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® Xi,...,Xp: atomic propositions

© ¢1,...,pk: classical propositional formulas

o {P(yp;) = pi, 1 < i< k}: set of probabilistic constraints
(PSAT instance)

o W ={wi,...,wan}: possible worlds (valuations)
o m: W — [0, 1]: probability mass

o m(pi)= > A{m(w))lw; E pi}

o Question: Is there a 7 such that 7(y;) = p;, 1 < i < k?
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RESULTS OBTAINED FOR PSAT

©

Theoretical study; normal form
o Bridge Logic-Probability via Linear Algebra
o Exponentially-sized linear programs
o Logic probabilistic inference as optimization

()

Polynomial reduction to SAT, NP-completeness

©

4 different algorithms

o Phase transition detected for all algorithms
o Opens sourse implementations: psat.sourceforge.net

©

Applications to problems with hard-soft constraints
Papers: 1JCAI 2011, SAT 2013, AlJ 2015, AMAI 2015
Extensions: JSBC 2015

()

©
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MEASUIRING INCONSISTENCY

o When a PSAT instance is UNSAT, we want to understand
how to deal with inconsistency

o And possibly fix it (consolidate it).

o Inconsistency measures can guide change in the probabilities
toward consistency.
K: set of logic-probabilistic theories

IZ:K— Rt

o Compare the inconsistency measure of incoherent agents
(formal epistemology)

o Is any such 7 a possible inconsistency measure?
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o Rationality Postulates: desirable properties that guide the
choice of measurement

o Hunter proposes postulates for inconsistency measures in
classical bases

o Thimm extended those postulates to probabilistic logic, buth
in an inconsistent way!

o We want to analyse and repair (consolidade) those postulates
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o Let K the set of bases A = {P(p;) = pi|]1 < i< k}

o An inconsistency measurement is a function

Z:K —[0,00)

Z(A) = 0 iff A is consistent



0 , if A consistent
, otherwise

Zar(D) = { 1




0 , if A consistent
, otherwise

Zar(A) = { 1

o A={P(x1) =0,6,P(—x1) = 0,6}
o I=AU{P(L)=0,1}.




0 , if A consistent
, otherwise

Zar(A) = { 1

o A={P(x1) =0,6,P(—x1) = 0,6}
o F=AU{P(L)=0,1}.
Qo Idr(A) = Id,—(r) =1

o But [ seems “more inconsistent”



0 , if A consistent
, otherwise

Zar(A) = { 1

A= {P(x1) = 0,6, P(~x1) = 0,6}
r=AU{P(L)=0,1}.
Tar(A) =Tg(N) =1

But ' seems “more inconsistent”

A has a single Minimal Inconsistent Subset, I has two



Tiis(A) = [MIS(A)| = [{W|Wisa MIS in A}




Tiis(A) = [MIS(A)| = [{W|Wisa MIS in A}

o Example:
A={P(x1) = 0.6, P(-x1) = 0.6} Zms(A)=1
r=AU{P(L)=0.1} Twmis(M) =2




Tiis(A) = [MIS(A)| = [{W|Wisa MIS in A}

o Example:
A={P(x1) = 0.6, P(-x1) = 0.6} Zms(A)=1
r=AU{P(L)=0.1} Twmis(M) =2

o Zpys considers the number of minimal conflicts, but not their
“seriousness”: Zyys(A) = Zpys({P(L) =0,1}) = 1.



Tiis(A) = [MIS(A)| = [{W|Wisa MIS in A}

o Example:
A={P(x1) = 0.6, P(-x1) = 0.6} Zms(A)=1
r=AU{P(L)=0.1} Twmis(M) =2

o Zpys considers the number of minimal conflicts, but not their
“seriousness”: Zyys(A) = Zpys({P(L) =0,1}) = 1.

Tisc(B) = > ﬁ

WeMIS(A)



Tiis(A) = [MIS(A)| = [{W|Wisa MIS in A}

o Example:
A={P(x1) = 0.6, P(-x1) = 0.6} Zms(A)=1
r=AU{P(L)=0.1} Twmis(M) =2

o Zpys considers the number of minimal conflicts, but not their
“seriousness”: Zyys(A) = Zpys({P(L) =0,1}) = 1.

Tisc(B) = > ﬁ

WeMIS(A)

o Iysc(D)=1/2  Iyysc({P(L)=0,1}) =1.



o MISs are seen as “causing” inconsistencies.

o Formulas not in any MIS in A do not take part in A's
inconsistency

o Those formulas are called free in A

o Adding a free formula in a base should not alter its
inconsistency measurement

If a is free in A, then Z(A) = Z(A \ {a})
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o Classical measurements are qualitative, but probability allows
for quantitative measurements

o Rationale: small probability change should lead to small
changes in the inconsistency measurement

o Map vectors to theories: Given A = {P(y;) = pi|l < i< k},
let Ap :[0,1]% — K such that
Aa([ar---q]) = {P(pi) = qill < i < k}.
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CLASSICAL MEASUREMENTS

CONTINUITY POSTULATE

o Classical measurements are qualitative, but probability allows
for quantitative measurements

o Rationale: small probability change should lead to small
changes in the inconsistency measurement

o Map vectors to theories: Given A = {P(y;) = pi|l < i< k},
let Aa : [0,1]¥ — K such that
Na(lgr---aqk]) = {P(¢i) = qill < i<k}

PosTULATE (CONTINUITY (THIMM, 2013))
The function T o Ap : [0,1]% — [0, 00) is continuous for all A € K.
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CLASSICAL MEASUREMENTS

CONTINUITY POSTULATE

o Classical measurements are qualitative, but probability allows
for quantitative measurements

o Rationale: small probability change should lead to small
changes in the inconsistency measurement

o Map vectors to theories: Given A = {P(y;) = pi|l < i< k},
let Aa : [0,1]¥ — K such that
Aa(lgr---qk]) = {P(vi) = qi|l <i <k}
PosTULATE (CONTINUITY (THIMM, 2013))
The function T o Ap : [0,1]% — [0, 00) is continuous for all A € K.

o Classical measurements do not satisfy continuity!!!
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o Consistency and Continuity Postulates have strong appeal
o Intuition tells us that independence should be rejected

o MISs do not capture the totality of existing conflicts
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CLASSICAL MEASUREMENTS

THE INCOMPATIBILITY OF INCONSISTENCY
POSTULATES

THEOREM (DE BONA AND FINGER 2015)

There is no inconsistency measurement that jointly satisfies the
consistency, continuity and independence postulates

©

Consistency and Continuity Postulates have strong appeal
o Intuition tells us that independence should be rejected
o MISs do not capture the totality of existing conflicts

o Based on how probabilities are changed, a different notion of
conflict may guarantee the compatibility of postulates
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A1 = {P(x) € [0.4,0.6], P(y) = 0.7}
A, = {P(x) €[0.3,0.7], P(y) € [0.6,0.7]}

o Aj is a widening of A;

o A, is a consolidation of A; iff it is a widening and Aj is
consistent

o Widening to [0, 1] has the effect of deleting a condition, so
every base has a consolidation
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CLASSICAL MEASUREMENTS

WIDENING AS WEAKENING

A; = {P(x) € [0.4,0.6], P(y) = 0.7}
A, = {P(x) €[0.3,0.7], P(y) € [0.6,0.7]}

o Aj is a widening of A;

o A, is a consolidation of A; iff it is a widening and A is
consistent

o Widening to [0, 1] has the effect of deleting a condition, so
every base has a consolidation

o A, is a dominant consolidation of A if it is a consolidation
that is a minimal widening
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CLASSICAL MEASUREMENTS

WIDENING AS WEAKENING

A; = {P(x) € [0.4,0.6], P(y) = 0.7}
A, = {P(x) €[0.3,0.7], P(y) € [0.6,0.7]}

o Aj is a widening of A;
o A, is a consolidation of A; iff it is a widening and A is
consistent

o Widening to [0, 1] has the effect of deleting a condition, so
every base has a consolidation

o A, is a dominant consolidation of A if it is a consolidation
that is a minimal widening

o A probabilistic condition in A is innocuous if it belongs to
every dominant consolidation of A

MARCELO FINGER IME-USP
UNB 2016



o Every innocuous « in A is free in A

o The converse does not hold

o Adding an innocuous formula in a base should not alter its
inconsistency measurement




o Every innocuous « in A is free in A

o The converse does not hold

o Adding an innocuous formula in a base should not alter its
inconsistency measurement

If o is innoucuous in A, then Z(A) =Z(A\ {a})



o Every innocuous « in A is free in A

o The converse does not hold

o Adding an innocuous formula in a base should not alter its
inconsistency measurement

If o is innoucuous in A, then Z(A) =Z(A\ {a})

An infinite number of measurements satisfy consistency,
i-independence and continuity
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MEASUREMENTS AS DISTANCES

o ldea: a measurement is the smallest distance between a base
and one of its consolidations

o Distance in vectorial spaces are typically continuous
o For every A = {P(p;) = pi|l <i < k}, thereis
g=1[91q2 ... qk] st. {P(pi) =qi|]1 <i< k} is consistent
o Let A[q] denote A with probabilities ¢ = [g1 g2 ... qk]
o Define the inconsistency measure of A = A[p] as the smallest
distance between p and g such that A[q] is consistent
MARCELO FINGER IME-USP
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Let k,¢ > 1 € Z. A distance {-norm between p = [p1 ... px| and

k
df(p.q) = | > Ipi — ail*
i=1

o Zy(A) = min{dlw(p, q)|A = Alp], Alq] consistent}

qg=1[q1-. qul:




Let k,¢ > 1 € Z. A distance {-norm between p = [p1 ... px| and
qg=1[q1...q:

df(p,q) =

o Zy(A) = min{dlw(p, q)|A = Alp], Alq] consistent}

Every inconsistency measure based on ¢-norm distance satisfy
consistency, i-independence and continuity
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Ap = {P(C) =60%, P(—~C) = 60%}.

Ay = {P(C) =50%, P(—C) = 50%}.

Ap = {P(P) = 50%, P(C) = 90%, P(P A C) = 25%}.
Aly = {P(P) = 45%, P(C) = 85%, P(P A C) = 30%}.

0 In(A)) =Zn(A) =0,n € NU{c0}

o T1(Ap) =02 ZIy(Ag) = 0.15.

o Tr(Aa) =+2/10=0.141  Tx(Ag) = v/3/20 = 0.087.
o Define d% (p, q) = limi—oo df(p, q) = max; |pi — qil.
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EXAMPLE OF DISTANCES BASE ON NORMS

o Ap={P(C)=60%, P(~C) = 60%}.
o Ay = {P(C) =50%, P(~C) = 50%}.

o Ag = {P(P) =50%, P(C) =90%, P(P A C) =25%}.
o Al ={P(P) =45%, P(C) =85%, P(P A C) =30%}.

©

T,(8) = To(A) = 0,n € NU {oc}

o T1(Ap) =02  Ty(Ag) = 0.15.

o Tr(Aa) =V2/10=0.141  Ix(Ag) = v/3/20 = 0.087.
o Define d% (p, q) = limi—oo df(p, q) = max; |pi — qil.

0 Too(Dp) =01  Too(Ag) =1/20 = 0.05.
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o Minimize dlf‘(p, q), such that each P(y) = q yield a linear
restriction

o Only £ =1, / = o lead to linear programs using column
generation

o 71 and Z, can be computed with greater efficiency

o Open problem: how to compute Z» with quadratic
programming and column generation?
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FINAL COMMENT ON INCONSISTENCY MEASURES

©

Inconsistency measures are related to a topic in the
foundations of probability and Formal Epistemology: Dutch
Books

o A Dutch Book is a bet which is guaranteed to yield a loss

()

No loss is guaranteed iff laws of probabilities are obeyed

©

Higher losses are associated with more inconsistent bases
o Different bets correspond to different inconsistency measures
Details in [De Bona and Finger 2015]

©
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Given a PSAT instance ¥ = {P(«a;) = pi} and a target formula «,

find the largest interval of probabilities [p, p] for which o is
consistent with ¥.

min/max  Pr(c)
subject to  Pr(«;) = p;
T>0 Zﬂ',’ =1

Note: max P(a) = min P(—a)



find T
such that  Pr(a;) = p;
>0 Y m=1




find =

such that  Pr(a;) = p;
>0 Y m=1

min ¢ [= 0]
subject to A-mw=p
m>0 Y m=1 ¢e{01}
L=V ={P(y)=pi}), aj=vjy)1<j<2"
¢j = 1 iff column A’ is ['-inconsistent



min c-m [min P(a)]
subjectto A-mw=p
>0 Y m=1 C_,'G{O,l}
L=V ={P(y)=ri}), aj=vjy),1<j<2"
¢j = 1 iff column A’ is a \I'-consistent
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CLASSICAL INFERENCE

CONSISTENT INFERENCE

PROBLEM (PHASE 2: LINEAR ALGEBRA)

min c-m [min P(a)]
subjectto A-mw=p
>0 Y m=1 ¢ e€{01}
Z:(F,W:{P(y,')':p;}), afj:‘/j()/i)vlgj§2n
¢j = 1 iff column A’ is a \I'-consistent

PROBLEM (PHASE 2: LINEAR ALGEBRA)

min c-T [max P(«)]
subjectto A-mw=p
>0 Y m=1 ¢ e€{01}
Y=V ={P(y)=pi}), aj=vj(yi),1<j<2"
¢j = 1 iff column A’ is ~a Al -consistent
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min c-m [> 0]
subjectto A-m=p
>0 Y m=1 ¢e{0,1}
Y=V =AP(yi)=pi}), aj=vj(yi),1<j<2"
¢j = 1 iff column A’ is ['-inconsistent
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min e [min P()]
subjectto e=A-m—p
>0 Y m<l1
Y=V ={P(y))=ri}), aj=vj(yi),1<j<2"
m; > 0 if column A is a \ T-consistent

o ¢ =1,00: linear program, column generation

o ¢ = 2: quadratic program of exponential size



min/max  Pr(«|B)
subject to  Pr(aj|Bi) = pi
>0 Y m=1 P(B)>0
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EXTENDED INFERENCE

INFERENCE OF CONDITIONAL PROBABILITIES

PROBLEM (CONDITIONAL MODEL)

min/max  Pr(«|p)
subject to  Pr(aj A Bi) — pi- P(Bi) =0
T>0 Y m=1 P(B)>0

o In the consistent case, can be solved with linear program and
column generation

o In the inconsistent case: can be approximated with a linear
program and column generation using ||,

o /=100

o This is sometimes called the OPSAT problem
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