Periodic averaging theorems for various types of equations

Jaqueline G. Mesquita* and Antonin Slavik’

Abstract

We prove a periodic averaging theorem for generalized ordinary differential equations and show
that averaging theorems for ordinary differential equations with impulses and for dynamic equations
on time scales follow easily from this general theorem. We also present a periodic averaging theorem
for a large class of retarded equations.
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1 Introduction

Classical averaging theorems for ordinary differential equations are concerned with the initial-value prob-
lem
z'(t) = ef(t,x(t) +2g(t, (). €), a(to) = o,

where € > 0 is a small parameter. Assume that f is T-periodic in the first argument. Then, according
to the periodic averaging theorem, we can obtain a good approximation of this initial-value problem by
neglecting the £2-term and taking the average of f with respect to t. In other words, we consider the
autonomous differential equation

y'(t) =efo(y(t), y(to) = o,

where

to+T

=7 [ g
to

Different proofs of the periodic averaging theorem can be found e. g. in [5], [6], or [10]; these monographs

also include many applications.

In this paper, we derive a periodic averaging theorem for generalized ordinary differential equations,
which were introduced by Jaroslav Kurzweil in 1957 (see [4]). We then show that the classical averaging
theorem (even with the possibility of including impulses) is a simple corollary of our theorem. As a second
application, we obtain a periodic averaging theorem for dynamic equations on time scales. In the final
section, we derive a periodic averaging theorem for a large class of retarded equations.
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2 Generalized ordinary differential equations

We start with a short summary of Kurzweil integration, which plays a crucial role in the theory of
generalized ordinary differential equations.

A partition of a compact interval [a,b] is a finite collection of point-interval pairs (74, [s;—1, 8:]);~;,
where a = 59 < 51 < ... < sy, =band 7; € [5;_1,5], 1= 1,2,...,m. Given a function ¢ : [a,b] — RT,
we say that the partition (7;,[s;—1,$;])i~, is -fine whenever [s;,_1,s;] C (1; — 0(7;), 7 + (7;)) for every
1=1,2,...,m.

A function U : [a, b] X [a,b] — R™ is called Kurzweil integrable on [a, b], if there is an I € R™ such that
given an € > 0, there is a ¢ : [a,b] — R* such that for every d-fine partition (7, [s;—1,s;]);~, of [a,b], we

have
m

N WU (7)) = U (riysima)] = 1

i=1

<e.

In this case, we write I = f; DU (r,t). This definition generalizes the well-known Henstock-Kurzweil
integral of a function f : [a,b] — R™, which is obtained by taking U(7,t) = f(7)t. Another important
special case is the Kurzweil-Stieltjes integral of a function f : [a,b] — R™ with respect to a function
g : [a,b] = R, which corresponds to the choice U(r,t) = f(7)g(t) and will be denoted by f(f f(s)dg(s).

Consider a set B C R", an interval I C R and a function F': B x I — R™. A function z : [ — B is
called a solution of the generalized ordinary differential equation

dx
— =DF(z,t
dr (@,%),

whenever

b
2(b) — w(a) = / DF(a(7),1)

for every a, b € I.
A basic source in the theory of generalized ordinary differential equations is the book [7]. It is known
that an ordinary differential equation 2/(¢) = f(x(t),t) is equivalent to the generalized equation

dx
— = DF(xa,t
dr (1),

where F(z,t) = f; f(x, s)ds. However, generalized equations include many other types of equations such
as impulsive equations, retarded functional differential equations, or dynamic equations on time scales.

Without loss of generality, we can always assume that the right-hand side of a generalized equation
satisfies F'(z,0) = 0 for every x € B. Otherwise, we let

F(x,t) = F(x,t) — F(2,0), v € B, t€l,

and consider the equation

dx ~
— = DF(x,1).
= DF(s,1)

Then we have F(x,0) = 0 for every = € B, and it follows from the definition of the Kurzweil integral
that the new equation has the same set of solutions as the original one.

Definition 1. Let B € R", I C R an interval on the real line, Q2 = B x I. Assume that h: I — R is
a nondecreasing function. We say that a function F :  — R™ belongs to the class F(Q, h), if it satisfies

(2, 52) = F(2,51)[| < [h(s2) = h(s1)]



for every x € B and every s, so € I, and
[F(,s2) = F(x,81) = F(y, s2) + Fy, s1)|| < [z —yl| - [h(s2) — h(s1)]
for every x, y € B and every s1, so € I.

The following existence theorem is proved in [7, Corollary 1.34]. The inequality follows easily from
the definition of the Kurzweil-Stieltjes integral.

Theorem 2. If f : [a,b] — R" is a regulated function and g : [a,b] — R is a nondecreasing function,
then the integral f: f(s)dg(s) exists. Moreover,

‘/f )dg(s /Ilf )|l dg(s)

The following lemma combines two statements from [7] (see Lemma 3.9 and Corollary 3.15).

Lemma 3. Let B C R", Q = B x [a,b]. Assume that F' : Q — R™ belongs to the class F(2, k). If
x: [a,b] = B is a regulated function, then the integral fab DF(x(7),t) exists and

/DF

We also need the following theorem, which can be found in [7, Lemma 3.12].

Lemma 4. Let B C R", Q = B x [a,b]. Assume that F : Q — R™ belongs to the class F(Q,h). Then
every solution x : [a, f] — B of the generalized ordinary differential equation

dz
— = DF
dr (2.1)

< h(b) — h(a).

18 a regulated function.
The following inequality will be useful in the proof of the averaging theorem.

Lemma 5. Let B C R", Q = B x [a,b]. Assume that F' : Q — R"™ belongs to the class F(Q,h). If x,
y : [a,b] = B are regulated functions, then
1< [ 10 v anco

Proof. The Kurzweil-Stieltjes integral on the right-hand side exists, because h is nondecreasing and ||z—y/|
is regulated. For an arbitrary partition (7, [s;—1, s;])}%; of [a,b], we have

m

> (F(x(ri), si) — Fla(r), si-1) — F(y(r:), 83) + F(y(7:), 8-1))

i=1

<

ZHF(I(Ti)aSi)*F(I(Tz')ﬁz'—l) = F(y(mi),s:) + F(y(7i), si-1) Z y(7i)ll (h(si) — h(si-1))-

Now, given an € > 0, there is a partition (74, [$;—1, s;])/™; such that

<é€

b m
/ DIF(a(7),t) = F(y(7),t)] = Y (F(a(r:), 1) = F(a(r:), 5-1) = Fly(r:), 80) + F(y(7:), 5-1))

i=1




and

<e.

/ l(t) — y(t)|| dh(t) lefv 7i) = y(7a)ll (h(si) — h(si-1))

It follows that

b
/ DIF(x(r),1) — F(y(r),1)]

<

Y (F(a(n), i) = Fla(ni) sim1) = Fly(ri), si) + F(y(7i), 5i- 1))H

i=1

- Z(F(x(ﬂ)7 i) — F(x(m), si—1) — F(y(7i), 8:) + F(y(mi), 811))H

< Z (1) — y(m)| (R(si) — h(si—1)) + ¢

/ J(t) — y(®)| dh(t) +

y(r)| (h(s:) — h(si /IIx )] dh(t)

<25+/ [l (%) ()|l dh(t).

This proves the statement since € can be arbitrarily small. O

The following theorem represents an analogue of Gronwall’s inequality for the Kurzweil-Stieltjes in-
tegral; the proof can be found in [7, Corollary 1.43].

Theorem 6. Let h : [a,b] — [0,00) be a nondecreasing left-continuous function, k > 0, 1 > 0. Assume
that 1 : [a,b] — [0,00) is bounded and satisfies

£
b(E) < k+l/ b(r) dh(r), €€ [a,b)].

Then (&) < ke!ME=RD) for every & € [a, b].

We proceed to our main result, which is a periodic averaging theorem for generalized ordinary differen-
tial equations. The proof is inspired by a proof of the classical averaging theorem for ordinary differential
equations given in [6] (see Theorem 2.8.1 and Lemma 2.8.2).

Theorem 7. Let B C R*, Q = B x [0,00), g9 > 0, L > 0. Consider functions F : Q@ — R"™ and
G : Q x (0,e9] = R™ which satisfy the following conditions:

1. There exist nondecreasing left-continuous functions hy, hs : [0,00) — [0,00) such that F belongs to
the class F(Q2, h1), and for every fized € € (0,eq], the function (x,t) — G(x,t,e) belongs to the class
F(Q, ha).

2. F(z,0) =0 and G(x,0,e) =0 for every x € B, € € (0,].

8. There exists a number T > 0 and a bounded Lipschitz-continuous function M : B — R™ such that
F(z,t+T)— F(x,t) = M(x) for every x € B and t € [0,00).

4. There exists a constant o > 0 such that hq(iT) — h1((i — 1)T) < « for every i € N.

5. There exists a constant > 0 such that |ha(t)/t| < B for every t > L/eg.



Let

Suppose that for every € € (0,eg], the initial-value problems

3;: =D [eF (z,t) + *G(z,t,e)], z(0) = z0(e),

Y'(t) = eFo(y(t)), y(0)=wole)

have solutions x., y. : [0,£] — B. If there is a constant J > 0 such that ||zo(e) — yo(e)|| < Je for every
e € (0,&0], then there exists a constant K > 0 such that

|z (t) — ye(t)|| < Ke
L
for every e € (0,e0] and t € [O, g].

Proof. If x € B, then

<77
T - T

F(z,T) H _ HF(ac,T) -

||Fo(x)||:H - TF(%O)H:M(m)II m

where m is a bound for M. Let [ be a Lipschitz constant for M. The function H : B X [0,00) — R"

given by
F,T),

H(x,t) = Fo(x)t = T

satisfies

1F (e, 52) = Hiws0)ll = 7 1F (e, Thsa = Fw, Thsi]| = 1 F e Tl (52 = s1) < 7252 = s1)

and

1
|H(x,s2) — H(xz,81) — H(y, s2) + H(y, s1)|| = THF(gc,T)sz — F(x,T)s1 — F(y,T)s2 + F(y,T)s1||

= 1P, T) ~ F(y, D) (52— 52) = M) = Mp)l(s2 — 51) < e — (52— 1)

for every z, y € B and every s1, $2 € [0,00), 51 < $o. It follows that H belongs to the class F(€, hs),
where h3(t) = (m + 1)t/T. For every t € [0, L/e], we have

2o(t) = woe) + /0 DF(z.(7), 5) + £ /0 DG (x.(7), 5,2),

Ye +5/F0ys +5/DF03/6( ))s].
Consequently,
Wxﬂ—%@w==xd@—ydd+aﬁlﬂﬂ%h%®+f(Alxﬂ%ﬁxad—eélﬂﬁwxﬂﬁ]S
< Je+te /OD[F(QTE(T),S) F(ye ‘—1—5 /D (ye(7), 8) — Fo(ye (T /DG 2:(7),8,8)]| -




According to Lemma 3, we have the estimate

ha(L/e)

2
c L/e

/ t DG(xo(1),5,)|| < 2(ha(t) — ho(0)) < e2ho(L/e) = L
0

<elp.

Also, it follows from Lemma 5 that

Let p be the largest integer such that pT" < t¢. Then

/0 D[F(xm),s)—F(ye(T),s)]\s / l22(5) — ye(s) ] b (s).

t p iT t
| DP9 =Rl =X [ DIPGe(r) )~ Falue(r)l + /pTD[F(ys(T),S)Fo(ye(T))S]

i—1 J(=1)T

For every i € {1,...,p}, we obtain

| D)) = Roluetr)sl = [ DIF((r).5) = FluelT).)

(i-1)T (i—1)T

[ DR~ R+ [ DIFGGT)s) - Py (TS,
(i-1)T (i—1)T

We estimate the first integral as follows:

Since y. satisfies y.(t) = eFo(y:(t)), the mean value theorem gives

/( U DIF((r).5) - F(y.(T). )

i-1)T

T
< /( lye(5) — ye (T dha (5)

i-1)T

l9e(s) = 9 GT)| < e (T = s) < em, s € [(i = TiT),

and consequently
/ lye(s) = y(iT)|| dha(s) < em(hy(iT) — ha((i — 1)T)) < ema.

The same procedure applied to the second integral gives

< em(hs(iT) = hs((i — )T)) < em(m +1).

T
/  D[Foye(r)s — Fo(y-(iT))s]
(i—1)T

The third integral is zero, because for an arbitrary y € B, we have

/(%_UT DIF(y,s) — Fo(y)s] = F(y,iT) — F(y, (i — )T) — Fy(y)T = M(y) — F(y,T) =
Since pT' < L/e, we obtain

Lma n m(m+1)L
T T '

< pema + pem(m + 1) <
T

= [, PIFe(r).5) = P




Finally, the following estimate is a consequence of Lemma 3:

\ / T DF(e(r). 5

< hi(t) — ha(pT) + hs(t) — hs(pT) < ha(pT +T) — ha(pT) + hs(pT +T) — h3(pT) < a+m +1

By combining the previous inequalities, we obtain

t

., DIF (y=(7),8) — Fo(ye(7))s]

S ‘

"

/ D[Fo(ye(r))s]

T

/0 DIF(y:(r), 5) — Folu=(r))s]|| < K,

where K is a certain constant. It follows that
t
() — ye ()] < 5/ 2e(s) — y=(s)[| dha(s) + e(J + K + LB).
0

Since z. is a regulated function (we have used Lemma 4) and y. is a continuous functions, both of them
must be bounded and we can apply Gronwall’s inequality from Theorem 6 to obtain

le=(6) = p(0)] < OO + K+ 16),
The proof is concluded by observing that
e(h1(t) — h1(0)) < e(hi(L/e) — h1(0)) < e(ha([L/(eT)]T) — h1(0))

<e L <e £—|—1 < £—|—5 O
=fler| =t er ) =\ )

3 Ordinary differential equations with impulses

We now use the theorem from the previous section to obtain a periodic averaging theorem for ordinary
differential equations with impulses. Given a set B C R™, a function f : B x [0,00) — R", an increasing
sequence of numbers 0 < ¢; < t3 < ---, and a sequence of mappings I; : B — R”, i € N, consider the
impulsive differential equation

o' (t) = ef(x(t), t) + 2g(x(t),t,€), t€[0,00)\{t1,ta,...},
ATa(t;) = eli(x(t:)), i €N,

where Atz (t;) = x(t;+) — x(t;).

Since we are interested in deriving a periodic averaging theorem, we will assume that f is T-periodic
in the second argument and that the impulses are periodic in the following sense: There exists a k € N
such that 0 <t} <ty < --- <ty < T and for every integer i > k, we have t;, = t;_, + T, I; = I; .

It is known (see Chapter 5 in [7]) that if f is a bounded function which is Lipschitz-continuous in the
first argument and continuous in the second argument, and if the impulse operators I; are bounded and
Lipschitz-continuous, then the impulsive differential equation

z'(t) = f(z(t),t), tel0,00)\{t1,t2,...},
A+I(t1) = Iz(:c(tz)), 1€ N,
is equivalent to a generalized ordinary differential equation with the right-hand side
t t [e%e]
F(x,t) = / f(z,s)ds+ Z Ii(z) = / f(z,s)ds+ Zli(x)Hti(t),
0 3;0<t; <t 0 i=1

where H, denotes the characteristic function of (v, 00), i.e. H,(t) =0 for ¢t < v and H,(t) =1 for ¢t > v.



Theorem 8. Assume that B C R", @ = B x [0,00), T > 0, g9 > 0, L > 0. Consider functions
f: Q=R and g: Q x (0,e0] = R™ which are bounded, Lipschitz-continuous in the first argument and
continuous in the second argument. Moreover, let f be T-periodic in the second argument. Assume that
keN,0<ti<to<---<tpy <T, and that I, : B — R", i = 1,2,...,k are bounded and Lipschitz-
continuous functions. For every integer i > k, define t; and I; by the recursive formulas t; = t;— + T
and I; = I;_},. Denote

T k
folz) = %/0 flz,8)ds and Ip(z) = %le(x)

for every x € B. Suppose that for every e € (0,eq], the impulsive equation
2/ (t) = ef(z(t), 1) + 2g(2(t), t, ) t € [0,00)\{t1,ta,...},
Ata(t;) =eli(z(t:)), i €N, z(0) = 2o(e)
and the ordinary differential equation
y'(t) = e(foy(®) + To(y(1))), ¥(0) = yo(e)

have solutions x., ye : [0, £] — B. If there is a constant J > 0 such that ||zo(g) — yo(e)|| < Je for every
€ € (0,eq], then there exists a constant K > 0 such that

[ze(t) — ye ()] < Ke
Jfor every e € (0,0] and t € [0, £].
Proof. Let
t 0o
F(z,t) = / fla,s)ds + > Li(x)Hy, (1),
0 i=1

t
G(z,t,e) = / g(z,s,¢)ds.
0
Given an ¢ € (0, gg], the function z. satisfies

dx.

o = D[eF(x.,t) + 52G(x€,t, ).

According to the assumptions, there exists a constant C' > 0 such that
[f (@)l < C, [[f(z,t) = fy, )] < Clle =yl
for every z, y € B, t € [0,00), a constant D > 0 such that
[ZLi(x)]l < D, |[Li(z) — Li(y)ll < Dz —yll
for every xz, y € B and i € N, and a constant N > 0 such that
lg(z,t,e)l < N, gz, t,e) —g(y.t, )| < Nz —y|
for every z, y € B, t € [0,00), € € (0,&0]. The function h; : [0,00) — R given by

i=1



is left-continuous and nondecreasing. If 0 < u < t, then

[ (2, t) = F(z,u)|| = ‘ <

[ F@9)ds + 3 L) H (0 - Hi(w)

< / 1/ (2, 5)]l ds + Z 12 (@) I (He, () = Hi, (w) < O(¢ = u) + DY (Hy,(8) = He, (u) = ha(t) — hu(u)

i=1

and

/ (f(x,8) = fly.5))ds + Y (Li(x) = 1i(y)) (Hy, (1) = He, (w))

||F(x,t)—F(x,u)—F(y,t)—FF(y,u)H = ‘ »

< [ 18 Gs) = Sl ds+ Y1) = L) (Hi,(0) — Hi, () <
u i=1

< lz -yl (C(t —u)+ DY (Hy(t) - Hy, (U))> = |lz = yll(h1(t) = ha(u)).

i=1
It follows that F belongs to the class F(£2, h1). Define hs : [0,00) — R by ha(t) = Nt. If 0 < u < t, then

/ g(z,s,e)ds|| < N(t —u) = ha(t) — ha(u).

1G(at,6) - Gla,u,e)] = \

Also, if 0 <u <tand z, y € B, we have

1G @ t,e) — Glarue) — Gl t.2) + Cly,u, )| =\ [ 6.9 - v as | <

< Nz —yll(t —u) = ||z = yll(ha(t) — ha(u)).

Therefore, for every fixed € € (0,¢¢], the function (x,t) — G(x,t,¢) belongs to the class F(£, he). It is
clear that F(x,0) = 0 and G(z,0,¢) = 0 for every x € B. Moreover, for every t > 0, the difference

4T T
F(:mt—i—T)—F(x,t):/t f(z,s)ds+ Z Ii(x):/o f(z,s)ds+ Z I;(z)
45 t<t; <t+T 35 0<t; <T

is independent of ¢, so we can define M(z) = F(x,t +T) — F(x,t). The following calculations show that
M is bounded and Lipschitz-continuous:

M (z)|| = [[F(x,T) = F(x,0)[| = ‘ <CT +kD

T k
/ f(z,s) ds—&-ZL‘(w)
0 i=1

[M(z) = M(y)ll = | F(z,T) = F(y, T) = F(,0) + F(y,0)]| =

T k
| e = s as+ @) - 1)

T k
< [ 1s) = f )l ds+ Y @)~ L))

< CT|lz —yl| + kDllz — yl| = |lz — y[[(CT + kD)



For every j € N, we have

m(T) = ha((j — )T) = C§T+ DY  Hy,(jT) - C(j — )T = D> Hy ((j — 1)T) =

i=1 i=1
=CT+D Y  1=CT+Dk
i (J—1)T<t;<jT

Finally, note that |h2(t)/t| = N for every ¢ > 0. We see that the assumptions of Theorem 7 are satisfied.
To conclude the proof, it is now sufficient to define

T k
Folz) = @ _ %/0 Fz,s)ds + %Zli(x) — fol@) + Io()

and apply Theorem 7. O

4 Dynamic equations on time scales

In this section, we use Theorem 7 to derive a periodic averaging theorem for dynamic equations on time
scales. We assume that the reader is familiar with the basic notions of time scales calculus as described
in [1], and with integration on time scales as presented in [2]. According to [8], dynamic equations on time
scales can be converted to generalized ordinary differential equations. Before describing the corresponding
procedure, we introduce the following notation, which is taken over from [8].

Let T be a time scale. If ¢ is a real number such that ¢t < supT, let
t* =inf{s € T;s > t}.
Since T is a closed set, we have t* € T. Further, let

T* — (—o0,sup T if supT < o0,
| (—o00,00) otherwise.

Given a function f: T — R"™, we define a function f*:T* — R" by
@)= f@), teT".

The following theorem, which is a special case of Theorem 12 from [8], describes a one-to-one correspon-
dence between the solutions of a dynamic equation and the solutions of a certain generalized ordinary
differential equation.

Theorem 9. Consider a bounded set B C R™ and a bounded Lipschitz-continuous function f: B x T —
R™. Moreover, assume that [ is rd-continuous, i.e. the function t — f(x(t),t) is rd-continuous whenever
x: T — B is a continuous function. If x : T — B is a solution of

z2(t) = f(2(1),0), teT, (1)
then z* : T* — B is a solution of generalized ordinary differential equation
dz
— = DF(x,t), teT" 2
= DF(,t), te T, 2)

where .
F(z,t)= | f(z,s")du(s), z € B, t € T",
to
to € T is an arbitrary fized number, and u(s) = s* for every s € T*. Conversely, every solutiony : T* — B
of (2) has the form y = z* , where x : T — B is a solution of (1).

10



We now proceed to the periodic averaging theorem for dynamic equations on time scales.

Definition 10. Let 7' > 0 be a real number. A time scale T is called T-periodic if t € T implies t+7 € T
and p(t) = pt+T).

Theorem 11. Let T be a T-periodic time scale, tg € T, g9 > 0, L > 0, B C R™ bounded. Consider a pair
of bounded Lipschitz-continuous functions f : B X [tg,00)r — R™ and g : B X [tg,00)1 X (0,80] — R™.
Assume that f is T-periodic in the second variable, and that both f and g are rd-continuous. Define
fo: B—=R" by

1

to+T
fo(l’)zf/t f(z,8)As, x € B.

Suppose that for every € € (0,e9], the dynamic equation
e (t) = ef(x(t).t) + 2g(x(t), t,€), a(to) = zo(e)
has a solution x. : [tg, to + %]11‘ — B, and the ordinary differential equation
y'(t) =cefoly(®), ylto) =wyole)

has a solution y. : [to, to + L] — B. If there is a constant J > 0 such that ||xo(e) — yo(€)|| < Je for every
€ € (0,eq], then there exists a constant K > 0 such that

[2<(t) — y=(t)]| < K,
for every € € (0,e0] and t € [to,to + g]T'

Proof. Without loss of generality, we can assume that ¢y = 0; otherwise, consider a shifted problem with
the time scale T = {t —to;¢ € T} and right-hand side f(z,t) = f(z,to+t). According to the assumptions,
there exist constants m,[l > 0 such that

Hf(xat)H <m, ||g($7t78)H <m,
1f(@,t) = fly. Ol < Uz —yll, Ng(z,t,e) — gy, t,e)|| < Uz —y]
for every z, y € B, t € [0,00)T, € € (0,£0]. Let u(t) =t*, h1(t) = ha(t) = (m + Du(t),

t
Fla,t) :/ fla,s*) du(s), € B, t € [0,00),
0
t
G(z,t,¢) :/ g(x,s%,e)du(s), x € B, t € [0,00).
0
If0<t <ty and z, y € B, then

’ flx, ") du(s)

t1

[ (2, ta) = F(z, )] = ‘ < m(u(tz) = u(tr)) < m(tz) = ha(tr),

<

/7ﬂaw—ﬂ%wNMﬁ

t1

|wu@w4mmo—ﬂ%m+anw=]

<z =yl (u(t2) — u(t1)) < [lz =yl (ha(t2) — ha(t1)).
It follows that F' belongs to the class F(€, hy). Similarly, if 0 < ¢; <9 and z, y € B, then

< m(u(tg) - u(tl)) < h2(t2) - hQ(tl)a

[ ot 2y auts)

ty

Gmmd—M%mMF’
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<

/7maﬁa—m%ﬁ@mwﬁ

ty

|G tare) — Glast1,€) — Gy ta,€) + Glystr,6) | =

<z = yll(u(tz) — u(tr)) < llz —yl[(ha(t2) — ha(tr)).

Therefore, for every fixed £ € (0,¢¢], the function (z,t) — G(x,t,¢) belongs to the class F(, ha). It
is clear that F(x,0) = 0 and G(z,0,e) = 0. Since T is a T-periodic time scale, the function u is also
T-periodic. The function f is T-periodic in the second argument and it follows that the difference

t+T T
F(x,t+T)— F(x,t) = /t fz, ") du(s) = ; f(z,s%) du(s)

does not depend on ¢t. The function M(xz) = F(z,t+T) — F(z,t) satisfies

[M ()] = H/O f(@,s7) du(s)|| < m(u(T) —u(0)) = mT,

1M (z) = M(y)l| = /0 (f (@, 8%) = f(y,s")) duls) || < Illz = yl|(w(T) = u(0)) = Il —y|T,

i.e. M is a bounded Lipschitz-continuous function. For every ¢ € N, we have
hi(iT) —hi((i = DT) = (m+ D) (u(iT) —u((i — 1D)T)) = (m+D)GET — (1 — 1)T) = (m + 1)T.
If t > L/eg, then

ha(t)
t

S(m—i—l)ﬂ:(m—&—l) (1+€> < (m+1) (1+TL€O).

t*
t t

\=w+n

Thus we have checked that all assumptions of Theorem 7 are satisfied. Moreover,

T T
Fofw) = 22 = L[ st duts) = ot

where the last equality follows from Theorem 5 in [8]. By Theorem 9, for every e € (0, g¢], the function
%t [to, to + £] — B satisfies

dx}
dr

= D[eF(a%,t) +2G(ar, t,¢)], 25(0) = 20(e).
According to Theorem 7, there exists a constant K > 0 such that
l22(t) — ye ()] < Ke
for every t € [0, %}, which proves the theorem. O

Note that in our Theorem 11, the averaged equation is an ordinary differential equation, while in
a similar Theorem 9 obtained in [9], the averaged equation is a dynamic equation on the same time scale
as the original equation.

12



5 Retarded equations

Let r > 0 be a given number. The theory of retarded functional differential equations is usually concerned
with the initial-value problem

x/(t) = f(mtat)a xto = ¢a

where z; is given by the formula z4(0) = z(t + ), 0 € [-r,0]. The equivalent integral form is

z(t) = z(to) —|—/ [ (xs,8) ds, @y, = ¢.

We will focus on slightly more general problems of the form

£(t) = a(ty) + / f (2e,5) dh(s), w4y = 0,

where the Kurzweil-Stieltjes integral on the right-hand side is taken with respect to a nondecreasing
function h. More precisely, we are interested in deriving a periodic averaging theorem for the equation

z(t) = z(0) + E/o f(xs,8)dh(s) + 2 /O/g(xs, s,e)dh(s), mo = ¢.

Before proceeding to the averaging theorem, we need the following auxiliary lemma.
Lemma 12. Ify:[a —r,b] — R" is a regulated function, then s — ||ys||co s regulated on [a,b].

Proof. We will show that lims_,4,— ||ys|lec exists for every sy € (a,b]. The function y is regulated,
and therefore satisfies the Cauchy condition at sg — r and sg: Given an arbitrary € > 0, there exists
ad € (0,50 — a) such that

Hy(u)—y(v)H <& w,vE (SO_T_(S’SO_T)7 (3)

and

ly(w) =yl <&, u,v € (so—6,50). (4)
Now, consider a pair of numbers s7, so such that s — d < $1 < s2 < sg. For every s € [s; — r, 89 — 1], it
follows from (3) that

ly(s)Il < lly(s2 =)l +& < lysalloc + &

It is also clear that ||y(s)|| < ||ys,|leo for every s € [sa — 7, s1]. Consequently, |[Us;|lco < ||Uss oo + €
Using (4) in a similar way, we obtain ||ys, |lco < ||¥s; lco + €. It follows that

1Ys: lloo = ysalloc| <&, 51,52 € (50— 8 50),

i.e. the Cauchy condition for the existence of limg_, s, ||ys||co is satisfied. The existence of limg_ s, + [|Us|loo
for sg € [a,b) can be proved similarly.

The proof of the periodic averaging theorem for retarded equations follows the same basic idea as
the proof of Theorem 7. Certain details are inspired by the paper [3], which is devoted to nonperiodic
averaging. Given a set B C R"™, we use the symbol G([a, b], B) to denote the set of all regulated functions
f:]a,b] = B.

Theorem 13. Let ey > 0, L > 0, B C R", X = G([-,0],B). Consider a pair of bounded functions
f i X x[0,00) 5 R”, g : X x[0,00) X (0,6g] — R™ and a nondecreasing left-continuous function
h:[0,00) = R such that the following conditions are satisfied:

13



~

The integral fob fys,t) dh(t) exists for every b >0 and y € G([—r,b], B).
2. f is T-periodic in the second variable.

3. There is a constant o > 0 such that h(t +T) — h(t) = a for every ¢t > 0.
4

. There is a constant C > 0 such that for x,y € X and t € [0, 00),

1f(2,t) = fly, Ol < Cllz =yl

1 T
7 [ s an

Let ¢ € X. Suppose that for every € € (0,eq], the initial-value problems

&

The integral

exists for every x € X.

t t
o) = 2(0)+= [ Jlaa)dhlo) +2 [ gl dbs), =0,
0 0
t
w0 = ) +e [ folu)ds, =0
0
have solutions x¢, y* : [fr, %} — B. Then there exists a constant J > 0 such that
J2€(t) —y (O] < Je

for every e € (0,0] and t € [0, £].

Proof. There is a constant M > 0 such that ||f(z,t)]] < M and ||g(z,t,e)|| < M for every z € X,
t € [0,00) and ¢ € (0,¢]. It follows that

/fxsdh

for every x € X. Thus if € € (0,20, s, t € [0,00), s > t, the solution y° satisfies

| fo(x

<

M
o ((T) = h(0)) =

Ma
T

s+6
c - - eM(s—t)a
i) -y o)l = e [ ag)do < HEZDE peonal
+
c e . - eM(s —t)a
I~ vl = sup (s +0) — it o)) < LEZ0 )

0e[—r,0]

For every t € [0, L/e], we have

[ =) =

/f:r s)dh(s /Otg(ac s,e)dh(s —s/foys

/fyé, ) dh(s /foybds
/fys, ) dhs /foyst

14

<e +e (xi,s,s) dh(S)

/O (F(25,5) — F(45. 9)) dhs)

<g/ Cll= — yF oo dh(s) + £ + M) — h(0)).  (6)




(Note that the integral f(f C|z& — y&|oo dh(s) is guaranteed to exist by Lemma 12, while the existence of

fo (y2, s) dh(s) follows from assumption 1.) First, we estimate the second term. Let p be the largest
integer such that pT' < t. Then
] ) dhs / fo (52)

[ 0650 = 1) ans)| + Y

i—1)T

<

T T
/( F (i1 5) dh(s) — /( folhs—yr) ds

i-1)T i-1)T

/(T ) — foly)) ds

i—1)T

+!

/ ' J(5 ) dhs) — / o) ds

T T
For every i € {1, 2,...,p} and every s € [(i — 1)T,iT], inequality (5) gives

M —(-1)T
195 ~ icpyrlloe < 22 ZEZVD <y

Using this estimate together with the fact that pT < %, we obtain

P

>

=1

CMLa?
—

1T
/( (P55 9) — F(5Fs 1y 5)) di(s)

< iCMsa(h(iT) —h((i = 1)T)) = CMea’p <
i—1)T i=1

When s >t >0 and y € G([—r, s], B), then
C C
< TlYs = Yelloo ((T) = 2(0)) = Zllys — yellocer.

T
1o(ws) = oyl = = / (F(ysr0) — Fl.0)) dh(0)

T

Thus

p iT

S = wtiomas <3 [ (000 - 0] as<

i=1 = (i—

C ¢ MCLa?

< aZ/(, o e = Vimprlleods < T@ZEMQT = cMCa?p < M

4 - i=1

The fact that f is T-periodic in the second variable and the definition of f© imply

P

T T
S i) - [ ol ds

(i-1)T

i=1

(yfi—l)Ta s) dh(s) — fo(yfi_1)T)T =0.

/ T () - / s

< M(h(t) — h(pT)) + %

Finally,

t
+ / o) ds <

S ’

/ T )

(t—pT) < M(h((p+1)T) — h(pT)) + #T =Ma+ Ma =2Ma.
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By combination of the previous results, we obtain

2
< 2MOLA” e

| sz ans)— [ nra] < 242

Denote the constant on the right-hand side by K. Returning back to inequality (6), we see that
t
J2=(t) =y (Bl < E/ Clles = yilloo dh(s) + eK + * M (h(t) — h(0)).
0

Let ¢(s) = sup, ¢ 4 2°(7) —y°(7)]|. Since z° and y° are regulated, it is not difficult to see that ¢ is also
regulated and therefore Kurzweil-Stieltjes integrable with respect to the function h. For every u € [0, ],
we have

2= () =" ()| < g/ou C(s) dh(s)+eK +e2M (h(u) — h(0)) gg/o C(s) dh(s)+eK +e2M (h(t)—h(0).
Consequently, .
W(t) < e / C(s) dh(s) + eK + 2 M(h(t) — h(0)).
0

Next, note that

e(h(t)—h(0)) < e(h(L/e)—h(0)) <e(h([L/(cT)|T)—h(0)) <e {L-‘ a<e (61% + 1) a < (; +50> Q.
Thus . .
P(t) < 5/0 Cy(s)dh(s)+eK +eM <T + 50) a.

Gronwall’s inequality from Theorem 6 gives

L L
P(t) < e=ChH=h(0) <K+M (T +50> ale< oC(F+e0)a (KJrM (T +€0> a) c.

for every e € (0,&0] and t € [0, £]. O

Ve
In the special case h(t) = ¢, we obtain a periodic averaging theorem for the usual type of retarded

functional differential equations. However, our theorem is much more general. The following example
shows that it is applicable even to retarded difference equations.

Example 14. Consider the function h(t) = [t] and assume that x : [—r, 00) — R™ satisfies

z(t) = z(0) —|—/0 f(zs,8)dh(s), t€]0,00). (7)

It follows from the properties of the Kurzweil-Stieltjes integral that for every integer k£ > 0, the function
x is constant on (k,k + 1], and z(k+) = z(k) + f(zk, k)(h(k+) — h(k)) = x(k) + f(x, k). Using this
observation, we see that a retarded difference equation of the form

alk+1) —a(k) = F(k,a(k),a(k —1),...,a(k — 1)), k€ Ny,
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is equivalent to the integral equation (7), where h(t) = [t] and f(y,t) = F([t],y(0),y(—1),...,y(—7))
for every t > 0 and y € G([—r,0],R™). Indeed, every solution x of this integral equation must be constant
on (k,k + 1] and satisfy

x(k+1) =x(k+) =x(k) + f(ag, k) = x(k) + F(k,x(k),x(k —1),...,z2(k —r))

for every integer k > 0. Thus our averaging theorem is applicable to retarded difference equations of the
form

alk+1) —a(k) =eF(k,a(k),a(k —1),...,a(k —1)), k€ Np,

where ¢ € (0, ] is a small parameter. Assuming that F' is T-periodic in the first argument (where T is
a positive integer), the corresponding averaged equation has the form

y(t) =y(0)+€/0 fo(ys)ds,

where the function fj is given by

1 T 1 Tl pitl
)= 7 [ S0)ah(6) = 73 [ 090 n6) =
- ; Fw.i) = ; F(i,y(0).5(-1)......y(~r)

for every y € G([—r,0],R™).
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