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Motivation

@ The Nominal Logic applications seams to be closer of the pencil and
paper experience than the nameless approaches (like de Bruijn
indexes)

@ There has been a lot of effort for building nominal logic frameworks:

o logic programming: a-Karen [2], a-Prolog [7, 16], aML [9],
Ocaml [4], CaML [12], Fresh-Ocaml [13], FreshML [14]

o theorem proving: Coq [1], Maude [4], HOL4 [8],
Isabelle/HOL [15, 17, 18] and PVS (in progress)

o We are presenting a, also in progress, contribution that is a
formalization (in Coq) of the nominal unification algorithm.

o It had already done just in Maude, HOL4 and Isabelle/HOL



Atoms, variables, function symbols, swappings,
permutations and freshness contexts

A: ab,c,..
e X =< X: X, Y, Z ..
S: f,g,h,..

o I := {the set of finite permutations over A}
o 7 € I are expressed as lists of swappings: [(a1 b1), ..., (an, bn)]

o Roughly speaking freshness constraints (a# X) express the idea that
the atom a doesn't occur unbounded in X

o Freshness contexts are represented by the set v C A x X



Atoms, variables, permutations, and freshness contexts

Basic definitions in Coq
Inductive Atom : Set := atom : nat — Atom.
Inductive Var : Set := var : nat — Var.

Definition Perm := list (Atom x Atom).

Definition Context := set (Atom x Var).



nat.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes
nat.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes
list.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes
:type scope:x '*' x.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes
set.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Lists.ListSet
:type scope:x '*' x.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes

Nominal terms

t,t, =) | allat]| (t,ta) | Ft|mX

Inductive term : Set =
| Ut : term
| At : Atom — term
| Ab : Atom — term — term
| Pr: term — term — term
| Fc : nat — term — term
| Su: Perm — Var — term
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nat.html#http://coq.inria.fr/distrib/8.3pl4/stdlib/Coq.Init.Datatypes
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Unification problems

Equational and freshness problems
o trnt «—=3(v,0),VFo(t)=oa(t)?
0 atht <= 3Iv,0),vFa#o(t)?

) o ~7 -rules
@ Reasoning by simplification
#7-rules
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~,-rules

— {0~ OryP
et {(t1, t2) A7 (t], 1) Y P
[~o-func] {f t=f t/} Lﬂ P

— {lalt =2 [a]t'} W P
[~ro-absy {[a]t ~? [b] t/} Lﬂ P
~stom {a~2a}lyP

(~p-susp {mX =y 7' X} P

é P
= {ti~r t], ey )} P
= {t=r '} UP
= {t= t'}UP
=t {t=m (ab) -t a#, '} JP
a#b

_—E_> P

SN {a#> X |a € ds(m, ")} JP

oki= Ll
[Fyvan {t ~? WX} Lﬂ P % oxP

X¢t

—[Xen—L.
. (r X~ )y p 2= 1 o P

X¢t

11/27



#r-rules

-] {fa#: QWP — P
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v {a# At} WP = P

[#7-abs2) {a#2 [b]t}HP e {a# e} UP
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A two phases algorithm

Phase 1

Po €, 01 P1 €, 02 P2 P,,
If P, contains any equational subproblems = FAIL

Phase 2

Pn 0, V1 0, 72

Pny1 Pryo == Ppim

Ppim # 0 = FAIL

If not fails, the output is
= UvaU...Uvy;
@ ¥ D Y

0100'20...00'J‘
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Fail example (extracted of [11])

{[al[b](X, b) ~~ [b][a](a, X} }

{[bI(X; b) =7 [b](b, (a b).X), a# ([a](a, X))}
{(X, b) =7 (b, (ab).X), a2 ([a](a, X))}

{X ~7 b,b~r (ab).X,a#([a](a, X))}

{b~7 a,a# ([al(a, b))}



Phase 1 - success unification example (extracted of [11])

{allel(b.X) = [allal(a, )} ===
([b](b, X) ~» [a](a, V)} —ord
{(b,X) ~7 (b,(ba).Y),b#:(a,Y)} ——=

{bry b,X 7 (ba).Y, b#s(a,Y)} —==

o1:=[X<+(ba).Y

{X =7 (ba).Y,b#:(a,Y)} X¢(ba).Y

{b#2(a,Y)}



Phase 2 - success unification example

(b#r(a )} —

{b#ha bt V) =

(b#,y) L=L#YL

(V,0) = ({b# Y}, [X « (ba).Y])

{b# Y} I [a][b](b, (ba).Y) ~ [a][a](a, V)




In a-Prolog

id : name_type.

tm : type.

@ test.apl var : id -> tm.

app : tm -> tm -> tm.
lam : id\tm -> tm.

©Q 1lam (a\lam (b\app X (var b)))

© lam (a\lam (b\app (var b) X))

lam (b\lam (a\app (var a) X)).

lam (a\lam (a\app (var a) Y)).



According [17] we have

Termination
There is no infinite series of unification transitions J

Correctness
Given a unification problem P:
@ if the algorithm fails on P, then P has no solution; and

@ if the algorithm succeeds on P, then the result it produces is an
idempotent most general solution.
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So far ...

@ — | — = — is an equivalence relation:

Q reflexivity v/
@ transitivity v/

@ symmetry v
o Basic properties over o(t) v/

@ The existence of Most General Unifiers o
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More about the ~-equivalence proof

Proof script:

o Reflexivity is trivial
@ In [15] Urban provided a simpler proof of transitivity

o We have symmetry as a consequence of reflexivity and transitivity

The key lemmas before transitivity are:

Q@ Vacds(m, '), vk a#t iff ybm-taa' -t (72 lines)
QIf yFtixt, and Yyt x~7- -ty then 7kt = 7+ tp (96 lines)

Finally we reach transitivity:

o lf yFti~t, and Yyt tp = t3 then F t; = t3 (64 lines)



Conclusion

@ A naive implementation of this algorithm is exponential

@ There is a more general form, named equivariant unification [6], that
is a NP-complete problem

o Independently, Levy and Villaret [10] and Calvés and
Ferndndez [4, 5] presented algorithms to solve nominal unification in
quadratic time and space [3]

@ Once we have finished the formalization of the simpler one we'd
need to think how to extended the code to contain the more
efficient versions
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