x , y , and z . xv al ue , y v al ue , and z v al ue

are the three real v alues to assign to these v ariables.

h post � cond i : The returned v alue is the ev aluation of the equation at these v alues for x , y , and

z . The equation is unc hanged.

b egin

if( f = a real v alue ) then

result( f )

else if( f = "x" ) then

result( xv al ue )

else if( f = "y" ) then

result( y v al ue )

else if( f = "z" ) then

result( z v al ue )

else if( f :op = "+" ) then

result( E v al ( tr ee:l ef t; xv al ue; y v al ue; z v al ue ) + E v al ( tr ee:r ig ht; xv al ue; y v al ue; z v al ue ) )

else if( f :op = "-" ) then

result( E v al ( tr ee:l ef t; xv al ue; y v al ue; z v al ue ) � E v al ( tr ee:r ig ht; xv al ue; y v al ue; z v al ue ) )

else if( f :op = "*" ) then

result( E v al ( tr ee:l ef t; xv al ue; y v al ue; z v al ue ) � E v al ( tr ee:r ig ht; xv al ue; y v al ue; z v al ue ) )

else if( f :op = "/" ) then

result( E v al ( tr ee:l ef t; xv al ue; y v al ue; z v al ue ) = E v al ( tr ee:r ig ht; xv al ue ; y v al ue ; z v al ue ) )

end if
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end algorithm

Di�eren tiate Equation: This routine computes the deriv ativ e of a giv en equation with resp ect to an

indicated v ariable.

Sp eci�cation:

Preconditions: The input consists of h f ; x i , where f is an equation represen ted b y a tree and x

is a string giving the name of a v ariable.

P ostConditions: The output is the deriv ativ e d ( f ) =d ( x ). This deriv ativ e should b e an equation

represen ted b y a tree whose no des are separate from those of f . The data structure f should

remain unc hanged.

Examples: Rotate the page clo c kwise 90

o

to read these equations.

f = x+y f' = d(f)/d(x)

|-- y |-- 0

-- + -| -- + -|

|-- x |-- 1

f = x*y f' = d(f)/d(x)

|-- y |-- 0

-- * -| |- * -|

|-- x | |-- x

-- + -|

| |-- y

|- * -|

|-- 1

f = x/y f' = d(f)/d(x)

|-- y |-- y

-- / -| |- * -|

|-- x | |-- y

-- / -|

| |-- 0

| |- * -|

| | |-- x

|- - -|

| |-- y

|- * -|

|-- 1

f = (x/x)/x f' = d(f)/d(x)

ie = 1/x |-- x

|-- x |- * -|

-- / -| | |-- x

| |-- x -- / -|

|- / -| | |-- 1

|-- x | |- * -|

| | | |-- x

| | |- / -|

| | |-- x

Simplify f': |- - -|

|-- x | |-- x

|- * -| |- * -|

| |-- x | |-- x

-- / -| | |- * -|

| | | |-- x

|- -1 |- / -|

| |-- 1

| |- * -|

| | |-- x

|- - -|

| |-- x

|- * -|

|-- 1

Exercise 12.4.1 (Se e solution in Se ction 20) Describ e the algorithm for Derivative. Do not give the

c omplete c o de. Only give the key ide as.

Exercise 12.4.2 T r ac e out the exe cution of Derivative on the instanc e f = ( x=x ) =x given ab ove. In

other wor ds, dr aw a tr e e with a b ox for e ach time a r outine is c al le d. F or e ach b ox, include only the

function f p asse d and derivative r eturne d.
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Simplify Equation: This routine simpli�es a giv en equation.

Sp eci�cation:

PreConditions: The input consists of an equation f represen ted b y a tree.

P ostConditions: The output is another equation that is a simpli�cation of f . Its no des should

b e separate from those of f and f should remain unc hanged.

Examples: The equation created b y Deriv ativ e will not b e in the simplest form. F or example, the

deriv ativ e of x � y with resp ect to x will b e computed to b e: 1 � y + x � 0. This should b e simpli�ed

to y . See ab o v e for another example.

Co de:

algorithm S impl if y ( f )

h pr e � cond i : f is an equation.

h post � cond i : The output is a simpli�cation of this equation.

b egin

if( f = a real v alue or a single v ariable ) then

result( C opy ( f ) )

else % f is of the form ( g op h )

g = S impl if y ( f :l ef t )

h = S impl if y ( f :r ig ht )

if( one of the follo wing forms apply

1 � h = h g � 1 = g 0 � h = 0 g � 0 = 0

0 + h = h g + 0 = g g � 0 = g x � x = 0

0 =h = 0 g = 1 = g g = 0 = 1 x=x = 1

6 � 2 = 12 6 = 2 = 3 6 + 2 = 8 6 � 2 = 4 ) then

result( the simpli�ed form )

else

result( C opy ( f ) )

end if

end if

end algorithm

Exercise 12.4.3 T r ac e out the exe cution of Simplify on the derivative f

0

given ab ove, wher e f =

( x=x ) =x . In other wor ds, dr aw a tr e e with a b ox for e ach time a r outine is c al le d. F or e ach b ox, include

only the function f p asse d and simpli�e d expr ession r eturne d.

Prett yPrin t: See 12.5 for a routine that prin ts suc h an equation in a prett y w a y .

12.5 Prett y T ree Prin t

The P r etty P r int problem is to prin t the con ten ts of a binary tree in ASCI I in a format that lo oks lik e a

tree.

Sp eci�cation:

Pre Condition: The input consists of an equation f represen ted b y a tree.

P ostcondition: The tree represen ting f is prin ted sidew a ys on the page. Rotate the page clo c kwise

90

o

. Then the ro ot of the tree is at the top and the equation can b e read from the left to the

righ t. T o mak e the task of prin ting more di�cult, the program do es not ha v e random access to

the screen. Hence, the output text m ust b e prin ted in the usual c haracter b y c haracter fashion.

Examples: F or example, consider the tree represen ting the equation [17 + [ Z � X ]] � [[ Z � Y ] = [ X + 5]]. The

Prett yPrin t output for this tree is:
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|-- 5

|- + -|

| |-- X

|- / -|

| | |-- Y

| |- * -|

| |-- Z

-- * -|

| |-- X

| |- * -|

| | |-- Z

|- + -|

|-- 17

First A ttempt: The �rst thing to note is that there is a line of output for eac h no de in the tree and that

these app ear in the rev erse order from the standard in�x order. See Section 12. W e rev erse the order

b y switc hing the left and righ t subroutine calls.

algorithm P r etty P r int ( f )

h pr e � cond i : f is an equation.

h post � cond i : The equation is prin ted sidew a ys on the page.

b egin

if( f = a real v alue or a single v ariable ) then

put f

else

Prett yPrin t( f :r ig ht )

put f :op

Prett yPrin t( f :l ef t )

end if

end algorithm

The second observ ation is that the information for eac h no de is inden ted four spaces for eac h lev el of

recursion.

Exercise 12.5.1 (Se e solution in Se ction 20) Change the ab ove algorithm so that the information for

e ach no de is indente d four sp ac es for e ach level of r e cursion.

What remains is to determine ho w to prin t the branc hes of the tree.

Generalizing the Problem Solv ed: T o b e able to solv e the Prett yPrin t problem with an elegan t recursiv e

algorithm, the problem needs to b e generalized to solv e a larger problem.

Consider the example instance [17 + [ Z � X ]] � [[ Z � Y ] = [ X + 5]] giv en ab o v e. One stac k frame (friend)

during the execution will b e giv en the subtree [ Z � Y ]. The task of this stac k frame is more than that

sp eci�ed b y the p ostconditions of Prett yPrin t. It m ust prin t the follo wing lines of the larger image.

| | |-- Y

| |- * -|

| |-- Z

W e will break this subimage in to three blo c ks.

Prett yPrin t Image: The righ t most part is the output of Prett yPrin t for the giv e subinstance [ Z � Y ].

|-- Y

- * -|

|-- Z

Branc h Image: The column of c haracters to the left of this Prett yPrin t tree consists of a branc h of

the tree. This branc h go es to the righ t (up on the page) if the giv en subtree is the left c hild of its

paren t and to the left (do wn on the page) if the subtree is the righ t c hild. Including this branc h

giv es the follo wing image.
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| |-- Y

|- * -|

|-- Z

One di�cult y in prin ting this branc h, ho w ev er, is that the recursiv e routine, giv en only the

subinstance [ Z � Y ], w ould not kno w whether this subinstance is the left or the righ t c hild of its

paren t. This information will b e passed as an extra input parameter, dir 2 f r oot; l ef t; r ig ht g .

Left Most Blo c k: T o the left of the column con taining a branc h is another blo c k of the image. This

blo c k consists of the branc hes within the larger tree that cross o v er the Prett yPrin t of the subtree.

Again this image dep ends on the ancestors of the subtree [ Z � Y ] within the original tree. Enough

information to prin t this blo c k m ust b e passed as an additional input parameter.

After pla ying with a n um b er of examples, one can notice that this blo c k of the image has the

in teresting prop ert y that it consists of the same string of c haracters rep eated eac h line. The extra

input parameter pr ef ix will simply b e the string of c haracters con tained in this string. In this

example, the string is \bbbbbb j bbbbb". Here the c haracter 'b' is used to indicate a blank.

GenPrett yPrin t: This routine is the generalization of the Prett yPrin t routine.

Sp eci�cation:

Pre Condition: The input consists of h pr ef ix; dir ; f i where pr ef ix is a string of c haracters,

dir 2 f r oot; l ef t; r ig ht g , and f is an equation represen ted b y a tree.

P ost Condition: The output is an image. This image consists of text that m ust b e prin ted in

the usual c haracter b y c haracter fashion. Ho w ev er, if w e did not ha v e this restriction, the

image could b e constructed in the follo wing three blo c ks

Prett yPrin t Image: First the expression giv en b y f is prin ted as required for Prett yPrin t.

Branc h Image: The input parameter dir 2 f r oot; l ef t; r ig ht g indicates whether the expres-

sion tree f is the en tire tree to b e prin ted or is a subtree of the en tire tree. If it is a subtree,

then dir indicates whether the subtree f is the left or righ t c hild of its paren t within the

larger tree.

If the subtree f is the left c hild of its paren t, then a branc h is added to the image extending

from the ro ot of the Prett yPrin t image to the righ t (up on the page). If f is the righ t

c hild of its paren t, then this branc h extends to the left (do wn on the page).

Left Most Blo c k: Finally , eac h line of the resulting image is pre�xed with the string giv en

in pr ef ix .

Examples:

Input <"aaaa",root,[y*z]> Input <"aaaa",left,[y*z]> Input <"aaaa",right,[y*z]>

Output aaaa |-- Z Output aaaa| |-- Z Output aaaa |-- Z

aaaa-- * -| aaaa|- * -| aaaa|- * -|

aaaa |-- Y aaaa |-- Y aaaa| |-- Y

Co de for Prett yPrin t:

algorithm P r etty P r int ( f )

h pr e � cond i : f is an equation.

h post � cond i : The equation is prin ted sidew a ys on the page.

b egin

GenPrett yPrin t( "", ro ot, f )

end algorithm

Subinstances of GenP r etty P r int : As the routine GenP r etty P r int recurses, the tree f within the in-

stance gets smaller and the string pr ef ix gets longer. Our instance pro vides us with a string pr ef ix to

b e prin ted at the b eginning of eac h line. Our friends will b e told to prin t this pre�x at the b eginning

of their lines as w ell. Ho w ev er, in addition, they will b e ask ed to prin t �v e extra c haracters on eac h

line. Dep ending on our instance parameter dir , one of our subtrees is to ha v e a branc h o v er it and the

other not. This information is included in their pr ef ix parameter.
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Co de for GenPrett yPrin t:

algorithm GenPrettyPrint(pr efi x, di r,f )

<pre-cond>: prefix is a string of characters, dir is one of {root,left,right} ,

and f is an equation.

<post-cond>: The immage is printed as described above.

% Determine the character in the "branch"

if( dir=root ) then if( dir=left ) then if( dir=right) then

branch_right = ' ' branch_right = '|' branch_right = ' '

branch_root = '-' branch_root = '|' branch_root = '|'

branch_left = ' ' branch_left = ' ' branch_left = '|'

end if end if end if

if( $f$ = a real value or a single variable ) then

put prefix + branch_root + "-- " + f

else

GenPrettyPrint( pre fi x + branch_right + "bbbbb", right, f.right)

put prefix + branch_root + "-b" + f.op + "b-" + "|"

GenPrettyPrint( pre fi x + branch_left + "bbbbb", left, f.left)

end if

Exercise 12.5.2 (Se e solution in Se ction 20) T r ac e out the exe cution of Pr ettyPrint on the instanc e f =

5 + [1 + 2 = 4] � 3 . In other wor ds, dr aw a tr e e with a b ox for e ach time a r outine is c al le d. F or e ach b ox,

include only the values of pr ef ix and dir and what output is pr o duc e d by the exe cution starting at that stack

fr ame.

12.6 Main taining an A VL T rees

** Must b e added **



Chapter 13

Recursiv e Images

Recursion can b e used to construct v ery complex and b eautiful pictures. W e b egin b y com bining the same

t w o �xed images recursiv ely o v er and o v er again. This pro duces fractal lik e images those substructures

are iden tical to the whole. Later w e will use randomness to sligh tly mo dify these t w o images so that the

substructures are not iden tical. One example giv en randomly generates mazes.

13.1 Dra wing a Recursiv e Image from a Fixed Recursiv e and Base

Case Images

Dra wing An Image: An image is sp eci�ed b y a set of lines, circles, and arcs and b y t w o p oin ts A and B

that are referred to as the \handles". Before suc h an image can b e dra wn on the screen, its lo cation,

size, and orien tation on the screen need to b e sp eci�ed. W e will do this b y sp ecifying t w o p oin ts A

and B on the screen. Then a simple program is able to translate, rotate, scale, and dra w the image on

the screen in suc h a w a y that the t w o handle p oin ts of the image land on these t w o sp eci�ed p oin ts on

the screen.

Sp ecifying A Recursiv e Image: A recursiv e image is sp eci�ed b y the follo wing.

1. a \base case" image

2. a \recurse" image

3. a set of places within the recurse image to \recurse"

4. the t w o p oin ts A and B on the screen at whic h the recursiv e image should b e dra wn.

5. an in teger n

The Base Case: If n = 1, then the base case image is dra wn. Recall that this in v olv es translating, rotating,

scaling, and dra wing the base case image on the screen in suc h a w a y that its t w o handle p oin ts land

on the t w o p oin ts sp eci�ed on the screen.

Recursing: If n > 1, then the recurse image is dra wn on the screen at the lo cation sp eci�ed. Included in

the recurse image are a n um b er of \places to recurse". These are depicted b y an arro w \| > > |".

When the recurse image is translated, rotated, scaled, and dra wn on the screen these arro ws are lo cated

some where on the screen. The arro ws themselv es are not dra wn. Instead, the same picture is dra wn

recursiv ely at these lo cations but with the v alue n � 1.

Examples:

Man Recursiv ely F ramed: See Figure 13.1a. The base case for this construction consists of a happ y

face. Hence, when \ n = 1", this face is dra wn. The recurse image consists of a man holding a

frame. There is one place to recurse within the frame. Hence, when n = 2, this man is dra wn

193
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with the n = 1 happ y face inside of it. F or n = 3, the man is holding a frame con taining the n = 2

image of a man holding a framed n = 1 happ y face. The recursiv e image pro vided is with n = 5.

It consists of a man holding a picture of a man holding a picture of a man holding a picture of

... a face. In general, the recursiv e image for n con tains R ( n ) = R ( n � 1) + 1 = n � 1 men and

B ( n ) = B ( n � 1) = 1 happ y faces.

Figure 13.1: a) Man Recursiv ely F ramed, b)Rotating Square

Rotating Square: See Figure 13.1b. This image is similar to the \Man Recursiv ely F ramed" con-

struction. Here, ho w ev er, the n = 1 base case consists of a circle. The recurse image consists of a

single square with the n � 1 image shrunk and rotated within it. The squares con tin ue to spiral

in w ard un til the base case is reac hed.

Birthda y Cak e: See Figure 13.2. The birthda y cak e recursiv e image is di�eren t in that it recurses in

t w o places. The n = 1 base case consists of a single circle. The recursiv e image consists of a single

line with t w o smaller copies of n � 1 dra wn ab o v e it. In general, the recursiv e image for n con tains

R ( n ) = 2 R ( n � 1) + 1 = 2

n � 1

� 1 lines from the recurse image and B ( n ) = 2 B ( n � 1) = 2

n � 1

circles from the base case image.

A B A B

Base Case Figure Recursive Figure

Figure 13.2: Birthda y Cak e

Leaf: See Figure 13.3. A leaf consists of a single stem plus eigh t sub-lea v es along it. Eac h sub-leaf

is an n � 1 leaf. The base case image is empt y and the recurse image consists of the stem plus

the eigh t places to recurse. Hence, the n = 1 image is blank. The n = 2 image consists of a lone

stem. n = 3 is a stem with eigh t stems for lea v es and so on. In general, the recursiv e image for n

con tains R ( n ) = 8 R ( n � 1) + 1 =

1

7

(8

n � 1

� 1) stems from the recurse image.

F ractal: See Figure 13.4. This recursiv e image is a classic. The base case is a single line. The recurse

image is empt y except for four places to recurse. Hence, n = 1 consists of the line. n = 2 consists

of four lines, forming a line with an equilateral triangle jutting out of it. As n b ecomes large, the

image b ecomes a sno w
ak e. It is a fractal in that ev ery piece of it lo oks lik e a cop y of the whole.

The classic w a y to construct it is sligh tly di�eren t then done here. In the classical metho d, one is

allo w ed the follo wing op eration on a line. Giv en a line, it is divided in to three equal parts. The

middle part is replaced with the t w o equal length line segmen ts forming an equal lateral triangle.
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Figure 13.3: Leaf

Starting with a single line, the fractal is constructed b y rep eatedly applying this op eration o v er

and o v er again to all the lines that app ear.

In general, the recursiv e image for n con tains B ( n ) = 4 B ( n � 1) = 4

n � 1

base case lines. The

length of eac h of these lines is L ( n ) =

1

3

L ( n � 1) =

�

1

3

�

n � 1

. The total length of all these lines is

B ( n ) � L ( n ) =

�

4

3

�

n � 1

. Note that as n approac hes in�nit y , the fractal b ecomes a curv e of in�nite

length.

Figure 13.4: F ractals

Exercise 13.1.1 (Se e solution in Se ction 20) Se e Figur e 13.5.a. Construct the r e cursive image that arises

fr om the b ase c ase and r e curse image for some lar ge n . Describ e what is happ ening.

A B A B

Base Case Figure Recursive Figure

A B A B

Base Case Figure Recursive Figure

a b c

Figure 13.5: Three more examples

Exercise 13.1.2 (Se e solution in Se ction 20) Se e Figur e 13.5.b. Construct the r e cursive image that arises

fr om the b ase c ase and r e curse image for some lar ge n . Note that one of the plac es to r e curse is p ointing

in the other dir e ction. T o line the image up with these arr ows, the image must b e r otate d 180

o

. The image

c annot b e 
ipp e d.
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Exercise 13.1.3 (Se e solution in Se ction 20) Se e Figur e 13.5.c. This c onstruction lo oks simple enough.

The di�culty is ke eping tr ack of at which c orners the cir cle is. Construct the b ase c ase and the r e curse

image fr om which the fol lowing r e cursive image arises. Describ e what is happ ening.

13.2 Randomly Generating A Maze

The metho d used ab o v e to generate recursiv e images can b e generalized so that a sligh tly di�eren t recursiv e

or base case image is randomly c hosen eac h time it is used. Here w e use these tec hniques to generate a maze.

The maze M will b e represen ted b y an n � m t w o dimensional arra y with en tries from

f br ick ; f l oor ; cheese g . W alls consist of lines of bric ks. A mouse will b e able to mo v e within it in an y

of the eigh t directions. The maze generated will not con tain corridors as suc h, but only man y small rect-

angular ro oms. Eac h ro om will either ha v e one do or in one corner of the ro om or t w o do ors in opp osite

corners. The cheese will b e placed in a ro om that is c hosen randomly from among the ro oms that are \far"

from the start lo cation.

*=brick, ' '=floor, X=cheese

j

******************************* **** ***** **** **** ***** **** ***** ***

* * * * * * *

*************** *************** ***************************** ****

* * * * * * * * *

********** ****** *************************** *** *****************

* * * * * * *

i ******************** **************************** ***** **** ***** ***

* * * * * * * * *X * *

** ******* ********** * **** *** * *

* * * * ********* *** * ******** ******************

****** ************** * * * * * * * *

* * * * * ************ ******* * *********** *******

* ** ** * * * ***** *** * *

* * * ********** **** * * * * * *

** **** * * * ******************* **************************

* * * **** ****** * * * * * *

* * * * * * * * * ****** ************* * *

* ** *** *** ***** ** * ****************** ********

* * * * * * * * * * * * * *

*************************** ***** **** ***** **** **** ***** **** ***** ***

Precondition: The routine AddW al l s is passed a matrix represen ting the maze as constructed so far and

the co ordinates of a ro om within it. The ro om will ha v e a surrounding w all except for one do or in one

of its corners. It will b e empt y of w alls. The routine is also passed a 
ag indicating whether or not

c heese should b e added somewhere in the ro om.

P ostcondition: The output is the same maze with a randomly c hosen sub-maze added within the indicated

ro om and c heese added as appropriate.

Beginning: T o meet the preconditions of AddW al l s , the main routine �rst constructs the four outer w alls

with the top righ t corner square left as a 
o or tile to act as a do or in to the maze and as the start

square for the mouse. Calling AddW al l s on this single ro om completes the maze.

SubInstances: If the indicated ro om has heigh t and width of at least 3, then the routine AddW alls will

c ho ose a single lo cation ( i; j ) uniformly at random from all those in the ro om that are not righ t next

to one of its outer w alls. (The ( i; j ) c hosen b y the top stac k frame in the ab o v e example maze is

indicated.) A w all is added within the ro om all the w a y across ro w i and all the w a y do wn column j

sub dividing the ro om in to 4 smaller ro oms. T o act as a do or connecting these four ro oms, the square

at lo cation ( i; j ) remains a 
o or tile. Then four friends are ask ed to �ll in a maze in to eac h of these

four smaller ro oms. If our ro om is to ha v e c heese then one of the three ro oms not con taining the do or

to our ro om is selected to con tain the c heese.

* *

* *

***************************** ** ***********

* Friend1's * Friend2's *

* Room * Room *

****************** *************

* *(i,j) *

* Friend3's * Friend4's *

* Room * Room *

***************************** ***** **** *****
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Lo cation of Cheese: Note ho w this algorithm ensures that the c heese is put in to one and only one ro om.

It also ensures that the c heese is in a ro om with one do or that is \far" from the start lo cation. Eac h

stac k frame is giv en a ro om with a single do or and it divides it in to four. One of these four smaller

ro oms con tains the original do or. Call this ro om 1. T o go to the other ro oms, the mouse m ust w alk

through ro om 1 and through this new do or in the middle. W e ensure that the ro om with the c heese is

\far" from the start lo cation, b y nev er giving the c heese to the friend handling ro om 1.

Running Time: The time required to construct an n � n maze is �( n

2

). This can b e seen t w o w a ys. F or

the easy w a y , note that a bric k is added at most once to an y en try of the matrix and that there are

�( n

2

) en tries. The hard w a y solv es the recurrence relation T ( n ) = 4 T ( n= 2) + �( n ) = �( n

2

).

Searc hing The Maze: One w a y of represen ting a maze is b y a graph. Section 8 presen ts a n um b er of

iterativ e algorithms for searc hing a graph. Section 15.3.1 presen ts the recursiv e v ersion of the depth

�rst searc h algorithm. All of these could b e used b y a mouse to �nd the c heese.



Chapter 14

P arsing with Con text-F ree Grammars

An imp ortan t computer science problem is to b e able to parse a string according a giv en con text-free

grammar. A c ontext-fr e e gr ammar is means of describing whic h strings of c haracters are con tained within a

particular language. It consists of a set of rules and a start non-terminal sym b ol. Eac h rule sp eci�es one w a y

of replacing a non-terminal sym b ol in the curren t string with a string of terminal and non-terminal sym b ols.

When the resulting string consists only of terminal sym b ols, w e stop. W e sa y that an y suc h resulting string

has b een gener ate d b y the grammar.

Con text-free grammars are used to understand b oth the syn tax and the seman tics of man y v ery useful

languages, suc h as mathematical expressions, JA V A, and English. The syntax of a language indicates whic h

strings of tok ens are v alid sen tences in that language. W e will sa y that a string is in a particular language

if it can b e generated b y the grammar of that language. The semantics of a language in v olv es the meaning

asso ciated with strings. In order for a compiler or natural language "recognizers" to determine what a

string means, it m ust p arse the string. This in v olv es deriving the string from the grammar and, in doing so,

determining whic h parts of the string are \noun phrases", \v erb phrases", \expressions", and \terms".

Usually , the �rst algorithmic attempts to parse a string from a con text-free grammar requires 2

�( n )

time. Ho w ev er, there is an elegan t dynamic-programming algorithm giv en in Section 16.3.8 that parses a

string from an y con text-free grammar in �( n

3

) time. Although this is impressiv e, it is m uc h to o slo w to

b e practical for compilers and natural language recognizers. Some con text-free grammars ha v e a prop ert y

called lo ok ahe ad one . Strings from suc h grammars can b e parsed in linear time b y what I consider to b e

one of the most amazing and magical recursiv e algorithms. This algorithm is presen ted in this c hapter. It

demonstrates v ery clearly the imp ortance of w orking within the friends lev el of abstraction instead of tracing

out the stac k frames: Carefully write the sp eci�cations for eac h program, b eliev e b y magic that the programs

w ork, write the programs calling themselv es as if they already w ork, and mak e sure that as y ou recurse the

instance b eing inputted gets \smaller".

The Grammar: As an example, w e will lo ok at a v ery simple grammar that considers expressions o v er �

and +.

exp ) term

) term + exp

term ) fact

) fact * term

fact ) in t

) ( exp )

A Deriv ation of a String:

s = ( ( 2 + 42 ) * ( 5 + 12 ) + 987 * 7 * 123 + 15 * 54 )

|-exp---------- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- |

|-term--------- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- |

198
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|-fact--------- --- -- --- -- -- --- -- --- -- --- -- -- --- -- --- |

( |-exp----------- -- --- -- -- --- -- --- -- --- -- -- --- -- -| )

|-term---------- -- --- -| + |-exp----------- --- -- -|

|-fact---| * |-term---| |-term------| + |-exp-|

( |-ex-| ) |-fac---| f * |-t---| |-term-|

t + e ( |-ex-| ) 978 f * t f * t

f t t + e 7 f 15 f

2 f f t 123 54

42 5 f

12

s = ( ( 2 + 42 ) * ( 5 + 12 ) + 987 * 7 * 123 + 15 * 54 )

A P arsing of an Expression: The follo wing are di�eren t forms that the parsing of an expression could

tak e:

� A binary-tree data structure with eac h in ternal no de represen ting either '*' or '+' and lea v es

represen ting in tegers.

� A text-based picture of the tree describ ed ab o v e.

s = ( ( 2 + 42 ) * ( 5 + 12 ) + 987 * 7 * 123 + 15 * 54 ) =

p =

|-- 2

|- + -

| |-- 42

|- * -

| | |-- 5

| |- + -

| |-- 12

-- + -

| |-- 987

| |- * -

| | | |-- 7

| | |- * -

| | |-- 123

|- + -

| |-- 15

|- * -

|-- 54

� A string with more brac k ets indicating the in ternal structure.

s = ( (2+42) * (5+12) + 987*7*123 + 15*54 )

p = (((2+42) * (5+12)) + ((987*(7*123)) + (15*54)))

� An in teger ev aluation of the expression.

s = ( ( 2 + 42 ) * ( 5 - 12 ) + 987 * 7 * 123 + 15 * 54 )

p = 851365

The P arsing Abstract Data T yp e: The follo wing is an example of where it is useful not to giv e the full

implemen tation details of an abstract data t yp e. If fact, w e will ev en lea v e the sp eci�cation of parsing

structure op en for the implemen ter to decide.

F or our purp oses, w e will only sa y the follo wing: When p is a v ariable of t yp e parsing, w e will use

\p=5" to indicate that in teger 5 is con v erted in to a parsing of the expression \5" and assigned to p .

(This is similar to sa ying that \ r eal r = 5" requires con v erting the in teger 5 in to the real 5.0.)
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W e will go on to overlo ad the op erations � and + as op erations that join t w o parsings in to one. F or

example, if p

1

is a parsing of the expression \2*3" and p

2

of \5*7", then w e will use p = p

1

+ p

2

to

denote a parsing of expression \2*3 + 5*7".

The implemen ter de�nes the structure of a parsing b y sp ecifying in more detail what these op erations

do. F or example, if the implemen ter w an ts a parsing to b e a binary tree represen ting the expression,

then p

1

+ p

2

w ould b e the op eration of constructing a binary tree with the ro ot b eing a new '+' no de,

the left subtree b eing the binary tree p

1

, and the righ t subtree b eing the binary tree p

2

.

On the other hand, if the implemen ter w an ts a parsing to b e simply an in teger ev aluation of the

expression, then p

1

+ p

2

w ould b e the in teger sum of the in tegers p

1

and p

2

.

The Sp eci�cations: The parsing algorithm has the follo wing sp ecs:

Precondition: The input consists of a string of tok ens s . The p ossible tok ens are the c haracters '*'

and '+' and arbitrary in tegers. The tok ens are indexed as s [1] ; s [2] ; s [3] ; : : : ; s [ n ].

P ostcondition: If the input is a v alid \expression" generated b y the grammar, then the output is a

\parsing" of the expression. Otherwise, an error message is giv en.

The algorithm consists of one routine for eac h non-terminal of the grammar: GetE xp , GetT er m , and

GetF act . The sp ecs for GetE xp are the follo wing:

Precondition: The input of GetE xp consists of a string of tok ens s and an index i that indicates a

starting p oin t within s .

Output: The output consists of a parsing of the longest substring s [ i ] ; s [ i + 1] ; : : : ; s [ j � 1] of s that

starts at index i and is a v alid expression. The output also includes the index j of the tok en that

comes immediately after the parsed expression.

If there is no v alid expression starting at s [ i ], then an error message is giv en.

The sp ecs for GetT er m and GetF act are the same, except that they return the parsing of the longest

term or factor starting at s [ i ] and ending at s [ j � 1].

Examples:

GetExp:

s = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( 2 * 8 + 42 * 7 ) * 5 + 8

i j p = 2 * 8 + 42 * 7

i j p = 42 * 7

i j p = 5 + 8

GetTerm:

s = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( 2 * 8 + 42 * 7 ) * 5

i j p = 2 * 8

i j p = 42 * 7

i j p = 5

GetFact:

s = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( ( 2 * 8 + 42 * 7 ) * 5 + 8 )

i j p = ( 2 * 8 + 42 * 7 )

i j p = 2

i j p = 42

i j p = 5
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In tuitiv e Reasoning for GetE xp and for GetT er m : Consider some input string s and some index i .

The longest substring s [ i ] ; : : : ; s [ j � 1] that is a v alid expression has one of the follo wing t w o forms:

exp ) term

exp ) term + exp

Either w a y , it b egins with a term. By magic, assume that the GetT er m routine already w orks. Calling

GetT er m ( s; i ) will return p

ter m

and j

ter m

, where p

ter m

is the parsing of this �rst term and j

ter m

indexes the tok en immediately after this term.

If the expression s [ i ] ; : : : ; s [ j � 1] has the form \term + exp", then s [ j

ter m

] will b e the tok en '+'; if

it has the form \term", then s [ j

ter m

] will b e something other than '+'. Hence, w e can determine the

form b y testing s [ j

ter m

].

If s [ j

ter m

] 6= '+', then w e are �nished. W e return p

exp

= p

ter m

and j

exp

= j

ter m

.

If s [ j

ter m

] = '+', then to b e v alid there m ust b e a v alid sub expression starting at j

ter m

+ 1. W e can

parse this sub expression with GetE xp ( s; j

ter m

+ 1), whic h returns p

subexp

and j

subexp

. Our parsed

expression will b e p

exp

= p

ter m

+ p

subexp

, and it ends b efore j

exp

= j

subexp

.

The in tuitiv e reasoning for GetT er m is just the same.

GetE xp Co de:

algorithm GetE xp ( s; i )

h pr e � cond i : s is a string of tok ens and i is an index that indicates a starting p oin t within s .

h post � cond i : The output consists of a parsing p of the longest substring s [ i ] ; s [ i + 1] ; : : : ; s [ j � 1]

of s that starts at index i and is a v alid expression. The output also includes the index j of the

tok en that comes immediately after the parsed expression.

b egin

if ( i > j s j ) return \Error: Exp ected c haracters past end of string." end if

h p

ter m

; j

ter m

i = GetT er m ( s; i )

if ( s [ j

ter m

] = '+')

h p

subexp

; j

subexp

i = GetE xp ( s; j

ter m

+ 1)

p

exp

= p

ter m

+ p

subexp

j

exp

= j

subexp

return h p

exp

; j

exp

i

else

return h p

ter m

; j

ter m

i

end if

end algorithm

GetT er m Co de:

algorithm GetT er m ( s; i )

h pr e � cond i : s is a string of tok ens and i is an index that indicates a starting p oin t within s .

h post � cond i : The output consists of a parsing p of the longest substring s [ i ] ; s [ i + 1] ; : : : ; s [ j � 1] of

s that starts at index i and is a v alid term. The output also includes the index j of the tok en

that comes immediately after the parsed term.

b egin

if ( i > j s j ) return \Error: Exp ected c haracters past end of string." end if

h p

f act

; j

f act

i = GetF ac ( s; i )

if ( s [ j

f act

] = '*')

h p

subter m

; j

subter m

i = GetT er m ( s; j

f act

+ 1)

p

ter m

= p

f act

� p

subter m
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j

ter m

= j

subter m

return h p

ter m

; j

ter m

i

else

return h p

f act

; j

f act

i

end if

end algorithm

In tuitiv e Reasoning for GetF act : The longest substring s [ i ] ; : : : ; s [ j � 1] that is a v alid factor has one

of the follo wing t w o forms:

fact ) in t

fact ) ( exp )

Hence, w e can determine whic h form the factor has b y testing s [ i ].

If s [ i ] is an in teger, then w e are �nished. p

f act

is a parsing of this single in teger s [ i ] and j

f act

= i + 1.

Note that the +1 mo v es the index past the in teger.

If s [ i ] = '(', then to b e a v alid factor there m ust b e a v alid expression starting at j

ter m

+ 1, follo w ed b y a

closing brac k et ')'. W e can parse this expression with GetE xp ( s; j

ter m

+ 1), whic h returns p

exp

and j

exp

.

The closing brac k et after the expression m ust b e in s [ j

exp

]. Our parsed factor will b e p

f act

= ( p

exp

)

and j

f act

= j

exp

+ 1. Note that the +1 mo v es the index past the ')'.

If s [ i ] is neither an in teger nor a '(', then it cannot b e a v alid factor. Giv e a meaningful error message.

GetF act Co de:

algorithm GetF ac ( s; i )

h pr e � cond i : s is a string of tok ens and i is an index that indicates a starting p oin t within s .

h post � cond i : The output consists of a parsing p of the longest substring s [ i ] ; s [ i + 1] ; : : : ; s [ j � 1] of

s that starts at index i and is a v alid factor. The output also includes the index j of the tok en

that comes immediately after the parsed factor.

b egin

if ( i > j s j ) return \Error: Exp ected c haracters past end of string." end if

if ( s [ i ] is an in t)

p

f act

= s [ i ]

j

f act

= i + 1

return h p

f act

; j

f act

i

else if ( s [ i ] = '(')

h p

exp

; j

exp

i = GetE xp ( s; i + 1)

if ( s [ j

exp

] = ')')

p

f act

= ( p

exp

)

j

f act

= j

exp

+ 1

return h p

f act

; j

f act

i

else

Output \Error: Exp ected ')' at index j

exp

"

end if

else

Output \Error: Exp ected in teger or '(' at index i "

end if

end algorithm

Exercise 14.0.1 (Se e solution in Se ction 20) Consider s = \( ( ( 1 ) * 2 + 3 ) * 5 * 6 + 7 )".

1. Give a derivation of the expr ession s as done ab ove.
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2. Dr aw the tr e e structur e of the expr ession s .

3. T r ac e out the exe cution of your pr o gr am on GetE xp ( s; 1) . In other wor ds, dr aw a tr e e with a b ox for

e ach time a r outine is c al le d. F or e ach b ox, include only whether it is an expr ession, term, or factor

and the string s [ i ] ; : : : ; s [ j � 1] that is p arse d.

Pro of of Correctness: T o pro v e that a recursiv e program w orks, w e m ust consider the \size" of an in-

stance. The routine needs only consider the p ost�x s [ i ] ; s [ i + 1] ; : : : , whic h con tains ( j s j � i + 1) c haracters.

Hence, w e will de�ne the size of instance h s; i i to b e j h s; i i j = j s j � i + 1.

Let H ( n ) b e the statemen t \Eac h of GetF ac , GetT er m , and GetE xp w ork on instances h s; i i when

j h s; i i j = j s j � i + 1 � n ". W e pro v e b y w a y of induction that 8 n � 0 ; H ( n ).

If j h s; i i j = 0, then i > j s j : There is not a v alid expression/term/factor starting at s [ i ], and all three

routines return an error message. It follo ws that H (0) is true.

If j h s; i i j = 1, then there is one remaining tok en: F or this to b e a factor, term, or expression, this

tok en m ust b e a single in teger. GetF ac written to giv e the correct answ er in this situation. GetT er m

giv es the correct answ er, b ecause it calls GetF ac . GetE xp giv es the correct answ er, b ecause it calls

GetT er m whic h in turn calls GetF ac . It follo ws that H (1) is true.

Assume H ( n � 1) is true, i.e., that \Eac h of GetF ac , GetT er m , and GetE xp w ork on instances of size

at most n � 1."

Consider GetF ac ( s; i ) on an instance of size j s j � i + 1 = n . It mak es at most one subroutine call,

GetE xp ( s; i + 1). The size of this instance is j s j � ( i + 1) + 1 = n � 1. Hence, b y assumption this

subroutine call returns the correct answ er. Because all of GetF ac ( s; i )'s subroutine calls return the

correct answ er, the ab o v e in tuitional reasoning pro v es that GetF ac ( s; i ) w orks on all instances of size

n .

No w consider GetT er m ( s; i ) on an instance of size j s j � i + 1 = n . It mak es at most t w o subroutine calls,

GetF ac ( s; i ) and GetT er m ( s; j

f act

+ 1). The input instance for GetF ac ( s; i ) still has size n . Hence,

the induction h yp othesis H ( n � 1) do es NOT claim that it w orks. Ho w ev er, the previous paragraph

pro v es that this routine do es in fact w ork on instances of size n . Because j

ter m

+ 1 � i , the \size" of

the second instance has b ecome smaller and hence, b y assumption H ( n � 1), GetT er m ( s; j

f act

+ 1),

returns the correct answ er. Because all of GetT er m ( s; i )'s subroutine calls return the correct answ er,

w e kno w that GetT er m ( s; i ) w orks on all instances of size n .

Finally , consider GetE xp ( s; i ) on an instance h s; i i of size j s j � i + 1 = n . W e use the previous paragraph

to pro v e that GetT er m ( s; i ) w orks and the assumption H ( n � 1) to pro v e that GetE xp ( s; j

ter m

+ 1)

w orks.

In conclusion, all three w ork on all instances of size n and hence on H ( n ). This completes the induction

step.

Lo ok Ahead One: A grammar is said to b e lo ok ahe ad one if, giv en an y t w o rules for the same non-

terminal, the �rst place that the rules di�er is a di�erence in a terminal. This feature allo ws the ab o v e

parsing algorithm to lo ok only at the next tok en in order to decide what to do next.

An example of a go o d set of rules w ould b e:

A ) B 'b' C 'd' E

A ) B 'b' C 'e' F

A ) B 'c' G H

An example of a bad set of rules w ould b e:

A ) B C

A ) D E

With suc h a grammar, y ou w ould not kno w whether to start parsing the string as a B or a D. If y ou

made the wrong c hoice, y ou w ould ha v e to bac k up and rep eat the pro cess.



204 CHAPTER 14. P ARSING WITH CONTEXT-FREE GRAMMARS

Direction to P arse: W e will no w consider adding negations to the expressions. The follo wing are v arious

attempts:

Simple Change: Change the original grammar b y adding the rule:

exp ) term - exp

The grammar de�nes reasonable syn tax, but incorrect seman tics. 10 � 5 � 4 w ould b e parsed as

10 � (5 � 4) = 10 � 1 = 9. Ho w ev er, the correct seman tics are (10 � 5) � 4 = 5 � 4 = 1.

T urn Around the Rules: The problem is that the order of op erations is in the wrong direction.

P erhaps this can b e �xed b y turning the rules around.

exp ) term

exp ) exp + term

exp ) exp - term

This grammar de�nes reasonable syn tax and gets the correct seman tics. 10 � 5 � 4 w ould b e

parsed as (10 � 5) � 4 = 5 � 4 = 1, whic h is correct. Ho w ev er, the grammar is not a lo ok ahead

one grammar and hence the giv en algorithm w ould NOT w ork. It w ould not kno w whether to

recurse �rst b y lo oking for a term or lo oking for an expression. In addition, if the routine GetE xp

recurses on itself with the same input, then the routine will con tin ue to recurse do wn and do wn

forev er.

T urn Around the String: The ab o v e problems can b e solv ed b y reading the input string and the

rules b ackwar ds , from righ t to left.
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Recursiv e Bac k T rac king Algorithms

R e cursive b ack tr acking is an algorithmic tec hnique in whic h all options are systematically en umerated,

trying as man y as required and pruning as man y as p ossible. It is a precursor to understanding the more

complex algorithmic tec hnique of dynamic pr o gr amming algorithms co v ered in Chapter 16. It is also useful

for b etter understanding gr e e dy algorithms co v ered in Chapter 10. Most kno wn algorithms for a large class of

computational problems referred to as Optimization Pr oblems arise from these three tec hniques. Section 15.1

pro vides some theory and Sections 15.2 and 15.3 giv e examples.

15.1 The Theory of Recursiv e Bac k T rac king

Section 15.1.1 de�nes the class of optimization problems, Section 15.1.2 in tro duces recursiv e bac k trac k-

ing algorithms, Section 15.1.3 giv es an example, Sections 15.1.5 and 15.1.4 deal with t w o of the tec hnical

c hallenges in designing suc h an algorithm, and �nally Section 15.1.6 discusses w a ys of sp eeding them up.

15.1.1 Optimization Problems

An imp ortan t and practical class of computational problems is the class of optimization pr oblems . F or most

of these, the b est kno wn algorithm runs in exp onen tial time for w orst case inputs. Industry w ould pa y

dearly to ha v e faster algorithms. On the other hand, the recursiv e bac ktrac king algorithms designed here

sometimes w ork su�cien tly w ell in practice. W e no w formally de�ne this class of problems.

Ingredien ts: An optimization problem is sp eci�ed b y de�ning instances, solutions, and costs.

Instances: The instanc es are the p ossible inputs to the problem.

Solutions for Instance: Eac h instance has an exp onen tially large set of solutions . A solution is valid

if it meets a set of criteria determined b y the instance at hand.

Cost of Solution: Eac h solution has an easy to compute c ost or value .

Sp eci�cation of an Optimization Problem:

Preconditions: The input is one instance.

P ostconditions: The output is one of the v alid solutions for this instance with optimal (minim um or

maxim um as the case ma y b e) cost. (The solution to b e outputted migh t not b e unique.)

Be Clear Ab out These Ingredien ts: A common mistak e is to mix them up.

Examples:

Longest Common Subsequence: This is an example for whic h w e ha v e p olynomial time algorithm.

Instances: An instance consists of t w o sequences, e.g., X = h A; B ; C ; B ; D ; A; B i and Y =

h B ; D ; C ; A; B ; A i .

205
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Solutions: A subsequence of a sequence is a subset of the elemen ts tak en in the same order.

F or example, Z = h B ; C ; A i is a subsequence of X = h A; B ; C ; B ; D ; A ; B i . A solution is a

sequence, Z , that is a subsequence of b oth X and Y . F or example, Z = h B ; C ; A i is solution

b ecause it is a subsequence common to b oth X and Y ( Y = h B ; D ; C ; A ; B ; A i ).

Cost of Solution: The cost of a solution is the length of the common subsequence, e.g., j Z j = 3.

Goal: Giv en t w o sequences X and Y , the goal is to �nd the longest common subsequence (LCS

for short). F or the example giv en ab o v e, Z = h B ; C ; B ; A i is the longest common subsequence.

Course Sc heduling: This is an example for whic h w e do not ha v e p olynomial time algorithm.

Instances: An instance consists of the set of courses sp eci�ed b y a univ ersit y , the set of courses

that eac h studen t requests, and the set of time slots in whic h courses can b e o�ered.

Solutions: A solution for an instance is a sc hedule whic h assigns eac h course a time slot.

Cost of Solution: A con
ict o ccurs when t w o courses are sc heduled at the same time ev en

though a studen t requests them b oth. The cost of a sc hedule is the n um b er of con
icts that

it has.

Goal: Giv en the course and studen t information, the goal is to �nd the sc hedule with the few est

con
icts.

15.1.2 Classifying the Solutions and the Best of the Best

Recall that in Section 11.1, w e describ ed the same recursiv e algorithms from a n um b er of di�eren t abstrac-

tions: co de, stac k of stac k frames, tree of stac k frames, and friends & Strong Induction. This in tro ductory

section will do the same for a t yp e of algorithms called r e cursive b ack tr acking algorithms . Eac h abstraction

fo cuses on a di�eren t asp ect of the algorithm, pro viding di�eren t understandings, language, and to ols from

with whic h to dra w.

Searc hing A Maze: T o b egin, imagine that, while searc hing a maze, w e come to a fork in the road. Not

kno wing where an y of the options lead, w e accept the fact that w e will ha v e to try all of them. Bra v ely

w e head o� along one of the paths. When w e ha v e completely exhausted searc hing in this direction,

w e remem b er the highligh ts of this sub-adv en ture and bac ktrac k to the fork in the road where w e

b egan this discussion. Then w e rep eat this pro cess, trying eac h of the other options from this fork.

After completing them all, w e determine whic h of these options w as the b est o v erall. This algorithm

is complicated b y the fact that there are man y suc h forks for us to deal with. Hence, it is b est to ha v e

friends to help us, i.e. recursion. F or eac h option, w e can get a friend to �nd for us the b est answ er for

this option. W e m ust collect together all of this information and determine whic h these b est answ ers

is o v erall b est. This is will b e our answ er. Note that our friends will ha v e their o wn forks to deal with.

Ho w ev er, it is b est not to w orry ab out this.

Searc hing F or the Best Animal: No w supp ose w e are searc hing for the b est animal from some v ery

large set of animals. A divide and conquer algorithm w ould break the searc h in to smaller searc hes and

delegate eac h smaller searc h to a friend. W e migh t, for example, assign to one friend the subtask of

�nding for us the b est v ertebrate and another the b est in v ertebrate. W e will tak e the b est of these

b est as our answ er. This algorithm is recursiv e. The friend that m ust searc h for the b est v ertebrate

also has a big task. Hence, he asks a friend to �nd for him the the b est mammal, another the b est

bird, and so on. He giv es us the b est of his friends' b est answ ers as his answ er.

A Classi�cation T ree of Solutions: If w e w ere to un wind this algorithm in to the tree of stac kframes,

w e w ould see that it directly mirrors a tree that classi�es the solutions in a w a y similar to the w a y

taxonom y systematically organize animals. The ro ot class, consisting of all of the solutions, is brok en

in to sub classes, whic h are further brok en in to sub-sub classes. Eac h solution is iden ti�ed with a leaf of

this classi�cation tree.

A T ree of Questions Ab out the Solution: Another useful w a y of lo oking at this classi�cation of solu-

tions is that it can b e de�ned b y a tree of questions to ask ab out the solution. Remem b er the game of
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cheetahdad gamekeeper

bearcat

gamekeeper

animal

invertebratevertebrate

bird reptile

snake

polarpandablack

human

lizard

mammal

caninehomosapien

Figure 15.1: Classi�cation T ree of Animals

20 questions? See Section 17.3. The goal is to �nd the optimal animal solution. The �rst question to

ask is whether it is a v ertebrate or an in v ertebrate. Supp ose momen tarily that w e had a little bir d to

giv e us the answ er, v ertebrate. Then our second question w ould b e whether the animal is a mammal,

bird, reptile, or one of the other sub classi�cations. In the end, the sequence of answ ers v ertebrate-

mammal-cat-c heetah uniquely sp eci�es the animal. Of course in realit y , w e do not ha v e a little bird to

answ er our questions. Hence, w e m ust try all answ ers b y tra v ersing through this en tire tree of answ ers.

Iterating Through The Solutions T o Find The Optimal One: The algorithm for iterating through

all the solutions asso ciated with the lea v es of this classi�cation tree is a simple depth-�rst searc h

tra v ersal of the tree. See Sections 8.4 and 12. The reason the algorithmic tec hnique is called b ack-

tr acking is b ecause it �rst tries the line of classi�cation v ertebrate-mammal-homosapiens-h uman-dad

and later it bac k trac ks to try v ertebrate-bird- : : : . Ev en later it bac k trac ks to tries in v ertebrate- : : : .

Sp eeding Up the Algorithm: In the end, some friend lo oks at eac h animal. Hence, this is algorithm is not

an y faster than the brute for c e algorithm that simply compares the animals. Ho w ev er, the adv an tage

of this algorithm is that the structure that the recursiv e bac k trac king adds can p ossibly b e explo ded

to sp eed up the algorithm. F or example, sometimes en tire branc hes of the solution classi�cation tree

can b e pruned o�, p erhaps b ecause some en tire classes of solutions are not highly v alued or b ecause w e

kno w that there is alw a ys at least one optimal solution do es not ha v e this particular lo cal structure.

This is similar to a greedy algorithm that kno ws that at least one optimal solution con tains the greedy

c hoice. In fact, greedy algorithms are recursiv e bac k trac king algorithms that prune o�, in this w a y ,

all branc hes except the one that lo oks b est. Memoization is another tec hnique for sp eeding up the

algorithm. It reuses the solutions found for similar subinstances, e�ectiv ely pruning o� this later branc h

of the classi�cation tree. Later w e will see that dynamic programming algorithms carry this idea of

memoization ev en farther.

The Little Bird Abstraction: P ersonally , I lik e to use a \little bird" abstraction to help fo cus on t w o of

the most di�cult and creativ e parts of designing a recursiv e bac ktrac king algorithm. Doing so certainly

is not necessary . It is up to y ou.

Little blue bird on m y shoulder. It's the truth. It's actual. Ev ery thing is satisfactual.

Zipp edy do dah, zipp edy a y; w onderful feeling, w onderful da y .

F rom a 193? mo vie ??? with Shirley T emple.

The Little Bird & F riend Algorithm: Supp ose I am searc hing for the b est v ertebrate. I ask the

little bird "Is the b est animal, a bird, mammal, reptile, or �sh?" She tells me mammal. I ask m y

friend for the b est mammal. T rusting the little bird and the friend, I giv e this as the b est animal.

Classifying the Solutions: There is a k ey di�erence b et w een the searc hing the maze example �rst

giv en and the searc hing for the b est animal example. In b oth, the structure of the algorithm is

tied to ho w the maze forks or ho w the animals are classi�ed. Ho w ev er, in the �rst, the forks in

the maze are �xed b y the problem. In the second, the algorithm designer is able to c ho ose ho w

to classify the animals. This is one of the t w o most di�cult and creativ e parts of the algorithm
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design pro cess. It dictates the en tire structure of the algorithm, whic h in turns dictates ho w w ell

the algorithm can b e sp ed up. I abstract the task of deciding ho w to classify the solutions b y

asking a little bir d a question. When I am searc hing for b est v ertebrate, I classify them, b y asking

\Is the b est v ertebrate, a mammal, a bird, a reptile, or a �sh?" W e are allo w ed to ask the bird

an y question ab out the solution that w e are lo oking for as long as the question do es not ha v e to o

man y p ossible answ ers. Not ha ving a little bird, w e m ust try all these p ossible answ ers. But it

can b e fun to temp orarily pretend that the little bird giv es us the correct answ er.

Constructing a Sub-Instance for a F riend: W e m ust get a friend to �nd us the b est mammal.

Because a friend is really a recursiv e call, w e m ust construct a smaller instance to the same searc h

problem to giv e him. The second creativ e part of designing a recursiv e bac ktrac king algorithm is

ho w to express the problem "Find the b est mammal" as a sub-instance. The little bird abstraction

helps again. W e pretend that she answ ered "mammal". T rusting (at least temp orarily) in her

answ er, helps us fo cus, on the fact that w e are no w only considering mammals. This helps us to

design a related sub-instance.

Non-Determinism: Y ou ma y ha v e previously studied Non-Deterministic Finite Automaton (NF A)

and Non-Deterministic T uring Mac hines. One w a y of viewing these mac hines is that a higher

p o w er pro vides them help telling them whic h w a y to go. The little bird can b e view ed as a little

higher p o w er. In all of these cases, the purp ose is to pro vide another lev el of abstraction within

whic h it is easier to design and to understand the creativ e parts of the algorithm.

A Flo c k of Birds: I sometimes imagine that instead of a single trust w orth y bird, w e ha v e a 
o c k of

K birds that are less trust w orth y . Eac h giv es us a di�eren t answ er k 2 [1 ; K ]. W e giv e eac h the

b ene�t of doubt and try his answ er. Because there do es exist an answ er that the little bird w ould

ha v e giv en us, at least one of these birds m ust ha v e b een telling us the truth. The remaining

question is whether w e are able to pic k out the bird that is trust w orth y .

.... ....

.... .... ........

Given one instance Set of Solutions for Instance Tree of Questions to Learn a Solution

Possible answers

All solutions

....

.... ....

.... ....

...

Classification of Solutions Choose the Best of the BestFind Best Solution in Each Class

First question

Classification of solutions bases on first question

Bases on First Question

Figure 15.2: Classifying solutions and taking the b est of the b est

The Recursiv e Bac k-T rac king Algorithm: The follo wing are the steps for y ou to follo w in order to �nd

an optimal solution for the instance that y ou ha v e b een giv en and the solution's cost.

Base Cases and Recursiv e F riends: If y our instance is su�cien tly small or has su�cien tly few

solutions �nd an optimal solution for it in a brute-force w a y . Otherwise, assume that y ou ha v e

friends who can magically �nd an optimal solution for an y instance to the problem that is strictly

\smaller" than y our instance.
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Question for The Little Bird: F orm ulate one small question ab out the optimal solution that y ou

are searc hing for. The question should b e suc h that if y ou had a p o w erful little bir d to giv e

y ou a correct answ er, then this answ er w ould greatly reduce y our searc h. Without a little bird,

the di�eren t answ ers to this question partitions the class of all solutions for y our instance in to

sub classes.

T ry All Answ ers: Giv en that y ou do not ha v e little a bird, y ou m ust try all p ossible answ ers. One

at a time, for eac h of the K answ ers that the little bird ma y ha v e giv en, i.e. for eac h k 2 [1 ::K ],

do the follo wing.

Pretend: Pretend that the little bird ga v e y ou the answ er k . This narro ws y our searc h.

Help F rom Y our F riend: Y our task no w is to �nd the b est solution from among those solutions

consisten t with the k

th

bird's answ er. Y ou get help from a friend to �nd suc h a solution and

its cost.

Best of the Best: Y our remaining task is simply to select and return the b est of these b est solutions

along with its cost.

Co de:

algorithm Al g ( I )

h pr e � cond i : I is an instance to the problem.

h post � cond i : optS ol is one of the optimal solutions for the instance I and optC ost is its cost.

b egin

if( I is small ) then

return( brute force answ er )

else

% Lo op o v er the p ossible bird answ ers

for k = 1 to K

% Find the b est solution consisten t with the answ er k .

h optS ol

k

; optC ost

k

i = Al g

tr y

( I ; k )

end for

% Find the b est of the b est.

k

min

= \a k that minimizes optC ost

k

"

optS ol = optS ol

k

min

optC ost = optC ost

k

min

return h optS ol ; optC ost i

end if

end algorithm

Note that the ab o v e co de is not recursiv e, b ecause the same routine Al g in not called. In order for it to

b e recursiv e, the routine Al g

tr y

will ha v e to b e written that recursiv ely calls Al g again. The follo wing

co de includes the main steps. An example of these steps will b e giv en in Section 15.1.3 and then the

more theoretical asp ects of this task will b e discussed in Section 15.1.4

algorithm Al g

tr y

( I ; k )

h pr e � cond i : I is an y instance to the problem and k is an y answ er to the question ask ed ab out its

solution.

h post � cond i : optS ol is one of b est solutions for the instance I from amongst those consisten t with

the answ er k and optC ost is its cost.

b egin

subI is constructed from I and k
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h optS ubS ol ; optS ubC ost i = Al g ( subI )

optS ol = h k ; optS ubS ol i

optC ost is computed from k and optS ubC ost

return h optS ol ; optC ost i

end algorithm

Exercise 15.1.1 (Se e solution in Se ction 20) A n instanc e may have many optimal solutions with

exactly the same c ost. The p ostc ondition of the pr oblem al lows any one of these to b e c ome output.

Which line of c o de in the ab ove algorithm cho oses which of these optimal solutions wil l b e sele cte d?

15.1.3 Example: The Shortest P ath within a Lev eled Graph

Let us no w con tin ue our example of searc hing mazes started at the b eginning of Section 15.1.2. W e represen t

a maze b y a graph. The no des act as forks in the road and the edges act as the corridors b et w een them.

There are man y v ersions of this graph searc h problem. W e ha v e already seen a few of them in Section 8,

namely breadth-�rst searc h, depth-�rst searc h, and shortest-w eigh ted paths. Here w e will dev elop a recursiv e

bac ktrac king algorithm for a v ersion of the shortest-w eigh ted paths problem. This same example will b e

used to in tro duce memoization in Section 16.2.2 and dynamic programming algorithms in Chapter 16.

Shortest W eigh ted P ath within a Directed Lev eled Graph: W e generalize the shortest-w eigh ted

paths problem b y allo wing negativ e w eigh ts on the edges and simplify it b y requiring the input graph

to b e lev eled.

Instances: An instance (input) consists of h G; s; t i , where G is a w eigh ted directed la y ered graph G ,

s is a sp eci�ed source no de and t is a sp eci�ed destination no de. See Figure 15.3.a. The graph G

has n no des. Eac h no de has maxim um in and out degree d . Eac h edge < v

i

; v

j

> is lab eled with a

real-v alued (p ossibly negativ e) w eigh t w

< v

i

;v

j

>

. The no des are partitioned in to lev els so that eac h

edge is directed from some no de to a no de in a lo w er lev el. (This prev en ts cycles.) It is easiest to

assume that the no des are ordered suc h that an edge can only go from no de v

i

to no de v

j

if i < j .

Solutions: A solution for an instance is a path from the source no de s to destination no de t .

Cost of Solution: The cost of a solution is the sum of the w eigh ts of the edges within the path.

Goal: Giv en a graph G , the goal is to �nd a path with minim um total w eigh t from s to t .

s

v1
v2 v3

v4
v5

v6 v7 v8

t

4
5

3

3

9

2

7

5

5

7

4

1

2

423

6
7

7

s?

7

23

3v
5v

opt 8+4=12
 6+7=13
11+2=13
10+3=13
weightnext node

opt path
weight = 6

opt path
weight = 8

opt path
weight = 11

opt path
weight = 10

  

4
3v

2v
2v1v
1v

t

v5

Figure 15.3: a: The directed la y ered w eigh ted graph G used as a running example. b: The recursiv e

bac ktrac king algorithm

Brute F orce Algorithm: The problem with simply trying all paths is that there ma y b e an exp onen tial

n um b er of them.
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Exercise 15.1.2 Give a dir e cte d levele d gr aph on n no des that has a smal l numb er of e dges and as

many p aths fr om s to t as p ossible.

Bird & F riend Algorithm: The �rst step in dev eloping a recursiv e bac ktrac king algorithm is to classify

the solutions of the giv en instance I = h G; s; t i . I classify paths b y asking the little bird, \Whic h edge

should w e tak e �rst?" Supp ose for no w that the bird answ ers <s; v

1

> . I then go on to ask a friend,

"Whic h is the b est path from s to t that starts with < s; v

1

> ?" F riend answ ers h s; v

1

; v

6

; t i . If I trust

the little bird and the friend, I giv e this as the b est path. If I don't trust the little bird, I can try all

of the p ossible answ ers that the bird ma y ha v e giv en. This, ho w ev er, is not the immediate issue.

Constructing Sub-Instances: A friend is really a recursiv e call to the same searc h problem. Hence, I

m ust express m y question to him as a small instance of the same computational problem. I form ulate

this question as follo ws. I start b y (at least temp orarily) trusting the little bird and committing to the

�rst edge b eing < s; v

1

> . Giv en this, it is quite natural for me to tak e step from no de s along the edge

< s; v

1

> to the no de v

1

. Standing here, the natural question to ask m y friend is ho w to get to t from

v

1

. Luc kily , "Whic h is the b est path from v

1

to t ?", expressed as h G; v

1

; t i is a subinstance to the same

computational problem. W e will denote this b y subI .

Constructing a Solution for My Instance: My friend faithfully will giv e me the path optS ubS ol =

h v

1

; v

6

; t i , this b eing a b est path from v

1

to t . The problem is that this is not a solution for m y

instance h G; s; t i , b ecause it is not, in itself, a path from s to t . The path from s is formed b y �rst

taking the step from s to v

i

and then follo wing the b est path from there to t . Hence, I construct a

solution optS ol for m y instance from this optimal subsolution optS ubS ol b y reattac hing the answ er

giv en b y the bird. In other w ords, the path h s; v

1

; v

6

; t i from s to t is form ulated b y com bining the

edge < s; v

1

> with the subpath h v

1

; v

6

; t i .

Costs of Solutions and Sub-Solutions: W e m ust also return the cost of our solution. The cost of our

path is the cost of the edge < s; v

1

> plus the cost of the path from v

1

to t . Luc kily , our friend giv es

us that the cost of this subpath is 10. The cost of the edge < s; v

1

> is 3. Hence, w e conclude that the

total w eigh t of our path is 3 + 10 = 13.

Optimalit y: If w e trust b oth the bird and the friend, w e conclude that this path from s to t is a b est path.

It turns out that b ecause our little bird ga v e us the wrong �rst edge, this is not the b est path from s to

t . Ho w ev er, our w ork w as not w asted, b ecause w e did succeed in �nding the b est path from amongst

those that start with the edge < s; v

1

> . Not trusting the little bird, I rep eat this pro cess �nding a b est

path starting with eac h of < s; v

2

> , < s; v

3

> and < s; v

4

> . A t least one of these four paths m ust b e an

o v er all b est path. W e giv e the b est of these b est as the o v er all b est path.

Co de:

algorithm Lev el edGr aph ( G; s; t )

h pr e � cond i : G is a w eigh ted directed la y ered graph and s and t are no des.

h post � cond i : optS ol is a path with minim um total w eigh t from s to t and optC ost is its w eigh t.

b egin

if( s = t ) then

return h; ; 0 i

else

% Lo op o v er p ossible bird answ ers.

for eac h no de v

k

with an edge from s

% Get help from friend

h optS ubS ol ; optS ubC ost i = Lev el edGr aph ( h G; v

k

; t i )

optS ol

k

= h s; optS ubS ol i

optC ost

k

= w

h s;v

k

i

+ optS ubC ost

end for
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% T ak e the b est bird answ er.

k

min

= \a k that minimizes optC ost

k

"

optS ol = optS ol

k

min

optC ost = optC ost

k

min

return h optS ol ; optC ost i

end if

end algorithm

Memoization and Dynamic Programming: This recursiv e bac ktrac king algorithm faithfully en umer-

ates all of the paths from s to t and hence requires exp onen tial time. In Section 16.2.2, w e will use

memoization tec hniques to mec hanically con v ert this algorithm in to a dynamic programming algorithm

that runs in p olynomial time.

15.1.4 SubInstances and SubSolutions

Getting a trust w orth y answ er from the little bird, narro ws our searc h problem do wn to the task of �nding the

b est solution from among those solutions consisten t with this answ er. It w ould b e great if w e could simply

ask a friend to �nd us suc h as solution, ho w ev er, w e are only allo w ed to ask our friend to solv e subinstances

of the original computational problem. Our task within this section is to form ulate a subinstance to our

computational problem suc h that the searc h for its optimal solutions some ho w parallels our narro w ed searc h

task. This will explain the algorithm Al g

tr y

( I ; k ) that is giv en at the end of Section 15.1.2.

The Recursiv e Structure of the Problem: In order to b e able to design a recursiv e bac ktrac king algo-

rithm for a optimization problem, the problem needs to ha v e a recursiv e structure. The k ey prop ert y

is that in order for a solution of the instance to b e optimal, some part of the solution m ust itself b e

optimal. The computational problem has a recursiv e structure if the task of �nding an optimal w a y to

construct this part of the solution is a subinstance of the same computational problem.

Lev eled Graph: F or a path from s to t to b e optimal, the subpath from some v

i

to some v

j

along

the path m ust itself b e an optimal path b et w een these no des. The computational problem has a

recursiv e structure b ecause the task of �nding an optimal w a y to construct this part of the path

is a subinstance of the same computational problem.

Question from Answ er: Sometimes it is a c hallenge to kno w what subinstance to ask our friend. It turns

out that it is easier to kno w what answ er (subsolution) that w e w an t from him. Kno wing the answ er

w e w an t will b e a h uge hin t as to what the question should b e.

Eac h Solution as a Sequence of Answ ers: One task that y ou as the algorithm designer m ust

do is to organize the information needed to sp ecify a solution in to a sequence of �elds, sol =

h f iel d

1

; f iel d

2

; : : : ; f iel d

m

i .

Best Animal: Eac h solution consists of an animal, whic h w e will iden tify with the sequence of

answ ers to the little bird's questions, sol = vertebr ate-mammal-c at-che etah .

Lev eled Graph: A solution consists of a path, h s; v

1

; v

6

; t i , whic h w e will iden tify with the

sequence of edges sol = h < s; v

1

>; < v

1

; v

6

>; < v

6

; t > i = h f iel d

1

; f iel d

2

; : : : ; f iel d

m

i .

Bird's Question and Remaining T ask: The algorithm asks the little bird for the �rst �eld

f iel d

1

of one of the instance's optimal solutions and asks the friend for the remaining �elds

h f iel d

2

; : : : ; f iel d

m

i . W e will let k denote the answ er pro vided b y the bird and optS ubS ol that

pro vided b y the friend. Giv en b oth, the algorithm form ulates the �nal solution b y simply concate-

nating these t w o parts together, namely optS ol = h k ; optS ubS ol i = h f iel d

1

; h f iel d

2

; : : : ; f iel d

m

i i .

Note this is a line within the co de for Al g

tr y

( I ; k ) in Section 15.1.2.

Lev eled Graph: Asking for the �rst �eld of an optimal solution optS ol =

h < s; v

1

>; < v

1

; v

6

>; < v

6

; t > i amoun ts to asking for the �rst edge that the path should

tak e. The bird answ ers k = < s; v

1

> . The friend pro vides optS ubS ol = h < v

1

; v

6

>; < v

6

; t > i .

Concatenating these forms our solution.
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F orm ulating the SubInstance: W e form ulate the subinstance that w e will giv e to our friend

b y �nding an instance of the computational problem whose optimal solution is optS ubS ol =

h f iel d

2

; : : : ; f iel d

m

i . If one w an ts to get formal, the instance is that whose set of v alid solutions

is setS ubS ol = f subS ol j h k ; subS ol i 2 setS ol g .

Lev eled Graph: The instance whose solution is optS ubS ol = h < v

1

; v

6

>; < v

6

; t > i is h G; v

1

; t i

asking for the optimal solution from v

1

to t .

Costs Solutions: The algorithm, in addition to �nding an optimal solution optS ol =

h f iel d

1

; h f iel d

2

; : : : ; f iel d

m

i i for the instance I , m ust also pro duce the cost of this solution.

T o b e helpful, the friend pro vides the cost of his solution, optS ubS ol . Do to the recursiv e

structure of the problem, the costs of these solutions optS ol = h f iel d

1

; h f iel d

2

; : : : ; f iel d

m

i i and

optS ubS ol = h f iel d

2

; : : : ; f iel d

m

i usually di�er in some uniform w a y . F or example, often the cost is

the sum of the costs of the �elds, i.e. cost ( optS ol ) =

P

m

i =1

cost ( f iel d

i

). In this case w e ha v e that

cost ( optS ol ) = cost ( f iel d

1

) + cost ( optS ubS ol ).

Lev eled Graph: The cost of of a path from s to t is the cost of the �rst edge plus the cost of the rest

of the path.

F ormal Pro of of Correctness:

Recursiv e Structure of Costs: In order for this recursiv e bac k trac king metho d to solv e an opti-

mization problem, the costs that the problem allo cates to the solutions m ust ha v e the follo wing

recursiv e structure. Consider t w o solutions sol = h k ; subS ol i and sol

0

= h k ; subS ol

0

i b oth con-

sisten t with the same bird's answ er k . If the giv en cost function dictates that the solution sol

is b etter than the solution sol

0

, then the subsolution subS ol of sol will also b e b etter than the

subsolution subS ol

0

of sol

0

. This ensures that an y optimal subsolution of the subinstance leads to

an optimal solution of the original instance.

Theorem: The solution optS ol returned is a b est solution for I from amongst those that are consisten t

with the information k pro vided b y the bird.

Pro of: By w a y of con tradiction, assume not. Then, there m ust b e another solution better S ol consisten t

with k whose cost is strictly b etter then that for optS ol . F rom the w a y w e constructed our friend's

subinstance subI , this b etter solution m ust ha v e the form better S ol = h k ; better S ubS ol i where

better S ubS ol is a solution for subI . W e ensured that the costs are suc h that b ecause the cost

of better S ol is b etter than that of optS ol , it follo ws that the cost of better S ubS ol is b etter

than that of optS ubS ol . This con tradicts the fact that optS ubS ol is an optimal solution for the

subinstance subI . Recall that within the friend lev el of abstraction, w e can trust the friend to

pro vide an optimal solution to the subinstance subI . (W e pro v ed this in Section 11.1.4 using

strong induction.)

Size of an Instance: In order to a v oid recursing inde�nitely , the subinstance that y ou giv e y our friend

m ust b e smal ler than y our o wn instance according to some measure of size. By the w a y that w e

form ulated the subinstance, w e kno w that its v alid solutions subS ol = h f iel d

2

; : : : ; f iel d

m

i are shorter

than the v alid solutions sol = h f iel d

1

; f iel d

2

; : : : ; f iel d

m

i of the instance. Hence, a reasonable measure

of the size of an instance is the length of its longest v alid solution. This measure only fails to w ork

when an instance has v alid solutions that are in�nitely long.

Lev eled Graph: The size of the instance h G; s; t i is the length of the longest path or simply the

n um b er of lev els b et w een s and t . Giv en this, the size of the subinstance h G; v

i

; t i , whic h is the

n um b er of lev els b et w een v

i

and t , is smaller.

More Complex Algorithms: Most recursiv e bac ktrac king, dynamic programming, and greedy algorithms

�t in to the structure de�ned ab o v e. Ho w ev er, a few ha v e the follo wing more complex structure. See

Sections 16.3.6 and 16.3.7.
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Eac h Solution as a T ree of Answ ers: Ab o v e, the information sp ecifying a solution is partitioned

in to a n um b er of �elds and these �elds are ordered in to a sequence. F or some more complex

algorithms, these �elds are organized in to a tree instead of in to a sequence. F or example, if the

problem is to �nd the b est binary searc h tree then eac h solution is a binary searc h tree. Hence,

it is quite reasonable that the �elds are the no des of the tree and these �elds are organized as in

the tree itself.

Bird's Question and Remaining T ask: Instead of the �rst �eld, the algorithm asks the little bird

to tell it the �eld at the ro ot of one of the instance's optimal solutions. Giv en this information,

the remaining task is to �ll in eac h of the solution's subtrees. Instead of asking one friend to �ll

in this information, a separate friend will b e ask ed for eac h of the solution's subtrees.

15.1.5 The Question F or the Little Bird

Coming up with whic h question is used to classify the solutions is one of the main creativ e steps in designing

either a recursiv e bac ktrac king algorithm, a dynamic programming algorithm, or a greedy algorithm. This

section examines some more adv anced tec hniques that migh t b e used.

Lo cal vs Global Considerations: One of the reasons that optimization problems are di�cult is that,

although w e are able to mak e what w e call lo c al observ ations and decisions, it is hard to see the glob al

consequences of these decisions.

Lev eled Graph: Consider the lev eled graph example from Section 15.1.3. Whic h edge out of s is

c heap est is a lo cal question. Whic h path is the o v erall c heap est is a global question. W e w ere

tempted to follo w the c heap est edge out of the source s . Ho w ev er, this greedy approac h do es not

w ork. Sometimes one can arriv e at a b etter o v er all path b y starting with a �rst edge that is not

the c heap est. This lo cal sacri�c e could globally lead to a b etter o v erall solution.

Ask Ab out A Lo cal Prop ert y: The question that w e ask the bird is ab out some lo c al prop ert y of the

solution. F or example:

� If the solution is a sequence of ob jects, a go o d question w ould b e, \What is the �rst ob ject in the

sequence?"

Example: If the solution is a path though a graph, w e migh t ask, \What is the �rst edge in the

path?"

� If the instance is a sequence of ob jects and a solution is a subset of these ob ject, a go o d question

w ould b e, \Is the �rst ob ject of the instance included in the optimal solution?"

Example: In the Longest Common Subsequence problem, Section 16.3.2, w e will ask, \Is the

�rst c haracter of either X or Y included in Z ?"

� If a solution is a binary tree of ob jects, a go o d question w ould b e, \What ob ject is at the ro ot of

the tree?"

Example: In the Best Binary Searc h T ree problem, Section 16.3.6, w e will ask, \Whic h k ey is at

the ro ot of the tree?"

In con trast, asking the bird for the n um b er of edges in the b est path in the lev eled graph is a global

not a lo cal question.

The Num b er K of Di�eren t Bird Answ ers: Y ou can only ask the bird a little question. (It is only a

little bird.) By little, I mean the follo wing. T ogether with y our question, y ou pro vide the little bird

with a list A

1

; A

2

; : : : ; A

K

of p ossible answ ers. The little bird answ ers simply b y returning the index

k 2 [1 ::K ] of her answ er. In a little question, the n um b er K of di�eren t answ ers that the bird migh t

giv e m ust b e small. The smaller K is, the more e�cien t the �nal algorithm will b e.
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Lev eled Graph: In the lev eled graph algorithm presen ted, w e ask ed the bird whic h edge to tak e from

no de s . Because the maxim um n um b er of edges out of a no de is d , w e kno w that there are at

most d di�eren t answ ers that the bird could giv e. This giv es K = d .

Brute F orce: The ob vious question to ask the little bird is for her to tell y ou an en tire optimal

solution. Ho w ev er, the n um b er of solutions for y our instance I is lik ely exp onen tial; eac h solution

is a p ossible answ er. Hence, K w ould b e exp onen tial. After getting rid of the bird, the resulting

algorithm w ould b e the usual brute force algorithm.

Rep eated Questions: Although y ou w an t to a v oid thinking ab out it, eac h of y our recursiv e friends will

ha v e to ask his little bird a similar question. Hence, y ou should c ho ose a question that pro vides a

reasonable follo w-up question of a similar form. F or example:

� \What is the second ob ject in the sequence?"

� \Is the second ob ject of the instance included in the optimal solution?"

� \What is the ro ot in the left/righ t subtree?"

In con trast, asking the bird for the n um b er of edges in the b est path in the lev eled graph do es not ha v e

go o d follo w up question.

Rev erse Order: W e will see in Chapter 16 that the Dynamic Programming tec hnique rev erses the recursiv e

bac ktrac king algorithm b y completing the subinstances from smallest to largest. In order to ha v e the

�nal algorithm mo v e forw ard through the lo cal structure of the solution, the recursiv e bac ktrac king

algorithm needs to go bac kw ards through the lo cal structure of the solution. T o do this, w e ask the

bird ab out the last ob ject in the optimal solution instead of ab out the �rst one. F or example:

� \What is the last ob ject in the sequence?"

� \Is the last ob ject of the instance included in the optimal solution?"

� W e still ask ab out the ro ot. It is not useful to ask ab out the lea v es.

The Required Creativit y: Cho osing the question to ask ed the little bird requires some creativit y . Lik e

an y creativ e skill, it is learned b y lo oking at other p eople's examples and trying a lot of y our o wn. On

the other hand, there are not that man y di�eren t questions that y ou migh t ask the bird. Hence, y ou

can design an algorithm using eac h p ossible question and use the b est of these.

Common Pitfalls: In one v ersion of the scram ble game, an input instance consists of a set of letters and

a b oard and the goal is to �nd a w ord that returns the most p oin ts. A studen t describ ed the follo wing

recursiv e bac ktrac king algorithm for it. The bird pro vides the b est w ord out of the list of letters. The

friend pro vides the b est place on the b oard to put the w ord.

Bad Question for Bird: What is b eing ask ed of the bird is not a \little question". The bird is doing

most of the w ork for y ou.

Bad Question for F riend: What is b eing ask ed of the friend needs to b e a subinstance of the same

problem as that of the giv en instance, not a subproblem of the giv en problem.

15.1.6 Sp eeding Up the Algorithm

Though structured, recursiv e bac k trac king algorithm as constructed so far examine eac h and ev ery solution

for the giv en instance. Hence, they are not an y faster than the brute for c e algorithm that simply compares

all solutions. W e will no w discuss and giv e examples of ho w this structure can b e explo ded to sp eed up the

algorithm. The k ey w a ys of sp eeding up a recursiv e bac k trac king algorithm are the follo wing: (1) pruning

o� en tire branc hes of the tree; (2) taking only the greedy option; and (3) eliminating rep eated subinstances

with memorization.

Pruning: Sometimes en tire branc hes of the solution classi�cation tree can b e pruned o�. The follo wing are

t ypical reasons.
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Not V alid or Highly V alued Solutions: When the algorithm arriv es at the ro ot of the reptile tree

it migh t realize that all solutions within this subtree are not v alid or are not rated su�cien tly high

to b e optimal. P erhaps, w e ha v e already found a solution pro v ably b etter than all of these. Hence,

the algorithm prune this en tire subtree from its searc h. See Section 15.2 for more examples.

Structure of An Optimal Solution: Some times w e are able to pro v e that there is at least one

optimal solution that has some particular lo cal structure. This allo ws us to prune a w a y an y

solution that do es not ha v e this lo cal structure. Note that w e do not require that all the optimal

solutions of the instance ha v e the prop ert y , only one. The reason is that ties can b e brok en

arbitrarily . Hence, the algorithm can alw a ys c ho ose the solution that has it. This is similar to a

greedy algorithm that kno ws that at least one optimal solution con tains the greedy c hoice.

Mo difying Solutions: Supp ose that it could b e pro v en that for ev ery reptile there exists at least one

mammal that is rated at least as high. This w ould allo w the algorithm to a v oid iterating through

all the reptiles, b ecause if it happ ened to b e the case that some reptile had the highest rating,

then there w ould b e an equiv alen t v alued mammal that could b e substituted. The general metho d

for pro ving this is as follo ws. A sc heme is found for taking an arbitrary reptile and mo difying it,

ma yb e b y adding a wig of hair, and making it in to a mammal. Then it is pro v ed that this new

mammal is v alid and is rated at least as high as the original reptile. This pro v es that there exists

a mammal, namely this newly created one, that is rated at least as high. See Section 15.3 for

more examples.

Greedy Algorithms: This next w a y of sp eeding up a recursiv e bac k trac king algorithm is ev en more

extreme than pruning o� the o dd branc h. It is called a greedy algorithm. When ev er the algorithm has

a c hoice as whic h branc h of the classi�cation tree to go do wn, instead of iterating through all of the

options it just go es only for the one that lo oks b est according to some greedy criteria. In this w a y the

algorithm follo ws only one path do wn the classi�cation tree: animal-v ertebrate-mammal-cat-c heetah.

The reason that the algorithm w orks is b ecause all branc hes that v eer o� this path ha v e b een pruned

a w a y as describ ed ab o v e. Greedy algorithms are co v ered in Chapter 10.

Eliminating Rep eated SubInstances With Memorization: The �nal w a y of sp eeding up a recursiv e

bac k trac king algorithm remem b ers (memorization) the solutions for the subinstances solv ed b y recur-

siv e calls that are made along the w a y so that if ev er a su�cien tly similar subinstance needs to b e

solv ed, the same answ er can b e used. This e�ectiv ely prunes o� this later branc h of the classi�cation

tree.

Lev eled Graph: Memorization is v ery useful for this problem as the same no de gets reac hed man y

times. W e co v er this in Section 16.2.1.

Best Animal: F or example, if w e add color as an additional classi�cation, the sub classes animal-green-

v ertebrate-reptile-lizard-c hameleon and animal-bro wn-v ertebrate-reptile-lizard-c ha meleon really

are the same b ecause eac h c hameleon is able to tak e on either a green or a bro wn asp ect, but this

asp ect is irrelev an t to the computational problem.

Dynamic programming algorithms, studied in Chapter 16, tak e this idea one step further. Once the

set of subinstance that need to b e solv ed is determined, the algorithm no longer tra v erses recursiv ely

through the classi�cation tree but simply solv es eac h of the required subinstance in smallest to largest

order.

15.2 Pruning In v alid Solutions

In this section, w e giv e three examples of solving an optimization problem using recursiv e bac ktrac king.

Eac h will demonstrate, among other things, ho w the set of solutions can b e organized in to a classi�cation

tree and ho w branc hes of this tree con taining in v alid solutions can b e pruned. See Section 15.1.2.



15.2. PR UNING INV ALID SOLUTIONS 217

15.2.1 Satis�abilit y

A famous optimization problem is called satis�ability or SA T for short. It is one of the basic problems arising

in man y �elds. The recursiv e bac ktrac king algorithm giv en here is refereed to the Davis Putnum algorithm.

It is an example of an algorithm whose running time is exp onen tial time for w orst case inputs, y et in man y

practical situations can w ork w ell. This algorithm is one of basic algorithms underlying automated theorem

pro ving and rob ot path planning among other things.

The Satis�abilit y Problem:

Instances: An instance (input) consists of a set of constrain ts on the assignmen t to the binary v ariables

x

1

; x

2

; : : : ; x

n

. A t ypical constrain t migh t b e h x

1

or x

3

or x

8

i , meaning ( x

1

= 1 or x

3

= 0 or

x

8

= 1) or equiv alen tly that either x

1

is true, x

3

is false, or x

8

is true.

Solutions: Eac h of the 2

n

assignmen ts is a p ossible solution. An assignmen t is v alid for the giv en

instance, if it satis�es all of the constrain ts.

Cost of Solution: An assignmen t is assigned the v alue one if it satis�es all of the constrain ts and the

v alue zero otherwise.

Goal: Giv en the constrain ts, the goal is to �nd a satisfying assignmen t.

Iterating Through the Solutions: The brute force algorithm simply tries eac h of the 2

n

assignmen ts of

the v ariables. Before reading on, think ab out ho w y ou w ould non-recursiv ely iterate through all of

these solutions. Ev en this simplest of examples is surprisingly hard.

Nested Lo ops: The ob vious algorithm is to ha v e n nested lo ops eac h going from 0 to 1. Ho w ev er,

this requires kno wing the v alue of n b efore compile time, whic h is not to o lik ely .

Incremen ting Binary Num b ers: Another options is to treat the assignmen t as an n bit binary

n um b er and then lo op through the 2

n

assignmen ts b y incremen ting this binary n um b er eac h

iteration.

Recursiv e Algorithm: The recursiv e bac ktrac king tec hnique is able to iterate through the solutions

with m uc h less e�ort in co ding. First the algorithm commits to assigning x

1

= 0 and recursiv ely

iterates through the 2

n � 1

assignmen ts of the remaining v ariables. Then the algorithm bac k trac ks

rep eating these steps with the c hoice x

1

= 1. View ed another w a y , the �rst little bird question

ab out the solutions is whether the �rst v ariable x

1

is set to zero or one, the second question asks

ab out the second v ariable x

2

, and so on. The 2

n

assignmen ts of the v ariables x

1

; x

2

; : : : ; x

n

are

asso ciated with the 2

n

lea v es of the complete binary tree with depth n . A giv en path from the

ro ot to a leaf commits eac h v ariable x

i

to b eing either zero or one b y ha ving the path turn to

either the left or to the righ t when reac hing the i

th

lev el.

Instances and SubInstances: Giv en an instance, the recursiv e algorithm m ust construct t w o subinstances

for his friend to recurse with. There are t w o tec hniques for doing this.

Narro wing the Class of Solutions: A t ypical instance asso ciated with some no de of the classi�ca-

tion tree will sp ecify the original set of constrain ts and an assignmen t of a pre�x x

1

; x

2

; : : : ; x

k

of the v ariables. A solution is an assignmen t of the n v ariables that is consisten t with this pre-

�x assignmen t. T ra v ersing a step further do wn the classi�cation tree further narro ws the set of

solutions.

Reducing the Instance: Giv en an instance consisting of a n um b er of constrain ts on n v ariables, w e

�rst try assigning x

1

= 0. The subinstance to b e giv en to the �rst friend will b e the constrain ts

on remaining v ariables giv en that x

1

= 0. F or example, if one of our original constrain ts is

h x

1

or x

3

or x

8

i , then after assigning x

1

= 0, the reduced constrain t will b e h x

3

or x

8

i . This is

b ecause it is no longer p ossible for x

1

to b e true, lea ving that one of x

3

or x

8

m ust b e true. On the

other hand, after assigning x

1

= 1, the original constrain t is satis�ed indep enden t of the v alues of

the other v ariables, and hence this constrain t can b e remo v ed.
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Pruning: This recursiv e bac ktrac king algorithm for S AT can b e sp eed up. This can either b e view ed

globally as a pruning o� of en tire branc hes of the classi�cation tree or lo cally as seeing that some

subinstances after they ha v e b een su�cien tly reduced are trivial to solv e.

Pruning O� Branc hes The T ree: Consider the no de of the classi�cation tree arriv ed at do wn the

subpath x

1

= 0 ; x

2

= 1, x

3

= 1, x

4

= 0 ; : : : ; x

8

= 0. All of the assignmen t solutions consisten t

with this partial assignmen t fail to satisfy the constrain t h x

1

or x

3

or x

8

i . Hence, this en tire

subtree can b e pruned o�.

T rivial SubInstances: When the algorithm tries to assign x

1

= 0, the constrain t h x

1

or x

3

or x

8

i is

reduced to h x

3

or x

8

i . Assigning x

2

= 1, do es not c hange this particular constrain t. Assigning

x

3

= 1, reduces this constrain t further to simply h x

8

i stating that x

8

m ust b e true. Finally , when

the algorithm is considering the v alue for x

8

, it sees from this constrain t that x

8

is for c e d to b e

one. Hence, the x

8

= 1 friend is called, but the x

8

= 0 friend is not.

Da vis Putn um: The ab o v e algorithm branc hes on the v alues of eac h v ariable, x

1

; x

2

; : : : ; x

n

, in order.

Ho w ev er, there is no particular reason that this order needs to b e �xed. Eac h branc h of the recursiv e

algorithm can dynamically use some heuristic to decide whic h v ariable to branc h on next. F or example,

if there is a v ariable lik e x

8

ab o v e whose assignmen t is forced b y some constrain t, then clearly this

assignmen t should b e done immediately . Doing so remo v es this v ariable from all the other constrain ts,

simplifying the instance. More o v er, if the algorithm branc hed on x

4

; : : : ; x

7

b efore the forcing of x

8

,

then this same forcing w ould need to b e rep eated within all 2

4

of these branc hes.

If there are no v ariables to force, a common strategy is to branc h on the v ariable that app ears in the

largest n um b er of constrains. The thinking is that the remo v al of this v ariable ma y lead to the most

simpli�cation of the instance.

An example of ho w di�eren t branc hes ma y set the v ariables in a di�eren t order is the follo wing.

Supp ose that h x

1

or x

2

i and h x

1

or x

3

i are t w o of the constrain ts. Assigning x

1

= 0 will simplify the

�rst constrain t to h x

2

i and remo v e the second constrain t. The next step w ould b e to force x

2

= 1. On

the other hand, assigning x

1

= 1 will simplify the second constrain t to forcing x

3

= 1.

Co de:

algorithm D av isP utnum ( c )

h pr e � cond i : c is a set of constrain ts on the assignmen t to ~ x .

h post � cond i : If p ossible, optS ol is a satisfying assignmen t and optC ost is one. Otherwise optC ost

is zero.

b egin

if( c has no constrain ts or no v ariables ) then

% c is trivially satis�able

return h; ; 1 i

else if( c has b oth a constrain t forcing a v ariable x

i

to 0 and one forcing the same v ariable to 1 ) then

% c is trivially not satis�able

return h; ; 0 i

else

for an y v ariable forced b y a constrain t to some v alue

substitute this v alue in to c .

let x

i

b e the v ariable that app ears the most often in c

% Lo op o v er the p ossible bird answ ers

for k = 0 to 1

% Get help from friend

let c

0

b e the constrain ts c with k substituted in for x

i

h optS ubS ol ; optS ubC ost i = D av isP utnum ( c

0

)

optS ol

k

= h forced v alues ; x

i

= k ; optS ubS ol i



15.2. PR UNING INV ALID SOLUTIONS 219

optC ost

k

= optS ubC ost

end for

% T ak e the b est bird answ er.

k

max

= \a k that maximizes optC ost

k

"

optS ol = optS ol

k

max

optC ost = optC ost

k

max

return h optS ol ; optC ost i

end if

end algorithm

Running Time: If no pruning is done, then clearly the running time is 
(2

n

) as all 2

n

assignmen ts are

tried. Considerable pruning needs to o ccur to mak e the algorithm p olynomial time. Certainly in the

w orst case, the running time is 2

�( n )

. In practice, ho w ev er, the algorithm can b e quite fast. F or

example, supp ose that the instance is c hosen randomly b y c ho osing m constrain ts, eac h of whic h is

the or of three v ariables or there negations, eg. h x

1

or x

3

or x

8

i . If few constrain ts are c hosen, sa y m

is less than ab out 3 n , then with v ery high probabilit y there are man y satisfying assignmen ts and the

algorithm quic kly �nds one of these assignmen ts. If lots of constrain ts are c hosen, sa y m is at least

n

2

, then with v ery high probabilit y there are man y con
icting constrain ts prev en ting there from b eing

an y satisfying assignmen ts and the algorithm quic kly �nds one of these con tradictions. On the other

hand, if the n um b er of constrain ts c hosen is b et w een these thresholds, then it has b een pro v ed that

the Da vis Putn um algorithm tak es exp onen tial time.

15.2.2 Scrabble

Consider the follo wing scrabble problem. An instance consists of a set of letters and a dictionary . A solution

consists of a p erm utation of a subset of the giv en letters. A solution is v alid if it is in the dictionary . The

v alue of a solution is giv en b y its placemen t on the b oard. The goal is to �nd a highest p oin t w ord that is

in the dictionary .

The simple brute force algorithm searc hes the dictionary for eac h p erm utation of eac h subset of the

letters. The bac k-trac king algorithm tries all of the p ossibilities for the �rst letter and then recurses. Eac h

of these stac k frames tries all of the remaining p ossibilities for the second letter, and so on. This can b e

pruned b y observing that if the w ord constructed so far, eg. \xq", is not the �rst letters of an y w ord in the

dictionary , then there is no need for this stac k frame to recurse an y further. (Another impro v emen t on the

running time ensures that the w ords are searc hed for in the dictionary in alphab etical order.)

15.2.3 Queens

The follo wing is a fun exercise to help y ou trace through a recursiv e bac k trac king algorithm. It is called

the Queen's Problem. Ph ysically get y ourself (or mak e on pap er) a c hess b oard and eigh t tok ens to act as

queens. The goal is to place all eigh t queens on the b oard in a w a y suc h that no pieces mo ving lik e queen

along a ro w, column, or diagonal is able to capture an y other piece.

The recursiv e bac ktrac king algorithm is as follo ws. First it observ es that eac h of the eigh t ro ws can ha v e

at most one queen or else they will capture eac h other. Hence eac h ro w m ust ha v e one of the eigh t queens.

Giv en a placemen t of queens in the �rst few ro ws, a stac k frame tries eac h of the legal placemen ts of a queen

in the next ro w. F or eac h suc h placemen ts, the algorithm recurses.

Co de:

algorithm Queens ( C ; r ow )

h pr e � cond i : C is a c hess b oard con taining a queen on the �rst r ow � 1 ro ws in suc h a w a y that no

t w o can capture eac h other. The remaining ro ws ha v e no queen.

h post � cond i : All legal arrangemen ts of the 8 queens consisten t with this initial placemen t are prin ted

out.



220 CHAPTER 15. RECURSIVE BA CK TRA CKING ALGORITHMS

b egin

if( r ow > 8 ) then

prin t( C )

else

lo op col = 1 : : : 8

Place a queen on lo cation C ( r ow ; col )

if( this creates a con
ict) then

Do not pursue this option further. Do not recurse.

Note this prunes o� this en tire branc h of the recursiv e tree

else

Queens ( C ; r ow + 1)

end if

bac k trac k remo ving the queen from lo cation C ( r ow ; col )

end lo op

end if

end algorithm

T race this algorithm. It is not di�cult to do b ecause there is an activ e stac k frame for eac h queen

curren tly on the b oard. Y ou start b y placing a queen on eac h ro w, one at a time, in the left most legal

p osition un til y ou get stuc k. Then when ev er a queen cannot b e placed on a ro w or mo v es o� the righ t of a

ro w, y ou mo v e the queen on the ro w ab o v e un til it is in the next legal sp ot.

Exercise 15.2.1 (Se e solution in Se ction 20) T r ac e this algorithm. What ar e the �rst dozen le gal outputs

for the algorithm. T o save time r e c or d the p ositions state d in a given output by the ve ctor h c

1

; c

2

; : : : ; c

8

i

wher e for e ach r 2 [1 :: 8] ther e is a que en at lo c ation C ( r ; c

r

) . T o save mor e time, note that the �rst two or

thr e e que ens do not move so fast. Henc e, it might b e worth it to dr aw a b o ar d with al l squar es c on
icting

with these cr osse d out.

Exercise 15.2.2 Consider the same Que ens algorithm placing n que ens on an n by n b o ar d inste ad of only

8. Give a r e asonable upp er and lower b ound on the running time of this algorithm after al l the pruning

o c curs.

15.3 Pruning Equally V alued Solutions

This section demonstrates ho w a branc h of the classi�cation tree can b e pruned when for eac h solution

con tained in the branc h, there is another solution outside of it whose v alue is at least as go o d.

15.3.1 Recursiv e Depth First Searc h

W e will no w consider another v ersion of the graph searc h problem. But no w instead of lo oking for the

shortest w eigh ted path for the source s to the sink t , w e will only try to reac h eac h no de once. It mak es sense

that to accomplish this, man y of the exp onen tial n um b er of p ossible paths do not need to b e considered.

The resulting recursiv e bac ktrac king algorithm is called r e cursive depth-�rst-se ar ch . This algorithm directly

mirrors iterativ e depth-�rst-searc h presen t in Section 8.4. The only di�erence is that the iterativ e v ersion

uses a stac k to k eep trac k of the route bac k to the start no de, while the recursiv e v ersion uses the stac k of

recursiv e stac k frames instead.

The Optimization Problem: An instance to the searc h problem is a graph with a source no de s . T o

mak e it more in teresting eac h no de in the graph will also b e allo cated a w eigh t b y the instance. A

solution for this instance is a path starting at the source no de s . The v alue of the solution is the w eigh t

of the last no de in the path. The goal is to �nd a path to a highest w eigh ted no de.

The Recursiv e Bac ktrac king Algorithm: The initial recursiv e bac ktrac king algorithm for this problem

is just as it w as b efore. The algorithm tries eac h of the edges out of the source no de s . T rying an
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edge consists of: tra v ersing the edge; recursiv ely searc hing from there; and bac ktrac king bac k across

the edge. A t an y p oin t in the algorithm, the stac k of recursiv e stac k frames traces (lik e bread crum bs)

indicates the path follo w ed from s to the curren t no de b eing considered.

Pruning Equally V alued Solutions: Recall the example giv en in Section 15.1.2. If it could b e pro v en

that for ev ery reptile there exists at least one mammal that is rated at least as high, then the algorithm

can a v oid iterating through all the reptiles. This is pro v ed b y mo difying eac h reptile in to an mammal

of at least equal v alue b y adding a wig.

In our presen t example, t w o paths (solutions) to the same no de ha v e the same v alue. Hence, all second

paths to the same no de can b e pruned from our consideration. W e will accomplish this as follo ws.

When a no de has b een recursed from once, w e will mark it and nev er recurse from it again.

The Recursiv e Depth First Searc h Problem:

Precondition: An input instance consists of a (directed or undirected) graph G with some of its

no des mark ed f ound and a source no de s .

P ostcondition: The output is the same graph G except all no des v reac hable from s without passing

through a previously found no de are no w also mark ed as b eing found.

Co de: The graph, whic h is implemen t as a global v ariable, is assumed to b e b oth input and output to the

routine.

algorithm D epthF ir stS ear ch ( s )

h pr e & post � cond i : See ab o v e. This algorithm implicitly acts on some graph ADT G .

b egin

if s is mark ed as found then

do nothing

else

mark s as found

for eac h v connected to s

D epthF ir stS ear ch ( v )

end for

end if

end algorithm

Exercise 15.3.1 T r ac e out the iter ative and the r e cursive algorithms on the same gr aph and se e how

they c omp ar e.

S

v

u

a b c
Graph when
routine returns

S

v

u

a b c

S

v

u

a b c

Instance

Second Friend Third FriendOur Stack Frame First Friend
S=s

v

u

b c

S

v

u

b ca=sa

S

v

u

a cb=s
S

v

u

a b c=s

Our Stack Frame

unchanged

Figure 15.4: An Example Instance Graph
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Example: Consider the instance graph in Figure 15.4.

Pruning P aths: There are t w o ob vious paths from no de S to no de v . Ho w ev er, there are actually

an in�nite n um b er of suc h paths. One path of in terest is the one that starts at S , tra v erses

around past u up to c and then do wn to v . All of these equally v alued paths will b e pruned from

consideration, except the one that go es from S through b and u directly to v .

Three F riends: Giv en this instance, w e �rst mark our source no de S with an x and then w e recurse

three times, once from eac h of a , b , and c .

F riend a : Our �rst friend marks all no des that are reac hable from its source no de a = s without

passing through a previously mark ed no de. This includes only the no des in the left most

branc h, b ecause when w e mark ed our source S , w e blo c k his route to the rest of the graph.

F riend b : Our second friend do es the same. He �nds, for example, the path that go es from b

through u directly to v . He also �nds and marks the no des bac k around to c .

F riend c : Our third friend is of particular in terest. He �nds that his source no de, c , has already

b een mark ed. Hence, he returns without doing an ything. This prunes o� this en tire branc h

of the recursion tree. The reason that he can do this is b ecause for an y path to a no de that

he w ould consider, another path to the same no de has already b een considered.

Ac hieving The P ostcondition: Consider the comp onen t of the graph reac hable from our source s

without passing through a previously mark ed no des. (Because our instance has no mark ed no des,

this includes all the no des.) T o mark the no des within this comp onen t, w e do the follo wing. First,

w e mark our source s . This partitions our comp onen t of reac hable no des in to sub comp onen ts that

are still reac hable from eac h other. Eac h suc h sub comp onen t has at least one edge from s in to it.

When w e tra v erse the �rst suc h edge, this friend marks all the no des within this sub comp onen t.

Size of a SubInstance: Section 15.1.4 stated that a reasonable measure of the size of an instance is the

length of its longest v alid solution. Ho w ev er, it also p oin ted out that this do es not w ork when solutions

migh t b e in�nitely long. This is the situation here, b ecause solutions are paths that migh t wind

in�nitely often around cycles of the graph. Instead, w e will measure the size of an instance to b e the

n um b er of unmark ed no des. Eac h subinstance that w e giv e to a friend is strictly \smaller" than our

o wn instance b ecause w e mark ed our source no de s .

Running Time: Marking a no de b efore it is recursed from insures that eac h no de is recursed from at most

once. Recursing from a no de in v olv es tra v ersing eac h edge from it. Hence, eac h edge is tra v ersed at

most t wice: once from eac h direction. Hence, the running time is linear in the n um b er of edges.



Chapter 16

Dynamic Programming

Dynamic Programming is a v ery p o w erful tec hnique for designing p olynomial time algorithms for optimiza-

tion problems that are required ev ery da y to solv e real life problems. Though it is not hard to giv e man y

examples, it has b een a c hallenge to de�ne exactly what the Dynamic Programming tec hnique is. The

previous c hapter on recursiv e bac ktrac king algorithms and this c hapter attempt to do this. Dynamic pro-

grams can b e though t of from t w o v ery di�eren t p ersp ectiv es: as an iterativ e lo op in v arian t algorithm that

�lls in a table and as an optimized recursiv e bac k trac king algorithm. It is imp ortan t to understand b oth

p ersp ectiv es.

Optimization problems requires the algorithm to �nd the optimal solution from an exp onen tially large

set of solutions for the giv en instance. (See Section 15.1.1.) The general tec hnique of a dynamic program is

as follo ws. Giv en an instance to the problem, the algorithm �rst determines its en tire set of \subinstances",

\sub-subinstances", \sub-sub-subinstances", and so on. Then it forms a table indexed b y these subinstances.

Within eac h en try of the table, the algorithm stores an optimal solution for the subinstance. These en tries

are �lled in one at a time ordered from smallest to largest subinstance. When completed, the last en try will

con tain an optimal solution for the original instance.

F rom the p ersp ectiv e of an iterativ e algorithm, the subinstances are often pre�xes of the instance and

hence the algorithm iterates through the subinstances b y iterating in some w a y through the elemen ts of

the instance. The lo op in v arian t main tained is that the previous table en tries ha v e b een �lled in correctly .

Progress is made while main taining this lo op in v arian t b y �lling in the next en try . This is accomplished

using the solutions stored in the previous en tries.

On the other hand, the tec hnique for �nding an optimal solution for a giv en subinstance is iden tical to

the tec hnique used in recursiv e bac ktrac king algorithms, from Chapter 15.

16.1 The Iterativ e Lo op In v arian t P ersp ectiv e

of Dynamic Programming

Longest Increasing Con tiguous SubSequence: T o b egin understanding dynamic programming from

the iterativ e lo op in v arian t p ersp ectiv e, let us consider a v ery simple example. Supp ose that the input

consists of a sequence A [1 ; n ] of in tegers and w e w an t to �nd the longest con tiguous subsequence

A [ k

1

; k

2

] suc h that the elemen ts are monotonically increasing. F or example, the optimal solution for

[5 ; 3 ; 1 ; 3 ; 7 ; 9 ; 8] is [1 ; 3 ; 7 ; 9].

Deterministic Non-Finite Automata: The algorithm will read the input c haracters one at a time. Let

A [1 ; i ] denote the subsequence read so far. The lo op in v arian t will b e that some information ab out this

pre�x A [1 ; i ] is stored. F rom this information ab out A [1 ; i ] and the elemen t A [ i + 1], the algorithm m ust

b e able to determine the required information ab out the pre�x A [1 ; i + 1]. In the end, the algorithm

m ust b e able to determine the solution, from this information ab out the en tire sequence A [1 ; n ]. Suc h

an algorithm is called a Deterministic Finite Automata (DF A) if only a constan t amoun t of information

is stored at eac h p oin t in time. Ho w ev er, in this c hapter more memory then this will b e required.

223
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The Algorithm: After reading A [1 ; i ], remem b er the longest increasing con tiguous subsequence A [ k

1

; k

2

]

read so far and its size. In addition, so that y ou kno w whether the curren t increasing con tiguous

subsequence gets to b e longer than the previous one, sa v e the longest one ending in the v alue A [ i ], and

its size.

If y ou ha v e this information ab out A [1 ; i � 1], then w e learn it ab out A [1 ; i ] as follo ws. If A [ i � 1] � A [ i ],

then the longest increasing con tiguous subsequence ending in the curren t v alue increases in length b y

one. Otherwise, it shrinks to b eing only the one elemen t A [ i ]. If this subsequence increases to b e longer

than our previously longest, then it replaces the previous longest. In the end, w e kno w the longest

increasing con tiguous subsequence.

The running time is �( n ). As an aside, note that this is not a DF A b ecause the amoun t of space to

remem b er an index and a coun t is �(log n ).

Longest Increasing SubSequence: The follo wing is a harder problem. Again the input consists of a

sequence A of in tegers of size n . Ho w ev er no w w e w an t to �nd the longest (not necessarily con tiguous)

subsequence S � [1 ; n ] suc h that the elemen ts, in the order that they app ear in A , are monotonically

increasing.

Dynamic Programming Deterministic Non-Finite Automata: Again the algorithm will read the in-

put c haracters one at a time. But no w the algorithm will store suitable information, not only ab out

the curren t subsequence A [1 ; i ], but also ab out eac h previous subsequence 8 j � i; A [1 ; j ]. Eac h of these

subsequences A [1 ; j ] will b e referred to as a subinstanc e of the original instance A [1 ; n ].

The Algorithm: As b efore, w e will store b oth the longest increasing sequence seen so far and the longest

one(s) that w e are curren tly gro wing.

Supp ose that the subsequence read so far is 10 ; 20 ; 1 ; 30 ; 40 ; 2 ; 50 . Then 10 ; 20 ; 30 ; 40 ; 50 is the longest

increasing subsequence so far. A shorter one is 1 ; 2 ; 50. The problem with these ones is that they end

in a large n um b er, so w e ma y not b e able to extend them further. In case the rest of the string is

3 ; 4 ; 5 ; 6 ; 7 ; 8, w e will ha v e to ha v e remem b ered that 1 ; 2 is the longest increasing subsequence that ends

in the v alue 2. In fact, for man y v alues v , w e need to remem b er the longest increasing subsequence

ending in this v alue v (or smaller), b ecause in the end, it ma y b e that the man y of the remaining

elemen ts increase starting from this v alue. W e only need to do this for v alues v that ha v e b een seen so

far in the arra y . Hence, one p ossibilit y is to store, for eac h j � i , the longest increasing subsequence

in A [1 ; j ] that ends with the v alue A [ j ].

If y ou ha v e this information for eac h j � i � 1, then w e learn it ab out A [ i ] as follo ws. F or eac h j � i � 1,

if A [ j ] � A [ i ], then A [ i ] can extend the subsequence ending with A [ j ]. Giv en this construction, the

maxim um length for i w ould then b e one more than that for j . W e get the longest one for i b y taking

the b est o v er all suc h j . If there is no suc h j , then the coun t for i will b e 1, namely simply A [ i ] itself.

The time for �nding this b est subsequence ending in A [ j ] from whic h to extend to A [ i ] w ould tak e

�( i ) time if eac h j 2 [1 ; i � 1] needed to b e c hec k ed. Ho w ev er, b y storing this information in a heap,

the b est j can b e found in �( l og i ) time. This giv es a total time of �(

P

n

i =1

log i ) = �( n log n ) for this

algorithm.

In the end, the solution is the increasing subsequence ending in A [ j ] where j 2 [1 ; n ] is that for whic h

this coun t is the largest.

Recursiv e Bac k T rac king: W e can understand this same algorithm from the recursiv e bac k trac king p er-

sp ectiv e. See Chapter 15. Giv en the goal of �nding the longest increasing subsequence of A [1 ; i ], one

migh t ask the \little bird" whether or not the last elemen t A [ i ] should b e included. Both options need

to tried. If A [ i ] is not to b e included, then the remaining subtask is to �nd the longest increasing

subsequence of A [1 ; i � 1]. This is clearly a subinstance of the same problem. Ho w ev er, if A [ i ] is to b e

included, then the remaining subtask is to �nd the longest increasing subsequence of A [1 ; i � 1] that

ends in a v alue that is smaller or equal to this last v alue A [ i ]. This remotiv ates the fact that w e need

to learn b oth the longest increasing sequence of the pre�x A [1 ; i ] and the longest one ends in A [ i ].
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16.2 The Recursiv e Bac k T rac king P ersp ectiv e

of Dynamic Programming

In addition to viewing dynamic programming algorithms as an iterativ e algorithm with a lo op in v arian t,

another useful tec hnique for designing a dynamic programming algorithm for an optimization problem is

to �rst design a recursiv e bac ktrac king algorithm for the problem and then use memoization tec hniques to

mec hanically con v ert this algorithm in to a dynamic programming algorithm.

A Recursiv e Bac k T rac king Algorithm: The �rst algorithm to design for the problem organizes the

solutions for the giv en instance in to a classi�cation tree and then recursiv ely tra v erses this tree lo oking

for the b est solution.

Memoization: Memoization sp eeds up suc h a recursiv e algorithm b y sa ving the result for eac h subinstance

and sub-subinstance in the recursion tree so that it do es not need to b e recomputed again if it is

needed.

Dynamic programming: Dynamic programming tak es the idea of memoization one step further. The

algorithm �rst determines the set of subinstances within the en tire tree of subinstances. Then it forms

a table indexed b y these subinstances. Within eac h en try of the table, the algorithm stores an optimal

solution for the subinstance. These en tries are �lled out one at a time ordered from smallest to largest

subinstance. In this w a y , when a friend needs an answ er from one of his friends, this friend has already

stored the answ er in the table. When completed, the last en try will con tain an optimal solution for

the original instance.

16.2.1 Eliminating Rep eated SubInstances With Memoization

Memoization is a tec hnique to mec hanically sp eed up a recursiv e algorithm. See Section 15.1.2. A recursiv e

algorithm recurses on subinstances of a giv en input instance. Eac h of these stack fr ames recurses on sub-

subinstances and so on, forming an en tire tree of subinstances, called the r e cursion tr e e . Memoization sp eeds

up suc h a recursiv e algorithm b y sa ving the result for eac h subinstance considered in the recursion tree so

that it do es not need to b e recomputed again if it is needed. This sa v es not only the w ork done b y that

stac k frame, but also that done b y the en tire subtree of stac k frames under it. Clearly , memoization sp eeds

up a recursiv e algorithm if, and only if, the same subinstances are recalled man y times.

A simple example is to compute the n

th

Fib onacci n um b er, where F ib (0) = 0, F ib (1) = 1, and F ib ( n ) =

F ib ( n � 1) + F ib ( n � 2). See Section 1.6.4.

The Recursiv e Algorithm: The ob vious recursiv e algorithm is

algorithm F ib ( n )

h pr e � cond i : n is a p ositiv e in teger.

h post � cond i : The output is the n Fib onacci n um b er.

b egin

if( n = 0 or n = 1 ) then

result( n )

else

result( F ib ( n � 1) + F ib ( n � 2) )

end if

end algorithm

Ho w ev er, if y ou trace this recursiv e algorithm out, y ou will quic kly see that that the running time is

exp onen tial, T ( n ) = T ( n � 1) + T ( n � 2) + �(1) = �(1 : 61

n

).
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Sa ving Results: The recursiv e algorithm for F ib tak es m uc h more time than it should b ecause man y stac k

frames are called with the same input v alue. F or example, h 100 i calls h 99 i and ev en tually calls h 98 i .

(See Figure 16.1.) This h 99 i stac k frame calls h 98 i , whic h creates a large tree of stac k frames under

it. When the con trol gets bac k to the original h 100 i stac k frame, it calls h 98 i and this en tire tree is

rep eated.

98

97 96

98

97 96

99

97

100

Figure 16.1: Stac k frames called when starting with Fib(100)

Memoization a v oids this problem b y sa ving the results to previously computed instances. The follo wing

do es not sho w ho w it is actually done, but it will giv e y ou an in tuitiv e sense of what happ ens:

algorithm S av e ( n; r esul t )

h pr e � cond i : n is an instance and r esul t is its solution.

h post � cond i : This result is sa v ed.

b egin

% Co de not pro vided

end algorithm

algorithm Get ( n )

h pr e � cond i : n is an instance.

h post � cond i : if the result for n has b een sa v ed then returns true and result

else returns false

b egin

% Co de not pro vided

end algorithm

algorithm F ib ( n )

h pr e � cond i : n is a p ositiv e in teger.

h post � cond i : The output is the n Fib onacci n um b er.

b egin

h sav ed; f ib i = Get ( n )

if( sav ed ) then

result( f ib )

end if

if( n = 0 or n = 1 ) then

f ib = n

else
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f ib = F ib ( n � 1) + F ib ( n � 2)

end if

S av e ( n; f ib )

result( f ib )

end algorithm

The total computation time of this algorithm on instance n is only �( n ). The reason is that the

algorithm recurses at most once for eac h v alue n

0

2 [0 ::n ]. Eac h suc h stac k frame tak es only �(1) time.

Sa v e Only the Results of the SubInstances of the Giv en Instance: The goal is not to main tain a

database of the results of all the instances of the problem the algorithm has ev er seen. Suc h a database

could b e far to o large. Instead, when giv en one instance that y ou w an t the result for, the program

temp orarily stores the results to all the subinstances that are encoun tered in the recursion tree for this

instance.

Dynamic Programming: Dynamic programming tak es the idea of memoization one step further. Instead

of k eeping trac k of whic h friends are w aiting for answ ers from whic h friends, it is easier to �rst determine

the complete set of subinstances for whic h solutions are needed and then to compute them in an order

suc h that no friend m ust w ait.

The set of subinstances in the recursiv e tree giv en b y F ib on input n is 0 ; 1 ; : : : ; n . The iterativ e

algorithm sets up a one-dimensional table with en tries indexed b y 0 ; 1 ; : : : ; n .

algorithm F ib ( n )

h pr e � cond i : n is a p ositiv e in teger.

h post � cond i : The output is the n Fib onacci n um b er.

b egin

tabl e [0 ::n ] f ib

f ib [0] = 0

f ib [1] = 1

lo op i = 2 ::n

f ib [ i ] = f ib [ i � 1] + f ib [ i � 2]

end lo op

result( f ib [ n ] )

end algorithm

16.2.2 Redundancy in The Shortest P ath within a Lev eled Graph:

W e will no w con tin ue with the shortest path within a lev eled graph example started in Section 15.1.3.

The Redundancy: The recursiv e algorithm giv en tra v erses eac h of the exp onen tially man y paths from s to

t . The go o d news is that within this exp onen tial amoun t of w ork, there is a great deal of redundancy .

Di�eren t \friends" are assigned the exact same task. In fact, for eac h path from s to v

i

, some friend

is ask ed to solv e the subinstance h G; v

i

; t i . See Figure 16.2.a.

The Memoization Algorithm: Let's impro v e the recursiv e algorithm as follo ws. W e �rst observ e that

there are only n = 10 distinct subinstances the friends are solving. See Figure 16.2.b. Instead of ha ving

an exp onen tial n um b er of friends, w e will ha v e only ten friends eac h dedicated to one of the ten tasks,

namely for i 2 [0 :: 9], friend F r iend

i

m ust �nd a b est path from v

i

to t .

Ov erhead for Recursion: This memoization algorithm still in v olv es recursiv ely tra v ersing through a

pruned v ersion of the tree of subinstances. It requires the algorithm to k eep trac k of whic h friends are

w aiting for answ ers from whic h friends. This is necessary if the algorithm do es not kno w ahead of time

whic h subinstances are needed. Ho w ev er, t ypically giv en an instance, the en tire set of subinstances is

easy to determine apriori.
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Figure 16.2: a) The recursiv e algorithm is exp onen tial b ecause di�eren t \friends" are assigned the same

task. b) The dynamic programming algorithm: The v alue within the circle of no de v

i

giv es the w eigh t of a

minim um path from v

i

to t . The little arro w out of no de v

i

indicates the �rst edge a b est path from v

i

to t .

16.2.3 The Set of SubInstances

The �rst step in sp ecifying, understanding, or designing a dynamic programming algorithm is to consider

the set of subinstances that needs to b e solv ed.

Obtaining The Set of SubInstances:

Recursiv e Structure: Before ev en designing the recursiv e bac ktrac king algorithm for a problem, it

is helpful to consider the recursiv e structure of the problem and try to guess what a reasonable

set of subinstances for an instance migh t b e.

Useful SubInstances: It is imp ortan t that the subinstances are suc h that a solution to them is

helpful to answ ering the original giv en instance.

Lev eled Graph: In our running example, an instance to the problem asks for a shortest w eigh ted

path b et w een sp eci�ed no des s and t within a giv en lev eled graph G . If the no des v

i

and v

j

b oth happ en to b e on route b et w een s and t , then kno wing a shortest path b et w een these

in termediate no des w ould b e helpful. Ho w ev er, w e do not kno w apriori whic h no des will b e

along the shortest path from s to t . Hence, w e migh t let the set of subinstance consist of

asking for a shortest path b et w een v

i

and v

j

for ev ery pair of no des v

i

and v

j

.

Sometimes our initial guess either con tains to o man y subinstances or to o few. This is one of the

reasons for designing a recursiv e bac ktrac king algorithm.

The Set of Subinstances Called b y the Recursiv e Bac k T rac king Algorithm: The set of

subinstances needed b y the dynamic program for a giv en instance is precisely the complete set

of subinstances that will get called b y the recursiv e bac ktrac king algorithm, starting with this

instance. (In Section 16.2.8, w e discuss closure tec hniques for determining this set.)

Lev eled Graph: Starting with the instance h G; s; t i , the complete set of subinstances called will

b e f h G; v

i

; t i j for eac h no de v

i

ab o v e t g , namely , the task of �nding the b est path from some

new source no de v

i

to the original destination no de t .

Base Cases and The Original Instance: The set of subinstances will con tain subinstance with sophis-

tication v arying from base cases all the w a y to the original instance. Optimal solutions for the base

case subinstances are trivial to �nd without an y help from friends. When an optimal solution for the

original instance is found, the algorithm is complete.

Lev eled Graph: Because v

n

is just another name for the original destination no de t , the subinstance

h G; v

n

; t i within this set is in fact a trivial base case h G; t; t i asking for the b est path from t to

itself. On the other end, b ecause v

0

is just another name for the original source no de s , the

subinstance h G; v

0

; t i within this set is in fact the original instance h G; s; t i .
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The Num b er of Subinstances: A dynamic-programming algorithm is fast only if the giv en instance do es

not ha v e man y subinstances.

Sub-Instance is a Sub-Sequence: A common reason for the n um b er subinstances of a giv en in-

stance b eing p olynomial is that the instance consists of a se quenc e of things rather than a set

of things. In suc h a case, eac h subinstance can b e a con tiguous (con tin uous) subsequence of the

things rather than an arbitrary subset of them. There are only O ( n

2

) con tiguous subsequences

of a sequence of length n , b ecause one can b e sp eci�ed b y sp ecifying the t w o end p oin ts. Ev en

b etter, there are ev en few subinstances if it is de�ned to b e a pre�x of the sequence. There are

only n pre�xes, b ecause one can b e sp eci�ed b y sp ecifying the one end p oin t. On the other hand,

there are 2

n

subsets of a set, b ecause for eac h ob ject y ou m ust decide whether or not to include

it.

Lev eled Graph: As stated in the de�nition of the problem, it is easiest to assume that the no des

are ordered suc h that an edge can only go from no de v

i

to no de v

j

if i < j in this order. W e

initially guessed that the O ( n

2

) subinstances consisting of subsequences b et w een t w o no des

v

i

and v

j

. W e then decreased this to only the O ( n ) p ost�xes from some no de v

i

to the end

t . Note that subinstances cannot b e subsequences of the instance if the input graph is not

required to b e lev eled.

Clique: In con trast, supp ose that y ou w an t the largest clique S of a giv en graph G . A subinstance

migh t sp ecify a subset V

0

� V of the no des and ask for the largest clique S

0

in the subgraph G

0

on these no des. The problem is that there are exp onen tial n um b er, 2

n

, of suc h subinstances.

Th us the ob vious dynamic programming algorithm do es not run in p olynomial time. It is

widely b eliev ed that this problem has no p olynomial time algorithm exists.

16.2.4 Filling In The T able

Constructing a T able Indexed b y Subinstances: Once y ou ha v e determined the set of subinstances

that needs to b e considered, the next step is to construct the table. It m ust ha v e one en try for eac h

subinstance. Generally , the table will ha v e one dimension for eac h \parameter" used to sp ecify a

particular subinstance. Eac h en try in the table is used to store an optimal solution for the subinstance

along with its cost. Often w e split this table in to t w o tables: one for the solution and one for the cost.

Lev eled Graph: The single parameter used to sp ecify a particular subinstance is i . Hence, suitable

tables w ould b e optS ol [ n:: 0] and optC ost [ n:: 0], where optS ol [ i ] will store the b est path from no de

v

i

to no de t and optC ost [ i ] will store its cost.

Solution from Sub-Solutions: The dynamic programming algorithm for �nding an optimal solution to

a giv en instance from an optimal solution to a subinstance is iden tical to that within the recursiv e

bac ktrac king algorithm.

Lev eled Graph: F r iend

i

�nd a b est path from v

i

to t as follo ws. F or eac h of the edges h v

i

; v

k

i out

of his no de, he �nds a b est path from v

i

to t from amongst those that tak e this edge. Then he

tak es the b est of these b est paths. A b est path from v

i

to t from amongst those that tak e the

edge h v

i

; v

k

i is found b y asking the F r iend

k

for a b est path from v

k

and then tac king on the edge

h v

i

; v

k

i .

The Order in whic h to Fill the T able: Ev ery recursiv e algorithm m ust guaran tee that it recurses only

on \smaller" instances. Hence, if the dynamic-programming algorithm �lls in the table from smaller to

larger instances, when an instance is b eing solv ed, the solution for eac h of its subinstances is already

a v ailable. Alternativ ely , simply c ho ose an y order to �ll the table that resp ects the dep endencies b et w een

the instances and their subinstances.

Lev eled Graph: The order, according to size, to �ll the table is t = v

n

, v

n � 1

, v

n � 2

, : : : , v

2

, v

1

,

v

0

= s . This order resp ects the dep endencies on the answ ers b ecause on instance h G; v

i

; t i ,
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F r iend

i

dep ends on F r iend

k

when ev er there is an edge h v

i

; v

k

i . Because edges m ust go from a

higher lev el to a lo w er one, w e kno w that k > i . This ensures that when F r iend

i

do es his w ork,

F r iend

k

has already stored his answ er in the table.

16.2.5 Rev ersing the Order

Though this algorithm w orks w ell, it w orks bac kw ards through the lo cal structure of the solution. The Dy-

namic Programming tec hnique rev erses the recursiv e bac ktrac king algorithm b y completing the subinstances

from smallest to largest. In order to ha v e the �nal algorithm mo v e forw ard, the recursiv e bac ktrac king

algorithm needs to go bac kw ards. W e will no w start o v er and redev elop the algorithm so that the w ork is

completed starting at the top of the graph.
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Figure 16.3: a) The rev ersed recursiv e bac ktrac king algorithm. b) The forw arded mo ving dynamic program-

ming algorithm: The v alue within the circle of no de v

i

giv es the w eigh t of a minim um path from s to v

i

.

The little arro w out of no de v

i

indicates the last edge a b est path from s to v

i

.

The Little Bird Asks Ab out The Last Ob ject: In the original algorithm, w e ask ed the little bird whic h

edge to tak e �rst in an optimal solution path from s to t . Instead, w e no w ask whic h edge is tak en last

within this optimal path.

The Recursiv e Bac k-T rac king Algorithm: Then w e try all of the answ ers that the bird migh t giv e.

When trying the p ossible last edge < v

6

; t > , w e construct the subinstance h G; s; v

6

i and in resp onse our

friend giv es us the b est path from s to no de v

6

. W e add the edge < v

6

; t > to his solution to get the b est

path from s to t consisten t with this little bird's answ er. W e rep eat this pro cess for the p ossible last

edges, < v

4

; t > , < v

7

; t > , and < v

8

; t > . Then w e tak e the b est of these b est answ ers. See �gure 16.3.a.

Determining the Set of Subinstances Called: Starting with the instance h G; s; t i , the complete set of

subinstances called will b e fh G; s; v

i

i j for eac h no de v

i

b elo w s g , namely , the task of �nding the b est

path from the original source no de s to some new destination no de v

i

.

Base Cases and The Original Instance: The subinstance h G; s; v

0

i is a trivial base case h G; s; s i and

the subinstance h G; s; v

n

i is the original instance h G; s; t i .

The Order in whic h to Fill the T able: A v alid order to �ll the table is s , v

1

, v

2

, v

3

, : : : , t . W e ha v e

accomplished our goal of turning the algorithm around.

16.2.6 A Slo w Dynamic Algorithm

The algorithm iterates �lling in the en tries of the table in the c hosen order. The lo op in v arian t when w orking

on a particular subinstance is that all \smaller" subinstances that will b e needed ha v e b een solv ed. Eac h

iteration main tains the lo op in v arian t while making progress b y solving this next subinstance. This is done
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b y completing the w ork of one stac k frame of the recursiv e bac ktrac king algorithm. Ho w ev er, instead of

recursing or asking a friend to solv e the subinstances, the dynamic programming algorithm simply lo oks up

the subinstance's optimal solution and cost in the table.

Lev eled Graph:

algorithm Lev el edGr aph ( G; s; t )

h pr e � cond i : G is a w eigh ted directed la y ered graph and s and t are no des.

h post � cond i : optS ol is a path with minim um total w eigh t from s to t and optC ost is its w eigh t.

b egin

tabl e [0 ::n ] optS ol ; optC ost

% Base Case.

optS ol [0] = ;

optC ost [0] = 0

% Lo op o v er subinstances in the table.

for i = 1 to n

% Solv e instance h G; s; v

i

i and �ll in table en try h i i

% Lo op o v er p ossible bird answ ers.

for eac h of the d edges h v

k

; v

i

i

% Get help from friend

optS ol

k

= h optS ol [ k ] ; v

i

i

optC ost

k

= optC ost [ k ] + w

h v

k

;v

i

i

end for

% T ak e the b est bird answ er.

k

min

= \a k that minimizes cost

k

"

optS ol [ i ] = optS ol

k

min

optC ost [ i ] = optC ost

k

min

end for

return h optS ol [ n ] ; optC ost [ n ] i

end algorithm

16.2.7 Decreasing the Time and Space

W e will no w consider a tec hnique for decreasing time and space used b y the dynamic-programming algorithm

dev elop ed ab o v e.

Recap of a Dynamical Programming Algorithm: A dynamic programming algorithm has t w o nested

lo ops (or sets of lo ops). The �rst iterates through all the subinstances represen ted in the table �nding

an optimal solution for eac h. When �nding an optimal solution for the curren t subinstance, the second

lo op iterates through the K p ossible answ ers to the little bird's question, trying eac h of them. Within

this inner lo op, the algorithm m ust �nd a b est solution for the curren t subinstance from amongst those

consisten t with the curren t bird's answ er. This step seems to require only a constan t amoun t of w ork.

It in v olv es lo oking up in the table an optimal solution for a sub-subinstance of the curren t subinstance

and using this to construct a solution for the curren t subinstance.

Running Time?: F rom the recap of the algorithm, the running time is clearly the n um b er of subinstances

in the table times the n um b er K of answ ers to the bird's question times what app ears (falsely) to b e

constan t time.

Lev eled Graph: The running time of this algorithm is no w p olynomial. There are only n = 10

friends. Eac h constructs one path for eac h edge going in to his destination no de v

i

. There are at

most d of these. Constructing one of these paths app ears to b e a constan t amoun t of w ork. He

only asks a friend for a path and then tac ks the edge b eing tried on to its end. This w ould giv e

that the o v er all running time is only O ( n � d � 1). Ho w ev er, it is more than this.
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F riend to F riend Information T ransfer: In b oth a recursiv e bac ktrac king and a dynamic programming

algorithm, information is transfered from sub-friend to friend. In a recursiv e bac ktrac king, this infor-

mation is transfered b y returning it from a subroutine call. In a dynamic programming algorithm, this

information is transfered b y ha ving the sub-friend store the information in the table en try asso ciated

with his subinstance and ha ving the friend lo oking this information up from the table. The informa-

tion transfered is an optimal solution and its cost. The cost, b eing only an in teger, is not a big deal.

Ho w ev er, an optimal solution generally requires �( n ) c haracters to write do wn. Hence, transferring

this information requires this m uc h time.

Lev eled Graph: The executing line of co de is \ optS ol

k

= h optS ol [ k ] ; v

i

i ." The optimal solution b eing

transfered consists of a path. F r iend

i

asks F r iend

k

for his b est path. This path ma y con tain n

no des. Hence, it could tak e F r iend

i

O ( n ) time steps simply to transfer the answ er from F r iend

k

.

Time and Space Bottlenec k: Being within these t w o nested lo ops, this information transfer is the b ot-

tlenec k on the running time of the algorithm. In a dynamic programming algorithm, this information

for eac h subinstance is stored in the table for the duration of the algorithm. Hence, this b ottlenec k on

the memory space requiremen ts of the algorithm.

Lev eled Graph: The total time is O ( n � d � n ). The total space is �( n � n ) space, O ( n ) for eac h of the

n table en tries. These can b e impro v ed to �( nd ) time and �( n ) space.

A F aster Dynamic Programming Algorithm: W e will no w mo dify the dynamic programming algo-

rithm to decrease its time and space requiremen ts. The k ey idea is to reduce the amoun t of information

transfered.

Cost from Sub-Cost: The sub-friends do not need to pro vide an optimal sub-solution in order to �nd the

cost of an optimal solution to the curren t subinstance. The sub-friends need only pro vide the cost of

this optimal sub-solution. T ransferring only the costs, sp eeds up the algorithm.

Lev eled Graph: In order for F r iend

i

to �nd the c ost of a b est path from s to v

i

, he need receiv e only

the b est sub-c ost from his friends. (See the n um b ers within the circles in Figure 16.3.b.) F or eac h

of the edges h v

k

; v

i

i in to his destination no de v

i

, he learns from F r iend

k

the cost of a b est path

from s to v

k

. He adds the cost of the edge h v

k

; v

i

i to this to determine the cost of a b est path

from s to v

i

from amongst those that tak e this edge. Then he determines the cost of an o v erall

b est path from s to v

i

b y taking the b est of these b est costs.

Note that this algorithm requires O ( n � d ) not O ( n � d � n ) time b ecause this b est cost can b e

transfered from F r iend

k

to F r iend

i

in constan t time. Ho w ev er, this algorithm �nds the cost of

the b est path, but do es not �nd a b est path.

The Little Bird's Advice:

De�nition of Advice: A friend trying to �nd an optimal solution to his subinstance asks the little

bird a question ab out this optimal solution. The answ er, usually denoted k , to this question

classi�es the solutions. If this friend had an all p o w erful little bird, than she could advice him

whic h class of solutions to searc h in to �nd an optimal solution. Giv en that he do es not ha v e suc h

a bird, he m ust simply try all K of the p ossible answ ers and determine himself whic h answ er is

b est. Either w a y w e will refer to this b est answ er as the little bir d's advic e .

Lev eled Graph: The birds advice to a F r iend

i

who is trying to �nd a b est path from s to v

i

is whic h edge is tak en last within this optimal path b efore reac hing v

i

. This edge for eac h

friend is indicated b y the little arro ws in Figure 16.3.b.)

Advise from Cost: Consider again the algorithm that transfers only the cost of an optimal solution.

Within this algorithm, eac h friend is able to determines the little bird's advice to him.
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Lev eled Graph: F r iend

i

determines for eac h of the edges h v

k

; v

i

i in to his no de the cost of a

b est path from s to v

i

from amongst those that tak e this edge and then determines whic h of

these is b est. Hence, though this F r iend

i

nev er learns a b est path from s to v

i

in its en tiret y ,

he do es learn whic h edge is tak en last. In other w ords, he do es determine, ev en without help

from the little bird, what the little bird's advice w ould b e.

T ransferring the Bird's Advice: The little bird's advice do es not need to b e transfered from

F r iend

k

to F r iend

i

b ecause F r iend

i

do es not need it. Ho w ev er, F r iend

k

will store this ad-

vice in the table so that it can b e used at the end of the algorithm. This advice can usually

b e stored in constan t space. Hence, it can b e stored along with the b est cost in constan t time

without slo wing do wn the algorithm.

Lev eled Graph: The advice indicates a single edge. Theoretically , taking O (log n ) bits, this

tak es more than constan t space, ho w ev er, practically it can b e stored using t w o in tegers.

Information Stored in T able: The k ey c hange in order to mak e the dynamic programming algorithm

faster is that the information stored in the table will no longer b e an optimal solution and its cost.

Instead, only the cost of an optimal solution and the little bird's advice k are stored.

Lev eled Graph: The ab o v e co de for Lev el edGr aph remains unc hanged except for t w o c hanges. The

�rst c hange is that the line \ optS ol

k

= h optS ol [ k ] ; v

i

i " within the in ter lo op is deleted, b ecause

the solution is no longer constructed. Because this line is the b ottlenec k, remo ving it sp eeds up

the running time. The second c hange is that the line \ optS ol [ i ] = optS ol

k

min

" within the outer

lo op, whic h stores the optimal solution, is replaced with the line \ bir dAdv ice [ i ] = k

min

". This

new line stores the bird's advice.

Time and Space Requiremen ts: The running time of the algorithm computing the costs and the bird's

advice is:

Time = \the n um b er of subinstances indexing y our table"

� \the n um b er of di�eren t answ ers K to the bird's question"

The space requiremen t is:

Space = \the n um b er of subinstances indexing y our table"

Constructing an Optimal Solution: With the ab o v e mo di�cations, the algorithm no longer constructs

an optimal solution. (Note an optimal solution for the original instance is required, but not for the

other subinstance.) W e construct an optimal solution for the instance using a separate algorithm that

is run after the ab o v e faster dynamic programming algorithm �lls the table in with costs and bird's

advice. This new algorithm starts o v er from the b eginning, solving the optimization problem. Ho w ev er,

no w w e kno w what answ er the little bird w ould giv e for ev ery subinstance considered. Hence w e can

simply run the bird-friend algorithm.

A Recursiv e Bird-F riend Algorithm: The second run of the algorithm will b e iden tical to the

recursiv e algorithm, except no w w e only need to follo w one path do wn the recursion tree. Eac h

stac k frame, instead of branc hing for eac h of the K answ ers that the bird migh t giv e, recurses

only on the single answ er giv en b y the bird. This algorithm runs v ery quic kly . Its running time

is prop ortional to the n um b er of �elds needed to represen t the optimal solution.

Lev eled Graph: A b est path from s = v

0

to t = v

n

is found as follo ws. Eac h friend kno ws whic h

edge is the last edge tak en to get to his no de. What remains is to put these pieces together b y

w alking bac kw ards through the graph follo wing the indicated directions. See the righ t side of

Figure 16.3.b. F r iend

t

kno ws that the last edge is h v

8

; t i . F r iend

8

kno ws that the previous

is h v

5

; v

8

i . F r iend

5

kno ws edge h v

3

; v

5

i . Finally F r iend

3

kno ws edge h s; v

3

i . This completes

the path.
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algorithm Lev el edGr aphW ithAdv ice ( h G; s; v

i

i ; bir dAdv ice )

h pr e & post � cond i : Same as Lev el edGr aph except with advice.

b egin

if( s = v

i

) then return( ; )

k

min

= bir dAdv ice [ i ]

optS ubS ol = Lev el edGr aphW ithAdv ice ( h G; s; v

k

min

i ; bir dAdv ice )

optS ol = h optS ubS ol ; v

i

i

return optS ol

end algorithm

Greedy/Iterativ e Solution: Because this last algorithm only recurses once p er stac k frame, it is

easy to turn it in to an iterativ e algorithm. The algorithm is a lot lik e a greedy algorithm found

in Chapter 10 b ecause the algorithm alw a ys kno ws whic h greedy c hoice to mak e. I lea v e this,

ho w ev er, for y ou to do as an exercise.

Exercise 16.2.1 Design This iter ative algorithm.

16.2.8 Using Closure to Determine the Complete Set of Subinstances Called

When using the memoization tec hnique to mec hanically con v ert a recursiv e algorithm in to an iterativ e

algorithm, the most di�cult step is determining for eac h input instance the complete set of subinstances

that will get called b y the recursiv e algorithm, starting with this instance.

Can Be Di�cult: Sometimes determining this set of subinstances can b e di�cult.

Lev eled Graph: When considering the recursiv e structure of the Lev eled Graph problem w e sp ec-

ulated that a subinstance migh t sp ecify t w o no des v

i

to no de v

j

and require that a b est path

b et w een them is found. By tracing the recursiv e algorithm, w e see that these subinstances are not

all needed, b ecause the subinstances called alw a ys searc h for a path starting from the same �xed

source no de s . Hence, it is su�cien t to consider only the subinstance of �nding a b est path from

this s to no de v

i

for some no de v

i

. Ho w do w e kno w that only these subinstances are required?

A Set Being Closed under an Op eration: The follo wing mathematical concepts will help y ou. W e sa y

that the set of ev en in tegers is close d under addition and m ultiplication b ecause the sum and the

pro duct of an y t w o ev en n um b ers is ev en. In general, w e sa y a set is closed under an op eration if

applying the op eration to an y elemen ts in the set results in an elemen t that is also in the set.

The Construction Game: Consider the follo wing game: I giv e y ou the in teger 2. Y ou are allo w ed to

construct new ob jects b y taking ob jects y ou already ha v e and either adding them or m ultiplying them.

What is the complete set of n um b er that y ou are able to construct?

Guess a Set: Y ou migh t guess that y ou are able to construct the set of ev en in tegers. Ho w do y ou

kno w that this set is big enough and not to o big?

Big Enough: Because the set of p ositiv e ev en in tegers is closed under addition and m ultiplication,

w e claim y ou will nev er construct an ob ject that is not an ev en n um b er.

Pro of: W e pro v e b y induction on t � 0 that after t steps y ou only ha v e ev en n um b ers. This is

true for t = 0, b ecause initially y ou only ha v e the ev en in teger 2. If it is true for t , the ob ject

constructed in step t + 1 is either the sum or the pro duct of previously constructed ob jects,

whic h are all ev en in tegers. Because the set of ev en in tegers is closed under these op erations,

the resulting ob ject m ust also b e ev en. This completes the inductiv e step.

Not T o o Big: Ev ery p ositiv e ev en in teger can b e generated b y this game.

Pro of: Consider some ev en n um b er i = 2 j . Initially , w e ha v e only 2. W e construct i b y adding

2 + 2 + 2 + � � � + 2 a total of j times.
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Conclusion: The set of p ositiv e ev en in tegers accurately c haracterizes whic h n um b ers can b e gener-

ated b y this game, no less and no more.

Lemma: The set S will b e the complete set of subinstances called starting from our initial instance I

star t

i�

1. I

star t

2 S .

2. S is closed under the \sub"-op erator. ( S is big enough.)

The sub-op erator is de�ned as follo ws: Giv en a particular instance to the problem, applying the

sub-op erator pro duces all the subinstances constructed from it b y a single stac k frame of the

recursiv e algorithm.

3. Ev ery subinstance I 2 S can b e generated from I

star t

using the sub-op erator. ( S is not to o big.)

This ensures that there are not an y instances in S that are not needed. The dynamic-programming

algorithm will w ork �ne if y our set of subinstances con tains subinstances that are not called.

Ho w ev er, y ou do not w an t the set to o m uc h larger than necessary , b ecause the running time

dep ends on its size.

Guess and Chec k: First try to trace out the recursiv e algorithm on a small example and guess what the

set of subinstances will b e. Then c hec k it using the lemma.

Lev eled Graph:

Guess a Set: The guessed set is fh G; s; v

i

i j for eac h no de v

i

b elo w s g .

Closed: Consider an arbitrary subinstance h G; s; v

i

i from this set. The sub-op erator considers some

edge h v

k

; v

i

i and forms the subinstance h G; s; v

k

i . This is con tained in the stated set of subin-

stances.

Generating: Consider an arbitrary subinstance h G; s; v

i

i . It will b e called b y the recursiv e algorithm

if and only if the original destination no de t can b e reac hed from v

i

. Supp ose there is a path

h v

i

; v

k

1

; v

k

2

; v

k

3

; : : : ; v

k

r

; t i . Then w e demonstrate that the instance h G; s; v

i

i is called b y the

recursiv e algorithm as follo ws: The initial stac k frame on instance h G; s; t i , among other things,

recurses on h G; s; v

k

r

i , whic h recurses on




G; s; v

k

r � 1

�

, : : : , whic h recurses on h G; s; v

k

1

i , whic h

recurses on h G; s; v

i

i .

If the destination no de t cannot b e reac hed from no de v

i

, then the subinstance h G; s; v

i

i will nev er

b e called b y the recursiv e algorithm. Despite this, w e will include it in our dynamic program,

b ecause this is not kno wn ab out v

i

un til after the algorithm has run.

The Cho ose Example: The follo wing is another example of determining the complete set of subinstance

called b y a recursiv e algorithm.

The Recursiv e Algorithm:

algorithm C hoose ( m; n )

h pr e � cond i : m and n are p ositiv e in tegers.

h post � cond i : The output is C hoose ( m; n ) =

�

m

n

�

=

m !

n !( m � n )!

.

b egin

if( n = 0 or n = m ) then return 1

else return C hoose ( m � 1 ; n ) + C hoose ( m � 1 ; n � 1)

end algorithm

It happ ens that this ev aluates to C hoose ( m; n ) =

�

m

n

�

=

m !

n !( m � n )!

. Its running time is exp onen tial.

Dra w a Picture: The b est w a y to visualize the set of subinstances h i; j i called starting from h m; n i =

h 9 ; 4 i is to consider Figure 16.4. Suc h a �gure will also help when determining the order to �ll in

the table b y indicating the dep endencies b et w een the instances.
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1 1 1 1 1 1 1 1 1

1

1

1

1

2 3 4 5

3

4

5

6 10

10

6

15

20

15

21

35

35 70

(i-1,j) (i,j)

(i-1,j-1)

56

126

1

0 1 2 3 4 5 6 7 8 9

0

1

2

3

4

5

6

7

10 11
j

i

Figure 16.4: The table pro duced b y the iterativ e Cho ose algorithm

16.3 Examples of Dynamic Programs

This completes the presen tation of the general tec hniques and the theory b ehind dynamic programming

algorithms. W e will no w dev elop algorithms for other optimization problems.

16.3.1 Prin ting Neatly Problem

Consider the problem of prin ting a paragraph neatly on a prin ter. The input text is a sequence of n w ords of

lengths l

1

; l

2

; : : : ; l

n

, measured in c haracters. Eac h prin ter line can hold a maxim um of M c haracters. Our

criterion for \neatness" is for there to b e as few spaces on the ends of the lines as p ossible.

Prin ting Neatly:

Instances: An instance h M ; l

1

; : : : ; l

n

i consists of the line and the w ord lengths. Generally , M will b e

though t of as a constan t, so w e will lea v e it out when it is clear from the con text.

Solutions: A solution for an instances is a list giving the n um b er of w ords for eac h line, h k

1

; : : : ; k

r

i .

Cost of Solution: Giv en the n um b er of w ords in eac h line, the cost of this solution is the sum of the

cub es of the n um b er of blanks on the end of eac h line, (including for no w the last line).

Goal: Giv en the line and w ord lengths, the goal is to split the text in to lines in a w a y that minimizes

the cost.

Example: Supp ose that one w a y of breaking the text in to lines giv es 10 blanks on the end of one of the

lines, while another w a y giv es 5 blanks on the end of one line and 5 on the end of another. Our sense

of esthetics dictates that the second w a y is \neater". Our cost hea vily p enalizes ha ving a large n um b er

of blanks on a single line b y cubing the n um b er. The cost of the �rst solution is 10

3

= 1 ; 000 while the

cost of the second is only 5

3

+ 5

3

= 250.

Lo cal vs Global Considerations: W e are tempted to follo w a greedy algorithm and put as man y w ords

on the �rst line as p ossible. Ho w ev er, a lo cal sacri�c e of putting few w ords on this line ma y lead

globally to a b etter o v erall solution.

The Question F or the Little Bird: W e will ask for the n um b er of w ords k to put on the last line. F or

eac h of the p ossible answ ers, the b est solution is found that is consisten t with this answ er and then

the b est of these b est solutions is returned.

Y our Instance Reduced to a Subinstance: If the bird told y ou that an optimal n um b er of w ords to put

on the last line is k , then an optimal prin ting of the w ords is an optimal prin ting of �rst n � k w ords

follo w ed b y the remaining k w ords on a line b y themselv es. Y our friend can �nd an optimal w a y of

prin ting these �rst w ords b y solving the subinstance h M ; l

1

; : : : ; l

n � k

i . All y ou need to do then is to

add the last k w ords, namely optS ol =




optS ol

sub

; k

�

.
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The Cost: The total cost of an optimal solution for the giv en instance h M ; l

1

; : : : ; l

n

i is the cost of the

optimal solution for the subinstance h M ; l

1

; : : : ; l

n � k

i , plus the cub e of the n um b er of blanks on the end

of the line that con tains the last k w ords, namely optC ost = optS ubC ost + ( M � k + 1 �

P

n

j = n � k +1

l

j

)

3

.

The Set of Subinstances: By tracing the recursiv e algorithm, w e see that the set of subinstance used

consists only of pre�xes of the w ords, namely fh M ; l

1

; : : : ; l

i

i j i 2 [0 ; n ] g .

Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm b e-

cause it con tains the initial instance and is closed under the sub-op erator. Consider an arbitrary

subinstance h M ; l

1

; : : : ; l

i

i from this set. Applying the sub-op erator constructs the subinstances

h M ; l

1

; : : : ; l

i � k

i for 1 � k � i , whic h are con tained in the stated set of subinstances.

Generating: Consider the arbitrary subinstance h M ; l

1

; : : : ; l

i

i . W e demonstrate that it is called b y

the recursiv e algorithm as follo ws: The initial stac k frame on instance h M ; l

1

; : : : ; l

n

i , among other

things, sets k to b e 1 and recurses on h M ; l

1

; : : : ; l

n � 1

i . This stac k frame also sets k to b e 1 and

recurses on h M ; l

1

; : : : ; l

n � 2

i . This con tin ues n � i times, un til the desired h M ; l

1

; : : : ; l

i

i is called.

Constructing a T able Indexed b y Subinstances: W e no w construct a table ha ving one en try for eac h

subinstance. The single parameter used to sp ecify a particular subinstance is i . Hence, suitable tables

w ould b e bir dAdv ice [0 ::n ] and cost [0 ::n ].

The Order in whic h to Fill the T able: The \size" of subinstance h M ; l

1

; : : : ; l

i

i is simply the n um b er

of w ords i . Hence, the table is �lled in b y lo oping with i from 0 to n .

Co de:

algorithm P r inting N eatl y ( h M ; l

1

; : : : ; l

n

i )

h pr e � cond i : h l

1

; : : : ; l

n

i are the lengths of the w ords and M is the length of eac h line.

h post � cond i : optS ol splits the text in to lines in an optimal w a y and optC ost is its cost.

b egin

tabl e [0 ::n ] bir dAdv ice; cost

% Base Case.

bir dAdv ice [0] = ;

cost [0] = 0

% Lo op o v er subinstances in the table.

for i = 1 to n

% Solv e instance h M ; l

1

; : : : ; l

i

i and �ll in table en try h i i

K = \maxim um n um b er k suc h that the w ords of length l

i � k +1

; : : : ; l

i

�t on a single line."

% Lo op o v er p ossible bird answ ers.

for k = 1 to K

% Get help from friend

cost

k

= cost [ i � k ] + ( M � k + 1 �

P

i

j = i � k +1

l

j

)

3

end for

% T ak e the b est bird answ er.

k

min

= \a k that minimizes cost

k

"

bir dAdv ice [ i ] = k

min

cost [ i ] = cost

k

min

end for

optS ol = P r inting N eatl y W ithAdv ice ( h M ; l

1

; : : : ; l

n

i ; bir dAdv ice )

return h optS ol ; cost [ n ] i

end algorithm

Constructing an Optimal Solution: The friend with advice algorithm is the same as the ab o v e bird and

friend algorithm, except the table and not the bird pro vides the information k = 3.
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algorithm P r inting N eatl y W ithAdv ice ( h M ; l

1

; : : : ; l

i

i ; bir dAdv ice )

h pr e & post � cond i : Same as P r inting N eatl y except with advice.

b egin

if( i = 0) then

optS ol = ;

return optS ol

else

k

min

= bir dAdv ice [ i ]

optS ol

sub

= P r inting N eatl y W ithAdv ice ( h M ; l

1

; : : : ; l

i � k

min

i ; bir dAdv ice )

optS ol =




optS ol

sub

; k

min

�

return optS ol

end if

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. There are �( n ) subinstances in the

table and the n um b er of p ossible bird answ ers is �( n ) b ecause she has the option of telling y ou prett y

w ell an y n um b er of w ords to put on the last line. Hence, The total running time is �( n ) � �( n ) = �( n

2

)

and the space requiremen ts are �( n ).

Reusing the T able: Sometimes y ou can solv e man y related instances of the same problem using the same

table.

The New Problem: When actually prin ting text neatly , it do es not matter ho w man y spaces are on

the end of the v ery last line. Hence, the cub e of this n um b er should not b e included in the cost.

Algorithm: F or k = 1 ; 2 ; 3 ; : : : , w e �nd the b est solution with k w ords on the last line and then tak e

the b est of these b est. Ho w to prin t all but the the last k w ords is an instance of the original

Prin ting Neatly Problem b ecause w e c harge for all of the remaining lines of text. Eac h of these

tak es O ( n

2

) time so the total time will b e O ( n � n

2

).

Reusing the T able: Time can b e sa v ed b y �lling in the table only once. One can get the

costs for these di�eren t instances o� this single table. After determining whic h is b est, call

P r inting N eatl y W ithAdv ice once to construct the solution for this instance. The total time is

reduced to only O ( n

2

).

Exercise 16.3.1 (Se e solution in Se ction 20) T r ac e out b oth the P r inting N eatl y and the

P r inting N eatl y W ithAdv ice r outines on the text \L ove life man while ther e as we b e" on a c ar d that

is only 11 char acters wide. (Y es, I cho ose the wor d lengths b efor e I c ame up with the wor ds.)

16.3.2 Longest Common Subsequence

With so m uc h money in things lik e genetics, there is a big demand for algorithms that �nd patterns in

strings. The follo wing optimization problem is called the longest c ommon subse quenc e .

Longest Common Subsequence:

Instances: An instance consists of t w o sequences: X = h A; B ; C ; B ; D ; A; B i and Y =

h B ; D ; C ; A; B ; A i .

Solutions: A subsequence of a sequence is a subset of the elemen ts tak en in the same order. F or

example, Z = h B ; C ; A i is a subsequence of X = h A; B ; C ; B ; D ; A ; B i . A solution is a subsequence

Z that is common to b oth X and Y . F or example, Z = h B ; C ; A i is a solution b ecause it is a

subsequence common to b oth X and Y ( Y = h B ; D ; C ; A ; B ; A i ).
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Cost of Solution: The cost of a solution is the length of the common subsequence, e.g., j Z j = 3.

Goal: Giv en t w o sequences X and Y , the goal is to �nd the longest common subsequence. F or the

example giv en ab o v e, Z = h B ; C ; B ; A i w ould b e the longer common subsequence (LCS).

P ossible Little Bird Answ ers: T ypically , the question ask ed of the little bird is for some detail ab out

the end of an optimal solution.

Case x

n

6= z

l

: Supp ose that the bird assures us that the last c haracter of X is not the last c haracter of

at least one longest common subsequence Z of X and Y . W e could simply ignore this last c haracter

of X . W e could ask a friend to giv e us a longest common subsequence of X

0

= h x

1

; : : : ; x

n � 1

i and

Y and this w ould b e a longest common subsequence of X and Y .

Case y

m

6= z

l

: Similarly , if w e are told that the last c haracter of Y is not used, than w e could ignore

it.

Case x

n

= y

m

= z

l

: Supp ose that w e observ ed that the last c haracters of X and Y are the same and

the little bird tells us that this c haracter is the last c haracter of an optimal Z . W e could simply

ignore this last c haracter of b oth X and Y . W e could ask a friend to giv e us a longest common

subsequence of X

0

= h x

1

; : : : ; x

n � 1

i and Y

0

= h y

1

; : : : ; y

m � 1

i . A longest common subsequence

of X and Y w ould b e the same, except with the c haracter x

n

= y

m

tac k ed on to the end, i.e.

Z = Z

0

x

n

.

Case z

l

=?: Ev en more extreme, supp ose that the little bird go es as far as to tell us the last c haracter

of a longest common subsequence Z . W e could then delete the last c haracters of X and Y up

to and including the last o ccurrence of this c haracter. A friend could giv e us a longest common

subsequence of the remaining X and Y and then w e could add on the kno wn c haracter to giv e us

Z .

Case x

n

= z

l

6= y

m

: Supp ose that the bird assures us that the last c haracter of X is the last c haracter

of an optimal Z . This w ould tell us the last c haracter of Z and hence the last case w ould apply .

The Question F or the Little Bird: Ab o v e w e ga v e a n um b er of di�eren t answ ers that the little bird

migh t giv e, eac h of whic h w ould help us �nd an optimal Z . W e could add ev en more p ossible answ ers

to the list. Ho w ev er, the larger the n um b er K of p ossible answ ers is, the more w ork our algorithm will

ha v e to do. Hence, w e w an t to narro w this list of p ossibilities do wn as far as p ossible. It turns out

that it is alw a ys the case that at least one of the �rst three cases giv en is true. T o narro w the p ossible

answ ers ev en further, note that w e kno w on our o wn whether or not x

n

= y

m

. If x

n

= y

m

, then w e

only need to consider the third case, i.e. as in a greedy algorithm, w e kno w the answ er ev en b efore

asking the question. On the other hand, if x

n

6= y

m

, then w e only need to consider the �rst t w o cases.

F or eac h of these K = 2 p ossible answ ers, the b est solution is found that is consisten t with this answ er

and then the b est of these b est solutions is returned.

Exercise 16.3.2 Pr ove that if x

n

= y

m

, then we only ne e d to c onsider the thir d c ase and if x

n

6= y

m

,

then we only ne e d to c onsider the �rst two c ases.

The Set of Subinstances: W e guess that the set of subinstances of the instance

hh x

1

; : : : ; x

n

i ; h y

1

; : : : ; y

m

i i is fhh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

ii j i � n; j � m g .

Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm b e-

cause it con tains the initial instance and is closed under the sub-op erator. Consider an arbitrary

subinstance, hh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

ii . Applying the sub-op erator constructs the subinstances

hh x

1

; : : : ; x

i � 1

i ; h y

1

; : : : ; y

j � 1

i i , hh x

1

; : : : ; x

i � 1

i ; h y

1

; : : : ; y

j

ii , and hh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j � 1

i i ,

whic h are all con tained in the stated set of subinstances.

Generating: W e kno w that the sp eci�ed set of subinstances do es not con tain subinstances not called

b y the recursiv e program b ecause w e can construct an y arbitrary subinstance from the set with

the sub-op erator. Consider an arbitrary subinstance hh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

ii . The recursiv e
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program on instance hh x

1

; : : : ; x

n

i ; h y

1

; : : : ; y

m

ii can recurse rep eatedly on the second option n � i

times and then rep eatedly on the third option m � j times. This results in the subinstance

hh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

i i .

Constructing a T able Indexed b y Subinstances: W e no w construct a table ha ving one en try for eac h

subinstance. It will ha v e a dimension for eac h of the parameters i and j used to sp ecify a particular

subinstance. The tables will b e cost [0 ::n; 0 ::m ] and bir dAdv ice [0 ::n; 0 ::m ].

Order in whic h to Fill the T able: The o�cial order in whic h to �ll the table with subinstances is from

\smaller" to \larger". The \size" of the subinstance h h x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

ii is i + j . Th us, y ou

w ould �ll in the table along the diagonals. Ho w ev er, the ob vious order of lo oping for i = 0 to n and

j = 0 to m also resp ects the dep endencies b et w een the instances and th us could b e used instead.

Co de:

algorithm LC S ( hh x

1

; : : : ; x

n

i ; h y

1

; : : : ; y

m

ii )

h pr e � cond i : An instance consists of t w o sequences

h post � cond i : optS ol is a longest common subsequence and optC ost is its length.

b egin

tabl e [0 ::n; 0 ::m ] bir dAdv ice; cost

% Base Cases.

for i = 0 to n

bir dAdv ice [0 ; i ] = ;

cost [0 ; i ] = 0

end for

for i = 0 to m

bir dAdv ice [ i; 0] = ;

cost [ i; 0] = 0

end for

% Lo op o v er subinstances in the table.

for i = 1 to n

for j = 1 to m

% Fill in en try h i; j i

if x

i

= y

j

then

bir dAdv ice [ i; j ] = 1

cost [ i; j ] = cost [ i � 1 ; j � 1] + 1

else

% T ry p ossible bird answ ers.

% cases k = 2 ; 3

% Get help from friend

cost

2

= cost [ i � 1 ; j ]

cost

3

= cost [ i; j � 1]

% end cases

% T ak e the b est bird answ er.

k

max

= \a k 2 [2 ; 3] that maximizes cost

k

"

bir dAdv ice [ i; j ] = k

max

cost [ i; j ] = cost

k

max

end if

end for

end for

optS ol = LC S W ithAdv ice ( h h x

1

; : : : ; x

n

i ; h y

1

; : : : ; y

m

i i ; bir dAdv ice )

return h optS ol ; cost [ n; m ] i

end algorithm
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Constructing an Optimal Solution:

algorithm LC S W ithAdv ice ( hh x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j

ii ; bir dAdv ice )

h pr e & post � cond i : Same as LC S except with advice.

b egin

if ( i = 0 or j = 0) then

optS ol = ;

return optS ol

end if

k

max

= bir dAdv ice [ i; j ]

if k

max

= 1 then

optS ol

sub

= LC S W ithAdv ice ( h h x

1

; : : : ; x

i � 1

i ; h y

1

; : : : ; y

j � 1

ii ; bir dAdv ice )

optS ol =




optS ol

sub

; x

i

�

else if k

max

= 2 then

optS ol

sub

= LC S W ithAdv ice ( h h x

1

; : : : ; x

i � 1

i ; h y

1

; : : : ; y

j

ii ; bir dAdv ice )

optS ol = optS ol

sub

else if k

max

= 3 then

optS ol

sub

= LC S W ithAdv ice ( h h x

1

; : : : ; x

i

i ; h y

1

; : : : ; y

j � 1

ii ; bir dAdv ice )

optS ol = optS ol

sub

end if

return optS ol

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. The n um b er of subinstances is

�( n

2

) and the bird has K =three p ossible answ ers for y ou. Hence, the time and space requiremen ts

are b oth �( n

2

).

Example:

0 1 2 3 7

0

3

0 0 0 0 0 0 0 0

0

0

0

0

0

0

1 0 1 1 0 1 00

4 5 6 8

1

2

4

5

6

7

0

1

0

1

0

0

1

0

0

10 1 1 1

j

i

jy

x

i

1 1 2 2 2 2 2 2

1 1 2 2 2 3 3 3

1 2 2 3 3 3 4 4

1

1

1

2

2

2

3 3 4 4 5

3 4 4 4 5 5

3 4 4 5 5 6

1 1 1

3

Figure 16.5: Consider the instance X = 1001010 and Y = 01011010. The tables generated are giv en. Eac h

n um b er is cost [ i; j ], whic h is the length of the longest common subsequence of the �rst i c haracters of X and

the �rst j c haracters of Y . The arro w indicates whether the bird's advice is to include x

i

= y

j

, to exclude

x

i

, or to exclude y

j

. The circled digits of X and Y giv e an optimal solution.

16.3.3 A Greedy Dynamic Program: The W eigh ted Job/Activit y Sc heduling

Problem

The W eigh ted Ev en t Sc heduling Problem: Supp ose that man y ev en ts w an t to use y our conference

ro om. Some of these ev en ts are giv en a higher priorit y than others. Y our goal is to sc hedule the ro om
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in the optimal w a y . A greedy algorithm w as giv en for the un w eigh ted v ersion in Section 10.2.1.

Instances: An instance is hh s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

n

; f

n

; w

n

ii , where 0 � s

i

� f

i

are the start-

ing and �nishing times for n ev en ts and w

i

are w eigh ts for eac h ev en t.

Solutions: A solution for an instance is a sc hedule S . This consists of a subset S � [1 ::n ] of the ev en ts

that don't con
ict b y o v erlapping in time.

Cost of Solution: The cost C ( S ) of a solution S is the sum of the w eigh ts of the ev en ts sc heduled,

i.e.,

P

i 2 S

w

i

.

Goal: The goal of the algorithm is to �nd the optimal solution , i.e., the one that maximizes the total

sc heduled w eigh t.

F ailed Algorithms:

Greedy Earliest Finishing Time: The greedy algorithm used in Section 10.2.1 for the un w eigh ted

v ersion greedily selects the ev en t with the earliest �nishing time f

i

. This algorithm fails, when

the ev en ts ha v e w eigh ts. The follo wing is a coun ter example.

1
1000

The sp eci�ed algorithm sc hedules the top ev en t for a total w eigh t of 1. The optimal sc hedule

sc hedules the b ottom ev en t for a total w eigh t of 1000.

Greedy Largest W eigh t: Another greedy algorithm selects the �rst ev en t using the criteria of the

largest w eigh t w

i

. The follo wing is a coun ter example for this.

The top ev en t has w eigh t 2 and the b ottom ones eac h ha v e w eigh t 1. The sp eci�ed algorithm

sc hedules the top ev en t for a total w eigh t of 2. The optimal sc hedule sc hedules the b ottom ev en ts

for a total w eigh t of 9.

Unsorted Dynamic Programming: No w consider the dynamic programming algorithm in whic h

the little bird tells y ou whether or not to sc hedule ev en t J

n

. Though this algorithm w orks, it

has exp onen tial running time. The follo wing is an instance that has an exp onen tial n um b er of

subinstance. The ev en ts in the instance are paired so that for i 2 [1 ::

n

2

], job J

i

con
icts with

job J

n

2

+ i

, but jobs b et w een pairs do not con
ict. After the little bird tells y ou whether or not to

sc hedule jobs J

n

2

+ i

for i 2 [1 ::

n

2

], job J

i

will remain in the subinstance if and only if job J

n

2

+ i

w as

not sc heduled. This results in at least 2

n= 2

di�eren t paths do wn the tree of stac k frames in the

recursiv e bac ktrac king algorithm, eac h leading to a di�eren t subinstance.

The Greedy Dynamic Programming: First sort the ev en ts according to their �nishing times f

i

(a

greedy thing to do). Then run a dynamic programming algorithm in whic h the little bird tells y ou

whether or not to sc hedule ev en t J

n

.

Bird & F riend Algorithm: Consider an instance J = hh s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

n

; f

n

; w

n

i i .

The little bird considers an optimal sc hedule. W e ask the little bird whether or not to sc hed-

ule ev en t J

n

. If she sa ys y es, then the remaining p ossible ev en ts to sc hedule are those in J

excluding ev en t J

n

and excluding all ev en ts that con
ict with ev en t J

n

. W e ask a friend to sc hed-

ule these. Our sc hedule is his with ev en t J

n

added. If instead the bird tells us not to sc hedule

ev en t J

n

, then the remaining p ossible ev en ts to sc hedule are those in J excluding ev en t J

n

.

The Set of Subinstances: By tracing the recursiv e algorithm, w e see that the set of subinstance

used is fhh s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

i

; f

i

; w

i

i i j i 2 [0 ::n ] g .

Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm

b ecause it con tains the initial instance and is closed under the sub-op erator. Consider an

arbitrary subinstance hh s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

i

; f

i

; w

i

i i in the set. If w e delete from

this ev en t J

i

and all ev en ts that con
ict with it, w e m ust sho w that this new subinstance
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is again in our set. Let i

0

2 [0 ::i � 1] b e the largest index suc h that f

i

0

� s

i

. Be-

cause the ev en ts ha v e b een sorted b y their �nishing time, w e kno w that all ev en ts J

k

in

h h s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

i

0

; f

i

0

; w

i

0

i i also ha v e f

k

� s

i

and hence do not con
ict with

J

i

. All ev en ts J

k

in hh s

i

0

+1

; f

i

0

+1

; w

i

0

+1

i ; : : : ; h s

i

; f

i

; w

i

ii ha v e s

i

< f

k

� f

i

and hence con
ict

with J

i

. If follo ws that the resulting subinstance is h h s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

i

0

; f

i

0

; w

i

0

i i ,

whic h is our set of subinstances. If only the other hand, only ev en t J

i

is deleted, then the

resulting subinstance is hh s

1

; f

1

; w

1

i ; : : : ; h s

i � 1

; f

i � 1

; w

i � 1

ii , whic h is ob viously in our set of

subinstances.

Generating: Consider the arbitrary subinstance hh s

1

; f

1

; w

1

i ; h s

2

; f

2

; w

2

i ; : : : ; h s

i

; f

i

; w

i

i i . It is

generated b y the recursiv e algorithm when the little bird states that none of the later ev en ts

are included in the solution.

The T able: The dynamic programming table is a one dimensional arra y indexed b y i 2 [0 ::n ]. The

order to �ll it in is with increasing i . As in the greedy algorithm, the ev en ts are b eing considered

ordered b y earliest �nishing time �rst. The i en try is �lled in b y trying eac h of the t w o answ ers

the bird migh t giv e.

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er

of p ossible bird answ ers and the space is the n um b er of subinstances. This giv es T = �( n � 2).

The time of the en tire algorithm is then dominated b y the time to initially sort the ev en ts b y

their �nishing time f

i

.

Exercise 16.3.3 Write out the pseudo c o de for this algorithm.

16.3.4 Exp onen tial Time? The In teger-Knapsac k Problem

Another example of an optimization problem is the inte ger-knapsack pr oblem . F or the problem in general,

no p olynomial algorithm is kno wn. Ho w ev er, if the v olume of the knapsac k is a small in teger, then dynamic

programming pro vides a fast algorithm.

In teger-Knapsac k Problem:

Instances: An instance consists of h V ; h v

1

; p

1

i ; : : : ; h v

n

; p

n

i i . Here, V is the total v olume of the knap-

sac k. There are n ob jects in a store. The v olume of the i

th

ob ject is v

i

, and its price is p

i

.

Solutions: A solution is a subset S � [1 ::n ] of the ob jects that �t in to the knapsac k, i.e.,

P

i 2 S

v

i

� V .

Cost of Solution: The cost of a solution S is the total v alue of what is put in the knapsac k, i.e.,

P

i 2 S

p

i

.

Goal: Giv en a set of ob jects and the size of the knapsac k, the goal is �ll the knapsac k with the greatest

p ossible total price.

The Question to Ask the Little Bird: Consider a particular instance, h V ; h v

1

; p

1

i ; : : : ; h v

n

; p

n

ii to the

knapsac k problem. The little bird migh t tell us whether or not an optimal solution for this instance

con tains the n

th

item from the store. F or eac h of these K = 2 p ossible answ ers, the b est solution is

found that is consisten t with this answ er and then the b est of these b est solutions is returned.

Reduced to Subinstance: Either w a y , our searc h for an optimal pac king is simpli�ed. If an optimal

solution do es not con tain the n

th

item, then w e simply delete this last item from consideration. This

lea v es us with the smaller instance, h V ; h v

1

; p

1

i ; : : : ; h v

n � 1

; p

n � 1

ii . On the other hand, if an optimal

solution do es con tain the n

th

item, then w e can tak e this last item and put it in to the knapsac k �rst.

This lea v es a v olume of V � v

n

in the knapsac k. W e determine ho w b est to �ll the rest of the knapsac k

with the remaining items b y lo oking at the smaller instance h V � v

n

; h v

1

; p

1

i ; : : : ; h v

n � 1

; p

n � 1

i i .

The Set of Subinstances: By tracing the recursiv e algorithm, w e see that the set of subinstance used is

fh V

0

; h v

1

; p

1

i ; : : : ; h v

i

; p

i

ii j V

0

2 [0 ::V ] ; i 2 [0 ::n ] g .
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Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm b e-

cause it con tains the initial instance and is closed under the sub-op erator. Applying the sub-

op erator to an arbitrary subinstance h V

0

; h v

1

; p

1

i ; : : : ; h v

i

; p

i

ii from this set constructs subin-

stances h V

0

; h v

1

; p

1

i ; : : : ; h v

i

; p

i � 1

ii and h V

0

� v

i

; h v

1

; p

1

i ; : : : ; h v

i

; p

i � 1

ii , whic h are con tained in

the stated set of subinstances.

Generating: F or some instances, these subinstances migh t not get called in the recursiv e program for

ev ery p ossible v alue of V

0

. Ho w ev er, as an exercise y ou could construct instances for whic h eac h

suc h subinstance w as called.

Exercise 16.3.4 Construct an instanc e for which e ach of its subinstanc es ar e c al le d.

Constructing a T able Indexed b y Subinstances: The table indexed b y the ab o v e set of subinstances

will ha v e a dimension for eac h of the parameters i and V

0

used to sp ecify a particular subinstance.

The tables will b e cost [0 ::n; 0 ::V ] and bir dAdv ice [0 ::V ; 0 ::n ].

Co de:

algorithm K napsack ( h V ; h v

1

; p

1

i ; : : : ; h v

n

; p

n

ii )

h pr e � cond i : V is the v olume of the knapsac k. v

i

and p

i

are the v olume and the price of the i

th

ob jects in a store.

h post � cond i : optS ol is a w a y to �ll the knapsac k with the greatest p ossible total price. optC ost is

its price.

b egin

tabl e [0 ::V ; 0 ::n ] bir dAdv ice; cost

% Base cases are when # of items is zero

lo op V

0

= 0 ::V

cost [ V

0

; 0] = 0

bir dAdv ice [ V

0

; 0] = ;

end lo op

% Lo op o v er subinstances in the table.

lo op i = 1 to n

lo op V

0

= 0 to V

% Fill in en try h V

0

; i i

% T ry p ossible bird answ ers.

% cases k = 1 ; 2 where 1=exclude 2=include

% Get help from friend

cost

1

= cost [ V

0

; i � 1]

if( V

0

� v

i

� 0) then

cost

2

= cost [ V

0

� v

i

; i � 1] + p

i

else

cost

2

= �1

end if

% end cases

% T ak e the b est bird answ er.

k

max

= \a k that minimizes cost

k

"

bir dAdv ice [ V

0

; i ] = k

max

cost [ V

0

; i ] = cost

k

max

end for

end for

optS ol = K napsack W ithAdv ice ( h V ; h v

1

; p

1

i ; : : : ; h v

n

; p

n

ii ; bir dAdv ice )

return h optS ol ; cost [ V ; n ] i

end algorithm

Constructing an Optimal Solution:
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algorithm K napsack W ithAdv ice ( h V

0

; h v

1

; p

1

i ; : : : ; h v

i

; p

i

ii ; bir dAdv ice )

h pr e & post � cond i : Same as K napsack except with advice.

b egin

if ( i = 0) then

optS ol = ;

return optS ol

end if

k

max

= bir dAdv ice [ V

0

; i ]

if k

max

= 1 then

optS ol

sub

= K napsack W ithAdv ice ( h V

0

; h v

1

; p

1

i ; : : : ; h v

i � 1

; p

i � 1

ii ; bir dAdv ice )

optS ol = optS ol

sub

else

optS ol

sub

= K napsack W ithAdv ice ( h V

0

� v

i

; h v

1

; p

1

i ; : : : ; h v

i � 1

; p

i � 1

ii ; bir dAdv ice )

optS ol = < optS ol

sub

[ i

end if

return optS ol

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. The n um b er of subinstances is

�( V � n ) and the bird c ho oses b et w een t w o options: to include or not to include the ob ject. Hence, the

running and the space requiremen ts are b oth �( V � n ).

Y ou should express the running time of an algorithm as a function of input size. The n um b er of

bits needed to represen t the instance h V

0

; h v

1

; p

1

i ; : : : ; h v

n

; p

n

ii is N = j V j + n � ( j v j + j p j ), where (1)

j V j is the n um b er of bits in in teger V and (2) j v j and j p j are the maxim um n um b er of bits needed

to represen t the v olumes and prices of the individual items. Expressed in these terms, the running

time is T ( j instance j ) = �( nV ) = �( n 2

j V j

). This is quic k er than the brute-force algorithm b ecause

running time is p olynomial in the n um b er of items n . In the w orst case, ho w ev er, V is large and the

time can b e exp onen tial in the n um b er of bits N . I.e., if j V j = �( N ), then T = �(2

N

). In fact, the

knapsac k problem is one of the classic NP complete problems. NP completeness, whic h indicates that

the problem is hard, will b e co v ered brie
y in this course and at more length in future courses.

Exercise 16.3.5 The fr actional-knapsack pr oblem is the same as the inte ger-knapsack pr oblem exc ept that

ther e is a given amount of e ach obje ct and any fr actional amount of e ach it c an b e put into the knapsack.

Develop a quick gr e e dy algorithm for this pr oblem.

16.3.5 The Solution View ed as a T ree: Chains of Matrix Multiplications

The next example will b e our �rst example in whic h the �elds of information sp ecifying a solution are

organized in to a tree instead of in to a sequence. See Section 15.1.4. The algorithm asks the little bird to tell

it the �eld at the ro ot of one of the instance's optimal solutions and then a separate friend will b e ask ed for

eac h of the solution's subtrees.

The optimization problem determines ho w to optimally m ultiplying together a c hain of matrices. Multi-

plying an a

1

� a

2

matrix b y a a

2

� a

3

matrix requires a

1

� a

2

� a

3

scalar m ultiplications. Matrix m ultiplication

is comm utativ e, meaning that ( M

1

� M

2

) � M

3

= M

1

� ( M

2

� M

3

). Sometimes di�eren t brac k eting of a sequence

of matrix m ultiplications can lead to the total n um b er of scalar m ultiplications b eing v ery di�eren t. F or

example,

�

h 5 � 1 ; 000 i � h 1 ; 000 � 2 i

�

� h 2 � 2 ; 000 i = h 5 � 2 i � h 2 � 2 ; 000 i = h 5 � 2 ; 000 i

requires 5 � 1 ; 000 � 2 + 5 � 2 � 2 ; 000 = 10 ; 000 + 20 ; 000 = 30 ; 000 scalar m ultiplications. Ho w ev er,

h 5 � 1 ; 000 i �

�

h 1 ; 000 � 2 i � h 2 � 2 ; 000 i

�

= h 5 � 1 ; 000 i � h 1 ; 000 � 2 ; 000 i = h 5 � 2 ; 000 i
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requires 1 ; 000 � 2 � 2 ; 000 + 5 � 1 ; 000 � 2 ; 000 = 4 ; 000 ; 000 + 10 ; 000 ; 000 = 14 ; 000 ; 000. The problem con-

sidered here is to �nd ho w to brac k et a sequence of matrix m ultiplications in order to minimize the n um b er

of scalar m ultiplications.

Chains of Matrix Multiplications:

Instances: An instance is a sequence of n matrices h A

1

; A

2

; : : : ; A

n

i . (A precondition is that for eac h

k 2 [1 ::n � 1] w idth ( A

k

) = heig ht ( A

k +1

).)

Solutions: A solution is a w a y of brac k eting the matrices, e.g., (( A

1

A

2

)( A

3

( A

4

A

5

))). A solution can

equiv alen tly b e view ed as a binary tree with the matrices A

1

; : : : ; A

n

at the lea v es. The binary

tree w ould giv e the order in whic h to m ultiply the matrices.

A1 A2 A3 A4 A5

Cost of Solution: The cost of a solution is the n um b er of scalar m ultiplications needed to m ultiply

the matrices according to the brac k eting.

Goal: Giv en a sequence of matrices, the goal is to �nd a brac k eting that requires the few est m ultipli-

cations.

A F ailed Greedy Algorithm: An ob vious greedy algorithm selects where the last m ultiplication will o ccur

according the criteria of whic h is c heap est. W e can pro v e that an y suc h simple greedy algorithm will

fail, ev en when the instance con tains only three matrices. Let the matrices A

1

, A

2

, and A

3

ha v e heigh t

and width h a

0

; a

1

i , h a

1

; a

2

i , and h a

2

; a

3

i . There are t w o orders in whic h these can b e m ultiplied. Their

costs are as follo ws.

cost (( A

1

� A

2

) � A

3

) = a

0

a

1

a

2

+ a

0

a

2

a

3

cost ( A

1

� ( A

2

� A

3

)) = a

1

a

2

a

3

+ a

0

a

1

a

3

Consider the algorithm that uses the metho d whose last m ultiplication is the c heap est. Let us assume

that the algorithm uses the �rst metho d. This giv es that

a) a

0

a

2

a

3

< a

0

a

1

a

3

Ho w ev er, w e w an t the algorithm to giv e the wrong answ er. Hence, w e w an t the second metho d to b e

the c heap est. This giv es that

b) a

0

a

1

a

2

+ a

0

a

2

a

3

> a

1

a

2

a

3

+ a

0

a

1

a

3

Simplifying line (a) giv es a

2

< a

1

. Plugging line (a) in to line (b) giv es a

0

a

1

a

2

>> a

1

a

2

a

3

. Simplifying

this giv es a

0

>> a

3

. Let us no w assign simple v alues meeting a

2

< a

1

and a

0

>> a

3

. Sa y a

0

= 1000,

a

1

= 2, a

2

= 1, and a

3

= 1. Plugging these in giv es

cost (( A

1

� A

2

) � A

3

) = 1000 � 2 � 1 + 1000 � 1 � 1 = 2000 + 1000 = 3000

cost ( A

1

� ( A

2

� A

3

)) = 2 � 1 � 1 + 1000 � 2 � 1 = 2 + 2000 = 2002

This is an instance in whic h the algorithm giv es the wrong answ er. Because 1000 < 2000 it uses the

�rst metho d. Ho w ev er, the second metho d is c heap er.

Exercise 16.3.6 Give the steps in the te chnique ab ove to �nd a c ounter example for the gr e e dy algo-

rithm that multiplies the che ap est p air to gether �rst.

A F ailed Dynamic Programming Algorithm: An ob vious question to ask the little bird w ould b e whic h

pair of consecutiv e matrices to m ultiply together �rst. Though this algorithm w orks, it has exp onen tial

running time. The problem is that if y ou trace the execution of the recursiv e algorithm, there is an

exp onen tial n um b er of di�eren t subinstances. Consider paths do wn the tree of stac k frames in whic h

for eac h pair A

2 i

and A

2 i +1

, the bird either gets us to m ultiply them together or do es not. This results

in 2

n= 2

di�eren t paths do wn the tree of stac k frames in the recursiv e bac ktrac king algorithm, eac h

leading to a di�eren t subinstance.

The Question to Ask the Little Bird: A b etter question is to ask the little bird to giv e us the splitting

k so that the last m ultiplication m ultiplies the pro duct of h A

1

; A

2

; : : : ; A

k

i and of h A

k +1

; : : : ; A

n

i . This
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is equiv alen t to asking for the ro ot of the binary tree. F or eac h of the p ossible answ ers, the b est solution

is found that is consisten t with this answ er and then the b est of these b est solutions is returned.

Reduced to SubInstance: With this advice, our searc h for an optimal brac k eting is simpli�ed. W e need

only solv e t w o subinstances: �nding an optimal brac k eting of h A

1

; A

2

; : : : ; A

k

i and of h A

k +1

; : : : ; A

n

i .

Recursiv e Structure: An optimal brac k eting of the matrices h A

1

; A

2

; : : : ; A

n

i m ultiplies the sequence

h A

1

; : : : ; A

k

i with its optimal brac k eting, m ultiplies h A

k +1

; : : : ; A

n

i with its optimal brac k eting, and

then m ultiplies these t w o resulting matrices together, i.e., optS ol =

�

optLef t

� �

optR ig ht

�

.

The Cost of the Optimal Solution Deriv ed from the Cost for Subinstances: The total n um b er of

scalar m ultiplications used in this optimal brac k eting is the n um b er used to m ultiply h A

1

; : : : ; A

k

i ,

plus the n um b er for h A

k +1

; : : : ; A

n

i , plus the n um b er to m ultiply the �nal t w o matrices. h A

1

; : : : ; A

k

i

ev aluates to a matrix whose heigh t is the same as that of A

1

and whose width is that of A

k

. Similarly ,

h A

k +1

; : : : ; A

n

i b ecomes a heig ht ( A

k +1

) � w idth ( A

n

) matrix. (Note that w idth ( A

k

) = heig ht ( A

k +1

).)

Multiplying these requires heig ht ( A

1

) � w idth ( A

k

) � w idth ( A

n

) n um b er of scalar m ultiplications.

Hence, in total, cost = costLef t + costR ig ht + heig ht ( A

1

) � w idth ( A

k

) � w idth ( A

n

).

The Set of Subinstances Called: The set of subinstances of the instance h A

1

; A

2

; : : : ; A

n

i is

h A

i

; A

i +1

; : : : ; A

j

i for ev ery c hoice of end p oin ts 1 � i � j � n . This set of subinstances con tains

all the subinstances called, b ecause it is closed under the sub-op erator. Applying the sub-op erator

to an arbitrary subinstance h A

i

; A

i +1

; : : : ; A

j

i from this set constructs subinstances h A

i

; : : : ; A

k

i and

h A

k +1

; : : : ; A

j

i for i � k < j , whic h are con tained in the stated set of subinstances. Similarly , the set

do es not con tain subinstances not called b y the recursiv e program, b ecause w e easily can construct an y

arbitrary subinstance in the set with the sub-op erator. F or example, h A

1

; : : : ; A

n

i sets k = j and calls

h A

1

; : : : ; A

j

i , whic h sets k = i + 1 and calls h A

i

; : : : ; A

j

i .

Constructing a T able Indexed b y Subinstances: The table indexed b y the ab o v e set of subinstances

will ha v e a dimension for eac h of the parameters i and j used to sp ecify a particular subinstance. The

tables will b e cost [1 ::n; 1 ::n ] and bir dAdv ice [1 ::n; 1 ::n ]. See Figure 16.6.

A1

A2

A3

A4

A5

A6

A7

i

j

(i,j)=(2,7)
(k+1,j)=(5,7)

(i,k)=(2,4)

Figure 16.6: The table pro duced b y the dynamic-programming solution for Cho ose. When searc hing for the

optimal brac k eting of A

2

; : : : ; A

7

, one of the metho ds to consider is [ A

2

; : : : ; A

4

][ A

5

; : : : ; A

7

].

Order in whic h to Fill the T able: The size of a subinstance is the n um b er of matrices in it. W e will �ll

the table in this order.

Exercise 16.3.7 (Se e solution in Se ction 20) Use a pictur e to make sur e that when h i; j i is �l le d, h i; k i

and h k + 1 ; j i ar e alr e ady �l le d for al l i � k < j . Give two other or ders that work.

Co de:
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algorithm M atr ixM ul tipl ication ( h A

1

; A

2

; : : : ; A

n

i )

h pr e � cond i : An instance is a sequence of n matrices.

h post � cond i : optS ol is a brac k eting that requires the few est m ultiplications and optC ost is this

n um b er.

b egin

tabl e [1 ::n; 1 ::n ] bir dAdv ice; cost

% Subinstances of size one.

for i = 1 to n

bir dAdv ice [ i; i ] = ;

cost [ i; i ] = 0

end for

% Lo op o v er subinstances in the table.

for siz e = 2 to n

for i = 1 to n � siz e + 1

j= i+size-1

% Fill in en try h i; j i

% Lo op o v er p ossible bird answ ers.

for k = i to j � 1

% Get help from friend

cost

k

= cost [ i; k ] + cost [ k + 1 ; j ] + heig ht ( A

i

) � w idth ( A

k

) � w idth ( A

j

)

end for

% T ak e the b est bird answ er.

k

min

= \a k that minimizes cost

k

"

bir dAdv ice [ i; j ] = k

min

cost [ i; j ] = cost

k

min

end for

end for

optS ol = M atr ixM ul tipl icationW ithAdv ice ( h A

1

; A

2

; : : : ; A

n

i ; bir dAdv ice )

return h optS ol ; cost [1 ; n ] i

end algorithm

Constructing an Optimal Solution:

algorithm M atr ixM ul tipl icationW ithAdv ice ( h A

i

; A

2

; : : : ; A

j

i ; bir dAdv ice )

h pr e & post � cond i : Same as M atr ixM ul tipl ication except with advice.

b egin

if ( i = j ) then

optS ol = ;

return optS ol

end if

k

min

= bir dAdv ice [ i; j ]

optLef t = M atr ixM ul tipl icationW ithAdv ice ( h A

1

; : : : ; A

k

min

i ; bir dAdv ice )

optR ig ht = M atr ixM ul tipl icationW ithAdv ice ( h A

k

min

+1

; : : : ; A

j

i ; bir dAdv ice )

optS ol =

�

optLef t

� �

optR ig ht

�

return optS ol

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. The n um b er of subinstances is

�( n

2

) and the bird c ho oses one of �( n ) places to split the sequence of matrices. Hence, the running

time is �( n

3

) and the space requiremen ts are �( n

2

).
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16.3.6 Generalizing the Problem Solv ed: Best A VL T ree

As discussed in Section 11.1.3, it is sometimes useful to generalizing the problem solv ed so that y ou can

either giv e or receiv e more information from y our friend in a recursiv e algorithm. This w as demonstrated in

Section 12 with a recursiv e algorithm for determining whether or not a tree is an A VL tree. This same idea

is useful for dynamic programming. W e will no w demonstrate this b y giving an algorithm for �nding the

b est A VL tree. T o b egin, w e will dev elop the algorithm for the Best Binary Se ar ch T r e e Problem in tro duced

at the b eginning of this c hapter.

The Best Binary Searc h T ree Problem:

Instances: An instance consists of n probabilities p

1

; : : : ; p

n

to b e asso ciated with the n k eys a

1

<

a

2

< : : : < a

n

. The v alues of the k eys themselv es do not matter. Hence, can assume that a

i

= i .

Solutions: A solution for an instance is a binary searc h tree con taining the k eys. A binary searc h

tree is a binary tree suc h that the no des are lab eled with the k eys and for eac h no de all the k eys

in its left subtree are smaller and all those in the righ t are larger.

Cost of Solution: The cost of a solution is the exp ected depth of a k ey when c ho osing a k ey according

to the giv en probabilities, namely

P

i 2 [1 ::n ]

[ p

i

� depth of a

i

in tree].

Goal: Giv en the k eys and the probabilities, the goal is to �nd a binary searc h tree with minim um

exp ected depth.

Exp ected Depth: The time required to searc hing for a k ey is prop ortional to the depth of the k ey in

the binary searc h tree. Finding the ro ot is fast. Finding a deep leaf tak es m uc h longer. The goal

is to design the searc h tree so that the k eys that are searc hed for often are closer to the ro ot. The

probabilities p

1

; : : : ; p

n

giv en as part of the input sp ecify the frequency with whic h eac h k ey is searc hed

for, eg. p

3

=

1

8

means that k ey a

3

is searc h for on a v erage one out of ev ery eigh t times.

One minimizes the depth of a binary searc h tree b y ha ving it b e completely balanced. Ha ving it

balanced, ho w ev er, dictates the lo cation of eac h k ey . Although ha ving the tree partially un balanced

increases its o v erall heigh t, it ma y allo w for the k eys that are searc hed for often to b e placed closer to

the top.

W e will manage to put some of the no des close to the ro ot and others w e will not. The standard

mathematical w a y of measuring the o v erall successes of putting more lik ely k eys closer to the top

is the exp ected depth of a k ey when the k ey is c hosen randomly according to the giv en probabilit y

distribution. It is calculated b y

P

i 2 [1 ::n ]

p

i

� d

i

, where d

i

is the depth of a

i

in the searc h tree.

One w a y to understand this is to supp ose that w e needed to searc h for a billion k eys. If p

3

=

1

8

,

a

3

is searc hed for on a v erage one out of ev er eigh t times. Because w e are searc hing for so man y

k eys, it is almost certain that the n um b er of times w e searc h for this k ey is v ery close to

1

8

bil-

lion. In general, the n um b er of times w e searc h for a

i

is p

i

� billion. T o compute the a v erage

depth of these billion searc hes, w e sum up the depth of eac h them and divide b y a billion, namely

1

billion

P

k 2 [1 :: billion ]

�

depth of k

th

searc h

�

=

1

billion

P

i 2 [1 ::n ]

( p

i

� billion) � d

i

=

P

i 2 [1 ::n ]

p

i

� d

i

.

Bird and F riend Algorithm: I am giv en an instance consisting of n probabilities p

1

; : : : ; p

n

. I ask the

bird whic h k ey to put at the ro ot. She answ er a

k

. I ask one friend for the b est binary searc h tree for

the k eys a

1

; : : : ; a

k � 1

and its exp ected depth. I ask another friend for the b est tree of the sp eci�ed

heigh t for a

k +1

; : : : ; a

n

and its exp ected depth. I build the tree with a

k

at the ro ot and these as the

left and righ t subtrees.

Generalizing the Problem Solv ed: A set of probabilities p

1

; : : : ; p

n

de�ning a probabilit y distribution

should ha v e the prop ert y that

P

i 2 [1 ::n ]

p

i

= 1. Ho w ev er, w e will generalize the problem b y remo ving

this restriction. This will allo w us to ask our friend to solv e subinstances that are not o�cially legal.

Note that the probabilities giv en to the friends in the ab o v e algorithm do not sum to 1.
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The Cost of an Optimal Solution Deriv ed from the Costs for the Subinstances: The exp ected

depth of m y tree is computed from that giv en b y m y friend as follo ws.

C ost =

P

i 2 [1 ::n ]

[ p

i

� depth of a

i

in tree] (16.1)

=

P

i 2 [1 ::k � 1]

[ p

i

� (depth of a

i

in left subtree) +1 ] + [ p

k

� 1] (16.2)

+

P

i 2 [ k +1 ::n ]

[ p

i

� (depth of a

i

in righ t subtree) + 1 ] (16.3)

= C ost

lef t

+

h

P

i 2 [1 ::k � 1]

p

i

i

+ p

k

+ C ost

r ig ht

+

h

P

i 2 [ k +1 ::n ]

p

i

i

(16.4)

= C ost

lef t

+

h

P

i 2 [1 ::n ]

p

i

i

+ C ost

r ig ht

(16.5)

= C ost

lef t

+ C ost

r ig ht

+ 1 (16.6)

The Complete Set of Subinstances that Will Get Called: The complete set of subinstances is S =

f h a

i

; : : : ; a

j

; p

i

; : : : ; p

j

i j 1 � i � j � n g . The table is 2-dimensional �( n � n ).

Running Time: The table has size �( n � n ). The bird can giv e n di�eren t answ ers. Hence, the time is

�( n

3

).

W e no w c hange the ab o v e problem so that it is lo oking for the b est A VL Searc h T ree.

The Best A VL T ree Problem:

Instances: An instance consists of n probabilities p

1

; : : : ; p

n

to b e asso ciated with the n k eys a

1

<

a

2

< : : : < a

n

.

Solutions: A solution for an instance is an A VL tree con taining the k eys. An A VL tree is a binary

searc h tree with the prop ert y that ev ery no de has a balance factor of -1, 0, or 1, where its balance

factor is the di�erence b et w een the heigh t of its left and its righ t subtrees.

Cost of Solution: The cost of a solution is the exp ected depth of a k ey

P

i 2 [1 ::n ]

[ p

i

� depth of a

i

in T ].

Goal: Giv en the k eys and the probabilities, the goal is to �nd an A VL tree with minim um exp ected

depth.

Generalizing the Problem Solv ed: Recall Section 12 w e wrote a recursiv e program to determine whether

a tree is an A VL tree. W e needed to kno w the heigh t of the left and the righ t subtree. Therefore, w e

generalized the problem so that it also returned the heigh t. W e will do a similar thing here.

Insuring the Balance Bet w een Heigh ts of Left and Righ t SubT rees: Let us b egin b y trying the al-

gorithm for the general binary searc h tree. W e ask the bird whic h k ey to put at the ro ot. She answ er

a

k

. W e ask friends to build the left and the righ t sub-A VL trees. They could ev en tell us ho w high

they are. What do w e do, ho w ev er, if the di�erence in their heigh ts is greater than one?

W e w ould lik e to ask the friends to build their A VL trees so that the di�erence in their heigh ts is at

most one. This, ho w ev er, requires the friends to co ordinate. This w ould b e hard.

Another option is to ask the bird what heigh t the left and righ t subtree should b e. The bird will giv e

y ou heigh ts that are within one of eac h other. Then w e could separately ask eac h friend to giv e the

b est A VL tree of the giv en heigh t.

The New Problem: An instance consists of the k eys, the probabilities, and a required heigh t. The goal is

to �nd the b est A VL tree with the giv en heigh t.

Bird and F riend Algorithm: An A VL tree of heigh t h has left and righ t subtrees of heigh ts either

h h � 2 ; h � 1 i , h h � 1 ; h � 1 i , or h h � 1 ; h � 2 i . The bird tells me whic h of these three is the case

and whic h v alue a

k

will b e at the ro ot. I can then ask the friends for the b est left and righ t subtrees

of the sp eci�ed heigh t.
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The Complete Set of Subinstances that Will Get Called: Recall in Section 12, w e pro v ed that

the minim um heigh t of an A VL tree with n no des is h = log

2

n and that its max-

im um heigh t is h = 1 : 455 log

2

n . Hence, the complete set of subinstances is S =

f h h ; a

i

; : : : ; a

j

; p

i

; : : : ; p

j

i j 1 � i � j � n; h 2 [log

2

( j � i + 1) :: 1 : 455 log

2

( j � i + 1)] g . The table is a

3-dimensional �( n � n � log n ) b o x.

Running Time: The table has size �( n � n � log n ). The bird can giv e 3 � n di�eren t answ ers. Hence, the

time is �( n

3

log n ).

Solving the Original Problem: In the original problem, the heigh t w as not �xed. T o solv e this problem,

w e could simply run the previous algorithm for eac h h and tak e the b est of these A VL trees. There is

a faster w a y .

Reusing the T able: W e do not need to run the previous algorithm more than once. After running

it once, the table already con tains the cost of the b est A VL for eac h of the p ossible heigh ts h . T o

�nd the b est o v erall A VL tree, w e need only compare these listed in the table.

16.3.7 Another View of a Solution: All P airs Shortest P aths with Negativ e

Cycles

The algorithm giv en here has three in teresting features: 1) The question ask ed of the little bird is in teresting;

2) Instead of organizing eac h solution in to a sequence of answ ers or in to a binary tree of answ ers, something

in b et w een is done; 3) It stores something other than the bird's advice in the table. This algorithm is due

to Flo yd-W arshall and Johnson.

All P airs Shortest W eigh ted P aths with P ossible Negativ e Cycles: Lik e the problem solv ed b y Di-

jkstra's algorithm in Section 8.3 and b y dynamic programming for lev eled graphs in Section 15.1.3, the

problem is to �nd a shortest-w eigh ted path b et w een t w o no des. No w, ho w ev er, w e consider the p ossi-

bilit y of cycles with negativ e w eigh ts and hence the p ossibilit y of optimal solutions that are in�nitely

long paths with in�nitely negativ e w eigh t. Also the problem is extended to ask for the shortest path

b et w een ev ery pair of no des.

Instances: An instance (input) consists a w eigh ted graph G (either directed or undirected). Eac h

edge h u; v i is allo cated with a p ossibly negativ e w eigh t w

h u;v i

2 [ �1 ; 1 ].

Solutions: A solution consists of a data structure, h � ; cy cl eN ode i , that sp eci�es a path from v

i

to v

j

for ev ery pair of no des.

Cost of Solution: The cost of a path is the sum of the w eigh ts of the edges within the path.

Goal: Giv en a graph G , the goal is to �nd, for eac h pair of no des, a path with minim um total w eigh t

b et w een them.

T yp es of P aths: Here w e discuss the t yp es of paths that arise within this algorithm and ho w they are

stored.

Negativ e Cycles: As an example, �nd a minim um w eigh ted path from v

i

to v

j

in the graph Fig-

ure 16.7. The path h v

i

; v

c

; v

d

; v

e

; v

j

i has w eigh t 1 + 2 + 2 + 1 = 6. The path h v

i

; v

a

; v

b

; v

j

i has

w eigh t 1 + 2 + 4 = 7. This is not as go o d as the previous. Ho w ev er, w e can tak e a detour in this

path b y going around the cycle, giving the path h v

i

; v

a

; v

b

; v

m

; v

a

; v

b

; v

j

i . Because the cycle has

negativ e w eigh t, the new w eigh t is b etter, 1 + 2 + (3 + ( � 6) + 2) + 4 = 6. That w orking w ell,

wh y not go around the cycle again, bring the w eigh t do wn to 5. The more w e go around, the

b etter the path. In fact, there is no reason that w e cannot go around an in�nite n um b er of times,

pro ducing a path with w eigh t �1 . W e ha v e no requiremen t that the paths ha v e a �nite n um b er

of edges, so this is a legal path. There ma y or ma y not b e other paths with �1 w eigh t, but none

can b eat this. Hence this m ust b e a path with minim um w eigh t.

De�nition of Simple P aths: A path is said to b e simple if no no de is rep eated.
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d
c

m

j
1

-6 3 5
4

i

b
2

a1

2 2

1

e

Figure 16.7: An in�nite path around a negativ e cycle.

The � All P aths Data Structure: The problem asks for an optimal path b et w een eac h pair of

no des v

i

and v

j

. Section 8.2 in tro duces a go o d data structure, � [ j ], for storing an optimal path

from one �xed no de s to all no des v

j

. It can b e mo di�ed to store an optimal path b et w een ev ery

pair of no des. Here � [ i; j ] stores the second last no de in the path from v

i

to v

j

. A problem,

ho w ev er, with this data structure is that it is only able to store simple paths.

Simple P aths: Consider the simple path in Figure 16.8. The en tire path is de�ned recursiv ely

to b e the path from v

i

to the no de giv en as � [ i; j ], follo w ed b y the last edge h � [ i; j ] ; v

j

i to

v

j

. More concretely , the no des in the path w alking bac kw ards from v

j

to v

i

are v

j

, � [ i; j ],

� [ i; � [ i; j ]], � [ i; � [ i; � [ i; j ]]] ; : : : ; un til the no de v

i

is reac hed.

j(i,j)p(i,   (i,j))ppi = (i,   (i,   (i,j))p p p

Figure 16.8: The � all paths data structure for simple paths.

Co de for W alking Bac kw ards: The follo wing co de, traces the path bac kw ards from v

j

to v

i

.

algorithm P r intS impl eP ath ( i; j; � )

h pr e � cond i : � sp eci�es a path b et w een ev ery pair of no des.

h post � cond i : Prin ts the path from v

i

to v

j

bac kw ards.

b egin

w al k = j

prin t v

j

while( w al k 6= i )

w al k = � [ i; w al k ]

prin t v

w alk

end while

end algorithm

Cannot Store P aths with Cycles: The data structure � is unable to store paths with cycles

for the follo wing reason. Supp ose that the path from v

i

to v

j

con tains the no de v

m

more

than once. � giv es ho w to bac k up from v

j

along this path. After reac hing v

m

, � giv es ho w

to bac k up further un til v

m

is reac hed a second time. Bac king up further, � will follo w the

same cycle bac k to v

m

o v er and o v er again. � is unable to describ e ho w to deviate o� this

cycle in order con tin ue on to v

i

.

Storing Optimal P aths: F or eac h pair of no des v

i

and v

j

, an optimal path is stored.

Finite P aths: If the minim um w eigh t of a path from v

i

to v

j

is not �1 , then w e kno w that

there is an optimal path that is simple, b ecause if a cycle has a p ositiv e w eigh t it should not

b e tak en and if it has a negativ e w eigh t it should b e tak en again. Suc h a simple path is traced

bac kw ards b y � .

In�nite P aths: If the minim um w eigh t of a path from v

i

to v

j

is �1 , then � cannot trace this

path bac kw ards, b ecause it con tains a negativ e w eigh ted cycle. Instead, an in�nite optimal

path from v

i

to v

j

is stored as follo ws.
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No de on Cycle cy cl eN ode [ i; j ] : The data structure cy cl eN ode [ i; j ] will store one no de

v

m

on one suc h negativ e cycle along the path.

The P ath in Three Segmen ts: The path from v

i

to v

j

that will b e stored b y the algorithm

follo ws a simple path from v

i

to v

m

, follo w ed an in�nite n um b er of times b y a negativ e

w eigh ted simple path from v

m

bac k to v

m

, ending with a simple path from v

m

to v

j

.

F or the example in Figure 16.8, these paths are h v

i

; v

a

; v

b

; v

m

; i , h v

m

; v

a

; v

b

; v

m

i , and

h v

m

; v

a

; v

b

; v

j

i . Eac h of these three simple paths is stored b y b eing traced bac kw ards b y

� . More concretely , the in�nite path from v

i

to v

j

is traced bac kw ards as follo ws.

v

j

; � [ m; j ] ; � [ m; � [ m; j ]] ; � [ m; � [ m; � [ m; j ]]] ; : : : ; v

m

in�nite cycle b egins

� [ m; m ] ; � [ m; � [ m; m ]] ; � [ m; � [ m; � [ m; m ]]] ; : : : ; v

m

in�nite cycle ends

� [ i; m ] ; � [ i; � [ i; m ]] ; � [ i; � [ i; � [ i; m ]]] ; : : : ; v

i

The follo wing co de traces this path.

algorithm P r intP ath ( i; j; � ; cost; cy cl eN ode )

h pr e � cond i : � , cost , and cy cl eN ode are as giv en b y the Al l P air sS hor testP aths algo-

rithm. v

i

and v

j

are t w o no des.

h post � cond i : Prin ts the path from v

i

to v

j

bac kw ards.

b egin

if( cost [ i; j ] 6= �1 ) then

P r intS impl eP ath ( i; j; � )

else

m = cycleNo de[i,j]

P r intS impl eP ath ( i; m; � )

prin t \in�nite cycle b egins"

P r intS impl eP ath ( m; � [ m; m ] ; � )

prin t \in�nite cycle ends"

P r intS impl eP ath ( i; � [ i; m ] ; � )

end if

end algorithm

Additional Simple P aths: The in�nite path from v

i

to v

j

required three simple paths, from v

i

to v

m

, v

m

to v

m

, and v

m

to v

j

. These will not b e optimal paths from b et w een these pairs of

no des. Hence, the algorithm m ust store these separately .

Complications in Find Simple P aths: Ha ving negativ e cycles around, greatly compli-

cates the algorithm's task of ensuring that the paths traced bac k b y � are in fact simple

paths. F or example, if one w ere lo oking for a minimal w eigh ted simple path from v

i

to v

m

, one w ould b e tempted to include the negativ e cycle from v

m

bac k to v

m

. If it

w as included, ho w ev er, the path w ould not b e simple and � w ould not b e able to trace

bac kw ards from v

m

to v

i

.

Non-Optimal Simple P aths: Luc kily , there is no requiremen t on these three simple paths

b eing optimal in an y w a y . After all, the com bined path, ha ving w eigh t �1 , m ust b e a

path with minim um total w eigh t. Therefore, to simplify the algorithm, the algorithm's

only goal is to store some simple path in eac h of these three cases.

A Simple P ath from v

i

to v

j

: Just as the in�nite path from v

i

to v

j

required three simple

paths, v

i

to v

m

, v

m

to v

m

, and v

m

to v

j

, other pairs of no des ma y require a simple path

from v

i

to v

j

. Just in case it is needed, the algorithm will ensure that � traces some

non-optimal simple path bac kw ards from v

j

to v

i

. In order to a v oid the negativ e cycle,

this path from will a v oid the no de v

m

. F or the example in Figure 16.8, the path stored

will b e h v

i

; v

p

; v

q

; v

r

; v

j

i .
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This completes the discuss if the t yp es of paths that arise within this algorithm and ho w they are

stored.

The Question F or the Little Bird:

The Last Edge: The algorithm in Section 15.1.3 ask ed the little bird for the last edge in an optimal

path from v

i

to v

j

(equiv alen tly , w e could ask for the second last no de � [ i; j ]) and then deleted

this edge from consideration. One problem with this approac h is that the optimal path ma y b e

in�nitely long and deleting one edge do es not mak e it signi�can tly shorter. Hence, no \progress"

is made. Another problem is that this edge ma y app ear man y times within the optimal solution.

Hence, w e cannot stop considering it so quic kly .

Num b er of Times Last No de App ears: Section 15.1.5 suggests that if the instance is a sequence

of ob jects and a solution is a subset of these ob ject, than a go o d question ma y b e whether the

last ob ject of the instance is included in an optimal solution? Here an instance is a set of no des,

but w e can order them in some arbitrary w a y . Then w e can ask ho w man y times the no de v

n

is

included in ternally within an optimal path from v

i

to v

j

. There are only K = 3 p ossible answ ers:

k = 0, 1, and 1 . Note that v

n

will not b e included in the path only t wice, b ecause if this cycle

from v

n

bac k to v

n

has a p ositiv e w eigh t, wh y tak e the cycle, and if the cycle has a negativ e

w eigh t, wh y not go around again. F or eac h of these K = 3 p ossible answ ers that the little bird

ma y giv e, the b est solution is found that is consisten t with this answ er and then the b est of these

b est solutions is returned.

Recursiv e Structure: An optimal path from v

i

to v

j

that con tains the no de v

n

only once consists of an

optimal path from v

i

to v

n

that includes no de v

n

only at the end follo w ed b y an optimal one from v

n

to v

j

that includes no de v

n

only at the b eginning.

i n
j

j

i

nodes 1,..,m

Figure 16.9: Generalizing the problem

Generalizing the Problem: This recursiv e structure motiv ates w an ting to searc h for a shortest path b e-

t w een t w o sp eci�ed no des that excludes a sp eci�ed set of no des except p ossibly at the b eginning and

at the end of the path. By tracing the recursiv e algorithm, w e will see that the set of subinstance used

is fh G

m

; i; j i j i; j 2 [1 ::n ] and m 2 [0 ::n ] g , where the goal of the instance h G

m

; i; j i is to �nd a path

with minim um total w eigh t from v

i

to v

j

that includes only the no des v

1

; v

2

; : : : ; v

m

except p ossibly

at its b eginning or end. W e allo w the ends of the paths to b e outside of this range of no des b ecause

the sp eci�ed no des v

i

and v

j

migh t b e outside of this range. T o simplify the problem, the algorithm

m ust return only cost

m

[ i; j ] and �

m

[ i; j ] whic h are the total w eigh t of the path found and the second

last no de in it.

Base Cases and The Original Instance: Note that the new instance h G

n

; s; t i is our original instance

asking for an optimal path from v

i

to v

j

including an y no de in the middle. Also note that the new

instance h G

0

; i; j i asks for an optimal path from v

i

to v

j

but do es not allo w an y no des to b e included

in the middle. Hence, the only v alid solution is the single edge from v

i

to v

j

. If there is suc h an edge

then cost

0

[ i; j ] is the w eigh t of this edge and �

0

[ i; j ] = i . Otherwise, cost

0

[ i; j ] = 1 and �

0

[ i; j ] is nil.

Y our Instance Reduced to a Subinstance: Giv en an instance h G

m

; i; j i , the last no de in the graph of

consideration is v

m

not v

n

. Hence, w e will ask the little bird ho w man y times the no de v

m

is included

in ternally within an optimal path from v

i

to v

j

. Recall that there are only K = 3 p ossible answ ers,

k = 0, 1, or 1 .
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v

m

is Included In ternally k = 0 Times: Supp ose that the bird assures us that the no de v

m

do es

not app ear in ternally within at least one of the shortest w eigh ted paths from v

i

to v

j

.

One F riend: W e could simply ignore the no de v

m

and ask a friend to giv e us a shortest

w eigh ted path from v

i

to v

j

that do es not include no de v

m

. This amoun ts to the subin-

stance h G

m � 1

; i; j i . See the left path from v

i

to v

j

in Figure 16.10.

cost

m

[ i; j ] and �

m

[ i; j ]: The path, and hence its w eigh t and second last no de, ha v e not

c hanged, giving cost

m

[ i; j ] = cost

m � 1

[ i; j ] and �

m

[ i; j ] = �

m � 1

[ i; j ].

nodes 1,...,m-1

nodes 1,...,m

i

m

j

Figure 16.10: Up dating the path from v

i

to v

j

when no de v

m

is included

v

m

is Included In ternally k = 1 Times: On the other hand, supp ose that w e are told that no de

v

m

app ears exactly once in least one of the shortest w eigh ted paths from v

i

to v

j

.

Tw o F riends: W e kno w that there is a shortest paths from v

i

to v

j

that is comp osed of the

follo wing t w o parts: a shortest w eigh ted path from v

i

to v

m

that includes no de v

m

only at the

end and a shortest one from v

m

to v

j

that includes no de v

m

only at the b eginning. W e can

ask friends to �nd eac h of these t w o subpaths b y giving them the subinstances h G

m � 1

; i; m i

and h G

m � 1

; m; j i . W e com bine their answ ers to obtain our path. See the righ t path from v

i

to v

j

in Figure 16.10 excluding the dotted part.

cost

m

[ i; j ] and �

m

[ i; j ]: The w eigh t of our com bined path will b e the sum of the w eigh ts giv en

to us b y our friends, namely cost

m

[ i; j ] = cost

m � 1

[ i; m ] + cost

m � 1

[ m; j ]. The second last no de

in our path from v

i

to v

j

is the second last no de in the path from v

m

to v

j

giv en to us b y our

second friend, namely �

m

[ i; j ] = �

m � 1

[ m; j ].

v

m

is Included In ternally k = 1 Times: Finally , supp ose that w e are told that v

m

app ears in-

�nitely often in least one of the shortest w eigh ted paths from v

i

to v

j

.

Three F riends: The only reason for an optimal path to return to v

m

more than once is b ecause

there is an negativ e w eigh ted cycle including v

m

. Though there ma y b e more than one suc h

negativ e w eigh ted cycle, there is no adv an tage in an optimal path taking di�eren t ones. Hence,

there is an optimal path from v

i

to v

j

with the follo wing form: an optimal path from v

i

to v

m

that includes no de v

m

only at the end; an in�nitely rep eating negativ ely w eigh ted optimal

path from v

m

bac k to v

m

that includes no de v

m

only at the ends; �nally an optimal path

from v

m

to v

j

that includes no de v

m

only at the b eginning. W e can ask friends to �nd eac h

of these three subpaths b y giving them the subinstances h G

m � 1

; i; m i , h G

m � 1

; m; m i , and

h G

m � 1

; m; j i . W e com bine their answ ers to obtain our optimal path. See the righ t most path

from v

i

to v

j

in Figure 16.10 including the dotted part.

cost

m

[ i; j ]: Again the w eigh t of our com bined path will b e the sum of the w eigh ts giv en to us b y

our friends, namely cost

m

[ i; j ] = cost

m � 1

[ i; m ] + 1 � cost

m � 1

[ m; m ] + cost

m � 1

[ m; j ]. F or this
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w eigh t to b e �1 as desired, there are three requiremen ts. The cycle needs to ha v e a negativ e

w eigh t, namely cost

m � 1

[ m; m ] < 0. Also there m ust actually b e a path from v

i

to the cycle,

namely cost

m � 1

[ i; m ] 6= 1 , and then from the cycle on to v

j

, namely cost

m � 1

[ m; j ] 6= 1 . If

one of these is missing, then the bird is mistak en to tell us to visit v

m

more than once. W e

strongly discourage this options b y setting cost

m

[ i; j ] = + 1 .

No de on Cycle cy cl eN ode [ i; j ]: Recall that when there is the optimal path from v

i

to v

j

is

in�nitely long, the data structure cy cl eN ode [ i; j ] is to store one no de v

m

on one suc h negativ e

cycle along the path. This is done simply b y setting cy cl eN ode [ i; j ] = m .

�

m

[ i; j ]: In this case, the path traced bac kw ards b y � do es not need to b e an optimal path. The

only requiremen t is that it is an simple path. There are t w o cases to consider.

The Simple P ath Excluding v

m

: The k = 0 friend, giv en the subinstance h G

m � 1

; i; j i ,

can giv e us a simple path from v

i

to v

j

that do es not con tain v

m

. This path w ould suit

our purp oses �ne, assuming that it exists. W e can test this b y whether cost

m � 1

[ i; j ] 6= 1 .

T o tak e this path, w e set �

m

[ i; j ] = �

m � 1

[ i; j ]. Note that in the left graph b elo w suc h a

path exists, but that in the righ t one it do es not.

j
1

2

-6 3i

a

b

m

1
j

1
2

-6 3i

a b

m

1

The Simple P ath Including v

m

: No w supp ose that a path from v

i

to v

j

excluding v

m

do es not exist. W e do kno w that there is one that includes v

m

an in�nite n um b er of

times, hence there is also a truncated v ersion of this path that includes it only once. The

k = 1 friends, with the subinstances h G

m � 1

; i; m i and h G

m � 1

; m; j i , can giv e this path.

This path w ould also suit our purp oses �ne, assuming that it do es not con tain a cycle.

Note that in the left graph ab o v e this path do es con tain a cycle, but that in the righ t

one it do es not. W e ha v e handled the left example, using the k = 0 path. F or the righ t

example, w e use the k = 1 path. T o tak e this path, w e set �

m

[ i; j ] = �

m � 1

[ m; j ]. Closer

examination rev eals that these are the only t w o cases.

This completes the steps for solving an individual instance h G

m

; i; j i .

Filling in The T able:

The Set of Subinstances: The claim w as that the set of subinstance used is fh G

m

; i; j i j i; j 2

[1 ::n ] and m 2 [0 ::n ] g .

Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm

b ecause it con tains the initial instance and is closed under the sub-op erator. Consider an ar-

bitrary subinstance h G

m

; i; j i from this set. Applying the sub-op erator constructs the subin-

stances h G

m � 1

; i; j i , h G

m � 1

; i; m i , h G

m � 1

; m; m i , and h G

m � 1

; m; j i , all of whic h are con tained

in the stated set of subinstances.

Generating: Starting for the original instance h G

n

; s; t i , the only subinstances h G

m

; i; j i that

will get called b y the recursiv e algorithm are those for whic h v

i

and v

j

are either v

i

and v

j

or

within the range v

m

; v

m +1

; : : : ; v

n

. Ho w ev er, if w e w an t to solv e the all pairs shortest paths

problem, then all of these subinstances will b e needed.

What is Sa v ed in the T able: As indicated in the in tro duction for this problem, the algorithm stores

something other than the bird's advice in the table bir dAdv ice

m

[ i; j ]. The purp ose of storing the

bird's advice for eac h subinstance is so that in the end the optimal solution can b e constructed

from piecing together the bird's advice for eac h of these subinstances. The Bird's advice is the

n um b er of times k = 0, 1, or 1 that the no de v

m

app ears in an optimal path for the instance.

Pieced together, these �elds of information are organized in to a strange tree structure in whic h
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eac h �eld has one, t w o, or three c hildren dep ending on whether the no de v

m

breaks the path in to

one, t w o, or three subpaths. See Section 15.1.4. Though this w ould w ork, it is a strange data

structure to store the optimal paths. Instead, the tables store cost

m

[ i; j ] and �

m

[ i; j ].

The Order in whic h to Fill the T able: The \size" of subinstance h G

m

; i; j i is the n um b er of

no des m b eing considered in the middle of the paths. The tables will b e �lled in order of

m = 0 ; 1 ; 2 ; : : : ; n .

Co de:

algorithm Al l P air sS hor testP aths ( G )

h pr e � cond i : G is a w eigh ted graph (directed or undirected) with p ossibly negativ e w eigh ts.

h post � cond i : � sp eci�es a path with minim um total w eigh t b et w een ev ery pair of no des and cost

their w eigh ts.

b egin

tabl e [0 ::n; 1 ::n; 1 ::n ] � ; cost

% Base Cases

for i = 1 to n

for j = 1 to n

if( i = j ) then

�

0

[ i; j ] = nil

cost

0

[ i; j ] = 0

else if( h v

i

; v

j

i is an edge ) then

�

0

[ i; j ] = i

cost

0

[ i; j ] = w

h v

i

;v

j

i

else

�

0

[ i; j ] = nil

cost

0

[ i; j ] = 1

end if

end for

end for

% Lo op o v er subinstances in the table.

for m = 1 to n

for i = 1 to n

for j = 1 to n

% Solv e the subinstance h G

m

; i; j i

% T ry p ossible bird answ ers.

% cases k = 0

% Get help from one friend

cost

k =0

= cost

m � 1

[ i; j ]

�

k =0

= �

m � 1

[ i; j ]

% cases k = 1

% Get help from t w o friends

cost

k =1

= cost

m � 1

[ i; m ] + cost

m � 1

[ m; j ]

�

k =1

= �

m � 1

[ m; j ]

% cases k = 1

% Get help from three friends

if( cost

m � 1

[ i; m ] 6= 1 and cost

m � 1

[ m; m ] < 0 and cost

m � 1

[ m; j ] 6= 1 ) then

% v

m

is on a negativ e cycle

cost

k = 1

= �1

cy cl eN ode [ i; j ] = m

if( cost

m � 1

[ i; j ] 6= 1 )

�

k = 1

= �

m � 1

[ i; j ]



258 CHAPTER 16. D YNAMIC PR OGRAMMING

else

�

k = 1

= �

m � 1

[ m; j ]

end if

else

% Little bird made a mistak e

cost

1

= + 1

end if

% end cases

% T ak e the b est bird answ er. (Giv en a tie, tak e k = 0 o v er k = 1 o v er k = 1 .)

k

min

= \a k 2 [0 ; 1 ; 1 ] that minimizes cost

k

"

�

m

[ i; j ] = �

k

min

cost [ i; j ] = cost

k

min

end for

end for

end for

return h �

n

; cost

n

i

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. The n um b er of subinstances is

�( n

3

) and the bird has K =three p ossible answ ers for y ou. Hence, the time and space requiremen ts

are b oth �( n

3

).

Sa ving Space: Memory space can b e sa v ed b y observing that to solv e the subinstance h G

m

; i; j i only the

v alues for the previous m are needed. Hence the same table can b e reused, b y constructing the curren t

table from the previous table and then coping the curren t to the previous and rep eating. Ev en more

space and co ding hassles can b e sa v ed b y not ha ving one set of tables for the curren t v alue of m and

another for the previous v alue, b y simply up dating the v alues in place. Ho w ev er, b efore this is done,

more care is needed to mak e sure that this simpli�ed algorithm still w orks.

Example:

40

60201

6
b

d
2

4

10

c

a

cost

0

=

a b c d

a 0 40 1 60

b 6 0 10 4

c 20 1 0 2

d 1 4 1 0

�

0

=

a b c d

a a a a

b b b b

c c c

d d

cost

a

=

a b c d

a 0 40 1 60

b 6 0 7 4

c 20 60 0 2

d 1 4 1 0

�

a

=

a b c d

a a a a

b b a b

c c a c

d d

cost

b

=

a b c d

a 0 40 1 44

b 6 0 7 4

c 20 60 0 2

d 10 4 11 0

�

b

=

a b c d

a a a b

b b a b

c c a c

d b d a

cost

c

=

a b c d

a 0 40 1 3

b 6 0 7 4

c 20 60 0 2

d 10 4 11 0

�

c

=

a b c d

a a a c

b b a b

c c a c

d b d a

cost

d

=

a b c d

a 0 7 1 3

b 6 0 7 4

c 12 6 0 2

d 10 4 11 0

�

d

=

a b c d

a d a c

b b a b

c b d c

d b d a

Shorten P r intP ath to simply P .

Then P ( a; b ) = P ( a; d ) ; b = P ( a; c ) ; d; b = P ( a; a ) ; c; d; b =

a; c; d; b .

Exercise 16.3.8 T r ac e the Al l P air sS hor testP aths and P r intP ath on the gr aph in Figur e 16.7. Consider

the no des or der e d alphab etic al ly.

16.3.8 P arsing with Con text-F ree Grammars

Recall the problem of parsing a string according to a giv en con text-free grammar. Section 14 dev elop ed

an elegan t recursiv e algorithm whic h w orks only for lo ok-ahead-one grammars. W e no w presen t a dynamic
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programming algorithm that w orks for an y con text-free grammar.

Giv en a grammar G and a string s , the �rst step in parsing is to con v ert the grammar in to one in

Chomsky normal form , whic h is de�ned b elo w. (Although, a dynamic program could b e written to w ork

directly for an y con text-free grammar, it runs m uc h faster if the grammar is con v erted �rst.)

The P arsing Problem:

Instance: An instance consists of h G; T

star t

; s i , where G is a grammar in Chomsky normal form,

T

star t

is the non-terminal of G designated as the start sym b ol, and s is the string h a

1

; : : : ; a

n

i

of terminal sym b ols to b e generated. The grammar G consists of a set of non-terminal sym b ols

V =




T

1

; : : : ; T

j V j

�

and a set of rules h r

1

; : : : ; r

m

i . The de�nition of Chomsky normal form is that

eac h rule r

q

has one of the follo wing three forms:

� A

q

) B

q

C

q

, where A

q

, B

q

, and C

q

are non-terminal sym b ols.

� A

q

) b

q

, where b

q

is a terminal sym b ol.

� T

star t

) � , where T

star t

is the start sym b ol and � is the empt y string. This rule can only b e

used to parse the string s = � . It ma y not b e used within the parsing of a larger string.

Solution: A solution is a partial parsing P , consisting of a tree. Eac h in ternal no de of the tree is

lab eled with a non-terminal sym b ol, the ro ot with the sp eci�ed sym b ol T

star t

. Eac h in ternal

no de m ust corresp ond to a rule of the grammar G . F or example, for rule A ) B C , the no de is

lab eled A and its t w o c hildren are lab eled B and C . In a complete parsing, eac h leaf of the tree

is lab eled with a terminal sym b ol. (In a partial parsing, some lea v es ma y still b e lab eled with

non-terminals.)

Cost of Solution: A parsing P is said to generate the string s if the lea v es of the parsing in order

forms s . The cost of P will b e zero if it generates the string s and will b e in�nit y otherwise.

Goal: The goal of the problem is, giv en an instance h G; T

star t

; s i , to �nd a parsing P that generates

s .

Not Lo ok Ahead One: The grammar G migh t not b e lo ok ahe ad one . F or example, in

A ) B C

A ) D E

y ou do not kno w whether to start parsing the string as a B or a D. If y ou mak e the wrong c hoice,

y ou ha v e to bac k up and rep eat the pro cess. Ho w ev er, this problem is a p erfect candidate for a

dynamic-programming algorithm.

The P arsing Abstract Data T yp e: W e will use the follo wing abstract data t yp e to represen t parsings.

Supp ose that there is a rule r

q

= \ A

q

) B

q

C

q

that generates B

q

and C

q

from A

q

. Supp ose as w ell

that the string s

1

= h a

1

; : : : ; a

k

i is generated starting with the sym b ol B

q

using the parsing P

1

( B

q

is the ro ot of P

1

) and that s

2

= h a

k +1

; : : : ; a

n

i is generated from C

q

using P

1

. Then w e sa y that the

string s = s

1

� s

2

= h a

1

; : : : ; a

n

i is generated from A

q

using the parsing P = h A

q

; P

1

; P

2

i .

The Num b er of P arsings: Usually , the �rst algorithmic attempts at parsing are some form of brute-force

algorithm. The problem is that there are an exp onen tial n um b er of parsings to try . This n um b er can

b e estimated roughly as follo ws. When parsing, the string of sym b ols needs to increase from b eing of

size 1 (consisting only of the start sym b ols) to b eing of size n (consisting of s ). Applying a rule adds

only one more sym b ol to this string. Hence, rules need to b e applied n � 1 times. Eac h time y ou apply

a rule, y ou ha v e to c ho ose whic h of the m rules to apply . Hence, the total n um b er of c hoices ma y b e

�( m

n

).

The Question to Ask the Little Bird: Giv en an instance h G; T

star t

; s i , w e will ask the little bird a ques-

tion that con tains t w o sub-question ab out a parsing P that generates s from T

star t

.

The �rst sub-question is the index q of the rule r

q

= \ T

star t

) B

q

C

q

" that is applied �rst to our start

sym b ol T

star t

. Although this is useful information, I don't see ho w it alone could lead to a subinstance.
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W e don't kno w P , but w e do kno w that P generates s = h a

1

; : : : ; a

n

i . It follo ws that, for some k 2 [1 ::n ],

after P applies its �rst rule r

q

= \ T

star t

) B

q

C

q

", it then generates the string s

1

= h a

1

; : : : ; a

k

i from

B

q

and the string s

2

= h a

k +1

; : : : ; a

n

i from C

q

, so that o v erall it generates s = s

1

� s

2

= h a

1

; : : : ; a

n

i .

Our second sub-question ask ed of the bird is to tell us this k that splits the string s .

Help F rom F riend: What w e do not kno w ab out of the parsing tree P is ho w B

q

generates s

1

= h a

1

; : : : ; a

k

i

and ho w C

q

generates s

2

= h a

k +1

; : : : ; a

n

i . Hence, w e ask our friends for optimal parsings for the

subinstances h G; B

q

; s

1

i and h G; C

q

; s

2

i . They resp ond with the parsings P

1

and P

2

. W e conclude that

P = h T

star t

; P

1

; P

2

i generates s = s

1

� s

2

= h a

1

; : : : ; a

n

i from T

star t

. If either friend giv es us a parsing

with in�nite cost, then w e kno w that no parsing consisten t with the information pro vided b y the bird

is p ossible. The cost of our parsings in this case is in�nit y as w ell. This can b e ac hiev ed b y setting

the cost of the new parsing to b e the maxim um of that for P

1

and for P

2

. The line of co de will b e

cost

h q ;k i

= max( cost [ B

q

; 1 ; k ] ; cost [ C

q

; k + 1 ; n ]).

The Set of Subinstances: The set of subinstances that get called b y the recursiv e program consisting of

y ou, y our friends, and their friends is fh G; T

h

; a

i

; : : : ; a

j

i j h 2 V ; 0 � i � j � n g .

Closed: W e kno w that this set con tains all subinstances generated b y the recursiv e algorithm b e-

cause it con tains the initial instance and is closed under the sub-op erator. Consider an ar-

bitrary subinstance h G; T

h

; a

i

; : : : ; a

j

i in the set. Its subinstances are h G; B

q

; a

i

; : : : ; a

k

i and

h G; C

q

; a

k +1

; : : : ; a

j

i , whic h are b oth in the set.

Generating: Some of these subinstances will not b e generated. Ho w ev er, most of our instances will.

(1,1,1) i

j

k(5,i,k)

(5,n,n)
h=5

(1,1,1) i

j

k

(7,k,j)

(7,n,n)
h=7

(1,1,1) i

Order to fill

(1,i,j)

j

h=1

k(1,i,k)

(1,k,j)

h

(1,n,n)

(|Sigma|,n,n)

: subinstances

: our instance

Figure 16.11: The dynamic-programming table for parsing is sho wn. The table en try corresp onding to

the instance h G; T

1

; a

i

; : : : ; a

j

i is represen ted b y the little circle. Using the rule T

1

) T

1

T

1

, the subin-

stances h G; T

1

; a

i

; : : : ; a

k

i and h G; T

1

; a

k +1

; : : : ; a

j

i are formed. Using the rule T

1

) T

5

T

7

, the subinstances

h G; T

5

; a

i

; : : : ; a

k

i and h G; T

7

; a

k +1

; : : : ; a

j

i are formed. The table en tries corresp onding to these subinstances

are represen ted b y the dot within the o v als.

Constructing a T able Indexed b y Subinstances: The table w ould b e three dimensional. The solution

for subinstance h G; T

h

; a

i

; : : : ; a

j

i w ould b e stored in en try T abl e [ h; i; j ] for h 2 V and 0 � i � j � n .

The Order in whic h to Fill the T able: The size of the subinstance h G; T

h

; a

i

; : : : ; a

j

i is the length of

the string to b e generated, i.e. j � i + 1. W e will consider longer and longer strings.
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Base Cases: One base case is the subinstance h G; T

star t

; � i . This empt y string � is parsed with the rule

T

star t

) � , assuming that this is a legal rule. The other base cases are the subinstances h G; A

q

; b

q

i .

This string consisting of the single c haracter b

q

is parsed with the rule A

q

) b

q

, assuming that this is

a legal rule.

Co de:

algorithm P ar sing ( h G; T

star t

; a

1

; : : : ; a

n

i )

h pr e � cond i : G is a Chomsky normal form grammar, T

star t

is a non-terminal, and s is the string

h a

1

; : : : ; a

n

i of terminal sym b ols.

h post � cond i : P , if p ossible, is a parsing that generates s starting from T

star t

using G .

b egin

tabl e [ j V j ; n; n ] bir dAdv ice; cost

% The case s = � is handled separately

if n = 0 then

if T

star t

) � is a rule then

P = the parsing applies this one rule.

else

P = ;

end if

return( P )

end if

% The base cases in the table are all subinstances of size one.

% Solv e instance h G; T

h

; a

i

; : : : ; a

i

i and �ll in table en try h h; i; i i

F or i = 1 to n

F or eac h non-terminal T

h

If there is a rule r

q

= \ A

q

) b

q

", where A

q

is T

h

and b

q

is a

i

then

bir dAdv ice [ h; i; i ] = h q ; ? i

cost [ h; i; i ] = 0

else

bir dAdv iceQ [ h; i; i ] = h ? ; ? i

cost [ h; i; i ] = 1

end if

end lo op

end lo op

% Lo op o v er subinstances in the table.

for siz e = 2 to n % length of substring h a

i

; : : : ; a

j

i

for i = 1 to n � siz e + 1

j = i + size - 1

F or eac h non-terminal T

h

, i.e., h 2 [1 :: j V j ]

% Solv e instance h G; T

h

; a

i

; : : : ; a

j

i and �ll in table en try h h; i; j i

% Lo op o v er p ossible bird answ ers.

for eac h rule r

q

= \ A

q

) B

q

C

q

" for whic h A

q

is T

h

for k = i to j � 1

% Ask friend if y ou can generate h a

i

; : : : ; a

k

i from B

q

% Ask another friend if y ou can generate h a

k +1

; : : : ; a

j

i from C

q

cost

h q ;k i

= max( cost [ B

q

; i; k ] ; cost [ C

q

; k + 1 ; j ])

end for

end for

% T ak e the b est bird answ er, i.e. one of cost zero if s can b e generated.
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h q

min

; k

min

i = \a h q ; k i that minimizes cost

h q ;k i

"

bir dAdv iceQ [ h; i; j ] = h q

min

; k

min

i

cost [ h; i; j ] = cost

h q

min

;k

min

i

end for

end for

end for

% Constructing the solution P

if( cost [1 ; 1 ; n ] = 0) then % i.e. if s can b e generated from T

star t

P = P ar sing W ithAdv ice ( h G; T

star t

; a

1

; : : : ; a

n

i ; bir dAdv ice )

else

P = ;

end if

return( P )

end algorithm

Constructing an Optimal Solution:

algorithm P ar sing W ithAdv ice ( h G; T

h

; a

i

; : : : ; a

j

i ; bir dAdv ice )

h pr e & post � cond i : Same as P ar sing except with advice.

b egin

h q ; k i = bir dAdv ice [ h; i; j ]

if( i = j ) then

Rule r

q

m ust ha v e the form \ A

q

) b

q

", where A

q

is T

h

and b

q

is a

i

P arsing P = h T

h

; a

i

i

else

Rule r

q

m ust ha v e the form \ A

q

) C

q

B

q

", where A

q

is T

h

P

1

= P ar sing W ithAdv ice ( h G; B

q

; a

i

; : : : ; a

k

i ; bir dAdv iceQ; bir dAdv iceK )

P

2

= P ar sing W ithAdv ice ( h G; C

q

; a

k +1

; : : : ; a

j

i ; bir dAdv iceQ; bir dAdv iceK )

P arsing P = h T

h

; P

1

; P

2

i

end if

return( P )

end algorithm

Time and Space Requiremen ts: The running time is the n um b er of subinstances times the n um b er of

p ossible bird answ ers and the space is the n um b er of subinstances. The n um b er of subinstances indexing

y our table is �( j V j n

2

), namely T abl e [ h; i; j ] for h 2 V and 0 � i � j � n . The n um b er of answ ers

that the bird migh t giv e y ou is at most O ( mn ), namely h q ; k i for eac h of the m rules r

q

and split

k 2 [1 ::n � 1]. This giv es time = O ( j V j n

2

� mn ). If the grammar G is �xed, then the time is �( n

3

).

A tigh ter analysis w ould note that the bird w ould only answ er q for rules r

q

= \ A

q

) B

q

C

q

", for whic h

the left-hand side A

q

is the non-terminal T

h

sp eci�ed in the instance. Let m

T

h

b e the n um b er of suc h

rules. Then the lo op o v er non-terminals T

h

and the lo op o v er rules r

q

w ould not require j V j m time,

but

P

T

h

2 V

m

T

h

= m . This giv es a total time of �( n

3

m ).
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Chapter 17

Computational Complexit y of a

Problem

W e sa y that the computational problem sorting has time complexit y �( n log n ) b ecause w e ha v e an algorithm

that solv es the problem in this m uc h time and b ecause w e can pro v e that no algorithm can solv e it faster.

The algorithm is referred to as an upp er b ound for the problem, and the pro of that there are no b etter

algorithms is referred to as a lo w er b ound.

17.1 Di�eren t Mo dels of Computation

T o understand the time complexit y of an algorithm lik e the radix/coun ting sort and of the \�( n log n ))"

comparison sorts w e need to b e v ery careful ab out our mo del of computation. A mo del de�nes ho w the size

of an instance is measured and whic h op erations can b e done in one time step.

The radix/coun ting sort requires T = �(

l

log n

n ) op erations. Ho w ev er, here w e allo w ed a single op eration

to add t w o v alues with magnitude �( n ) and to index in to arra ys of size n and of size k . If n and k get

arbitrarily large, a real computer could not do these op erations in one step.

Belo w are some reasonable mo dels of computation:

Bit Mo del: The size N of an instance is measured in the n um b er of bits required to represen t it. Our

instance consists of a list of n v alues. Eac h v alue is a l -bit in teger. Hence, the size of this instance is

N = l � n .

In this mo del, the only op erations allo w ed are AN D , O R , and N O T , eac h of whic h tak e in one or t w o

bits and output one bit. In tegers with magnitude �( n ) require �(log n ) bits to write do wn. Adding,

comparing, or indexing them requires �(log n )-bit op erations.

Hence, eac h radix/coun ting op eration requires �(log n )-bit op erations, giving a total of T = �(

l

log n

n ) �

�(log n ) = �( l � n ) = �( N )-bit op erations for the algorithm. This is wh y this algorithm is called a

linear sort.

In the �( n log n ) comparison-based algorithm, eac h op eration is a comparison of t w o l -bit n um b ers.

Eac h of these requires �( l )-bit op erations resp ectiv ely . Hence, a total of T = �( n log n ) � �( l ) =

�( l � n log n ) = �( N log n )-bit op erations are needed for the algorithm. This is another reason that the

time complexit y of the algorithm is said to b e �( N log N ). (Generally , �(log N ) � �(log n ).)

l

0

-Bit W ords: Real computers can do more than a single-bit op eration in one time step. In one op eration,

they can add or compare t w o in tegers or index in to an arra y . Ho w ev er, the n um b er of bits required to

represen t a w ord is limited to 16 or 32 bits. If n and k get arbitrarily large, a real computer could not

do these op erations in one step. In this mo del, w e �x a w ord size at l

0

, sa y 16 or 32 bits.

The size N of an instance is measured in the n um b er of l

0

-bit w ords required to represen t it. Hence,

the size our instance is N =

l

l

0

� n .

265
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In this mo del, the op erations allo w ed are addition, comparison, and indexing of l

0

-bit v alues. Adding,

comparing, and indexing in tegers with magnitude �( n ) requires �(log n )-bit op erations but only

�(

log n

l

0

) of these l

0

-bit op erations.

Hence a radix/coun ting sort requires a total of T = �(

l

log n

n ) � �(

log n

l

0

) = �(

l

l

0

� n ) = �( N ) of these

l

0

-bit op erations. Similarly , the comparison-based algorithm requires a total of T = �( n log n ) � �(

l

l

0

) =

�(

l

l

0

� n log n ) = �( N log n ) l

0

-bit op erations. Note that these time complexities are exactly the same

as in the bit mo del.

Comparison-Based Mo del: This mo del is commonly used when considering sorting algorithms whose

only w a y of examining the input v alues are via comparisons, i.e., a

i

� a

j

.

An instance consists of n v alues. Eac h v alue ma y b e an y in teger or real of an y magnitude. The \size"

N of the instance is only the n um b er of v alues n . It do es not tak e in to accoun t the magnitude or

decimal precision of the v alues.

The mo del allo ws indexing and mo ving v alues for free. The mo del only c harges one time step for eac h

comparison.

The time complexit y for a merge sort in this mo del is �( n log n ) = �( N log N ). The time complexit y

for a radix/coun ting sort is not de�ned.

17.2 Expressing Time Complexit y with Existen tial and Univ ersal

Quan ti�ers

P eople often ha v e trouble w orking with existen tial and univ ersal quan ti�ers. They also ha v e trouble un-

derstanding the subtleties in de�ning time complexit y . This section slo wly dev elops the de�nition of time

complexit y using existen tial and univ ersal quan ti�ers. I hop e to giv e y ou a b etter understanding of time

complexit y and practice with existen tial and univ ersal quan ti�ers.

A Problem: W e will use P to denote a computational problem that sp eci�es the required output P ( I ) for

eac h input instance I . A classic example of a computational problem is sor ting .

An Algorithm: W e will use A to denote an algorithm that sp eci�es the actual output A ( I ) for eac h input

instance I . A example of an algorithm is an inser tionsor t .

S ol v es ( A; P ): W e will use the predicate S ol v es ( A; P ) to denote whether algorithm A solv es problem P .

F or it to solv e the problem correctly , the algorithm m ust giv e the correct output for every input. Hence,

the predicate is de�ned as follo ws:

S ol v es ( A; P ) � [ 8 I ; A ( I ) = P ( I )]

Note that S ol v es ( inser tionsor t; sor ting ) is a true statemen t, while S ol v es ( binar y sear ch; sor ting ) is

false.

Running Time: W e will use T ime ( A; I ) to denote the n um b er of time steps (op erations) that algorithm

A uses on instance I . See Section 1.3

Time Complexit y of an Algorithm: Generally w e consider the worst-c ase complexit y , i.e., the time for

the algorithm's w orst-case input. Time complexit y is measured as a function of the size n of the input.

Hence, for eac h n , the w orst input of size n is found, namely

T

A

( n ) = Max

I 2f I

0

j j I

0

j = n g

T ime ( A; I ) :

F or example, T

inser tionsor t

( n ) = n

2

. (F or simplicit y's sak e, w e are ignoring the constan t.)
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Upp er and Lo w er Bounds for an Algorithm: W e ma y not completely kno w the running time of an

algorithm. In this case, w e giv e our b est upp er and lo w er b ounds on the time. W e will use T

upper

and

T

low er

to denote time-complexit y classes that w e hop e to act as upp er and lo w er b ounds. F or example,

T

upper

( n ) = n

3

and T

low er

( n ) = n are upp er and lo w er b ounds for T

inser tionsor t

.

Something is bigger than the maxim um of a set of v alues if it is bigger than eac h of these v alues.

Hence, w e de�ne T

A

� T

upper

as follo ws:

T

A

� T

upper

� 8 n; T

A

( n ) � T

upper

( n )

� 8 n;

�

Max

I 2f I

0

j j I

0

j = n g

T ime ( A; I )

�

� T

upper

( n )

� 8 I ; T ime ( A; I ) � T

upper

( j I j )

Something is smaller than the maxim um of a set of v alues if it is smaller than at least one of these

v alues. Hence, w e de�ne T

A

> T

low er

as follo ws:

T

A

> T

low er

� 9 n; T

A

( n ) > T

low er

( n )

� 9 n;

�

Max

I 2f I

0

j j I

0

j = n g

T ime ( A; I )

�

> T

low er

( n )

� 9 I ; T ime ( A; I ) > T

low er

( j I j )

Note that the lo w er-b ound statemen t is the existen tial/univ ersal negation of the upp er-b ound state-

men t.

Time Complexit y of a Problem: The complexit y of a computational problem P is that of the fastest

algorithm solving the problem. W e denote this T

P

and de�ne it as

T

P

( n ) = Min

A 2f A

0

j S olv es ( A;P ) g

T

A

( n )

= Min

A 2f A

0

j S olv es ( A;P ) g

Max

I 2f I

0

j j I

0

j = n g

T ime ( A; I )

First, w e �nd the absolutely b est algorithm A solving the problem. Then, w e �nd the w orst-case input

I for A . The complexit y is the time T ime ( A; I ) for this algorithm on this input. Note that di�eren t

algorithms A will ha v e di�eren t w orst-case inputs I .

Upp er and Lo w er Bounds for a Problem: Because w e m ust consider all algorithms, no matter ho w

w eird they are, determining the exact time complexit y of a problem is m uc h harder than determining

that of an algorithm. Hence, w e pro v e upp er and lo w er b ounds on this time instead.

Upp er Bound of a Problem: An upp er b ound giv es an algorithm that solv es the problem within

the stated time. W e form ulate these ideas as follo ws:

Something is larger than the minim um of a set of v alues if it is larger than an y one of these v alues.

Hence, w e de�ne T

P

� T

upper

as follo ws:

T

P

� T

upper

�

�

Min

A 2f A

0

j S olv es ( A

0

;P ) g

T

A

�

� T

upper

� 9 A 2 f A

0

j S ol v es ( A

0

; P ) g ; T

A

� T

upper

F or example, w e kno w that T

sor ting

( n ) � n

2

, b ecause the algorithm sel ectionsor t solv es the

problem sor ting in this m uc h time. In addition, w e kno w that T

sor ting

( n ) � n log n , b ecause of

the mer g esor t .

The existen tial quan ti�er in the ab o v e statemen t searc hes o v er the domain of algorithms A that

solv e the problem P . In general, it is b etter to ha v e univ ersal and existen tial quan ti�ers range

o v er a more general domain. In this case, the domain should consist of all algorithms A , whether

or not they solv e problem P . It is hard to kno w whic h algorithms solv e the problem and whic h

do not. The upp er b ound searc hes within the set of all algorithms for one that b oth solv es the

problem and runs quic kly .

T

P

� T

upper

� 9 A; S ol v es ( A; P ) and T

A

� T

upper

� 9 A; [ 8 I ; A ( I ) = P ( I )] and [ 8 I ; T ime ( A; I ) � T

upper

( j I j )]

� 9 A; 8 I ; [ A ( I ) = P ( I ) and T ime ( A; I ) � T

upper

( j I j )]
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W e can use the pro v er/adv ersary game to pro v e this statemen t is as follo ws: Y ou, the pro v er,

pro vide algorithm A . Then the adv ersary pro vides an input I . Then y ou m ust pro v e that y our A

on input I giv es the correct output in allotted time.

Exercise 17.2.1 (Se e solution in Se ction 20) Do es the or der of the quanti�ers matter? Explain

for which pr oblems P and for which time c omplexities T

upper

the fol lowing statement is true:

8 I ; 9 A; [ A ( I ) = P ( I ) and T ime ( A; I ) � T

upper

( j I j )]

Lo w er Bound of a Problem: A lo w er b ound states that no matter ho w smart y ou are y ou cannot

solv e the problem faster than the stated time. The reason is that a faster algorithm simply do es

not exist. W e form ulate these ideas as follo ws:

Something is less than the minim um of a set of v alues if it is less than all of these v alues. Hence,

w e de�ne T

P

> T

low er

as follo ws:

T

P

> T

low er

�

�

Min

A 2f A

0

j S olv es ( A

0

;P ) g

T

A

�

> T

low er

� 8 A 2 f A

0

j S ol v es ( A

0

; P ) g ; T

A

> T

low er

F or example, it should b e clear that no algorithm can sort n v alues in only T

low er

=

p

n time.

Again w e w ould lik e the quan ti�er to range o v er all the algorithms, not just those that solv e the

problem. Note that S ol v es ( A; P ) ) T

A

> T

low er

states that if A solv es P then it tak es a lot of

time. Ho w ev er, if A do es not solv e P , then it mak es no claim ab out ho w fast the algorithm runs.

If fact, there are man y v ery fast algorithms that do not solv e our giv en problem. An equiv alen t

statemen t is : S ol v es ( A; P ) or T

A

> T

low er

, i.e., that for an y algorithm A either it do es not solv e

the problem or it tak es a long time.

T

P

> T

low er

� 8 A; : S ol v es ( A; P ) or T

A

> T

low er

� 8 A; [ 9 I ; A ( I ) 6= P ( I )] or [ 9 I ; T ime ( A; I ) > T

low er

( j I j )]

� 8 A; 9 I ; [ A ( I ) 6= P ( I ) or T ime ( A; I ) > T

low er

( j I j )]

Again, the lo w er-b ound statemen t is the existen tial/univ ersal negation of the upp er-b ound state-

men t.

Y ou can use the follo wing pro v er/adv ersary game to pro v e this statemen t: The adv ersary pro vides

an algorithm A . Y ou, the pro v er, study his algorithm and pro vide an input I . Then y ou m ust

either pro v e that his A on input I giv es the wrong output or runs in more than the allotted time.

A lo w er-b ound pro of consists of a strategy that, when giv en an algorithm A , pro duces suc h an

input I . The di�cult y when designing this strategy is that y ou do not kno w whic h algorithm the

adv ersary will giv e y ou.

Curren t State of the Art in Pro ving Lo w er Bounds: Lo w er b ounds are very hard to pro v e b ecause

y ou m ust sho w that no algorithm exists to solv e the problem faster then the one stated. This in v olv es

considering every algorithm, no matter ho w strange or complex. After all, there are examples of

algorithms that start out doing v ery strange things and then in the end magically pro duce the required

output.

Information Theoretic: The easiest w a y to pro v e a lo w er b ound is to use information theory . This

do es not b ound the n um b er of op erations required based on the amoun t of w ork that m ust get

done, but based on the amoun t of information that m ust b e transferred from the input to the

output. Belo w w e presen t suc h lo w er b ounds. The problem with these lo w er b ounds is that they

are not bigger than linear with resp ect to the bit size of the input or output.

Restricted Mo del: Another common metho d of pro ving lo w er b ounds is to restrict the domain of

algorithms that are considered. This tec hnique de�nes a restricted class of algorithms (referred

to as a mo del of computation). The tec hnique argues that all kno wn and seemingly \reasonable"

algorithms for the problem �t within this class. Finally , the tec hnique pro v es that no algorithm

from this restricted class of algorithms solv es the problem faster then the one prop osed.
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General Mo del: The theory comm unit y is just no w managing to pro v e the �rst non-linear lo w er

b ounds on a general mo del of computation. This is quite exciting for those of us in the �eld.

17.3 Lo w er Bounds for Sorting using Information Theory

As I said, y ou can use information theory to pro v e a lo w er b ound on the n um b er of op erations needed to solv e

a giv en computational problem. This is done based on the amoun t of information that m ust b e transferred

from the input to the output. I will giv e suc h a lo w er b ound for a few di�eren t problems, one of whic h is

sorting.

Reading the Input: The simplest lo w er b ound uses the simple fact that the input m ust b e read in.

Sp eci�cations: Consider an computational problem P whose input instance I is an n -bit string.

Supp ose that eac h of the N = 2

n

p ossible instances I has a di�eren t output.

Mo del of Computation (Domain of V alid Algorithms): One allo w able op eration b y an algo-

rithm is to read in one bit of the input. There are other op erations as w ell, but none of the others

ha v e to do with the input.

Lo w er-Bound Statemen t: The lo w er b ound is T

low er

( n ) = n � 1 = (log

2

N ) � 1 op erations.

In tuition of the Lo w er Bound: In order to compute the output, the algorithm m ust �rst read in

the en tire input. This requires n read op erations.

This lo w er b ound is not v ery exciting, but it do es demonstrate the cen tral idea in using information

theory to pro v e lo w er b ounds: that the problem cannot b e solv ed un til enough information has b een

obtained.

One of the reasons that this lo w er b ound is not exciting is that w e w ere v ery restrictiv e in ho w the

algorithm w as allo w ed to read the input. The next lo w er b ound de�nes a mo del of computation that

allo ws the algorithm more creativ e w a ys to learn what the input is. Giv en this, it is in teresting that

the lo w er b ound remains the same.

Y es/No Questions: Consider a game in whic h someone c ho oses a n um b er b et w een 1 to 100 and y ou guess

it using y es/no questions. W e will pro v e a lo w er b ound on the n um b er of questions that need to b e

ask ed.

Sp eci�cations: The problem P is the ab o v e-men tioned game.

Preconditions: The input instance is a n um b er b et w een 1 to 100.

P ostconditions: The output is the n um b er giv en as input.

Mo del of Computation (Domain of V alid Algorithms): The only allo w ed op eration is to ask a

y es/no question ab out the input instance. F or instance, the algorithm could ask, \Is y our n um b er

less than 50?" or \Is the third bit in it zero?". Whic h question is ask ed next can dep end on the

answ ers to the questions ask ed so far. F or example, if the algorithm learns that the n um b er is less

than 50, then the next question migh t ask if it is less than 25. Ho w ev er, if it is not less than 50,

then the algorithm migh t ask if it is more than 75. Hence, an algorithm for this game consists of

a binary tree of suc h questions. Eac h no de is lab eled with a question, and the t w o edges coming

out of it are lab eled with yes and no . The �rst question is at the ro ot. Consider an y no de in the

tree. The path do wn to this no de giv es the questions ask ed so far, along with their answ ers. The

question at the no de giv es the next question to ask. The lea v es of the tree are lab eled with the

output of the algorithm, e.g., \Y our n um b er is 36."

Lo w er-Bound Statemen t: The lo w er b ound is T

low er

( N ) = (log

2

N ) � 1 questions, where N is

the n um b er of di�eren t p ossibilities that y ou need to distinguish b et w een. (In the ab o v e game,

N = 100.)
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Recall that this means that for an y algorithm A , there is either an input instance I for whic h the

algorithm do es not w ork or an input instance I on whic h the algorithm asks to o man y questions,

namely

8 A; 9 I ; [ A ( I ) 6= P ( I ) or T ime ( A; I ) > T

low er

( j I j )]

Pro of of Lo w er Bound: Recall that the pro v er/adv ersary game to pro v e this statemen t is as follo ws:

The adv ersary pro vides an algorithm A . W e, as the pro v er, study his algorithm and pro vide an

input I . Then w e m ust either pro v e that his A on input I either giv es the wrong output or runs

in more than the allotted time. A lo w er-b ound pro of consists of a strategy that, when giv en an

algorithm A , pro duces suc h an input I .

Our strategy �rst coun ts the n um b er of lea v es in the tree for the algorithm A pro vided b y the

adv ersary . If the n um b er is less than N , where N is the n um b er of di�eren t p ossibilities that

y ou need to distinguish b et w een, then w e pro vide an instance I for whic h A ( I ) 6= P ( I ). On the

other hand, if the tree has at least N di�eren t lea v es, then w e pro vide an instance I for whic h

T ime ( A; I ) > T

low er

( j I j ).

Instance I for whic h A ( I ) 6= P ( I ): The pige on-hole principle states that N pigeons cannot

�t one p er hole in to N � 1 or few er pigeon holes without some pigeon b eing left out.

There are N di�eren t p ossible outputs (e.g., \Y our n um b er is 36") that the algorithm A m ust

b e able to giv e in order to w ork correctly . In a legal algorithm, eac h leaf giv es only one output.

Supp ose that the adv ersary pro vides an algorithm A with few er than N lea v es. Then b y the

pigeon-hole principle, there is a p ossible output (e.g., \Y our n um b er is I ") that is not giv en

at an y leaf.

W e, as the pro v er in the pro v er/v eri�er game, will pro vide the input instance I corresp onding

to this left-out output \Y our n um b er is I ". W e will pro v e that A ( I ) 6= P ( I ) as follo ws:

Although w e do not kno w what A do es on instance I , w e kno w that it do es not output the

required solution P ( I ) = \Y our n um b er is I ", b ecause A has no suc h leaf.

Instance I for whic h T ime ( A; I ) > T

low er

( j I j ): Here w e can assume that the algorithm A

pro vided b y the adv ersary has at least N di�eren t lea v es.

There ma y b e some inputs for whic h the algorithm A is quic k. F or example, its �rst question

migh t b e \Is y our n um b er 36?". Suc h an algorithm w orks w ell if the input happ ens to b e

36. Ho w ev er, w e are considering the w orst-case input. Ev ery binary tree with N lea v es m ust

ha v e a leaf with a depth of at least log

2

N . The input instance I that leads to this answ er

requires that man y questions. W e, as the pro v er in the pro v er/v eri�er game, will pro vide suc h

an instance I . It follo ws that T ime ( A; I ) > T

low er

( j I j ) = (log

2

N ) � 1.

Exercise 17.3.1 How would the lower b ound change if a single op er ation, inste ad of b eing only

a yes/no question, c ould b e a question with at most r di�er ent answers? Her e r is some �xe d

p ar ameter.

Exercise 17.3.2 Supp ose that you have n obje cts that ar e c ompletely identic al exc ept that one

is slightly he avier. The pr oblem P is to �nd the he avier obje ct. Y ou have a b alanc e. A single

op er ation c onsists of placing any set of the obje cts the two sides of the b alanc e. If one side is

he avier then the b alanc e tips over. Give matching upp er and lower b ounds for this pr oblem.

Exercise 17.3.3 (Se e solution in Se ction 20) R e c al l the magic sevens c ar d trick intr o duc e d in Se c-

tion 4.4. Some one sele cts one of n c ar ds and the magician must determine what it is by asking ques-

tions. Each r ound the magician r e arr anges the c ar ds into r ows and ask which of the r r ows the c ar d is

in. Give an information the or etic ar gument to pr ove a lower b ound on the numb er of r ounds t that ar e

ne e de d.

Comm unication Complexit y: Consider the follo wing problem: Pla y er A kno ws one ob ject selected from

a set of N ob jects. He m ust comm unicate whic h ob ject he has to pla y er B . T o ac hiev e this, he is

allo w ed to send a string of letters from some �xed alphab et � to B along a comm unication c hannel.
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The string sen t will b e an identi�er for the ob ject. The goal is to assign eac h ob ject a unique iden ti�er

with as few letters a p ossible.

W e ha v e discussed this b efore. Recall that when de�ning the size of an input instance in Section 1.3,

w e considered ho w to assign the most compact identi�er to eac h of N di�eren t 
o w ers f rose, pansy ,

rho do dendron, : : : g . F or example, \rho do dendron" has 12 letters. Ho w ev er, it could b e iden ti�ed or

enc o de d in to simply \rho d", in whic h case its size w ould b e only 4.

Sp eci�cations: The problem P is the ab o v e-men tioned game.

Preconditions: The input instance is the ob ject I that pla y er A m ust iden tify .

P ostconditions: The output is the string of c haracters comm unicated to iden tify ob ject I .

Mo del of Computation (Domain of V alid Algorithms): A v alid algorithm assigns a unique

iden ti�er to eac h of the N ob jects. Eac h iden ti�er is a string of letters from �. Eac h op era-

tion consists of sending one letter along the c hannel.

Lo w er Bound:

Exercise 17.3.4 State and pr ove a lower b ound for this pr oblem.

Lo w er Bound for Sorting: The textb o ok pro v es that an y algorithm that only uses comparisons to sort

n distinct n um b ers requires at least 
( n log n ) comparisons. W e will impro v e this lo w er b ound using

information the ory tec hniques so that it applies to ev ery algorithm, not just those that only use

comparisons.

Sp eci�cations: The problem P is the sorting.

Preconditions: The input is a list of n v alues.

P ostconditions: The output is the sorted order. Instead of mo ving the elemen ts themselv es, the

problem is to mo v e indexes (p oin ters) to the elemen ts. Hence, instead of pro viding the same

list in sorted order, the output is a p erm utation of the indexes [1 ::n ]. F or example, if the

input is I = h 5 : 23 ; 2 : 2403 ; 4 : 4324 i , then the output will b e h 2 ; 3 ; 1 i indicating that the second

v alue comes �rst, then the third, follo w ed b y the �rst.

Mo del of Computation (Domain of V alid Algorithms): The mo del of computation used for

this lo w er b ound will b e the same as the comparison-base mo del de�ned in Section 17.1. The only

di�erence is that more op erations than just comparisons will b e allo w ed.

Recall that a mo del de�nes ho w the size of an instance is measured and whic h op erations can b e

done in one time step. In b oth mo dels, an instance consists of n v alues. Eac h v alue can b e an y

in teger or real of an y magnitude. The size of the instance is only the n um b er of v alues n . It do es

not tak e in to accoun t the magnitude or decimal precision of the v alues. The mo del allo ws indexing

and mo ving v alues for free. The mo del only c harges one time step for eac h information-gaining

op er ation .

Comparison-Based Mo del: In the comparison-based mo del, the only information-gaining op-

eration allo w ed is the comparison of t w o input elemen ts, i.e., a

i

� a

j

.

The time complexit y for the merge sort algorithm in this mo del is �( n log n ). The time

complexit y for the radix/coun ting sort algorithm is not de�ned.

Mo del Based on Single-Bit Output Op erations: The more general w e mak e the domain of

algorithms, the more p o w erful w e are allo wing the adv ersary to b e when he is pro viding

the algorithm in the pro v er/adv ersary game, and the stronger our lo w er b ound b ecomes.

Therefore, w e w an t to b e as generous as p ossible without allo wing the adv ersary to select an

algorithm that solv es the problem to o quic kly .

In this mo del, w e will allo w the adv ersary to pro vide an y algorithm at all, presen ted ho w ev er

he lik es. F or example, the adv ersary could pro vide an algorithm A written in JA V A. The

running time of the algorithm will b e the n um b er of single-bit information-gaining op er ations.

Suc h op erations are de�ned as follo ws: T o b e as general as p ossible, w e will allo w suc h an
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op eration to b e of an y computational p o w er. (One op eration can ev en solv e uncomputable

problems lik e the halting problem.) W e will allo w a single op eration to tak e as input an y

amoun t of n n um b ers to b e sorted and an y amoun t of information computed so far. The only

limitation that w e put on a single op eration is that it can output no more than one bit.

F or example, an op eration can ask an y y es/no question ab out the input. As another example,

supp ose that y ou w an t the sum of n l -bit n um b ers. This lo oks at all of the data but outputs

to o man y bits. Ho w ev er, y ou could compute the sum using one op eration for eac h bit of the

output. The �rst op eration w ould ask, \What is the �rst bit of the sum?", the second w ould

ask ab out the second bit, and so on. Note that an y op eration can b e brok en in to a n um b er

of suc h one-bit output op erations. Hence, for an y algorithm w e could coun t the n um b er of

suc h op erations that it uses.

The time complexit y for the merge sort algorithm in this mo del is still �( n log n ). No w,

ho w ev er, the time complexit y for the radix/coun ting sort algorithm is de�ned: it is �( l � n ),

where l is the n um b er of bits to represen t eac h input elemen t. In this mo del of computation, l

can b e arbitrarily large. (Assuming that there are n distinct inputs, l m ust b e at least log n .)

Hence, within this mo del of computation, the merge sort algorithm is m uc h faster then the

radix/coun ting sort algorithm.

Lo w er Bound Statemen t: Consider an y algorithm A that sorts n distinct n um b ers. Think of it as

a sequence of op erations, eac h of whic h outputs only one bit. The n um b er of suc h op erations is

at least 
( n log n ).

Pro of of Lo w er Bound: Recall that the pro v er/adv ersary game to pro v e this statemen t is as follo ws:

The adv ersary pro vides an algorithm A . W e, as the pro v er, study his algorithm and pro vide an

input I . Then w e m ust pro v e that his A on input I either giv es the wrong output or tak es more

than the allotted time to run. A lo w er-b ound pro of consists of a strategy that, when giv en an

algorithm A , pro duces suc h an input I . Our strategy �rst con v erts the algorithm A in to a binary

tree of questions (as in the y es/no questions game, �nding a n um b er b et w een 1 and 100) and then

pro duces an input I as done in this lo w er b ound.

Initially , a sorting algorithm do es not \kno w" the input. In the end, the elemen ts m ust b e sorted.

The p ostcondition also required that for eac h elemen t the output include the index of where the

elemen t came from in the input ordering. Hence, at the end of the algorithm A , the algorithm

m ust \kno w" the initial relativ e order of the elemen ts. During its execution, the algorithm m ust

learn this ordering.

Eac h op eration in A is a single information-gaining op eration. A can b e con v erted to a binary

tree of questions as follo ws: Someb o dy c ho oses a p erm utation for the n input v alues. The tree

m ust ask y es/no questions to determine this p erm utation. The questions ask ed b y the tree will

corresp ond to the op erations with a one-bit output used b y the algorithm. Eac h leaf pro vides one

p ossible output, i.e. one of the N = n ! di�eren t p erm utations of the indexes [1 ::n ].

Our strategy con tin ues as b efore. If the question tree for the algorithm A pro vided b y the adv ersary

has few er than N = n ! lea v es, then w e pro vide an input instance I for whic h A ( I ) 6= P ( I ).

Otherwise, w e pro vide one for whic h T ime ( A; I ) > (log

2

N ) � 1.

This pro v es the lo w er b ound of T

low er

( j I j ) = (log

2

N ) � 1 = (log

2

n !) � 1 � log

2

�

n

2

n

2

�

= 
( n log n )

op erations.

This lo w er b ound matc hes the upp er b ound. Hence, w e can conclude that the time complexit y of

sorting within this mo del of computation is �( n log n ).

Note that, as indicated, this lo w er b ound is not bigger than linear with resp ect to the bit size of

the input and of output.
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Reductions

An imp ortan t concept in computation theory is the op eration of reducing one computational problem P

1

in to another P

2

. This in v olv es designing an algorithm for P

1

using P

2

as a subroutine. This pro v es that P

1

is no harder to solv e than P

2

, b ecause if y ou had a go o d algorithm for P

2

, then y ou w ould ha v e a go o d one

for P

1

.

This tec hnique is used b oth for pro ving that a problem is easy to solv e (upp er b ound) and for pro ving

that it is hard (lo w er b ounds). When w e already kno w that P

2

is easy , suc h a reduction pro v es that P

1

is

also easy . Con v ersely , if w e already b eliev e that P

1

is hard, then this con vinces us that P

2

is also hard.

W e pro vide algorithms for a n um b er of problems b y reducing them to linear programming or to net w ork


o ws. W e justify that a n um b er of problems are di�cult b y reducing them to in teger factorization or circuit

satis�abilit y .

18.1 Upp er Bounds

Man y problems can b e reduced to linear programming and net w ork 
o ws.

18.2 Lo w er Bounds

18.2.1 In teger F actorization

W e b eliev e that it is hard to factor large in tegers, i.e. to kno w that 6 is 2 � 3. W e use this to justify that

man y cryptograph y proto cols are hard to break.

18.2.2 NP-Completeness

Satis�abilit y is a classic computational problem. An input instance is a circuit comp osed of AN D , O R ,

N O T gates. The question is whether there is an input ! 2 f 0 ; 1 g

n

that mak es this circuit ev aluate to 1.

A computational problem is said to b e "NP complete" if its time complexit y is equiv alen t to satis�abilit y .

Man y imp ortan t problems in all �elds of computer science fall in to this class. It is curren tly b eliev ed that

the b est algorithm for solving these problems tak e 2

�( n )

time, whic h is more time then there are atoms in

the univ erse.

Steps and P ossible Bugs in Pro ving that CLIQUE is NP-Complete

A language is said to b e NP-c omplete if (1) it is in NP and (2) ev ery language in NP can b e p olynomially

reduced to it. T o pro v e (2), it is su�cien t to pro v e that that it is at least as hard as some problem already

kno wn to b e NP-complete. F or example, once one kno ws that 3-SA T is NP-complete, one could pro v e that

CLIQUE is NP-complete b y pro ving that it is in NP and that 3-SA T �

p

CLIQUE.

One helpful thing to remem b er is the t yp e of ev erything. F or example, � is a 3-form ula, ! is an assignmen t

to a 3-form ula, G

�

is a graph, k is an in teger, and S is a subset of the no des of the graph. Sipser's b o ok

treats eac h of these as binary strings. This mak es it easier to b e more formal but harder to b e more in tuitiv e.

273
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W e sometimes sa y that � is an instance of the 3-SA T problem, the problem b eing to decide if � 2 3-SA T.

(T ec hnically w e should b e writing < � > instead of � in the ab o v e sen tence, but w e usually omit this.)

It is also helpful to remem b er what w e kno w ab out these ob jects. F or example, � ma y or ma y not b e

satis�able, ! ma y or ma y not satisfy � , G

�

ma y or ma y not ha v e a clique of size k , and S ma y or ma y not

b e a clique of G

�

of size k .

T o pro v e that 3-SA T is in NP , Je� p ersonally w ould forget ab out Non-deterministic T uring mac hines

b ecause they confuse the issue. Instead sa y , "A witness that a 3-form ula is satis�able is a satisfying assign-

men t. If an adv ersary giv es me a 3-form ula � and m y Go d �gure giv es me an assignmen t ! to � , I can c hec k

in p oly-time whether or not ! in fact satis�es � . So 3-SA T is in NP ."

The pro of that L

1

� L

2

has a standard format. Within this format there are �v e di�eren t places that

y ou m ust plug in something. Belo w are the �v e things that m ust b e plugged in. T o b e more concrete w e

will use sp eci�c languages 3-SA T and CLIQUE.

T o pro v e that 3-SA T �

p

CLIQUE, the necessary steps are the follo wing:

1. De�ne a function f mapping p ossible inputs to 3-SA T to p ossible inputs to CLIQUE. In particular, it

m ust map eac h 3-form ula � to a h G

�

; k i where G

�

is a graph and k is an in teger. Moreo v er, y ou m ust

pro v e that f is p oly-time computable.

In the follo wing steps (2-5) w e m ust pro v e that f is a v alid mapping reduction, i.e. that � 2 3-SA T if

and only if h G

�

; k i 2 CLIQUE.

2. De�ne a function g mapping p ossible witnesses for 3-SA T to p ossible witnesses to CLIQUE. In par-

ticular, it m ust map eac h assignmen t ! of � to subsets S of the no des of G

�

, where h G

�

; k i = f ( � ).

Moreo v er, y ou m ust pro v e that the mapping is w ell de�ned.

3. Pro v e that if ! satis�es � , then S = g ( ! ) is a clique of G

�

of size at least k .

4. De�ne a function h mapping p ossible witnesses for CLIQUE to p ossible witnesses to 3-SA T. In partic-

ular, it m ust map eac h k-subset S of the no des of G

�

(where h G

�

; k i = f ( � )) to assignmen ts ! of �

and pro v e that the mapping is w ell de�ned. (Though they often are, g and h do not need to p oly-time

computable. In fact, they do not need to b e computable at all.)

5. Pro v e that if S is a clique of G

�

of size k , then ! = h ( c ) satis�es � .

When reducing from 3-SA T, the instance f ( � ) t ypically has a gadget for eac h v ariable and a gadget for

eac h clause. The v ariable gadgets are used in step 4 to assign a de�nite v alue to eac h v ariable x . The clause

gadgets are used in step 5 to pro v e that eac h clause is satis�ed.

Pro of of 3-SA T �

p

CLIQUE:

T o pro v e that f is a v alid mapping reduction w e m ust pro v e that for an y input �

(A) if � 2 3-SA T then h G

�

; k i 2 CLIQUE

and (B) if � 62 3-SA T then h G

�

; k i 62 CLIQUE.

Once w e ha v e done the ab o v e �v e steps w e are done b ecause:

(A) Supp ose that � 2 3-SA T, i.e. � is a satis�able 3-form ula. Let ! b e some satisfying assignmen t for � .

Let S = g ( ! ) b e the subset of the no des of G

�

giv en to us b y step 2. Step 3 pro v es that b ecause ! satis�es

� , it follo ws that S is a clique in G

�

of size k . This v eri�es that G

�

has a clique of size k and hence h G

�

; k i 2

CLIQUE.

(B) Instead of pro ving what w as stated, w e pro v e the con trap ositiv e, namely that if h G

�

; k i 2 CLIQUE,

then � 2 3-SA T. Giv en G

�

has a clique of size k , let S b e one suc h clique. Let ! = h ( S ) b e the assignmen t

to � giv en to us in step 4. Step 5 pro v es that b ecause S is a clique of G

�

of size k , ! = h ( S ) satis�es � .

Hence, � is satis�able and so � 2 3-SA T.

This concludes the pro of that 3-SA T �

p

CLIQUE.

Common Mistak es (Don't do these things)

1. Problem: Start de�ning f with "Consider a � 2 3-SA T."

Wh y: The statemen t " � 2 3-SA T" means that � is satis�able. f m ust b e de�ned for ev ery 3-form ula,

whether satis�able or not.

Fix: "Consider an instance of 3-SA T, � " or "Consider a 3-form ula, � ".
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2. Big Problem: Using the witness for � (a satisfying assignmen t ! ) in y our construction of f ( � ).

Wh y: W e don't ha v e a witness and �nding one ma y tak e exp onen tial time.

3. Problem: Not doing these steps separately and clearly , but mixing them all together.

Wh y: It mak es it harder to follo w and increases lik eliho o d of the other problems b elo w.

4. Problem: The witness-to-witness function is not w ell-de�ned or is not pro v ed to b e w ell-de�ned.

Example: De�ne an assignmen t ! from a set of no des S as follo ws. Consider a clause gadget. If the

no de lab eled x is in S than set x to b e true.

Problem: The v ariable x lik ely app ears in man y clauses and some of the corresp onding no des ma y

b e in S and some ma y not.

Fix: Consider the v ariable gadget when de�ning the v alue of x .

5. Problem: When y ou de�ne the assignmen t ! = h ( S ), y ou mix it within the same paragraph that y ou

pro v e that it satis�es � .

Danger: Y ou ma y sa y , "Consider the clause ( x ^ y ^ z ). De�ne x to b e true. Hence the clause is

satis�ed. No w consider the clause ( x ^ z ^ q ). De�ne x to b e false. Hence the clause is satis�ed."

6. Problem: De�ning ! = h ( S ) to simply b e the in v erse function of S = g ( ! ). Danger: There ma y b e

some sets of no des S that don't ha v e the form y ou w an t and then ! = h ( S ) is not de�ned. Wh y: Go d

giv es y ou a set of no des S . Y ou are only guaran teed that it is clique of G of size k . It ma y not b e of

the form that y ou w an t. If y ou b eliev e that in order to b e a clique of size k it has to b e of the form

y ou w an t, then y ou m ust pro v e this.
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Things to Add

19.1 P arallel Computation

� V ector mac hine.

� virtual pro cessors (threads)

� Time scales with few er pro cessors

� D A G represen tation of job ordering. DFS execution.

� circuits - depth vs size

� Adding (t w o algorithms), m ultiplying

� comm unication costs, PLOG

� an ts, DNA, DNA computing

19.2 Probabilistic Algorithms

� n b o xes, 1 = 2 ha v e prizes, �nd a prize. W orst case time = n= 2. F or random input, Exp(time) = 2. But

some inputs are bad. F or random algorithm, Exp(time) = 2 for ev ery input. Av erage = 2.

� Games b et w een algorithm and adv ersary .

� Appro ximate the n um b er of y suc h that f ( x; y ) = 1. Random alg vs Deterministic w orst case.

� Error probabilit y with �xed time vs correct answ er with random time.

� P T esting (minimal math)

� Max cut, Min cut

� Linear programming relaxation of in teger programming.

� random w alk on line and on a graph.

� Existen tial pro of, eg univ ersal tra v ersal sequences. Coun ting argumen t vs probabilistic argumen t.

� pseudo random generators.

� Hash T ables

276
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19.3 Amortization

� Charging time to man y credit cards.

� Eg: Create one ob ject eac h iteration. Destro y an y n um b er eac h iteration. The total n um b er destro y ed

is at most the n um b er created.

� Con v ex hall

� Union Find.
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Exercise Solutions

1.4.1

7 � 2

3 n

5

+ 9 n

4

log

7

n 2 7 � 2

3 n

5

+ �( n

4

log

7

n )

7 � 2

3 n

5

+ n

4

log

8

n 2 7 � 2

3 n

5

+

~

�( n

4

)

7 � 2

3 n

5

+ n

5

2 7 � 2

3 n

5

+ n

�(1)

7 � 2

3 n

5

+ n

log n

2 (7 + o (1))2

3 n

5

8 � 2

3 n

5

2 �(2

3 n

5

)

2

4 n

5

2 2

�( n

5

)

2

n

6

2 2

n

�(1)

5.1.2 The tests will b e executed in the order that they are listed. If next = nil is tested �rst and passes,

then b ecause there is an or b et w een the conditions there is no need to test the second. Ho w ev er, if

next:inf o � k ey w as the �rst test and next w as nil, then using next:inf o to retriev e the information

in the no de p oin ted to b y next w ould cause a run time error.

6.1.1 � Where in the heap can the v alue 1 go? 1 m ust b e in one of the lea v es. If 1 w as not at a leaf,

then the no des b elo w it w ould need a smaller n um b er, of whic h there are none.

� Whic h v alues can b e stored in en try A[2]? A [2] can con tain an y v alue in the range 7-14. It can't

con tain 15, b ecause 15 m ust go in A [1]. F rom ab o v e, w e kno w that A [2] m ust b e greater than

eac h of the sev en no des in its subtree. Hence, it can't con tain a v alue less then 7. F or eac h of the

other v alues, a heap can b e constructed suc h that A [2] has that v alue.

� Where in the heap can the v alue 15 go? 15 m ust go in A [1] (see ab o v e).

� Where in the heap can the v alue 6 go? 6 can go an ywhere except A [1], A [2], or A [3]. A [1] m ust

con tain 15, and A [2] and A [3] m ust b e at least 7.

8.2.1 f k � 1 ; k g , f k + 1 ; k + 2 ; : : : g , f 0 ; : : : ; k � 1 ; k g , f k + 1 ; k + 2 ; : : : g

11.1.2 T o pro v e S (0), let n = 0 in the inductiv e step. There are no v alues k where 0 � k < n . Hence, no

assumptions are b eing made. Hence, y our pro of pro v es S (0) on its o wn.

11.1.4 F un(1) = X,

F un(2) = Y,

F un(3) = A YBX C,

F un(4) = A A YBX C B Y C,

F un(5) = A AA YBX CBYC B A YBX C,

F un(6) = AAA YBX CBYCBA YBX C B AA YBX CBYC C.

11.2.1 Insertion Sort and Selections Sort.

278



279

12.4.1 algorithm Derivative(f,x)

<pre-cond>: f is an equation and x is a variable

<post-cond>: The derivative of f with respect to x is returned.

if( f = "x" ) then

result( 1, constructed by

-- 1 )

else if( f = a real value or a single variable other than "x" ) then

result( 0, constructed by

-- 0 )

end if

% if f is of the form (g op h)

g = Copy( f.left ) % Copy needed for "*" and "/".

h = Copy( f.right ) % Three copies needed for "/".

g' = Derivative( f.left, x )

h' = Derivative( f.right, x )

if ( f = g+h ) then

result( g'+h', constructed by

|-- h'

-- + -|

|-- g' )

else if( f = g-h ) then

result( g'-h', constructed by

|-- h'

-- - -|

|-- g' )

else if( f = g*h ) then

result( g'*h + g*h', constructed by

ie |-- h'

|- * -|

| |-- g

-- + -|

| |-- h

|- * -|

|-- g' )

else if( f = g/h ) then

result( g'*h - g*h')/(h*h), constructed by

|-- h

|- * -|

| |-- h

-- / -|

| |-- h'

| |- * -|

| | |-- h

|- - -|

| |-- h

|- * -|

|-- g' )

end if

12.5.1 This could b e accomplished b y passing an in teger giving the lev el of recursion.

12.5.2 Though the left subtree is indicated on the left of the follo wing tracing, it is recursed on after the

righ t subtree.

PrettyPrint

_________________________________

| f |

|_______________________________|

|

GenPrettyPrint |

_______________V_________________

|dir = root |

|prefix = |

| "" |

|print: |

| |-- 3 |

| |- * -| |-- 2 |

| | | |- \ -| |

| | | | |-- 4 |

| | |- + -| |

| -- + -| |-- 1 |
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| |-- 5 |

|_______________________________|

| |

___________________V___ ________V________________________

|dir = left | |dir = right |

|prefix = | |prefix = |

| bbbbbb | | bbbbbb |

|print: | |print: |

| |-- 5 | | |-- 3 |

|_____________________| | |- * -| |-- 2 |

| | | |- / -| |

| | | | |-- 4 |

| | |- + -| |

| | |-- 1 |

|_______________________________|

| |

__________________| |

____________________V____________ ___________V__________

|dir = left | |dir = right |

|prefix = | |prefix = |

| bbbbbb|bbbbb | | bbbbbbbbbbbb |

|print: | |print: |

| | | |-- 2 | | |-- 3 |

| | | |- / -| | |____________________|

| | | | |-- 4 |

| | |- + -| |

| | |-- 1 |

|_______________________________|

| |

| |_________

____V_______________________ ____V____________________________

|dir = left | |dir = right |

|prefix = | |prefix = |

| bbbbbb|bbbbbbbbbbb | | bbbbbb|bbbbb|bbbbb |

|print: | |print: |

| | |-- 1 | | | | |-- 2 |

|__________________________| | | | |- / -| |

| | | | |-- 4 |

|_______________________________|

| |

_________| |

_____________________________V___ ____________________________V____

|dir = left | |dir = right |

|prefix = | |prefix = |

| bbbbbb|bbbbb|bbbbb|bbbbb | | bbbbbb|bbbbb|bbbbbbbbbbb |

|print: | |print: |

| | | | |-- 4 | | | | |-- 2 |

|_______________________________| |_______________________________|

13.1.1 F alling Line: This construction consists of a single line with the n � 1 image raised, tilted, and

shrunk.

13.1.2 Binary Tilt: This image is the same as the birthda y cak e. The only di�erences are that the t w o

places to recurse are tilted and one of them has b e 
ipp ed upside do wn.
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13.1.3 Recursing at the Corners of a Square: The image for n consists of a square with the n � 1

image at eac h of its corners rotated in some w a y . There is also a circle at one of the corners. The base

case is empt y .

14.0.1 s = ( ( ( 1 ) * 2 + 3 ) * 5 * 6 + 7 )

|-exp----------- -- --- -- --- -- -- --|

|-term---------- -- --- -- --- -- -- --|

|-fact---------- -- --- -- --- -- -- --|

( |-exp----------- --- -- --- -- -- | )

|-term---------- --- -- --- | + e

|-fact---------- | * |-t-| t

( |-exp-------| ) f * t f

|-t-----| + e 5 f 7

|-f-| * t t f

( e ) f f

t 2 3

f

1

s = ( ( ( 1 ) * 2 + 3 ) * 5 * 6 + 7 )

15.1.1 The line k

min

= \a k that maximizes cost

k

".

15.2.1 1. h 1 ; 5 ; 8 ; 6 ; 3 ; 7 ; 2 ; 4 i 2. h 1 ; 6 ; 8 ; 3 ; 7 ; 4 ; 2 ; 5 i

3. h 1 ; 7 ; 4 ; 6 ; 8 ; 2 ; 5 ; 3 i 4. h 1 ; 7 ; 5 ; 8 ; 2 ; 4 ; 6 ; 3 i

5. h 2 ; 4 ; 6 ; 8 ; 3 ; 1 ; 7 ; 5 i 6. h 2 ; 5 ; 7 ; 1 ; 3 ; 8 ; 6 ; 4 i

7. h 2 ; 5 ; 7 ; 4 ; 1 ; 8 ; 6 ; 3 i 8. h 2 ; 6 ; 1 ; 7 ; 4 ; 8 ; 3 ; 5 i

9. h 2 ; 6 ; 8 ; 3 ; 1 ; 4 ; 7 ; 5 i 10. h 2 ; 7 ; 3 ; 6 ; 8 ; 5 ; 1 ; 4 i

11. h 2 ; 7 ; 5 ; 8 ; 1 ; 4 ; 6 ; 3 i 12. h 2 ; 8 ; 6 ; 1 ; 3 ; 5 ; 7 ; 4 i

15.2.2 W e will pro v e that the running time is b ounded b et w een

�

n

2

�

n

6

and n

n

and hence is n

�( n )

= 2

�( n log n )

.

Without an y pruning, there are n c hoices on eac h of n ro ws as to where to place the ro w's queen. This

giv es n

n

di�eren t placemen ts of the queens. Eac h of these solutions w ould corresp ond to a leaf of the

tree of stac kframes. This is clearly an upp er b ound on n um b er when there is pruning.



282 CHAPTER 20. EXER CISE SOLUTIONS

W e will no w giv e a lo w er b ound on ho w man y stac k frames will b e executed b y this algorithm. Let j

one of the �rst

n

6

ro ws. I claim that eac h time that a stac k frame is placing a queen on this ro w, it has

at least

n

2

c hoices as to where to place it. The stac k frame can place the queen on an y of the n squares

in the ro w as long as this square cannot b e captured b y one of the queens placed ab o v e it. If ro w i is

ab o v e our ro w j , then the queen placed on ro w i can capture at most three squares of ro w j : one b y

mo ving on a diagonal to the left, one b y mo ving straigh t do wn, and one b y mo ving on a diagonal to

the righ t. Because j is one of the �rst

n

6

ro ws, there is at most this n um b er of ro ws i that are ab o v e

it and hence at most 3 �

n

6

of ro w j 's squares can b e captured. This lea v es, as claimed,

n

2

squares on

whic h the stac kframe can place the queen.

F rom the ab o v e claim, it follo ws that within the tree of stac k fames, eac h stac k frame within the tree's

�rst

n

6

lev els branc hes out to at least

n

2

c hildren. Hence, at the

�

n

6

�

th

lev el of the tree there are at least

�

n

2

�

n

6

di�eren t stac kframes. Man y of these will terminate without �nding a complete v alid placemen t.

Ho w ev er, this is a lo w er b ound on the running time of the algorithm b ecause the algorithm recurses to

eac h of them.

16.3.1

Our Instance: This questions is represen ted as the follo wing Prin ting Neatly instance,

h M ; l

1

; : : : ; l

n

i = h 11; 4 ; 4 ; 3 ; 5 ; 5 ; 2 ; 2 ; 2 i .

P ossible Solutions: Three of the p ossible w a ys to prin t this text are as follo ws.

h k

1

; k

2

; : : : ; k

r

i = h 2 ; 2 ; 2 ; 2 i

Lo v e.life.. 2

3

man.while.. 2

3

there.as... 3

3

w e.b e...... 6

3

Cost = 259

h k

1

; k

2

; : : : ; k

r

i = h 1 ; 2 ; 2 ; 3 i

Lo v e....... 7

3

life.man... 3

3

while.there 0

3

as.w e.b e... 3

3

Cost = 397

h k

1

; k

2

; : : : ; k

r

i = h 2 ; 2 ; 1 ; 3 i

Lo v e.life.. 2

3

man.while.. 2

3

there...... 6

3

as.w e.b e... 3

3

Cost = 259

Of these three, the �rst and the last are the c heap est and are lik ely the c heap est of all the p ossible

solutions.

The T able: The bir dAdv ice [0 ::n ] and cost [0 ::n ] tables for our \lo v e life" example are giv en in the

follo wing c hart. The �rst and second columns in the table b elo w are used to index in to the table.

The solutions to the subinstances app ear in the third column ev en though they are not actually

a part of the algorithm. The bird's advice and the costs themselv es are giv en in the fourth and

�fth columns. Note the original instance, its solution, and its cost are in the b ottom ro w.

i SubInstance Sub Solution Bird's Advice Sub Cost

0 h 11; ;i ; 0

1 h 11; 4 i h 1 i 1 0 + 7

3

= 259

2 h 11; 4 ; 4 i h 2 i 2 0 + 2

3

= 259

3 h 11; 4 ; 4 ; 3 i h 1 ; 2 i 2 343 + 3

3

= 370

4 h 11; 4 ; 4 ; 3 ; 5 i h 2 ; 2 i 2 8 + 2

3

= 16

5 h 11; 4 ; 4 ; 3 ; 5 ; 5 i h 2 ; 2 ; 1 i 1 16 + 6

3

= 232

6 h 11; 4 ; 4 ; 3 ; 5 ; 5 ; 2 i h 2 ; 2 ; 2 i 2 16 + 3

3

= 43

7 h 11; 4 ; 4 ; 3 ; 5 ; 5 ; 2 ; 2 i h 2 ; 2 ; 1 ; 2 i 2 232 + 6

3

= 448

8 h 11; 4 ; 4 ; 3 ; 5 ; 5 ; 2 ; 2 ; 2 i h 2 ; 2 ; 1 ; 3 i 3 232 + 3

3

= 259

The steps in �lling in the last en try are as follo ws.

k Solution Cost

1 h h 2 ; 2 ; 1 ; 2 i ; 1 i 448 + 9

3

= 1177

2 h h 2 ; 2 ; 2 i ; 2 i 43 + 6

3

= 259

3 h h 2 ; 2 ; 1 i ; 3 i 232 + 3

3

= 259

4 Do es not �t 1

Either k = 2 or k = 3 could ha v e b een used. W e used k = 3.
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Prin tingNeatlyWithAdvice: The iterativ e v ersion of the algorithm will b e presen ted b y going

through its steps. The solution is constructed bac kw ards.

1. W e w an t a solution for h 11; 4 ; 4 ; 3 ; 5 ; 5 ; 2 ; 2 ; 2 i . Indexing in to the table w e get k = 3. W e put

the last k = 3 w ords on the last line, forming the solution h k

1

; k

2

; : : : ; k

r

i = h ??? ; 3 i .

2. No w w e w an t a solution for h 11; 4 ; 4 ; 3 ; 5 ; 5 i . Indexing in to the table w e get k = 1. W e put

the last k = 1 w ords on the last line, forming the solution h k

1

; k

2

; : : : ; k

r

i = h ??? ; 1 ; 3 i .

3. No w w e w an t a solution for h 11; 4 ; 4 ; 3 ; 5 i . Indexing in to the table w e get k = 2. W e put the

last k = 2 w ords on the last line, forming the solution h k

1

; k

2

; : : : ; k

r

i = h ??? ; 2 ; 1 ; 3 i .

4. No w w e w an t a solution for h 11; 4 ; 4 i . Indexing in to the table w e get k = 2. W e put the last

k = 2 w ords on the last line, forming the solution h k

1

; k

2

; : : : ; k

r

i = h ??? ; 2 ; 2 ; 1 ; 3 i .

5. No w w e w an t a solution for h 11; ;i . W e kno w that the optimal solutions to this is ; . Hence,

our solution h k

1

; k

2

; : : : ; k

r

i = h 2 ; 2 ; 1 ; 3 i .

16.3.7

i

j
A1

A2

A3

A4

A5

A6

A7

According to size.

A7

A1

A6

A5

A4

A2

A3

i

j

for j = 1 up to n

for i = j do wn to 1

Solv e instance h A

i

; : : : ; A

j

i

A7

A1

A6

A5

A4

A2

A3

i

j

for i = n do wn to 1

for j = i up to n

% Solv e instance h A

i

; : : : ; A

j

i

17.2.1 It is true for an y problem P and time complexities T

upper

that giv e enough time to output the answ er.

Consider an y input I . I is some �xed string. P has some �xed output P ( I ) on this string. Let A

P ( I )

b e the algorithm that do es not lo ok at the input but simply outputs the string P ( I ). This algorithm

giv es the correct answ er on input I and runs quic kly .

17.3.3 The b ound is n � r

t

.

Eac h round, he selects one ro w, hence r p ossible answ ers. After t rounds, there are r

t

com binations of

answ ers p ossible.

The only information that y ou kno w is whic h of these com binations he ga v e y ou. Whic h card y ou

pro duce dep ends deterministically (no magic) on the com bination of answ ers giv en to y ou. Hence,

dep ending on his answ ers, there are at most r

t

cards that y ou migh t output.

Ho w ev er, there are n cards an y of whic h ma y b e the selected card. In conclusion, n � r

t

.

The b o ok has n = 21, r = 3, and t = 2. Because 21 = n 6� r

t

= 3

2

= 9, the tric k in the b o ok do es

NOT w ork.

Tw o rounds is not enough. There needs to b e three rounds.



Chapter 21

Conclusion

The o v erall goal of this en tire course has b een to teac h skills in abstract thinking. I hop e that it has b een

fruitful for y ou. Go o d luc k at applying these skills to new problems that arise in other courses and in the

w orkplace.

Figure 21.1: W e sa y go o db y e to our friend and to the little bird.
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