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Motivation

Finding a substitution that identifies two expressions (terms).

@\K@

where toc ~ u ~ t'o.

|dentify the terms h(g(a),y) and h(g(2), f(w)). Using the substitution
o ={y f(w),z > a} the expressions unify to h(g(a),b).
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Motivation
0000

Anti-unification

Finding the commonalities between two expressions (terms).
An expression with this commonalities is called a generalisation.

(9)
® )

where go ~ t and go’ ~ t'.

Generalize the terms h(g(a),y) and h(g(2), f(w)).
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Motivation
0000

Anti-unification

Finding the commonalities between two expressions (terms).
An expression with this commonalities is called a generalisation.

(9)
® ®

where go ~ t and go’ ~ t'.

Generalize the terms h(g(a),y) and h(g(2), f(w)).
generalisation: h(g(x),v), with substitutions 0 = {z — a,v — y} and
o ={x— z,v— f(w)}
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Unification and Anti-unification

{z—a,y— f(w)} \\\

Wg(@), Flw)y”

4
§ 92

h(g(a), £(1))
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Preliminaries

One interesting example of verbatim plagiarism:

@ (Original sentence). All around the world, technology is continuing to become
a part of everyday life, and its capabilities are progressing rapidly.

@ (Possibly sentence with plagiarism). All over the world, technology has
becomed a part of our lives, and its capabilities are progressing very quickly.
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Preliminaries

Then finding the common parts and the differences in the sentences:

e All ‘around the world, technology 'is continuing to become a part of
everyday life , and its capabilities are progressing rapidly .
o All ‘over the world, technology has becomed a part of our lives, and its

capabilities are progressing very quickly .

All [ the world, technology [l a part of [, and its capabilities are progressing
0.
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Preliminaries

Applications of anti-unification include:

@ searching parallel recursion schemes to transform sequential algorithms into
parallel algorithms (Barwell et al. [BBH18]);

@ preventing bugs and missconfigurations in software (Mehta et al. [MBK™*20]);
o finding duplicate code and similarities;

@ detecting code clones (i.e., plagiarism).
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Preliminaries

@ We consider an alphabet A, that consists of 3 a signature with symbol
functions and V' a set of variables.

@ A term construction over A, denoted by 7, defined as usually:

t:l"f(tl,,tn)

@ A finite set F that consists of equations s = t.

@ A preorder relation <g, which states that s <g t if there exists a substitution
o such that so ~p t.

10/33



Preliminaries

Anti-unification

@ An anti-unification equation (AUE) between s and ¢ is denoted by s £ t,
where z is called as label.

@ One of our goals is to build a minimal complete set of generalisations
(mesgp(s,t)):
o Each r € mcsgg(s,t) is an E-generalisation of s and t.

o For each E-generalisation r of s and t, there exist 7’ € mcsgg(s,t) such that
r=gr.

o If ;7" € mesgr(s,t) and r < 7’ then r =, 1.
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Preliminaries

Type of anti-unification problems

The type of an anti-unification modulo E problem is classified as below.

@ Nullary(0): if there are terms s and t such that mcsg(s,t) does not exist.
Also, called of type zero.

o Unitary(1): if for all s and ¢, mcsgy(s,t) has just one generalisation.

o Finitary(w): if for all s and t, mcsgy(s,t) is finite.

@ Infinitary(co): there are terms s and t such that mcsg(s,t) is infinite.
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Classification in some Theories

] Theory \ Type \ Authors and References \ Procedure or Term ‘
Syntactic (0) 1 | G. Plotkin [Plo70, Rey70] Dec, Sol, Rec
Associativy (A) w | M. Alpuente et al. [AEEM14] A-left, A-right
Commutativy (C) w | M. Alpuente et al. [AEEM14] C
Unitary (U) w | D. Cerna [CK20a] Start-C, Sat-C, M
oo | D. Cerna and T. Kutsia [CK20a] | M, Id-left,Id-right
ld-both (1,2,3)
Unital>y (Us) 0 | D. Cerna and T. Kutsia [CK20b] | e; = ¢,
fg(z,y), )

Idempotencys1(l>1)
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Classification in some Theories

| Theory | Type | Authors and References | Procedure or Term |
AC, ACU w | M. Alpuente et al. [AEEM14] AC-left, AC-right
AU,, CU,, ACU, 0 D. Cerna and T. Kutsia [CK20b] | e/ £ ey
fl9(z,y),x)
(U2, (ACUI), 0 | D. Cerna and T. Kutsia [CK20b] | ¢ £ ¢,
fo(f(z,y),ep), @)
Semirings (S), SC | 0 | D. Cerna [Cer20] er e,
I«
i=1
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Classification in some Theories

’ Theory \ Type \ Authors and References \ Procedure or Term ‘
Absorption>; (Abs) ? — -
(ACU)3, (ACU)Abs 0 D. Cerna [Cer20] er£e,
1=
i=1
Simply-typed A-calculus 0 D. Cerna and vy f(z) 2 \vy. f(y)
M. Buran[BC22]
[Abs, (Ul)2Abs 0,007 | — -
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Collapse Theories

Collapse and Subterm Collapsing Theories

A theory E is a collapse theory iff there exists an axiom A € F of the form

t = x, where t is a non-variable term and x is a variable. A theory FE is called
subterm collapsing iff one side of the equation is a proper subterm of the other.

For example:
o Unital: f(z,e5) =2 = f(ey, 2);
@ Idempotency: f(z,z) = x;
@ Absorption: f(ef,z) =ef = f(x,ey);
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Absorption Theory
0®000000

Collapse Theories
Absorption Theory

One important algebraic property in some magma is the absorbing property i.e. for
some symbol function f(z,c¢) = ey or/and f(ef,x) = ¢, we can find this
property in semirings, rings, and in boolean algebras.

v

Let's find the 1ggs of the AUE ¢; £,.. f(f(a,b),c).

v
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Collapse Theories

Lemma 1 (Equivalence between FE-generalisation and ()-generalisation)

Let s and ¢ E-normal forms, 7 is an E-generalisation of s and t if and only if 7 is
an (-generalisation of s" and t' for some ' € [s]g and t’ € [t]g.

Consider e £,,. f(f(a,b),c). We can select the next terms in the classes:

f(f(a7 b)’ C) € [f(f(av b)? )]Abs and f(f(é‘ff, )’ ) [gf]ﬂbs

Notice that the term f(f(x,b),c) is a generalisation of £; 2y f(cy,b),c), then is
an Abs-generalisation too.

v
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Absorption Theory

Algorithm for absorbing theory

To build the algorithm we consider a triple C := (A; S;0) as a configuration in
each step of the procedure, where:

e A is a set of anti-unification equations (AUEs);
@ S is the store, the set of solved AUEs;

@ 0 is a substitution mapping the labels of the AUEs to their respective
generalisations.

We always consider that all the terms in A are in normal form.
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Absorption Theory

Inference Rules

Then we define the next rules

(Dec): Decompose

{f (51

.y 5n)
Y1 Yn
L {12, ..

S 2=ty UA; S 0{x — f(y,
For f any function symbol, n > 0, and y;,

[|> &

fltr, .. ta)FUA;S;0)

- 7yn)}>

, Yn are fresh variables.
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Absorption Theory

Inference Rules
(Solve): Solve

<{s§t}uA;s;e>%<A;{s§t}us;e>

Where head(s) # head(t) and some of them is a free symbol or they are non
related absorption symbols.
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Absorption Theory

Inference Rules

(ExpAL): Expansion for Absorption, Left

x )

({er 2 f(t, 1)} U A S:6) 22" (e 2 1} U A 500 > f(y,12)))
(ExpAR): Expansion for Absorption, Right

(e £ f(tl,tQ)} U A; S;0) 287 (e, S tah U A; S;0{z — f(t,y)})

Where f is an absorption function symbol, and y is a fresh variable.
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Absorption Theory

Inference Rules

(Mer): Merge

@{séﬂxmséﬂUSﬂ>M”({ éﬂuseh»+m>
(Elim): Eliminate

T

({s 2 s}UA;S;0) 22 (4: S;0{z — s})
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Analysis in nonlinear problems

Analysis in nonlinear problems

Consider the AUE &7 £ f(a, h(a)). The 1ggs of this problem are given by

f(x,h(a)), f(a, ), and f(z,h(z))

But with the last rules we just can computes only the first two 1ggs, and they are
incomparable with f(z, h(x)).

v
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0@00000
Set of f nested positions

Let pos(t) be the set of positions of the term ¢ and C the prefix order over the
positions.

ocs(t) = {q | head(t |,) # f and for all p C ¢, head(t |,) = f}

A

Example 4
We determine the f-nested position of the next term:

§ = f(f(a7 f(h(b)a f((l, h(b))))>g(c))

Then, ocs(s) = {2,11,121, 1221, 1222},

N,
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Absorption Theory

Inference Rules

(ExpAB): Expansion for Absorption, Both

x Y1 Y2
({er 2 Ft1, )} U A; 8;0) 2 (fe; 2 1,67 2 15} U 4; S;0{z = f(yn,92)})

Where f is an absorption function symbol, and y; and ¥, are fresh variables.
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Procedure ANT_UNIF

Absorption in a signature with constants

Considering again the AUE e; £ f(a, h(a)), we noticed that the last rule does not
compute the 1gg f(z,h(z)), then we need to work with ¥ = {f,e;} UY’, where
Y’ have just a constants symbols.

We can find all the possible generalisations for any s and t, replacing a fresh
variable in each f-nested position and considering the combination of repetitions.)
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Analysis in nonlinear problems

Analysis in nonlinear problems general case

Consider the AUE g(s;,a) = g(f(h(gf),a),ef). The 1ggs of this problem give us
a infinite set of incomparable 1ggs.
This solutions are given for the generalisations g(f(w,a),y) and g(f(h(z),2),y),
where x is generate by the next grammar:

o Y(0)=tforte{z}UT,

° V(1) =y,

o Y(k)=f(Y(i),Y(j)), where i + j =k — 1 for k > 2.
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Analysis in nonlinear problems

Some 1ggs of g(cs,a) £
o g(f(h(f(z,y)),2),y) =
o g(f(h(f(z f(z,9)),2),
o g(f(h(f(b, f(g(a,a),y)),2),
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Conclusions and Future work

@ We determine a terminating procedure for the restriction of the problem just
considering a signature with constants, producing a finite set of 1ggs for any
s and t.

@ We find an AUE that generates an infinite set of incomparable 1ggs for the
general problem, then the type of anti-unification for absorption theory is at
least infinitary.
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