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Motivation

≈α-equivalence:

f (m, n) :=

 if m = 0 or n = 0 then m + n

else

{
if m ≥ n then f (m − n, n)
else f (n,m)

.

g(i , j) :=

 if i = 0 or j = 0 then i + j

else

{
if i ≥ j then g(i − j , j)
else g(i , j)

Associative (A) operators: ⊕, ( ( )), xy , [ ]n×n · [ ]n×n, ...

Associative-commutative (AC) operators: ∧, ∨, ∪, ∩, ., +,...
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Motivation

≈α in the abstract data syntax:

1 Nominal Logic [12]

2 Nominal Unification [5, 11, 13, 17, 18]

3 Nominal Rewriting [8, 9, 10]

4 Deduction Systems [6]

5 Programing Languages [4, 14, 15]

6 Proof Assistants [1, 16]

Other equational theories: ≈αE ,
E ∈ {A,C ,U, I ,G ,AC ,ACI ,ACUI , ...} [2, 3]

We are proposing a study of ≈α,E
A formalisation in Coq [7] of ≈α,A and ≈α,AC

4 / 29



Nominal signature

Σ :=

 A : a, b, c , ...
X : X ,Y ,Z , ...
S : f , g , h, ...

Π := {the set of finite permutations over A}

π ∈ Π are expressed as lists of swappings: [(a1 b1), ..., (an bn)]

Roughly speaking freshness constraints (a # X ) express the idea that
the atom a doesn’t occur unbounded in X

Freshness contexts are represented by ∇ ⊂ A×X
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Nominal signature

Basic definitions in Coq

Inductive Atom : Set := atom : nat → Atom.

Inductive Var : Set := var : nat → Var.

Definition Perm := list (Atom × Atom).

Definition Context := set (Atom × Var).
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Nominal signature

s, t ::= 〈〉 | a | [a]t | 〈s, t〉 | fk t | π.X
Inductive term : Set :=
| Ut : term
| At : Atom → term
| Ab : Atom → term → term
| Pr : term → term → term
| Fc : nat → term → term
| Su : Perm → Var → term

.
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Nominal signature

s, t ::= 〈〉 | a | [a]t | 〈s, t〉 | f E

k t | π.X
Inductive term : Set :=
| Ut : term
| At : Atom → term
| Ab : Atom → term → term
| Pr : term → term → term
| Fc : nat → nat → term → term
| Su : Perm → Var → term

.

Lambda calculus example: x |λ x .t | (s t)
V (a) := f0 (a) : Atom→ term

L (a, t) := f1 ([a]t) : Atom× term→ term

A (s, t) := f2 (〈s, t〉) : term× term→ term
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π-action

((c d) :: π′) · a :=


if c = a then π′ · d

else

{
if d = a then π′ · c
else π′ · a

π · t :=



π · 〈〉 → 〈〉
π · a → (π · a)
π · f E

k t → f E
k (π · t)

π · 〈u, v〉 → 〈π · u, π · v〉
π · ([a]t) → [π · a](π · t)
π · (π′ .X ) → (π′ ⊕ π) .X
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#-relation

∇ ` a # 〈〉
[#-ut]

a 6= b

∇ ` a# b
[#-at]

∇ ` a # t

∇ ` a # (f t)
[#-fc]

∇ ` a # [a]t
[#-ab1]

∇ ` a # t1 ∇ ` a # t2
∇ ` a # 〈t1, t2〉

[#-pr]

a 6= b ∇ ` a # t

∇ ` a # [b]t
[#-ab2]

(π−1 · a,X ) ∈ ∇
∇ ` a #π.X

[#-su]
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≈α-relation

∇ ` 〈〉≈α 〈〉
[≈α-ut]

∇ ` a≈α a
[≈α-at]

∇ ` t ≈α t ′

∇ ` f t ≈α f t ′
[≈α-fc]

∇ ` t ≈α t ′

∇ ` [a]t ≈α [a]t ′
[≈α-ab1]

∇ ` t1≈α t ′1 ∇ ` t2≈α t ′2
∇ ` 〈t1, t2〉≈α 〈t ′1, t ′2〉

[≈α-pr]

a 6= b ∇ ` t ≈α (a b) t ′ ∇ ` a # t ′

∇ ` [a]t ≈α [b]t ′
[≈α-ab2]

∀a ∈ ds(π, π′), (a,X ) ∈ ∇
∇ ` π.X ≈α π′.X

[≈α-su]

ds(π, π′) := {a | π · a 6= π′ · a}
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≈α inductive definition

Inductive alpha equiv : Context → term → term → Prop :=

| ≈α Ut : ∀ C, alpha equiv C (<<>>) (<<>>)

| ≈α At : ∀ C a, alpha equiv C (%a) (%a)

| ≈α Pr : ∀ C t1 t2 t1’ t2’, (alpha equiv C t1 t1’) →
(alpha equiv C t2 t2’) →

alpha equiv C (<|t1,t2|>) (<|t1’,t2’|>)

| ≈α Fc : ∀ m n t t’ C, (alpha equiv C t t’) →
alpha equiv C (Fc m n t) (Fc m n t’)

| ≈α Ab1 : ∀ C a t t’, (alpha equiv C t t’) →
alpha equiv C ([a]^t) ([a]^t’)

| ≈α Ab2 : ∀ C a a’ t t’, a 6= a’ → C ` a # t’ →
(alpha equiv C t (|[(a,a’)] @ t’)) →
alpha equiv C ([a]^t) ([a’]^t’)

| ≈α Su : ∀ (C : Context) p p’ (X : Var),
(∀ a, (In ds p p’ a) → set In ((a,X)) C ) →

alpha equiv C (p\X ) (p’\X ) .
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Weak equivalence (∼ω)

[∼ω-ut]〈〉 ∼ω 〈〉
[∼ω-at]a ∼ω a

t ∼ω t ′
[∼ω-fc]

f E
k t ∼ω f E

k t ′

t1 ∼ω t ′1 t2 ∼ω t ′2
[∼ω-pr]〈t1, t2〉 ∼ω 〈t ′1, t ′2〉

t ∼ω t ′
[∼ω-ab]

[a]t ∼ω [a]t ′

ds(π, π′) = ∅
[∼ω-su]

π · X ∼ω π′ · X ′

Lemma 1 (Restrict transitivity)

If ∇ ` t1 ≈α t2 and t2 ∼ω t3 than ∇ ` t1 ≈α t3 .

Proof: induction on ≈α applying freshness preservation of ∼ω.
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Preliminary lemmas towards ≈α-transitivity

Lemma 2 (Freshness preservation of ≈α)

If ∇ ` a # t and ∇ ` t ≈α t ′ then ∇ ` a # t ′ .

Proof: induction on ≈α applying # properties.

Lemma 3 (Equivariance of ≈α)

If ∇ ` t ≈α t ′ then ∇ ` π · t ≈α π · t ′ .

Proof: induction on ≈α applying the Lemma 1 .

Lemma 4

(∀a ∈ ds(π, π′),∇ ` a # t) iff ∇ ` π · t ≈α π′ · t .

Proof: induction on t applying the definition of the permutation action.

Lemma 5

If ∇ ` t1 ≈α t2 and ∇ ` t2 ≈α π · t2 then ∇ ` t1 ≈α π · t2 .

Proof: induction on ≈α with applications of the lemmas 1, 2, 3 and 4.
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≈α is in fact an equivalence relation

Lemma 6 (Reflexivity of ≈α)

∇ ` t ≈α t .

Proof: induction on t .

Lemma 7 (Transitivity of ≈α)

If ∇ ` t1 ≈α t2 and ∇ ` t2 ≈α t3 then ∇ ` t1 ≈α t3 .

Proof: induction on ∇ ` t1 ≈α t2, with applications of the lemmas 1, 2
and 5.

Lemma 8 (Symmetry of ≈α)

If ∇ ` t ≈α t ′ then ∇ ` t ′ ≈α t .

Proof: induction on ∇ ` t ≈α t ′ with applications of the lemmas 3 and 7.
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Extension of ≈α-rules

‖s‖, ‖t‖ 6= 1, ∇ ` s(1) ≈α,A t(1) ∇ ` f s[?1] ≈α,A f t[?1]
[≈A]∇ ` f s ≈α,A f t

‖s‖, ‖t‖ 6= 1 ∃(0< i ≤‖t‖), ∇ ` s(1) ≈α,AC t(i) ∇ ` f s[?1] ≈α,AC f t[?i ]
[≈AC ]∇ ` f s ≈α,AC f t

‖s‖, ‖t‖ = 1 ∇ ` s(1) ≈α t(1)
[≈‖ . ‖=1]∇ ` f s ≈α f t
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Tuple length

‖t‖f Ek :=


〈s, u〉 → ‖s‖f Ek + ‖u‖f Ek

f E0

k0
s →

{
if f E0

k0
= f E

k then ‖s‖f Ek
else 1

→ 1

Example

‖f 〈[a](π · X ), f 〈b, 〈a, (g 〈π′.Y , b〉)〉〉〉‖f = 4
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i th of a tuple

t(i)
f E
k

:=



〈s, u〉→

{
if i ≤ ‖s‖f E

k
then s(i)

f E
k

else u(i−‖s‖
f E
k
)
f E
k

f E0
k0

s →


if i = 0 then 〈〉

else

 if i ≤ ‖s‖f E
k
then

{
if f E0

k0
= f E

k then s(i)
f E
k

else f E0
k0

s

else 〈〉

→
{

if i = 0 then 〈〉
else t

Example

(f 〈[a](π · X ), f 〈b, 〈a, (g 〈π′.Y , b〉)〉〉〉)(3)f = a
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The deletion of an i th element of a tuple

t[?i ]
f E
k

:=



〈s, u〉→



if i=0 then 〈s, u〉

else



if i ≤ ‖s‖f E
k

then

{
if ‖s‖f E

k
=1 then u

else 〈s[?i ]
f E
k

, u〉

else

if i ≤ ‖s‖f E
k
+ ‖t‖f E

k
then

{
if ‖t‖f E

k
=1 then s

else 〈s, u[?(i−‖s‖
f E
k
)]
f E
k

〉

else 〈s, u〉

f E0k0
s→



if i=0 then f E0k0
s

else


if i ≤ ‖s‖f E

k
then

if f E0k0
=f Ek then

{
if ‖s‖f E

k
=1 then 〈〉

else s[?i ]
f E
k

else 〈〉
else f E0k0

s

→
{
if i=1 then 〈〉
else t

Example

(f 〈[a](π · X ), f 〈b, 〈a, (g 〈π′.Y , b〉)〉〉〉)[?4]f = f 〈[a](π · X ), f 〈b, a〉〉
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size term measure

|[a]t| → |t|+ 1

| < s, t > | → |s|+ |t|+ 1

|f t| → |t|+ 1

| | → 1
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Preliminary lemmas for ≈α,E , E ∈ {A,AC}

Lemma 9

If ∇ ` t1 ≈α,E t2 and ∇ ` t2 ≈α t3 then ∇ ` t1 ≈α,E t3 .

Proof: induction on ≈α,E .

Lemma 10 (Freshness preservation of ≈α,E )

If ∇ ` a # t and ∇ ` t ≈α,E t ′ than ∇ ` a # t ′ .

Proof: induction on ≈α,E .

Lemma 11 (Equivariance of ≈α,E )

If ∇ ` t ≈α,E t ′ then ∇ ` π · t ≈α,E π · t ′ .

Proof: induction on ≈α,E and application of the Lemma 9.
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≈α,A and ≈α,AC are indeed equivalence relations

Lemma 12

If ∇ ` t ≈α,AC t ′ then ∀(0<i ≤‖t‖
f E
k
)∃(0<j ≤‖t‖

f E
k
),

∇ ` t(i)
f E
k

≈α,AC t ′(j)
f E
k

and ∇ ` t[?i ]
f E
k

≈α,AC t[?j]
f E
k

.

Proof: induction on ‖t‖f Ek .

Lemma 13 (Reflexivity of ≈α,E )

∇ ` t ≈α,E t . Proof: induction on t .

Lemma 14 (Transitivity of ≈α,E )

If ∇ ` t1 ≈α,E t2 and ∇ ` t2 ≈α,E t3 then ∇ ` t1 ≈α,E t3 .
Proof: induction on |t1| using the lemmas 9, 10, 11 and 12,

Lemma 15 (Symmetry of ≈α,E )

If ∇ ` t ≈α,E t ′ then ∇ ` t ′ ≈α,E t . Proof: ≈α,E (L. 13 and 14).
22 / 29



≈α,A and ≈α,AC are indeed equivalence relations

Lemma 12

If ∇ ` t ≈α,AC t ′ then ∀(0<i ≤‖t‖
f E
k
)∃(0<j ≤‖t‖

f E
k
),

∇ ` t(i)
f E
k

≈α,AC t ′(j)
f E
k

and ∇ ` t[?i ]
f E
k

≈α,AC t[?j]
f E
k

.

Proof: induction on ‖t‖f Ek .

Lemma 13 (Reflexivity of ≈α,E )

∇ ` t ≈α,E t . Proof: induction on t .

Lemma 14 (Transitivity of ≈α,E )

If ∇ ` t1 ≈α,E t2 and ∇ ` t2 ≈α,E t3 then ∇ ` t1 ≈α,E t3 .
Proof: induction on |t1| using the lemmas 9, 10, 11 and 12,

Lemma 15 (Symmetry of ≈α,E )

If ∇ ` t ≈α,E t ′ then ∇ ` t ′ ≈α,E t . Proof: ≈α,E (L. 13 and 14).
22 / 29



Conclusion

We’ve formalised the soundness of the theories ≈α,A and ≈α,AC
The proof begins with ≈α’s soundness and then it is extented, in a
modular way, to other equational theories

We should rebuild the proof of ≈α without using ∼ω
E ∈ {A,AC ,AI ,ACI , ..}
Unification modulo ≈α,E
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