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Motivation

@ =~2,-equivalence:

if m=0or n=0then m+n
= i > -
f(m,n): else { :{SI: f_(nn ;lien f(m— n,n)

if i=0or j=0 then i+ j
80:)) = { g1oef 17 2] then g(i—j))
elseg(i,j)

o Associative (A) operators: @, ( (1)), ¥, [ Jnxn [ loxnr -

@ Associative-commutative (AC) operators: A, V, U, N, ., +,...



Motivation

@ =2, in the abstract data syntax:

@ Nominal Logic [12]
Nominal Unification [5, 11, 13, 17, 18]
Nominal Rewriting [8, 9, 10]
Deduction Systems [6]

© 6 00

Programing Languages [4, 14, 15]
@ Proof Assistants [1, 16]

@ Other equational theories: ~,,
Ec{A C,UI G AC,ACI,ACUI, ..} [2, 3]

o We are proposing a study of ~, ¢

o A formalisation in Coq [7] of ~4 4 and &~ ac



Nominal signature

A: ab,c,..
e X =< X: X, Y, Z ..
S: f,g,h,..
o I := {the set of finite permutations over A}

o 7 € I are expressed as lists of swappings: [(a1 b1), ..., (an bn)]

@ Roughly speaking freshness constraints (a# X) express the idea that
the atom a doesn’t occur unbounded in X

o Freshness contexts are represented by V.C A x X
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Nominal signature

Basic definitions in Coq

Inductive Atom : Set := atom : nat — Atom.
Inductive Var : Set := var : nat — Var.

Definition Perm := list (Atom x Atom).

Definition Context := set (Atom x Var).
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Nominal signature

s,to=0lallat] (st | fit]rX

Inductive term : Set =
| Ut : term
| At : Atom — term
| Ab : Atom — term — term
| Pr: term — term — term
| Fc : nat — term — term
| Su: Perm — Var — term
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s.ta=(|allat] (s, t)|fit|mX
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Nominal

s, ti=

signature

Olallat] (s,t)]fit]mnX

Inductive term : Set =

| Ut:
| At :

| Ab :

| Pr:
| Fc:
| Su:

term

Atom — term

Atom — term — term
term — term — term

nat — nat — term — term
Perm — Var — term

Lambda calculus example: x| Ax.t](st)

= fy(a) : Atom — term

L(a,t) := fi([a]t) : Atom X term— term

A(s,t) = fKH((s,t)) : termX term — term
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m-action

if c=athenn' -d

((cd)un’)-a:= else{ iisi??;;hen mc
T () - 0
T a — (7w a)
S - fEt — fE(m-t)
) 7 {u,v) — (m-u,m-v)
7 ([alt) — [r-a)(r-t)
(. X) =» (#enr).X




#-relation

[#-ut]

Via#{)

a#£b

VEa#p

ViEa#t
VEa#(ft)

[#-fc]

#-ab]

Vi a#[a]t[

Via#t VFa#ts

V a#(tl,t2>

a#b VEa#t¢t

VEazpe

[#-pr]



~,-relation

VE () Vl—tlzat{VI—tzzaté[N |
VE (t, ) ~a ()
VFamaa o0
a#zb Vitm,(ab)t' VEa#t ]
v - [a]t%a [b]t, [Nu’a 2]
VEtzx,t _
VEftmafe o
Va e ds(m,n’), (a,X)eV[ ]
X q-SU

VEr Xz, X
VEtx,t

V F [a]t =, [a]t’

[:r\‘abl]
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~,-relation

VE (=) thlzat{Vthzatg[N |
VE (t, ) ~a ()
Viamaa =
a#zb Vitm,(ab)t' VEa#t .
V F [3]t ~a [B]t [Reaba]
Vi ta, t _
Vi Fea, frl 0
Va e ds(m,n’), (a,X)EV[ ]
-SU

VErXzx,m'. X
VE tag, t
V F [a]t =, [a]t!

[xr\‘abl]

ds(m,n'):={a|m-a#x -a} J
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~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=

| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)

2/29



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)
| ~q-At: V C a, alpha_equiv C (%a) (%a)

2/29



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)

| ~q-At: V C a, alpha_equiv C (%a) (%a)

| Ro-Pr: V¥V C tl t2 tl’ t2', (alpha_equiv C t1 t1') —

(alpha_equiv C t2 t2') —
alpha_equiv C (<|tI,t2]>) (<|t1’,t2'|>)

2/29



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)
| ~q-At: V C a, alpha_equiv C (%a) (%a)

| Ro-Pr: V¥V C tl t2 tl’ t2', (alpha_equiv C t1 t1') —
(alpha_equiv C t2 t2') —
alpha_equiv C (<|tI,t2]>) (<|t1’,t2'|>)

~y_Fc:Vmntt C, (alpha_equiv C t t') —

alpha_equiv C (Fcmnt) (Fcmnt)

2/29



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)
| ~q-At: V C a, alpha_equiv C (%a) (%a)

| Ro-Pr: V¥V C tl t2 tl’ t2', (alpha_equiv C t1 t1') —
(alpha_equiv C t2 t2') —
alpha_equiv C (<|tI,t2]>) (<|t1’,t2'|>)

| ®q-Fc: Vmntt C (alpha_equiv C t t') —
alpha_equiv C (Fcmnt) (Fcmnt)

| Ra-Aby : ¥V Catt) (alpha_equiv C t t') —
alpha_equiv C ([a]l"t) ([al"t")



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)
| ~q-At: V C a, alpha_equiv C (%a) (%a)

| Ro-Pr: V¥V C tl t2 tl’ t2', (alpha_equiv C t1 t1') —
(alpha_equiv C t2 t2') —
alpha_equiv C (<|tI,t2]>) (<|t1’,t2'|>)
| ®q-Fc: Vmntt C (alpha_equiv C t t') —
alpha_equiv C (Fcmnt) (Fcmnt)
| Ra-Aby : ¥V Catt) (alpha_equiv C t t') —
alpha_equiv C ([a]l"t) ([al"t")
| a-Aby : V Caa'tt, a#a —-Cha#t —
(alpha_equiv C t (| [(a,ah] @ t)) —
alpha_equiv C ([al"t) ([a']1"t")

2/29



~, inductive definition

Inductive alpha_equiv : Context — term — term — Prop :=
| Ro-Ut: V C, alpha_equiv C (<<>>) (<<>>)
| ~q-At: V C a, alpha_equiv C (%a) (%a)
| Ro-Pr: V¥V C tl t2 tl’ t2', (alpha_equiv C t1 t1') —
(alpha_equiv C t2 t2') —
alpha_equiv C (<|tI,t2]>) (<|t1’,t2'|>)
| ®q-Fc: Vmntt C (alpha_equiv C t t') —
alpha_equiv C (Fcmnt) (Fcmnt)
| Ra-Aby : ¥V Catt) (alpha_equiv C t t') —
alpha_equiv C ([a]l"t) ([al"t")
| a-Aby : V Caa'tt, a#a —-Cha#t —
(alpha_equiv C t (| [(a,ah] @ t)) —
alpha_equiv C ([al"t) ([a']1"t")
| ®a-Su: V (C: Context) p p’ (X: Var),
(V a, (In.ds p p” a) — set_In ((a,X)) C) —
alpha_equiv C (p\X) (p'\X) .
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Weak equivalence (~,,)

/
—————— [~-ut] — [~o-at] _tet
<> ~w <> a~wa kat ~e katl [~ -fel

t ~e to ~y th ~p t

1~w by 2/ u.; 2 [~w-prl tiwt/ [~y -ab]

(t1, t2) ~u (t1, t3) [a]t ~. [a]t
ds(m,7') =10

[~ -sul

T X~y X
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Weak equivalence (~,,)

/
] fecan) bt
<> ~w <> a~wa kat ~e katl [~ -fel

t ~e to ~y th ~p t
el brwl o tiwt/[%_ab]
(t1, t2) ~u (b1, t3) [a]t ~., [a]t
ds(m,7') =10
[~ -sul
T X~y X

Lemma 1 (Restrict transitivity)

IfVEt =, thand ty ~, t3 than V F t) =, t3 .

Proof: induction on =, applying freshness preservation of ~,.




Preliminary lemmas towards ~,-transitivity

Lemma 2 (Freshness preservation of ~,,)

IfVEa#tand ViEt=,t then VIa#t .
Proof: induction on =~ applying # properties.
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Preliminary lemmas towards ~,-transitivity

Lemma 2 (Freshness preservation of ~,,)

IfVEa#tand ViEt=,t then VIa#t .
Proof: induction on =~ applying # properties.

Lemma 3 (Equivariance of ~,)

IfViEta, t thenViEm-t, -t .
Proof: induction on =, applying the Lemma 1 .

Lemma 4

(Vaeds(m,n'),VEa#t)iff VErn -t=,n'-t.
Proof: induction on t applying the definition of the permutation action.

Lemma 5

IfFVEth=obandVEtbx,m-ththenVEty =7 1.
Proof: induction on =, with applications of the lemmas 1, 2, 3 and 4.

X 14/29




~, is in fact an equivalence relation

Lemma 6 (Reflexivity of ~,)

VEtr,t.
Proof: induction on t .

Lemma 7 (Transitivity of ~,)

IfVEt~,thand VEit,~,t3then VI t; =, t3 .

Proof: induction on V + t; =, t, with applications of the lemmas 1, 2
and 5.

Lemma 8 (Symmetry of &)

IfVEta,t/ then Vit ~,t.
Proof: induction on V = t =, t' with applications of the lemmas 3 and 7.
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Extension of ~,-rules

sl It] #1, VI sqy Raata)y VEFspy~aaftyg
VEfsmqaft

[~al
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Extension of ~,-rules

sl It] #1, VI sqy Raata)y VEFspy~aaftyg
VEfsmqaft

[~al

||S||7 ||t|| 75 1 3(0<iS el VE 5(1) Ra,AC t(,-) VE fs[*l] Ra,AC ft[*,-]
VEfs %a,AC ft

~acl

Isll, It] =1 VF sqy =a to)
VEkfsa, ft

(=) =1
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Tuple length

(s,0) = lisllge + ullge

el =4 5

.o cE
if fko" = ka then ||s||ka
else 1l

—1

Example
[ ([al(7 - X), £ (b, {a, (g (7. Y, B))))|lr = 4
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ith of a tuple

if i < ||S||fE then S(,')fE
(s,u) — - .
else U(i—sli ) e

if j =0 then ()
if £ = £F then s;
if i < [|s]z¢ then { o Tk Or

t(i)fE = fEO S —
k ko Eo
else f, ’s

else
else ()

B {ifi:Othen()

else t

Example
(f([a](m - X), f (b, (a,(g (x".Y,))))))3), =2 J

18 /29



The deletion of an i element of a tuple

if i=0 then (s, u)
if ||s||;e=1 then u
if i < ||s||;e then K
(s, ) 1ol stoe (Sunye )
else if ||t|;e=1 then s
if i< tl|e th .
else JIEIS ||5kaE + ] kaE en 9 else <s,ul*(,-,||s||f5)]fE)
k k
else (s, u)
Bl = if j=0 then £0s
if ||s||;e=1 then ()
Eo ¢ fEo_fE k
fo 57 if i < |lsll;z then if fi =fi then {else Sxil g
else 3 0 fi
else
else kaO s
0

if =1 then ()
- else t

Example
(F {fal(m - X), £ (b, (o (& (.Y o)) g, = £ {[al(m - X), £ {b,2)) J




size_term measure

[alt|
| <s,t>|

|t

_>

—

[t]+1
Is| + |t] +1
[t]+1

1

20

29



Preliminary lemmas for ~, g, E € {A, AC}

Lemma 9

IfVEt# o ,E b and VI tp =, t3 then V F t; Ra,E t3 .
Proof: induction on ~ g .
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Preliminary lemmas for ~, g, E € {A, AC}

Lemma 9

IfFVEH© o ,E b and VI tp =, t3 then V F t; Ra,E t3 .
Proof: induction on =~ g .

Lemma 10 (Freshness preservation of ~, g)

IfVEa#tandVitm,pt thanVEa#t .
Proof: induction on =, g .

Lemma 11 (Equivariance of ~, g)

fVEtrapt thenViErm-tmapm-t .
Proof: induction on ~, g and application of the Lemma 9.
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~a.a and =, ac are indeed equivalence relations

Lemma 12
IFV & t ~qac t' then V(o< < el )30 <i <1l )
V E t),e Raac t(’j)ka and VIt e oA tajle -

Proof: induction on ||t||¢e .
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~Ra,A and ~, ac are indeed equivalence relations

Lemma 12

IVt ~aac t' then Yo <i< e )F0 << el )
VF e Raac b and VIt e Raac e -

Proof: induction on ||t||¢e .

Lemma 13 (Reflexivity of ~, g)

V kt=qgt. Proof: induction ont .

Lemma 14 (Transitivity of ~, )

fVEt mqetandViEtr,ptsthen VIt Roets.
Proof: induction on |t1| using the lemmas 9, 10, 11 and 12,

Lemma 15 (Symmetry of ~, )

IfVEtraet then Vit =,pt. Proof: ~,¢ (L. 13 and 14).
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Conclusion

o We've formalised the soundness of the theories ~, 4 and ~, ac

The proof begins with =, 's soundness and then it is extented, in a
modular way, to other equational theories

o We should rebuild the proof of ~, without using ~,
E € {A AC,AlLACI, ..}

Unification modulo =~ £
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