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The groups considered in the following are finite.

If we take in a group G two distinct Sylow p-subgroups A and B for some prime
p what can we say about the embedding of A∩B in 〈A, B〉? This is an interesting
and common, but also very difficult question. The difficulty is due to one of the
problems in group theory which appears, if we try to substitute ”normal embedding”
by ”subnormal embedding”: Given a subgroup X, there is no analogue to the
concept of the normalizer N

G
(X). In general, there will be no subnormalizer of X

in G, in the sense that there is no largest subgroup of G in which X is contained
as a subnormal subgroup:

A) Remark.

If A, B, S are three subgroups of a group G, such that S ≤ A ∩ B with S � � A
and S � � B, then the conclusion that S � � 〈A, B〉 is not true in general.

Proof: Consider for example the special projective linear group G = PSL(2, 17)
and let A, B be two distinct Sylow 2-subgroups of G such that S = A ∩ B 6= 1
(since A, B < · G are maximal subgroups and G is not a Frobenius group, such a
pair exists !). We have S�� A and S�� B, but S is not subnormal in 〈A, B〉 = G.

A further example (solvable of Fitting length 2 - and order 72) is

G =
[

C3 × C3

]

A with A =

〈(

−1 0
0 1

)

,

(

0 1
1 0

)〉

∼= D4.

We have A < · G and once more there exists a conjugate B = Ag 6= A of A with
1 6= S = A ∩ B, as G is not a Frobenius group. Again S � � A, S � � B, but S

is not subnormal in G = 〈A, B〉.

This makes the following result interesting:

Main Theorem
(Maier 1977, Wielandt 1982) [5], [10]

Let G be a finite group, A, B, S ≤ G, such that S ≤ A ∩ B,

S � � A, S � � B and AB = BA.

Then S � � AB (= 〈A, B〉).
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History of the Theorem

It seems that, the first time this phenomenon has been observed, was in connection
with the study of the product of two nilpotent subgroups in Maier [4] (1972):

B) Proposition.

Let G = AB with nilpotent subgroups A and B. Then the following hold:

a) G is solvable (Kegel-Wielandt).

b) If A 6= B, then AG < G or BG < G (Itô-Kegel).

c) A ∩ B � � G (Maier 1972) [4].

Proof: a) See [8], [3], [7].

b) (compare with the proof in Itô [2] ) By a) we know that G is solvable. We

induct on the order of G to show b): Let N be a minimal normal subgroup of G

and suppose |N | a power of the prime p. We have G/N = (AN/N)(BN/N) with

the nilpotent subgroups AN/N ∼= A/A ∩ N, BN/N ∼= B/B ∩ N. If AN 6= BN,

we conclude by induction that (AN)G < G or (BN)G < G. Thus also AG < G

or BG < G. If AN = BN, then AN = BN = G and |G : A | = |N : N ∩ A | and

|G :B | = |N :B ∩ N | are p-powers. Also |G :D | is a p-power, when D = A ∩ B.

The p-complement Kp of D is also the p-complement of A and of B. Therefore,

Kp � A and Kp � B, by the nilpotency of A and B, whence Kp � G. Now G/Kp

is a p-group with Kp ≤ A < G or Kp ≤ B < G. Clearly now AG < G or BG < G.

c) We may assume A 6= B. By b) we have M = AG < G, say. We have M = AB̄

with B̄ = M ∩B. Moreover D = A∩ B̄. By induction D �� M and since M �G,

also D � � G.

In 1977, the Main Theorem was formulated and published as a conjecture together
with its proof in the case where the subgroup S is solvable:

C) Theorem. (Maier 1977) [5]

Let G be a finite group, A, B, S ≤ G such that S � � A, S � � B and AB = BA.

If S is a solvable subgroup, then S � � AB.
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Preparations for the proof of the Main Theorem

D) Proposition. (Wielandt’s ”Zipper-Lemma” 1974) [9]

Let T ≤ G such that T is not subnormal in G but T � � U whenever T ≤ U < G.

Then there is a unique maximal subgroup M < · G with T ≤ M.

E) Consequence. (Wielandt’s subnormality criterion, 1974) [9]

Let T be a subgroup of G. Then

T � � G ⇐⇒
(

∀ g ∈ G : g ∈ 〈T, T g〉 =⇒ g ∈ T
)

.

Proof: ” =⇒ ”: Let T � � G. If g ∈ G is such that T 6= T g, then there is

R � 〈T, T g〉 with T ≤ R. If g ∈ 〈T, T g〉 , it follows T g ≤ R and we have the con-

tradiction 〈T, T g〉 ≤ R < 〈T, T g〉 . Therefore g ∈ 〈T, T g〉 is only possible if g ∈ T.

” ⇐= ”: Suppose, a subgroup T ≤ G satisfies

”∀ g ∈ G : g ∈ 〈T, T g〉 =⇒ g ∈ T” .

This property of T is inherited by subgroups which contain T . If G is a mini-

mal counterexample against the subnormality of T in G, then T � � U when-

ever T ≤ U < G. By D), there is a unique M < · Gwith T ≤ M. Obviously,

N
G
(M) = M. We pick any g ∈ G \ M. If we had 〈T, T g〉 < G, then 〈T, T g〉 ≤ M

and T g ≤ M. Therefore T ≤ M g−1

6= M, against the uniqueness of M. This shows

〈T, T g〉 = G and we have the contradiction g ∈ 〈T, T g〉 \ T. Therefore T � � G.

F) Subconsequence. (Baer’s Lemma 1957) [1]

Let p be a prime and T ≤ G a p-subgroup of G. Then

T � � G ⇐⇒ T G is a p-group ⇐⇒ 〈T, T g〉 is a p-group for all g ∈ G.

Proof: The first ”⇐⇒” is well known. Of the second ”⇐⇒” only ”⇐=” needs

a proof: Suppose 〈T, T g〉 is a p-group for every g ∈ G. If T 6= T g, there will be

R � 〈T, T g〉 with T ≤ R as 〈T, T g〉 is a p-group. If g ∈ 〈T, T g〉 , we get the

contradiction 〈T, T g〉 ≤ R. Thus, ”∀ g ∈ G : g ∈ 〈T, T g〉 =⇒ g ∈ T” is satisfied

and we conclude T � � G by E).
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G) Proposition. (Wielandt 1939) [6]

Let X � � G with X simple nonabelian. Then

X ≤ N
G
(Y ) for all Y � � G .

H) Proposition. (Wielandt 1951) [7]

Let G = AB with subgroups A, B of G and let p be a prime. Then there exist an

Ap ∈ SylpA and a Bp ∈ SylpB such that ApBp = BpAp = Gp ∈ SylpG.

Proof of the Main Theorem: We may assume that AB = BA = G. Let G

be a group of minimal order in which the theorem is not true. In G we choose the

subgroups A, B and S in such a way that A and S have maximal orders with

respect to S ≤ A ∩ B, S � � A and S � � B, but S not subnormal in G.

(Remark: The proof we give here is a variation of the original proofs in [5] and
[10], where A is chosen of maximal and S of minimal order)

In this situation we can conclude:

i) A < · G :

Let A ≤ M < · G. We have M = AB̄ where B̄ = M ∩ B, S � � A and

S � � B̄ and |M | < |G | . By the minimality of |G | we conclude S � � M .

Now, G = MB, S � � M and S � � B. If A < M, we conclude by the

maximality of |A | that S � � G. Therefore, A = M is a maximal subgroup

of G.

ii) AG =
⋂

g∈G

Ag = 1:

Suppose, 1 6= N � G with N ≤ A. We have G
N

= A
N

BN
N

, SN
N

≤ A
N
∩ BN

N
,

SN
N

� �
A
N

and SN
N

� �
BN
N

. Since |G/N | < |G | , we conclude SN
N

� �
G
N

,

whence SN � � G. But S � � SN as SN ≤ A. Consequently S � � G.

iii) If T � � G and T ≤ A, then T = 1:

If 1 6= T � � G with T ≤ A, we have T A � � G and T A ≤ A and T G 6≤ A.

Therefore, AT G = G and T A < T G. It follows the contradiction T G =

T AT G

= (T A)T G

< T G, as T A � � T G.
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iv) Op(S) = 1 for all primes p :

If Op(S) 6= 1 for some p, we put T = Op(S). We have T �� A and T �� B

and therefore T ≤ Op(A)∩Op(B). Now Op(A) ≤ Ap for any Ap ∈ SylpA and

Op(B) ≤ Bp for all Bp ∈ SylpB. By H), there exist Ap ∈ SylpA and Bp ∈

SylpB such that ApBp = BpAp = Gp ∈ SylpG. Therefore
〈

Op(A),Op(B)
〉

≤

Gp and we see that
〈

Op(A),Op(B)
〉

is a p-group. Let g ∈ G and write

g = ab with a ∈ A, b ∈ B. We have

〈

T, T g
〉

=
〈

T, T ab
〉

= 〈T b−1

, T a〉b ≤
〈

Op(A),Op(B)
〉b

≤ Gb
p

and therefore, 〈T, T g〉 is a p-subgroup for every g ∈ G. By F), T G is a p-

group, i.e. T � � G. This is impossible by item iii).

So far, our proof follows the proof presented in Maier [5].

iv) furnishes a contradiction when S is solvable (i.e. finishes the case of Theorem

C)). The rest of our proof, is a variation of Wielandt [10].

Let now T = 〈X | X � � S and X minimal (simple)〉 . Clearly T 6= 1.

v) T is normalized by every A-conjugate and by every B-conjugate of T :

By iv), all the minimal subnormal subgroups X of S are nonabelian. We

apply proposition G).

vi) The contradiction :

Again it suffices to show, by iii), that T � � G. If T is not subnormal in

G, there will be, by consequence E), a g ∈ G such that g ∈ 〈T, T g〉 \ T.

If g = ab with a ∈ A, b ∈ B, then ab ∈ 〈T, T ab〉, whence ba = (ab)b−1

∈

〈T, T ab〉b
−1

= 〈T b−1

, T a〉 ≤ N
G
(T ) by v). Consequently, T ba = T and it

follows W = T b = T a−1

≤ A ∩ B with W � � A and W � � B. If W 6≤ S,

then S < WS ≤ A∩B with SW�� A and SW�� B. By the maximal choice

of S we conclude SW � � G and then also T � � G. Therefore, W ≤ S. So

W is the join of (some) simple subnormal subgroups of A (of B ) contained

in S . By the meaning of T it follows now W ≤ T and, since |W | = |T | , then

W = T = T b−1

= T a. So we have individually a, b ∈ N
G
(T ) and therefore also

g = ab ∈ N
G
(T ). This gives the final contradiction g ∈ 〈T, T g〉\T = T \T = ∅.
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