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1 Introduction

Let r, o > 0 be given numbers and ¢y € R. In our recent paper [6], we have introduced equations of the
form

x(t) = xz(to)+ | f(zs,s)dg(s), tE [to,to+ o],

xtu = ¢7

where x; denotes the function z,(0) = z(¢t +0), 6 € [—r,0], for every ¢ € [to,to + o]. The integral on the
right-hand side should be understood as the Kurzweil-Henstock-Stieltjes integral taken with respect to
a nondecreasing function g : [to, to + o] — R (see the next section). These equations are called measure
functional differential equations; they generalize the usual type of functional differential equation which
corresponds to the case g(t) = t.

We have shown in [6] that functional dynamic equations on time scales represent a special case of
measure functional differential equations, and obtained various results concerning the existence and
uniqueness of solutions, continuous dependence, and periodic averaging for both types of equations.

The present paper is a continuation of [6]. Our aim is to demonstrate that measure functional differ-
ential equations represent an adequate tool for dealing with differential and dynamic equations involving
impulses. Section 2 summarizes some basic results about Kurzweil-Henstock-Stieltjes integrals. In Sec-
tion 3, we introduce impulsive measure functional differential equations and show how to transform
them into measure functional differential equations without impulses. In Section 4, we present certain
facts from the time scale calculus and explain the relation between time scale integrals and Kurzweil-
Henstock-Stieltjes integrals (this part is independent of the previous sections and might be useful for
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2 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

readers interested in integration theory on time scales). Section 5 discusses impulsive functional dy-
namic equations on time scales and demonstrates how to convert them to impulsive measure functional
differential equations. Using the results from the last two sections, we are able to relate impulsive func-
tional dynamic equations and measure functional differential equations. In the final three sections, we
employ this correspondence to obtain theorems on the existence and uniqueness of solutions, continuous
dependence of solutions on parameters, and periodic averaging for impulsive equations.

It is worth mentioning here that in the classical theory of functional differential equations of the form

(L‘/(t) = f(mt7t)7 te [t07t0+0]7 (11)
it is common to use the following assumptions on the right-hand side of the equation:

o There exists a constant M > 0 such that || f(x,t)|| < M for each z in a certain subset of the phase
space and every t € [tg, to + o).

e There exists a constant L > 0 such that ||f(x,t) — f(y,t)|] < L|lz — y|| for each z, y in a certain
subset of the phase space and every t € [tg,to + o).

However, it became clear (see e.g. [7, 8]) that it is sufficient to impose certain conditions on the indefinite
integral of the function on the right-hand side of (1.1) rather than on the right-hand side itself. In the
present paper, we consider the following weaker conditions:

e There exists a constant M > 0 such that

for all uy,us € [to,to + o] and all z in a certain subset of the phase space.

/ Flan ) dg<t>H < M(g(uz) - glwr))

e There exists a constant L > 0 such that

for all uy,us € [to,to + o] and all z,y in a certain subset of the phase space.

Uz

/ (F(@est) = F(ye, 1)) dg<t>H <L / 2 = yelloe dg(®)

1 1

2 Kurzweil-Henstock-Stieltjes integral

Consider a function ¢ : [a,b] — RT (called a gauge on [a,b]). A tagged partition of the interval [a, D]
with division points a = sg < s1 < -+- < 8, = b and tags 7; € [s;_1,8;], ¢ € {1,...,m}, is called é-fine
if

T — (S(Tz) <s85.1<8<T; —|—5(Ti), 1 E {1, - ,m}.
A function f : [a,b] — R™ is called Kurzweil-Henstock-Stieltjes integrable on [a,b] with respect to

a function g : [a,b] — R, if there is a vector I € R™ such that for every ¢ > 0, there is a gauge
§: [a,b] — RT such that

m

D FE)glsi) —g(sin) =1

i=1

<e

for every d-fine tagged partition of [a, b]. In this case, I is called the Kurzweil-Henstock-Stieltjes integral
of f with respect to g over [a,b] and will be denoted by f(f f(t)dg(t), or simply ff fdg. This Stieltjes-
type integral is a special case of the integral studied by J. Kurzweil in [11]; on the other hand, the
choice g(t) = t leads to the well-known Kurzweil-Henstock integral, which generalizes both Lebesgue
and Newton integrals.

Copyright line will be provided by the publisher



mn header will be provided by the publisher 3

A function f : [a,b] — R is called regulated, if the limits

lim f(s)=f(t—) €eR", te€(a,b] and lim f(s) = f(t+) € R", t¢€la,b)

s—t— s—t+

exist. The set of all regulated functions f : [a,b] — B, where B C R"™, will be denoted by G([a, ], B).
Note that G([a,b],R") is a Banach space under the usual supremum norm || f||lec = sup,<;<; | f()]-

Given a regulated function f, the symbols AT f(¢) and A~ f(¢) will be used throughout this paper
to denote

ATf(t) = f(t+) — f(t) and A7 f(t) = f(t) — f(t-).

In the following sections, we often assume the existence of certain Kurzweil-Henstock-Stieltjes inte-
grals. The next result from [15, Corollary 1.34] is not really necessary for us, but we mention it here as
it provides a useful sufficient condition for the existence of the Kurzweil-Henstock-Stieltjes integral.

Theorem 2.1. If f : [a,b] = R™ is a regulated function and g : [a,b] — R is a nondecreasing function,
then the integral f; fdg exists.

The following Hake-type theorem for the Kurzweil-Henstock-Stieltjes integral is a special case of
Theorem 1.14 in [15] (see also Remark 1.15 in the same book).

Theorem 2.2. Consider a pair of functions f : [a,b] = R™ and g : [a,b] — R.

1. Assume that the integral fat fdg exists for every t € [a,b) and

aim ([ rag+ 00 - ote) = 1.

Then f:fdgzl.

2. Assume that the integral j;b fdg exists for every t € (a,b] and

b
Jim, ( | rag+ e - g(a») -1

Then f;fdg =1.
We also need the following related result, which is a special case of Theorem 1.16 in [15].

Theorem 2.3. Let f : [a,b] = R"™ and g : [a,b] — R be a pair of functions such that g is requlated and
ff fdg exists. Then the functions

h(t):/atfdg and k(t):/tbfdg

are requlated on [a,b] and satisfy

h(t+) = h(t)+ f()ATg(t), t € [a,b),
hi=) = h(t) = f()Ag(t), t € (a,b],
k(t+) = k()= f(t)ATg(t), t€la,b),
k(t=) = k@) + f(H)A7g(t), t € (a,b].

We remark here that, according to the previous theorem, solutions of measure functional differential
equations must be regulated functions.
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4 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

Lemma 2.4. Let m € N, a < t; < ty < -+ < t,, < b. Consider a pair of functions f : [a,b] — R

and g : [a,b] — R, where g is regulated, left-continuous on [a,b], and continuous at ti,...,t,,. Let
fila,b) > R and g : [a,b] — R be such that f(t) = f(t) for every t € [a,b]\{t1,...,tm} and g — g is
constant on each of the intervals [a,t1], (t1,t2], ..., (tm—1,tm], (tm,b]. Then the integral fab fdg emists

if and only if the integral f: fdg exists; in that case, we have

b b
[ Faa= [ rage 3 featsn),

Proof. Using the definition of the Kurzweil-Henstock-Stieltjes integral, we obtain

[ faa-g=o

It follows from Theorem 2.2 and the definition of the Kurzweil-Henstock-Stieltjes integral that

Tt + r

/t U FaG-g = tm [ Fd@-g)+ Ft)ATG - g)(t) = Ftn) AT (k)

for every k € {1,...,m — 1}. If t,,, = b, then ftb fd(g — g) = 0; otherwise,

b b
/t fd(g—g)= lim / FA(G = 9) + F(tm) AT (G = 9)(tm) = F(tm) AT ().

T—tm+

Consequently, fab f d(g — g) exists and

b ~ ~
[Fa-9= > Featae).
’ R

By Theorems 2.2 and 2.3, we have

t1 ~ T T t1
/ fdg= lim / fdg= lim / fdg= / fdg,
a T—t1— a T—t1— a a

teyr T T tht1
/ fdg= lim / fdg=lim / fdg:/ fdg, ke{l,....m—1},
o [ ty

th o—tr+, o—tk+,
T—lpr1— T—lpr1—

b

b b b
/tmfdg=73tmm+/7 fdg=Tiltr}3L+/T fdg = fdg.

tm

These three relations might be read not only from left to right, but also from right to left; in other
words, the integrals on the left-hand sides exist if and only if the integrals on the right-hand sides exist.
Combining the three relations, we see that f: f dg exists if and only if f; f dg exists; in this case, their
values are equal. To conclude the proof, it is sufficent to observe that

/abfdgz/abfd%r/abfd(é—g)=/abfdg+ > ftn) ATt 0

ke{l,....m},
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3 Impulsive measure functional differential equations

A measure functional differential equation has the form

(1)

xto = (rb?

where the Kurzweil-Henstock-Stieltjes integral on the right-hand side is taken with respect to a nonde-
creasing function g : [to, to + o] — R; these equations have been studied in [6].

We assume that g is a left-continuous function and consider the possibility of adding impulses at
preassigned times ¢1,...,ty,, where tg < t; < -+ < t,, < to + 0. For every k € {1,...,m}, the
impulse at t; is described by the operator I : R™ — R". In other words, the solution x should satisfy
ATz(ty) = I (x(tx)). This leads us to the following problem:

w(to) + | f(zars)dg(s), t € [to,to + 0],
to

z(v) —x(u) = [ f(xs s)dg(s), whenever u,v € Ji for some k € {0,...,m},
ATz(ty) I (x(tr)), ke{l,...,m},
xto = ¢7
where Jy = [to, t1], Jx = (tg,trt1] for k € {1,...,m — 1}, and J,,, = (tm, to + o).
The value of the integral f; f(xs,s)dg(s), where u,v € Jg, does not change if we replace g by
a function g such that g — g is a constant function on Ji (this follows easily from the definition of the

Kurzweil-Henstock-Stieltjes integral). Thus, without loss of generality, we can assume that g is such
that A*Tg(tx) = 0 for every k € {1,...,m}. Since g is a left-continuous function, it follows that g is

continuous at ti,...,%,,. Under this assumption, our problem can be rewritten as
t
z(t) = z(to) + [ flxs,s)dg(s)+ Z Ii(2(tk)), t € [to,to+ o], (3.1)
to ke{l,...m},
te<t
iEtO = (]5
Indeed, the function ¢ — j;to f(xzs,s)dg(s) is continuous at ti,..., ¢y (see Theorem 2.3), and therefore

Atz(ty) = I (z(tg)) for every k € {1,...,m}.
Alternatively, the sum on the right-hand side of (3.1) might be written as > ;- I (z(tx))He, (1),
where H, denotes the characteristic function of (v,0), i.e. H,(t) =0 for t < v and H,(t) =1 for ¢ > v.
The following theorem shows that impulsive measure functional differential equations of the form
(3.1) can always be transformed to measure functional differential equations without impulses.

Theorem 3.1. Let m € N, tg < t; < --- < t,, <ty+o0, BCR" LI,...,I, : B - R" P =
G([-r,0],B), f: P x [to,tg + o] = R™. Assume that g : [to,to + 0] = R is a regulated left-continuous
function which is continuous at t1,...,t,. For every y € P, define

~ . f(y7t), te [t07t0+0]\{t1,...,tm},
fyt) = {Ik(y(O))7 t =ty for some k € {1,...,m}.

Moreover, let the function § : [to,to + o] — R be given by
g(t)’ te [toatl]v

g(t) =< g(t)+k, t€ (tg,try1] for somek € {1,...,m — 1},
g(t) +m, te (tmvtO +U]'

Then x € G([to — r,to + o], B) is a solution of
o) = alty) /fxs, Jdgs)+ S I(a(t), t€ [forto+ o) (3.2)

ke{l,....m},
k<t

$t0=¢
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6 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

if and only if

x(t) z(to) + | f(zs,s)dg(s), te€ [to,to+ 0], (3.3)
Tt = ¢

Proof. By the definition of g, we have A*g(tx) = 1 for every k € {1,...,m}. According to Lemma 2.4,
we obtain

to

Flxs,5)dg(s) = | Fl@s,s)dgls) + Y e t)ATg(t)

:/ f(zs,8)dg(s) + Z I (x(tr)),
to ke{tl];.%im}’

i.e. the right-hand sides of (3.2) and (3.3) are indeed identical. O

Remark 3.2. When ¢(t) = ¢ for every t € [to,to + o], Eq. (3.2) reduces to the usual type of impulsive
functional differential equation

z(t) = x(to) + t flae,s)ds+ > L(x(ty), tE€ [to,to+0l.

ke{l,...,m},
tre <t

Basic results concerning this type of equations were obtained by M. Federson and S. Schwabik in [7];
the main tool in their investigations was the theory of generalized ordinary differential equations. The
previous theorem suggests a different approach: impulsive functional differential equations represent
a special case of measure functional differential equations, and therefore the existing theory of measure
equations can be used in the study of impulsive equations.

Lemma 3.3. Letm e N, tg <t; < -+ <ty <top+o, BCR", I,...,I, : B—R", P=G([-r0],B),
O = G([tg — r,to + 0], B). Assume that g : [to, to + 0] — R is a left-continuous nondecreasing function

which is continuous at ty,...,ty,. Let f : P X [to,to + o] — R™ be a function such that the integral
fttoﬁg f(ye, t)dg(t) exists for every y € O. For every y € P, define

~ . f(y,t), t e [to,to—l—a]\{tl,...,tm},
0 = {Ik.(y(()))7 t =ty for some k € {1,...,m}.

Moreover, let the function g : [to,to + o] — R be given by

g(t), te [tO;tlL
gt) =< gt)+k, teE (tk,tgs1] for some k € {1,...,m — 1},
gt) +m, t € (tm,to+ 0]

Then the following statements are true:
1. The function g is nondecreasing.

2. Assume there exist constants My, My € RT such that

/ o dg<t>H < My(g(us) — g(m)
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whenever tg < up <ug <tg+o,y €0, and
[k (2)]| < M

for every k € {1,...,m} and x € B. Then

whenever tg <up < ug <tg+o andy € O.

/:2 Flye,t) dg(t)H < (M + Mo)(§(us) — §(ur))

3. Assume there exist constants L1, Lo € RT, such that

whenever tg <uy <us <tg+o, y,z €0, and

1k(z) = e ()] < Lellz -yl

for every k € {1,...,m} and x, y € B. Then

whenever tg <up <us <tg+o0 and y,z € O.

uz

/;2 (f(ye, t) — f(zt,t))dg(t)H < L1/u e — ze|loo dg(t)

1 1

U2

/;2 (f(yt,t) - f(zt,t)) dé(t)” < (L + LQ)L e — 22100 dG (1)

1 1

Proof. It is clear from the definition of g that it is nondecreasing if g is nondecreasing. Moreover,

g(w) = g(u) = g(v) — g(u) (34)

whenever tg < u <wv <tg+o.
To prove the second statement, let tg < uy < us <tg+ o, y € O. From Lemma 2.4, we obtain

[ fwnan = [T+ Y Le)ata).

ke{l,...,m},
w1 <t <uz

and therefore

< Mi(g(uz) — g(ua)) + M2(g(u2) — g(ur)) = (M1 + Ma2)(g(u2) — g(u1)).

To prove the third statement, let tg < u; < us < tgp + o and y,z € O. Using Lemma 2.4 again, we
obtain

/uzf(yut)dg(t)HSMl(g(u2)—9(U1))+M2 S At

[ () = ) aate

1

- /M(f(yt,t>—f<zt,t>>dg<t>+ S (l(te) - Te(=(t) A" (1),
U1 ke{l,...,m},

Consequently,

| [ (0= ) aao] <22 [

1

u

2\|yt—2t\|oodg(t)+L2 Yoyt —=(t)IAT ().

1 ke{l,....m},
uy <t <us
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8 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

Using Eq. (3.4) and the definition of the Kurzweil-Henstock-Stieltjes integral, we see that

ug u2
[ = sl dg® < [ = 1l die)
U1 ul
Next, we observe that the function
hs)= [ llye = 2tlloc dg(t), s € [to,to + 0],

to

is nondecreasing and AT h(tx) = ||y, — 21, |0 AT g(tx) for k € {1,...,m}. Therefore

Ly Y lyte) = 2@ AYg(t) < Lz Y llys, — 2o AT ()

ke{l,...,m}, ke{l,...,m},
w1 <t <uz w1 <t <uz
u2
—Lo 3 AUh(te) < La(bus) ~ hu) = La | [l - 2l d300),
ke{l,....m}, U1
uy <t <ug

and it follows that

4 Integration on time scales

U2

/;2 (Ft) = Flann) dg(t)H < (L + LQ)/u e — 22/l dgi(8). -

1 1

This section presents a short overview of time scales, which were introduced in order to unify and extend
continuous, discrete and quantum calculus (see e.g. [3], [4]). We also clarify the relation between time
scale integrals and Kurzweil-Henstock-Stieltjes integrals. The results obtained here will be used later in
our investigation of functional dynamic equations on time scales.

A time scale is a closed nonempty subset T of the real line. For every t € T, we define the forward jump
operator by o(t) = inf{s € T, s > t} and the backward jump operator by p(t) = sup{s € T, s < t};
we make the convention that inf() = supT and sup(® = inf T. The graininess function is defined as
wu(t) =o(t) —t.

If o(t) > t, we say that t is a right-scattered point; otherwise, ¢ is right-dense. Similarly, we distinguish
between left-scattered and left-dense points, depending on whether p(t) < ¢, or p(t) =t.

A function f : T — R is called rd-continuous, if it is regulated on T and continuous at right-dense
points of T.

For each pair of numbers a, b € T, a < b, let [a,blr = [a,b] N T. Given a set B C R™, the symbol
G([a,b]T, B) will be used to denote the set of all regulated functions f : [a, bl — B.

In the time scale calculus, the usual derivative f’(t) and integral f; f(t)dt of a function f : [a,b] = R
are replaced by the A-derivative f2(t) and A-integral f; f(t) At, where f : [a,b]r — R. Similarly

to the classical case, there exist various definitions of the A-integral f; f(t) At, such as the Riemann

A-integral or Lebesgue A-integral; these definitions as well as the definition of the A-derivative can be

found in [3], [4]. The more general Kurzweil-Henstock A-integral was introduced in [14] (see below).
Given a real number ¢t < sup T, let

t* =inf{s € T;s > t}.
(Note that t* might be different from o(t).) Since T is a closed set, we have t* € T. Further, let

T _ (—o0,sup T] if supT < oo,
T ] (—o0,00) otherwise.
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Finally, given a function f : T — R™, we consider its extension f* : T* — R™ given by
@) =f@t%), teT.

The following theorem from [16] describes the relation between the A-integral and the Kurzweil-
Henstock-Stieltjes integral.

Theorem 4.1. Let f: T — R"™ be an rd-continuous function. Choose an arbitrary a € T and define

Fl(t) _/tf(S)Asa tGT,

¢
Falt)= [ F'(5)dgls), teT
where g(s) = s* for every s € T*. Then Fy = FY.

In particular, if f : [a,b]r — R™ is an rd-continuous function, we obtain

/ ' fle)hs = / " F(s) dg(s). (4.1)

Since the solutions of impulsive equations are discontinuous, we need to relax the assumption of
rd-continuity. It is not difficult to show that Eq. (4.1) remains true in the more general case where f is
a regulated function; it is sufficient to use uniform convergence theorems for both types of integrals and
the fact that every regulated function is a uniform limit of continuous functions. Although regulated
functions are general enough for our purposes, we take this opportunity to prove a much stronger result:
All we need to require for Eq. (4.1) to hold is that f is A-integrable in Kurzweil-Henstock’s sense. At
first, we recall the definition of the Kurzweil-Henstock A-integral as introduced by A. Peterson and
B. Thompson in [14].

Let § = (d1,,dr) be a pair of nonnegative functions defined on [a, b]r. We say that ¢ is a A-gauge for
[a, b]T provided 01 (t) > 0 on (a,b] N'T, dr(t) > 0 on [a,b) N'T, and dr(t) > u(t) for all t € [a,b) N'T.

A tagged partition of [a, b]y consists of division points sg, ..., Sm € [a,b]r such that a = so < 51 <

- < 8m = b, and tags T1,...,Tm € [a,b]r such that 7; € [s;_1,s;] for every i € {1,...,m}. Such
a partition is called d0-fine if

Ti — (SL(Ti) <s8i21<8 <1 +6R(Ti)7 1€ {1, .. .,m}.

A function f : [a, bl — R™ is called Kurzweil-Henstock A-integrable, if there exists a vector I € R”
such that for every € > 0, there is a A-gauge ¢ on [a, b]T such that

m

Do) (si—siia) =1

i=1

<e€

for every d-fine tagged partition of [a, b]r. In this case, I is called the Kurzweil-Henstock A-integral of
f over [a,b]y and will be denoted by [ f(t)At.

Here is the promised result which shows that A-integrals are in fact special cases of Kurzweil-
Henstock-Stieltjes integrals.

Theorem 4.2. Let f : [a,blr — R™ be an arbitrary function. Define g(t) = t* for everyt € [a,b]. Then
the Kurzweil-Henstock A-integral f; F@)AL exists if and only if the Kurzweil-Henstock-Stieltjes integral
ff f*(t)dg(t) exists; in this case, both integrals have the same value.
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10 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

Proof. For an arbitrary tagged partition P of [a,b] consisting of division points a = sg < s1 < -+- <
Sm = b and tags 11,...,Tm, let
S(P) =Y (m)(9(s:) — g(si-1)) = Y F(77)(s7 = si_1)- (4.2)
i=1 i=1

At first, assume that f: f(t)At exists. Then, given an arbitrary e > 0, there is a A-gauge 6 = (d1,,0R)
on [a, b]t such that

m

b
ONCICERIEY AT

<e

for every d-fine tagged partition of [a,b]r. We construct a gauge 4 : [a,b] — R* in the following way:

min(0(¢),sup{d;t +d € [a,b]r,d < dgr(t)}) ift€ (a,b)NT,

S(t) _ Jsup{d;a+d € [a,b]r,d < Or(a)} if t =a,
) 6L(b) if t = b,
Linf {|t — s|,s € T} if t € [a,b]\T.

Let P be an arbitrary é-fine tagged partition of [a, b] with division points a = sg < $1 < -+ < 8, = b
and tags 7; € [si—1,8], ¢ € {1,...,m}. For every i € {1,...,m}, there are two possibilities: either
T € T, or [81_1,51'] NT = @

The division points sg, ..., s,, and tags 71, ..., 7., need not belong to T, but we can find a partition P’

whose division points and tags belong to T, S(P) = S(P’), and P’ is d-fine. We proceed by induction:
Clearly, so = a € T. Now, consider an interval [s;_1,s;] with s,_1 € T. Since [s;_1,s;] NT # (), we must
have 7, € T. If s; ¢ T, we replace the division point s; by s}, delete all division points s; belonging to
(ss,57), and also all tags 7; belonging to (s;, s}). This operation keeps the value of the integral sum (4.2)
unchanged: The contributions of the intervals [s;_1,s;] and [s;—1, sf] to the value of the sum are the
same, and the contributions of intervals [s;_1, s;] contained in (s;, s}) are zero because s¥_; = st = s7.
It remains to check that the modified partition is §-fine. Let M = sup([a, 7 + dr(7;)] N T). Obviously,
M € [a,b]r. Since our original partition was d-fine, it follows that

8; < T+ 5(7'1) <7 +sup{d;7; +d € [a,b]r,d < 6r(7i)} = M.

But s; ¢ T and M € T implies sf < M, because s} is the smallest time scale point larger than s;.
Consequently, s < M < 71; + dr(7;).
Now, P’ is a d-fine tagged partition of [a, b]t, and therefore

S(P)—/bf(t)At _ S(P’)—/bf(t)At <,

which proves that fab f*(t)dg(t) exists and equals f; f(t)AL.
Conversely, assume that ff f*(t)dg(t) exists. Then, given an arbitrary ¢ > 0, there is a gauge
6 : [a,b] = RT such that

m

b
S F) (s — siy) - / £*(t) dg(t)

i=1

<é

for every b-fine tagged partition of [a,b]. We construct a A-gauge § = (d1,0r) on [a,b]r by letting
01 (t) = 0(t) and dg(t) = max(d(t), u(t)) for every t € [a, b].
Consider an arbitrary é-fine tagged partition P of [a,b]r with division points a = sp < 81 < -++ <

Sm = b and tags 7; € [s;—1,5i], @ € {1,...,m}; by definition, all these points belong to T.
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Our d-fine partition need not be d-fine: for certain values of i € {1,...,m}, it can happen that
Or(m) + 71 > 8 > S(Tl) + 7;. In this case, we have dr(7;) = u(7;), the point 7; is right-scattered, and
s; = o(7;). We claim that it is possible to find a modified tagged partition P’ of [a,b] which is S-fine
and S(P) = S(P'). To this end, replace the division point s; by 7; + 6(7;) while keeping 7; as the tag
for the interval [s;_1,7; + 0(7;)], and cover the interval [r; 4+ 6(7;), s;] by an arbitrary d-fine partition.
The equality S(P) = S(P’) follows from the fact that t* = s; for every ¢ € (7, s;].

The proof is concluded by observing that

b
(73) (51 — $11) — / £*(t) dg(t)

b b
- / £¥(t) dg(t) - / £¥(t) dg(t)

which implies that fab f(t)At exists and equals fab Fr(t)dg(t). O

i=1

<e,

Remark 4.3. Several authors have been interested in Stieltjes-type integrals on time scales (see

e.g. [10], [13]). For example, the definition of the Riemann-Stieltjes A-integral f: f(t)Ag(t) of a function
f ¢ [a,b]r — R™ with respect to a function g : [a,b]r — R can be obtained in a straightforward way by
taking the definition of the Riemann A-integral and replacing the usual integral sums by

m

Z f(Ti)(g(si) — g(si-1)).

i=1

Alternatively, we can start with the definition of the Kurzweil-Henstock A-integral and modify the
integral sums in the same way. Using exactly the same reasoning as in the proof of Theorem 4.2, one
can show that the resulting Stieltjes-type A-integral satisfies

/f (1) Ag(1) /f ) dg(

Consequently, many properties of the A-integrals can be simply derived from the known properties of
the Kurzweil-Henstock-Stieltjes integrals.

Lemma 4.4. Leta,b €T, a <b, g(t) =t* for everyt € [a,b]. If f : [a,b] = R™ is such that the integral
f: f(t)dg(t) exists, then

/fdg /fdg

for every c,d € [a, b].

Proof. Using the definition of the Kurzweil-Henstock-Stieltjes integral and the fact that g is constant
on [c,c*] and on [d,d*], we see that [T f(t)dg(t) =0 and fj f(t)dg(t) = 0. Therefore

/fdg /fdg /fdg /fdg /fdg

Theorem 4.5. Let f: T — R™ be a function such that the Kurzweil-Henstock integral f: f(s)As exists
for every a,b € T, a <b. Choose an arbitrary a € T and define

= /t f(s)As, teT,

O
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12 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

¢
t) = / f*(s)dg(s), teT",
a
where g(s) = s* for every s € T*. Then Fy = FY.

Proof. The statement is a simple consequence of Lemma 4.4 and Theorem 4.2:
/f )dg(s / £7(s) dgs / f(s)As = Fy(t*) = Fy (1) =

5 Impulsive functional dynamic equations on time scales

In this section, we focus our attention on functional dynamic equations with impulses. In particular,
we explain the relation between this type of equations and impulsive measure functional differential
equations, which were discussed in Section 3. In [6], we dealt with functional dynamic equations of the
form

a®(t) = f(x7,t), tE[to.to+0lr,
z(t) = o), te€lto—r tolr.

The symbol z} should be understood as (z*):; as explained in [6], the advantage of using z} rather
than x; stems from the fact that x} is always defined on the whole interval [—r, 0], whereas x; is defined
only on a subset of [—r, 0]; moreover, this subset depends on .

Our aim here is to study functional dynamic equations with impulses. Several authors have already
considered impulsive dynamic equations on time scales (see for example [1], [2], [5], [9]); to this end, let
t1, e tm ET, tg <t <ta <+ <ty <tg+oand I,...,I, : R" — R™. The usual condition which
can be found in the existing literature is that the solution should satisfy

CE(t}C—I-)—.T(tk—) :Ik(x(tk—)), ke {1,...,m}. (51)

The convention is that z(t+) = z(t) when ¢ € T is a right-scattered point and x(t—) = x(¢) when t € T
is left-scattered. Moreover, it is usually assumed that the solution = should be left-continuous. In this
case, Eq. (5.1) reduces to

o(tit) — x(ty) = In(z(t)), ke {1,...,m}. (5.2)

Note that if ¢, is right-scattered, then the left-hand side of Eq. (5.2) is zero. In other words, it makes
sense to consider impulses at right-dense points only (the same assumption is made in [2], [5]).
This motivates us to consider impulsive functional dynamic equations of the form

z2(t) = flzit), t € [to,to+olr\{t1,. . tm},
Afx(ty) = (z(ty)), ke {l,...,m},
x(t) = o(t), telto—rtor,

where t1,...,t, € T are right-dense points, to <t; <to <--- <t <to+o,and I,..., I, : R" = R".
The solution is assumed to be left-continuous. It is not difficult to see that the above problem can be
written more compactly in the form

o) = alto) /fx Das+ S La(te), € torto+oln,
ke(lm),
<t
Qi(t) = ¢(t), tE[tQ—’l‘,to]T.

Our immediate goal is to rewrite this equation as an impulsive measure functional differential equa-
tion. We need the following proposition from [6] (see Theorem 4.2 there).
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Theorem 5.1. Let T be a time scale, g(s) = s* for every s € T*, [a,b] C T*. Consider a pair of
functions f1, fo : [a,b] = R™ such that f1(t) = fa(t) for everyt € [a,b]NT. If ff fi1(s)dg(s) exists, then

ff fa(s)dg(s) exists as well and both integrals have the same value.

The following theorem describes the relation between impulsive functional dynamic equations and
impulsive measure functional differential equations.

Theorem 5.2. Let [tg — r,to + o] be a time scale interval, to € T, B C R"™, f: G([-r,0], B) X [to,to +
olr = R", ¢ € G([to — 7, to]r, B). Define g(s) = s* for every s € [to,to+0]. Ifx: [to —r,to+ 0|t — B
s a solution of the impulsive functional dynamic equation

z(t) = z(to) ‘|’/ f(xf,s) As + Z I (z(tg)), t € [to,to + olr, (5.3)
. bl m),
z(t) = o(t), teto—rtolr, (5.4)

then = : [tg — r,to + 0] — B is a solution of the impulsive measure functional differential equation

v0) = w0+ [ Fs)dgs)+ Y Dwlt)), t€ ltoto + ol (5.5)
. bl m),
Yo = O (5.6)

Conversely, if y : [to —r,to + 0] — B satisfies (5.5) and (5.6), then it must have the form y = x*, where
x: [to — ryto + o)t — B is a solution of (5.3) and (5.4).

Proof. Assume that = satisfies (5.3) and (5.4). Clearly, z} = ¢} . By Theorem 4.5,

t
a:*(t):x*(to)—i—/ Fat, sy dg(s) + S I(a(t), t€ [torto+ o).
to kefl,...,m},
tp<t®

We have ¢, € T for every k € {1,...,m}. It follows that z(t;) = x*(¢x), and ¢, < t* if and only if
tr < t. Moreover, since f(x}k.,s*) = f(z%,s*) for every s € T, we can use Theorem 5.1 to conclude that

w*(t):x*(to)Jr/t fas s dg(s)+ Y Ie(@™ (i), t€ [to,to + 0,

kel wm),
te<t

which proves the first part.

Conversely, assume that y satisfies (5.5) and (5.6). If ¢ € [to,to + o]\T, then g is constant on [¢,t*]
and therefore y(t) = y(t*). It follows that y = z*, where x : [to — r,tp + o]t — B is the restriction of y
to [to —r,to + o]r. By reversing our previous reasoning, we conclude that x satisfies (5.3) and (5.4). O

Lemma 5.3. Let [tg — r,to + o)1 be a time scale interval, tg € T, O = G([to — r,to + 0], B), P =
G([-r,0],B), f: P x [to,to + o]t = R™ an arbitrary function. Define g(t) = t* and f*(y,t) = f(y,t*)
for everyy € P and t € [ty, to + 0.

1. If the integral f;ﬁg flys, )AL ezists for every y € O, then the integral ftijﬁa f*(ye, t) dg(t) exists
for every y € O.

2. Assume there exists a constant M > 0 such that

lﬁ”@mMﬂéM%m)
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14 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

for every y € O and uy,us € [to,to + o)1, u1 < uz. Then

whenever tg < up < ug <tg+o andy € O.

[t dg<t>H < M(g(us) — glu))

3. Assume there exists a constant L > 0 such that

U2

| Gt - f(zt,t»AtH < [yt

1 1

for every y,z € O and uy,us € [to,to + o], u1 < us. Then

u

/uﬁ (f*(ye,t) — f*(zt,t))dg(t)H < L/u e — 24]l00 dg(?)

1 U1

whenever tg <up <us <tg+o and y,z € O.

Proof Consider an arbitrary y € O. If the integral fttOOJra f(ys, t) At exists, then, using Theorems 4.2
and 5.1, we have

to+o to+o to+o to+o
/ Flye. )AL = / Flyeert7) dg(t) = / Flye, £°) dg(t) = / £ (e 1) da (1),

to to to to

i.e. the last integral exists as well. This proves the first part.
The remaining two statements follow from Theorem 5.1, Lemma 4.4, and Theorem 4.2. In the first
case, we have

< M(uy —ul) = M(g(ug) — g(ur)).

In the second case, we obtain

uj uj
< L/ o — 2l At = L/ e — #1lloo dg(t) = L/

1 1

/uu F* (e, t) dg(t)H - ‘ /uu f(yt*at*)dg(t)H _

[ttt at0)

/ ORI

/u“z (f*(ye, t) — f*(zt’t))dg(t)H - ’

1

[ ) = s agto)

1

= Gt — s

1

/ P e t) — e %)) dg(8)

*
1

u

19 = 2tlloc dg(t)- O

1

6 Existence-uniqueness theorems

In this section, we present results on local existence and uniqueness of solutions for impulsive measure
functional differential equations and impulsive functional dynamic equations on time scales.

Our main tools in the proofs of these results are the correspondence between measure functional
differential equations and impulsive measure functional differential equations presented in Section 3 (see
Theorem 3.1), and the relation between this last type of equations and impulsive functional dynamic
equations on time scales (see Theorem 5.2). We also make use of the existence-uniqueness theorem for
measure functional differential equations, which was proved in [6].
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Theorem 6.1. Assume that X = G([to—r,to+0],R™), B C R"™ is an open set, O = G([to—r,to+0], B),
P=G(-r0,B), meN, tyg <ty <ty <...<tm<to+o,qg:[to,to+ o] = R is a left-continuous
nondecreasing function which is continuous at ti,...,t,. Also, suppose that I,..., I, : B = R™ and
f: P x [to, to + o] = R™ satisfy the following conditions:

1. The integral ft?JrU flye, t)dg(t) exists for every y € O.

2. There exists a constant My > 0 such that

whenever tg < up < ug <tg+o andy € 0.

/ Ft) dg<t>H < My(g(uz) — g(wn))

3. There exists a constant L1 > 0 such that

whenever tg < uy <ug <tg+o and y,z € O.

Uz

/uu2 (f(ye, 1) = f(z1,1)) dg(t)H < Ll/u lye — 2|0 dg(t)

1 1

4. There exists a constant My > 0 such that
[k ()] < M
for every k € {1,...,m} and x € B.

5. There exists a constant Lo > 0 such that

[1k(2) = Lu(y)[| < Loz — yll
for every k € {1,...,m} and x, y € B.

Let ¢ € P and assume that eitherty < t; and ¢(0)+f(¢,t0)AVg(to) € B, orty = t1 and ¢(0)+11(4(0)) €
B. Then there exists 6 > 0 and a function y : [to — r,to + 0] — R™ which is a unique solution of the
impulsive measure functional differential equation

v = s+ [ Snda)+ S L0, € ltoto+ ]

ke{l,..,m}, (6.1)
te<t

Yto = ¢
Proof. For every y € P, define

= fwt), teltoto+ o\t tm),
fo,0) = {Ik(y(O))7 t =ty for some k € {1,...,m}.

Moreover, let the function g : [to, to + o] — R be given by

g(t), te [to,tl],
g(t) = g(t)+k, te (tg,trs1] for some k € {1,...,m — 1},
g(t)+m, te€ (tm,to+ o]

Since g is nondecreasing and left-continuous, g has the same properties.
We h~ave either to < t; and Qb(()) + f(¢, tQ)AJrg(to) = ¢(0) + f((ZS,to)AJrg(to) € B,orty =t and
¢(0) + f(¢,t0) AT g(to) = 6(0) + 11(4(0)) € B.
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16 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

Using these facts and Lemma 3.3, we see that the functions f , g, and ¢ satisfy all hypotheses of the
existence and uniqueness theorem for measure functional differential equations (see Theorem 5.3 and
Remark 3.11 in [6]). Consequently, there exist § > 0 and a function y : [to — r,to + 0] — R™ which is
a unique solution of the measure functional differential equation

t
y(t) = ylto) + [ f(ys:5)dg(s),
to
yto = (725
Finally, by Theorem 3.1, the function y is also a unique solution of (6.1) on [tg — r,to + ¢]. O

In the sequel, we prove a result on local existence and uniqueness of solutions of impulsive functional
dynamic equations on time scales.

Theorem 6.2. Assume that [to — 7, to + o1 s a time scale interval, to € T, B C R™ is an open set,
O =G([to —rto+o],B), P=G(-r0],B), m €N, t1,...,t, € [to,to + o]r are right-dense points
such that tg <t < -+ < tm <to+o. Let f: P x[to,to+0o]r = R" and I1,...,I,, : B — R" be
functions which satisfy the following conditions:

1. The integral fti)ﬁa f(y, t) At exists for every y € O.

2. There exists a constant My > 0 such that

for every y € O and uy,us € [to,to + olr, u1 < ua.

/ 2 f(yt’t)AtH < M (ug — w1)

3. There exists a constant L1 > 0 such that

for every y,z € O and uy,us € [to,to + o1, u1 < us.

U2

/ 2<f<yt,t>—f<zt,t>>AtH<L1 [,

1 1

4. There exists a constant My > 0 such that
[k (y)]| < M>
for every k € {1,...,m} and y € B.

5. There exists a constant Ly > 0 such that

[1k(x) = Ie(y)]] < La|jz -y
for every k € {1,...,m} and x,y € B.

Let ¢ : [to — r,to]r — B be a regulated function such that either to <ty and ¢(to) + f(#},,to)u(t) € B,
or to = t1 and &(to) + I1(¢(to)) € B. Then there exist a 6 > 0 such that § > u(ty) and tg + 9 € T,
and a function y : [to — r,to + d]r — B which is a unique solution of the impulsive functional dynamic
equation

y@) = y(to) +/t Fis)As+ > Iu(y(te)), t € [to,to + d]r,

ke{l,...,m},
te<t

y(t) - ¢(t)a te [tO - tO]T'

Copyright line will be provided by the publisher



mn header will be provided by the publisher 17

Proof. Let g(t) = t* and f*(y,t) = f(y,t*) for every t € [to,to + o] and y € P. Note that
ATg(to) = pu(to). Using the hypotheses and Lemma 5.3, we see that the functions f*, g and ¢} satisfy
all assumptions of Theorem 6.1. Consequently, there exist § > 0 and a function w : [ty — r,tg + 6] — B
which is a unique solution of

¢
u(t) = wu(to)+ [ f*(us,s)dg(s)+ Z I (u(ty)), t€ [to,to+ 4],
to ke{1,...,m},
trp<t
Uty = QSZJ-

Then, by Theorem 5.2, u = y*, where y : [tg — r,tg + é]7 — B is a solution of

t

o) = o)+ [ fs)Bst S Dyt te ltoto+ O,
¢ kel m},

y(t) = (), telto—r,tolr

Without loss of generality, we can assume that § > u(to); otherwise, tq is right-scattered, ty < t1,
and we can let

y(o(to)) = o(to) + f (1, to)u(to)
to obtain a solution defined on [tg — 7, to + w(to)]r. Again, by Theorem 5.2, the solution y is unique. O

7 Continuous dependence results

In our paper [6], we have obtained a continuous dependence theorem for measure functional differential
equations. Since we already know that impulsive functional differential and dynamic equations are in
fact special cases of measure functional different equations, we can use the existing result from [6] to
derive continuous dependence theorems for both types of impulsive equations; this is the content of the
present section.

Theorem 7.1. Assume that X = G([tg—r,to+0],R™), B C R™ is an open set, O = G([to—r, to+0], B),
P=G([-70],B), meN, tmg <t; <ty <...<tym<to+o,g:[to,to+ o] = R is a nondecreasing
left-continuous function which is continuous at ty,. .., tn,. Finally, let f, : P x [to,to+0] = R", p € Ny,
and I, ..., IP : B — R™, p € Ny, be functions which satisfy the following conditions:

1. The integral j;too+o Ip(ye, t) dg(t) exists for every p € No, y € O.

2. There exists a constant My > 0 such that

whenever p €N, tg <u; <ug <tyg+o andy € O.

/WﬁﬂmﬂdMU

’<AAQWﬁ—gWﬂ)

3. There exists a constant L1 > 0 such that

whenever p €N, tg <wuy <wug <tg+o andy,z € O.

U2

/uuz (fo(ye,t) — fp(zt,t))dg(t)H < Ll/u e — 2l sodg(?)

1 1

4. For every y € O,

lim /t £ ) dg(s) = /t folys, ) dg(s)

pP—r 00

uniformly with respect to t € [to,to + o].
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5. There exists a constant My > 0 such that
117 (z)|| < M
for every k € {1,...,m}, p € Ny and z € B.
6. There exists a constant Ly > 0 such that
117 (z) = I{(W)Il < Lallz — y||
for every k€ {1,...,m}, pe Ny and x, y € B.
7. For everyy € B and k € {1,...,m}, lim,_,oo I¥(y) = I} (y).

Consider functions ¢, € P, p € Ny, such that lim,_,« ¢, = ¢¢ uniformly on [—r,0]. Lety, € O, p € N,
be solutions of

t
v = yplto) + | follwp)sis)dg(s)+ D IX(yp(tr)), tE€ [to,to+ 0], (7.1)
to ke{l,...,m}
trp<t
(yp)to = ¢p7 (72)
such that lim,_,o yp = yo € O. Then yo satisfies
t
Yo(t) = yo(to)Jr/ fo((yo)s,s)dg(s) + Ryo(tr)), t € [to,to + o], (7.3)
to ke{l,...m},
tr<t
o)ty = o (7.4)
Proof. We already know that (7.1) and (7.2) imply
t
(@) = yplto) + [ fol(yp)s,s)dg(s), t€ [to,to+ 0],
to
(yp)to = (/j)IN

where the construction of fp and g is described in Theorem 3.1. Since ¢ is nondecreasing and left-
continuous, § posseses the same properties. For every ¢ € [to, to + o], we have

hm/fp er 5) dj(s hm/fp gors)dgls) + lm S (y(n) =

p—0o0 p—o0

= [ peda+ 3 R0 = [ foles) ),

ke{1,....m},
tr<t
where the convergence is uniform with respect to ¢ € [to, to + o).
By the continuous dependence theorem for measure functional differential equations (see Theorem 6.3
and Remark 3.11 in [6]), it follows that

t
yo(t) = wolto) + [ fo((vo)s,s)dg(s), t€ [to,to+ o],
to
(o)te = o
The proof is finished by applying Theorem 3.1, which implies that y, satisfies (7.3) and (7.4). O

The second result in this section is a continuous dependence theorem for impulsive functional dynamic
equations on time scales.
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Theorem 7.2. Assume that [tg — r,to + o] is a time scale interval, to € T, B C R™ is an open set,

O:

G([to —r,to +0],B), P = G([-r,0],B), m € N, t1,...,tm € [to,to + o]r are right-dense points

such that to <tq < -+ <ty <to+o. Let f, : P x[to,to+0olr = R", p€ Ny, and I},..., I, : B — R",
p € Ny, be functions which satisfy the following conditions:

1.

2.

7.

The integral f;ﬁa Ip(ye, ) At ezists for every y € O and p € Ny.

There exists a constant My > 0 such that

for every p € N, y € O and uy,us € [to, to + o, w1 < us.

/“2 fp(ynt)At” < My (ug — uy)

There exists a constant L1 > 0 such that

for everyp €N, y,z € O and uy,us € [to,to + o1, U1 < uz.

u

2
Hyt - Zt“ooAt

| ot = 1.0 AtH <u |

1 1

For every y € O,

t t
lim / Io(ys, s)As = folys, s)As
t() tU

p—00
uniformly with respect to t € [to,to + o|r.
There exists a constant My > 0 such that

117 (2)|| < Mo
for every k € {1,...,m}, p € Ny and xz € B.
There exists a constant Lo > 0 such that

117 () = IE (W)l < Laflz -yl
for every k€ {1,...,m}, p € Ny and z,y € B.

For every x € B and k € {1,...,m}, lim,_,oc IX (z) = I?(z).

Assume that ¢, € G([to — r,to]T, B), p € Ny, is a sequence of functions such that lim, . ¢, = o
uniformly on [to — r,tolr. Let yp : [to — . to + o]t — B, p € N be solutions of

t
yp(t) = yp(to>+/fp((y;)s,s>As+ > E(y(tr)), t€ [to to + olr,
to ke{l,...,m},
tp<t
yp(t) = ¢p(t)a t € [to —r,tolr.

If there exists a function yo : [to — 7, to + olr — B such that lim,_,o ¥, = Yo, then yo satisfies

t
Yo(t) = wolto) +/ fo((yg)s, s) As + Z Ryo(te)), t € [to, to + olr, (7.5)
to ke{l,...,m},
th<t
Yo(t) = ¢o(t), t € [to—r tolr. (7.6)
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Proof. Let g(t) =t* for every t € [tg, to + o]; then g is a left-continuous nondecreasing function which
is continuous at ti,...,ty,. Further, let f;(y,t) = fy(y,t*) for every p € No, y € P and t € [to,to + 0.

By Lemma 5.3, the 1ntegral ftOJra [y (ye, 1) dg(t) exists for every y € O and p € Ny. By Theorems 4.5
and 5.1, we obtain

lim / fp Ys, S dg hm / fp Ys, S AS_/v fO Ys, S
p—r00

/fo Yo 5") dg(s /fo s, 5) dg(s),

where the convergence is uniform with respect to ¢ € [to, to + o]
Further, it is clear that lim;, ., y, = yg on [to, o + o], and lim,_, ., ¢5 = ¢ uniformly on [tg — 7, o).
By Theorem 5.2, we have

t
50 = G+ [ Ge e+ Y B, € fnta+o]
fo kefl,...m},
tr<t

W), = (@)
for every p € N. Using Lemma 5.3, we see that all hypotheses of Theorem 7.1 are satisfied. Consequently,

yol(t) = wolto) + t foWd)es)dgls) + > Rs(t), te [to,to + 0],

Wo), = (P0)to-
By Theorem 5.2, it follows that y, satisfies (7.5) and (7.6). O

Remark 7.3. According to Remark 6.6 in [6], the assumptions of Theorem 7.1 might be modified in
the following way: Instead of requiring the existence of a function yy € O such that limy_, o, yx = yo, it
is enough to assume the existence of a closed set B’ C B such that the functions y, k € N, take values
in B’. Under this hypothesis, the conclusion is that {yx}>, has a subsequence which is uniformly
convergent to a function yy € O such that

olt) =yww+lﬂﬂmk$®@,tﬂmm+%
®o.

(yO)to =
Theorem 7.2 can be modified in a similar way.

8 Periodic averaging theorems

The basic idea behind averaging theorems is that one can approximate solutions of a non-autonomous
equation by solutions of an autonomous equation whose right-hand side corresponds to the average of
the original right-hand side. The method is quite general and can be applied to many types of equations
(see e.g. [12]); it is especially powerful in the case when the original right-hand side is periodic in ¢.

In this section, we use an existing periodic averaging theorem for measure functional differential equa-
tions to obtain periodic averaging theorems for functional differential and dynamic equations involving
impulses.

Theorem 8.1. Assume that eg > 0, L >0, B C R", X = G([-7,0],B), m e Nand 0 < t; < t2 <

- <ty < T. Consider a pair of bounded functions f : X x [0,00) = R"™, g: X x [0,00) x (0,g0] — R"
and a nondecreasing left-continuous function h : [0,00) — R which is continuous at t1,...,t,,. Let
I. : B = R", ke {1,2,...,m} be bounded and Lipschitz-continuous functions. For every integer
k > m, define tp and Iy by the recursive formulas ty = tgx—pm + T and Iy = Ij_,,. Suppose that the
following conditions are satisfied:
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1. The integral fob f(ye, t) dh(t) exists for every b > 0 and y € G([—r,b], B).
2. f is Lipschitz-continuous with respect to the first variable.
3. f is T-periodic in the second variable.

4. There is a constant a > 0 such that h(t +T) — h(t) = « for every t > 0.

1 T
- / f(z,5) dh(s)

exists for every x € X.

5. The integral

Denote

1 m
hy) =7 > L(y), yeB
k=1

Let ¢ € X and suppose for every e € (0,0, the initial value problems

z(t) = 0)+e/0 f(xs,s)dh(s)—i-&/o g(xs,5,¢)dh(s +€1§%Ik ),
r9 = o, '

W = w0z [ (olse) + To(y(s)) ds,

Yo = ¢

have solutions ¢, y¢ : [—r,L/e] — B. Then there exists a constant J > 0 such that
l2(t) =y (D) < Je

for every e € (0,e0] and t € [0, L/¢].

Proof. Define the function A(t) : [0,00) — R by

) = {h(t), t e [0,t],

h(t) +k, t€ (tg,trr1] for some k € N,
Note that A+ﬁ(tk) =1 for every k € N, h is nondecreasing, left-continuous, and for every ¢ > 0, we

have h(t +T) — h(t) = &, where & = h(t +T) — h(t) + m = a + m.
By the assumptions, it follows that

x=(t) = 2(0) +/0 (ef(a2,s) +e%g(a5, 5,€)) dh(s) + Z eli(x

keEN,
te <t
for every € € (0,e0] and ¢ € [0, L/e]. Let
t) +e2g(y,t t ¢ {t1,ta,...
Fs(y,t) _ Ef(y7 )+5 g(ya 76)7 ¢{ 1502, }a
el (y(0)), t =ty for some k € N
for every y € X and ¢t > 0. By Theorem 3.1, we obtain
x5 (t / Fe(25, 5) dh(s) (8.1)

Copyright line will be provided by the publisher



22 M. Federson et al.: Basic results for functional differential and dynamic equations involving impulses

for every € € (0,e0] and t € [0, L/¢]. For every y € X and ¢t > 0, we have

Fe(y,t) = Ef(yat) + 52§(y,t,5)7 (82)
where

7 o f(y7t)a t¢ {t13t27"'}7

1) = {Ik(y(O))7 t =ty for some k € N
and

0, t = t;, for some k£ € N.

gy, t,e) = {9(%@5)7 t¢ {ti,t2, ...},

It follows from (8.1) and (8.2) that for every e € (0, 0], the function ¢ : [-r, L/e] — B is a solution of
the initial value problem

(1) —1—5/fo, dh()+5/0 G(zs5,2) di(s),
é.

o =

The function f is Lipschitz-continuous with respect to the first variable and T-periodic in the second
variable. Using Lemma 2.4, we have

m m

/fxsdh /facsdh Z f(z, t) AT h(ty) = /fxsdh() Zlk(x(O))

=1 k=1

for every x € X. Consequently, the function

T
:%/ flz,s)dh(s), @€ X,
0

satisfies
/fxsdh Z fo(x) + Ip(z(0)), =€ X.

By the periodic averaging theorem for measure functional differential equations (see Theorem 13 in [12]),
there is a constant J > 0 such that [|2°(t) — y°(t)|| < Je for every ¢ € (0,¢0] and ¢ € [0, L/¢]. O

We now proceed to the periodic averaging theorem for impulsive functional dynamic equations on
time scales.

Definition 8.2. Let T' > 0 be a real number. A time scale T is called T-periodic if ¢ € T implies
t+ T eTand pu(t)=plt+7).

Theorem 8.3. Assume that T is a T-periodic time scale, [to — r,to + o1 a time scale interval, ty € T,
e0>0,L>0, BCR", X =G([-r0],B), meN, ty,...,t,, €T are right-dense points such that to <
b <ta<- - <tym<to+T. Let I, : B—R", k € {1,2,...,m} be bounded and Lipschitz-continuous
functions. For every integer k > m, define ty and Iy by the recursive formulas ty, = tp_,, + 7T and
I, = I ,,. Consider a pair of bounded functions f : X X [tg,00)r = R™, g : X X [to,00)r X (0,&0] — R™
such that the following conditions are satisfied:

1. The integral fob f(ye, t)AL exists for every b > 0 and y € G([-r,b], B).

2. f is Lipschitz-continuous with respect to the first variable.
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3. f is T-periodic in the second variable.
4. The integral

1

to+T
folz) = T/t f(z,8)As

exists for every x € X.

Denote

1 m
:TZIk(y)a yGB
k=1

Let ¢ € G([to — r,to]T, B) and suppose for every e € (0,eq], the initial value problems

z(t) = =x(to)+e tf(x 5)As +¢? / g(zs, s, As—i—gZIk (tr)), tE€ [to,to + L/,
v " b

z(t) = o(t), telto—rtor,
t

W) = i)+ [ (o) + To(u(s)) ds.

Yo = QSIO

have solutions € : [to—r,to+ L/e]lr — B and y© : [to — r,to + L/e] — B, respectively. Then there exists
a constant J > 0 such that

[2°(t) —y= ()| < Je,
for every € € (0,e0] and t € [to,to + L/e]r.

Proof. Without logs of generality, we can assume that t, = 0; otherwise, consider a shifted problem
with the time scale T = {t — tp;t € T} and functions f(z,t) = f(z,t+ ) and g(x,t,) = g(x,t + to,&).
For every t € [tg,00), x € X and € € (0,&¢], let

[, t) = f(z, ") and  g*(z,t,¢) = g(x, 1", €).
Also, let h(t) = t* for every t € [tg,00). Since T is T-periodic, it follows that
h(t+T)—h(t)=T, t>0.

From Theorem 4.5, we obtain

I I
== As = — *
7| reoas= £ [ e
for every z € X.

For every b > 0 and y € G([—r,b], B), the integral fob f(ys, t)At exists. Then, Theorems 4.5 and 5.1

imply
/fyt, )AL = /fyt* ) dh(t /fyt, ) dh(t /f yr, t) dh(t),

i.e. the last integral exists as well.
It follows from Theorem 5.2 that for every € € (0, 0] and ¢ € [0, L/¢], we have

()" (t) = 0) + Fr((x%)%, s)dh(s) + 2 t (%)%, s,e)dh(s) + E I ),
E/o : /o I ® E’fe.<Nt kl

(t) — y= ()| < Je for every

Finally, by Theorem 8.1, there exists a constant J > 0 such that ||(z°)*
t) =ac(t)fort € [0,L/e]lyr. O

€ € (0,e0] and t € [0, L/e] We conclude the proof by observing that (z)*(
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9 Conclusion

In the present paper, we demonstrated how the existing theory of measure functional differential equa-
tions can be helpful in the study of impulsive functional differential equations. Moreover, we showed that
impulsive functional dynamic equations on time scales represent a special type of measure functional
differential equations.

Using known results for measure functional differential equations, we were able to prove theorems
concerning the existence and uniqueness of solutions, continuous dependence of solutions on the right-
hand side, and periodic averaging for impulsive functional differential and dynamic equations.

These facts demonstrate that the study of measure functional differential equations is fully justified,
since they allow us to deal with other types of equations in a unified way.

ACKNOWLEDGMENT. The authors thank the anonymous referees for comments which helped to
improve the paper.
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