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A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Motivation: programs & types

@ Nowadays it is well known the relation between programs and
types.
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Motivation: programs & types

@ Nowadays it is well known the relation between programs and
types.

@ M\-calculus is the theoretical framework in the develpment of
programing and specification languages.

o Elaborated systems of types are necessary!
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Motivation: A-calculus (with names)

TERMS a:=x|(aa)|\x.a

@ Basic Operators
- (ab)

- Ax.a
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Motivation Programs & types
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Intersection types

Rewriting rules of the A-calculus

@ «-conversion
Ax.a — A\y.[x/y]a
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Rewriting rules of the A-calculus

@ «-conversion
Ax.a — A\y.[x/y]a

@ (J-contraction
(Ax.a b) — [x/b]a

@ 7)-contraction

Ax.(a x) — a, if x ¢ FV(a)
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Motivation: examples with the A-calculus

o (a) Ax.(Ay.(xzy)yx) —o Aw.(Ay.(wzy)yw).
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Motivation: examples with the A-calculus

o (a) Ax.(Ay.(xzy)yx) —o Aw.(Ay.(wzy)yw).

o (a) Ax.(Ay.(xzy)yx) —a Az.(Ay.(zzy)yz) Wrong!
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Motivation Programs & types
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Motivation: examples with the A-calculus

o (a) Ax.(Ay.(xzy)yx) —o Aw.(Ay.(wzy)yw).

o (a) Ax.(Ay.(xzy)yx) —a Az.(Ay.(zzy)yz) Wrong!

o (B)  (M.(A\y.(¥x))y) —p Ay.(yy) Wrong!
(M.(Ay.(yx)) y) —p Az.(zy) Correct!
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Motivation: examples with the A-calculus

(AxXx AxX) =8 Axx self-aplication

(Ax-(x x) A(x x)) =5 (Ax.(x x) Ax.(x X)) self-reproduction
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A-calculus with nameless dummies
Intersection types

A-calculus in de Bruijn notation

e Invented by Nicolaas Govert de Bruijn [dB72].
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@ Own the same properties than the A-calculus with names.
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Motivation Programs & types

A-calculus (with names)
A-calculus with nameless dummies
Intersection types

A-calculus in de Bruijn notation

e Invented by Nicolaas Govert de Bruijn [dB72].
@ Own the same properties than the A-calculus with names.

@ Avoids necessity of a-conversion.

@ Our preferred initial approach towards making explicit
substitutions.
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Motivation Programs & types

A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Historia

° @ﬂ Nicolaas Govert de Bruijn (1918-). Matematico
holandés lider del Projecto Automath.

@ Projecto Automath iniciado en 1967. Primer proyecto que uso
tecnologia computacional para mecanizar el razonamento
matematico:

Especificacién y verificacién del libro-texto de
(1877-1938) Edmund Landau's Grundlagen der Analyses
Leipzig 1930. ]
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Motivation

Programs & types

A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Historia

AUTOMATH
ARCHIVE

http //automath webhop net/

@ Automath es considerado predecesor de asistentes de
demostraciéon modernos: Coq, Nurpl, Isabelle,

o [Kam03], [NGdV94], etc.
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Historia

@ En el proyecto Automath de Bruijn desarrollo la primera
formalizacién de una versién del calculo A con un tratamiento
explicito de la operacién de substitucion [dB78]
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Historia

@ En el proyecto Automath de Bruijn desarrollo la primera
formalizacién de una versién del calculo A con un tratamiento
explicito de la operacién de substitucion [dB78]

N.G. de Bruijn was a well established mathematician before

deciding in 1967 at the age of 49 to work on a new direction

related to Automating Mathematics. In the 1960s he became

fascinated by the new computer technology and decided to

start the new Automath project where he could check, with

the help of the computer, the correctness of books of

] mathematics. Through his work on Automath, de Bruijn started
- a revolution in using the computer for verification,

and since, we have seen more and more proof-checking and

theorem-proving systems.

Fairouz D. Kamareddine
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Historia

@ La influencia de N.G. De Bruijn en computacién no se
restringe a Automath:

“Selected Papers on Analysis of Algorithms”
(CSLlI, 2000)
Donal Knuth dedica su libro a su mentor de Bruijn.

Knuth w
in 1977. Photo cous
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Motivation
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A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Historia

@ La influencia de N.G. De Bruijn en computacién no se
restringe a Automath:

“Selected Papers on Analysis of Algorithms”
(CSLlI, 2000)
Donal Knuth dedica su libro a su mentor de Bruijn.

... I'm dedicating this book to N.G. “Dick” de Bruijn
because his influence can be felt on every page.
Ever since the 1960s he has been my chief mentor, the main
person who would answer my questions when | was stuck on a
problem that | had not been taught how to solve.
| originally wrote Chapter 26 for his (3 - 4 - 5)th birthday;
now he is 3* years young as | gratefully present him with

s N. G. de Bruijn, this book.
| in1977. Photo cout f Jill Knuch Donald E. Knuth
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Motivation Programs & types

A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Intersection type disciplines

@ Introduced by Coppo & Dezani-Ciancaglini [CDC80] and
Sallé [Sal78] in order to provide a characterization of the SN
terms of the A-calculus.
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@ Introduced by Coppo & Dezani-Ciancaglini [CDC80] and
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Intersection type disciplines

@ Introduced by Coppo & Dezani-Ciancaglini [CDC80] and
Sallé [Sal78] in order to provide a characterization of the SN
terms of the A-calculus.

@ Used for characterizing evaluation properties of A-terms.

@ Incorporate type polymorphism in a finitary way (listed instead
quantified)
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Motivation Programs & types

A-calculus (with names)
A-calculus with nameless dummies
Intersection types

Intersection type disciplines

@ Introduced by Coppo & Dezani-Ciancaglini [CDC80] and
Sallé [Sal78] in order to provide a characterization of the SN
terms of the A-calculus.

@ Used for characterizing evaluation properties of A-terms.

@ Incorporate type polymorphism in a finitary way (listed instead
quantified)

@ Some problems arise such as the necessity for a practical
treatment of principal typings.
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Agg: the A-calculus in de Bruijn Notation Syntax of Agg

B-reduction in \yp

Syntax of A\yg

Definition (Set Ayg)

The syntax of A\yg-calculus. The set of )\ 5-terms, denoted as
AgB, is defined inductively as
Terms M := n|(M M)|A.M where n € N*=N-\ {0}
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Agg: the A-calculus in de Bruijn Notation Syntax of Agg

B-reduction in \yp

Syntax of A\yg

( and 7 are defined updating indices adequately.
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Agg: the A-calculus in de Bruijn Notation Syntax of Agg

B-reduction in A\ g

Syntax of A\yg

Definition (Free indices & closed terms)

@ For M € Ay, let the set of free indices of M, denoted as
FI(M), be defined by

FI(n) = {n}
FIOLM) = {n-1,Yne FI(M),n>1}
FI(Ml M2) = F/(M]_)UF/(M2)

@ A term M is called closed if FI(M) = .

© The greatest value of a free index in M, denoted as sup(M),
is defined as 0, if FI(M) =0, and n such that ne FI(M) and
n>i, Yi€FI(M), otherwise. 1

« Brasilia
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Agg: the A-calculus in de Bruijn Notation Syntax of Agg

B-reduction in \yp

Syntax of A\yg

Q sup(My My) = max(sup(M), sup(Ma))

Q If sup(M)=0, then sup(A\.M)=0. Otherwise,
sup(A.M)=sup(M) — 1.
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Agg: the A-calculus in de Bruijn Notation Syntax of Agg

B-reduction in \yp

Syntax of A\yg

Definition (i-lift)
Let M € Ayg and i € N. The i-lift of M, denoted as M1/, is
defined inductively as

1. (M M2)+i:(/\/]f"/\/lj") 3. n+i={ ZLL EZ?:
2 ()\.Ml)+i _ )\‘M;r(iJrl) W =

The lift of a term M is its 0-lift, denoted as M.
Intuitively, the lift of M corresponds to an increment by 1 of all
free indices occurring in M.
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Agp: the A-calculus in de Bruijn Notation

Syntax of A g
B-reduction in \yp

Syntax of A\yg

FI(M*) = {n|neFI(M),n < iYU{n+l|ncFI(M),n>i}

If i > sup(M), then M+ = M.

Q If sup(M)>i, then sup(M*) = sup(M)+1.
@ Otherwise, sup(M*") = sup(M).
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Agp: the A-calculus in de Bruijn Notation

Syntax of \;p
B-reduction in A\ g

(3-contraction in A\

Definition ((-substitution)

Let m,n € N*. The (-substitution for free occurrences of n in
M € Agg by term N, denoted as {n/N}M, is defined inductively
Y 1. {n/N}(My M2) = ({n/N}My {n/N}M;)
2. {n/N}AM; = Adn+1/N*}My
m—1,ifm>n
3. {n/Nim=4¢ N, if m=n

m, ifm<n

Definition (-contraction in A\yg)

(-contraction in \yg is defined by (A M N)—3z{1/N}M.

==

Brasilia
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Agg: the A-calculus in de Bruijn Notation Siters 67 A\

B-reduction in A\ g

(3-contraction in A\

Lemma (Free indices after 3-substitution)

Q If i¢FI(M), then
FI({i/N}M)={n|neFI(M),n<i}U{n=1|neFI(M),n>
i}.

@ Otherwise,
FI({i/N}M)=FI(N)U{n|neFI(M),n<i}U{n=1|ne
FI(M),n>i}.

Corollary

If 1€ FI(M), then FI({1/N}M)=FI(\.M N). Otherwise,
FI({1/N}YM)=FI(\.M). ==
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Agp: the A-calculus in de Bruijn Notation

Syntax of \;p
B-reduction in A\ g

(3-contraction in A\

If i>sup(M), then {i /N}M = M.

Lemma

Let M be a term such that sup(M)=m:
@ I/fi<m and i¢FI(M), then sup({i/N}M)=m—1.
@ Ifi>m, then sup({i/N}M)=m.

© Suppose i€ FI(M). If FI(M)={i}, then
sup({i/N}M)=sup(N). Otherwise,
sup({i/N}M)=max(sup(N), m—1).

==
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Agp: the A-calculus in de Bruijn Notation

Syntax of \;p
B-reduction in A\ g

(B-reduction in Agg

Lemma

sup({1/N}M) < sup(A\.-M N).

Definition (S-reduction in Ayg)

(B-reduction in \yg is defined by:

(A.MN)—)g{l/N}M M—gN
(AMN)—g{1/N}M AM—3gA.N
Ml—’ﬁNl M2—>/3N2

(My M2) —5 (N1 M2) (M1 Mp) — 5 (M1 Ny)

==
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Agg: the A-calculus in de Bruijn Notation Siters 67 A\

B-reduction in A\ g

(B-reduction in Agg

Theorem (Preservation of free indices after S-reduction)

Let M — 3 N:
e FI(N) C FI(M). Consequently, sup(N) < sup(M).
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Intersection types in ;g
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Intersection types in Agg

Definition (Intersection types and contexts)

@ The intersection types are defined by the following
grammars:

T:=A|U-T
Ui=w|UNU|T
The types are quotiented by taking I to be commutative,
associative, idempotent and to have w as neutral.
@ The contexts are ordered lists of types U € U, defined by:

[oe=nil|U.T

==
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Intersection types in ;g
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Intersection types in Agg

o envM := w.w.--- .w.nil such that |envM| = sup(M).
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Intersection types in ;g
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Intersection types in Agg

o envM := w.w.--- .w.nil such that |envM| = sup(M).

@ The extension of I for contexts is done by
nil0 T =TMNnil =T and
(U1.I') M (UQA) = (Ul 1 U2).(F|‘| A)
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Intersection types in ;g
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Intersection types in Agg

o envM := w.w.--- .w.nil such that |envM| = sup(M).

@ The extension of I for contexts is done by
nil0 T =TMNnil =T and
(U1.I') M (UQA) = (Ul 1 U2).(F|‘| A)

@ Hence, MM is commutative, associative and idempotent on
contexts.
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Intersection types in ;g
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Properties of the extension of 1 over contexts

Lemma (1 over contexts: properties)

Let I and A be contexts, where neither [ nor A are nil:
Q If|T| > sup(M), then T 1 envM =T
QN A:(rl r Al).(r>1 I A>1)
Q Ifi <|I|,|A|, then (TTT A);=I; 11 A;.
QO (TMA);=T;MN AL and (T A)s;j=I~;M As;. The
same for ([ M A)<j and (T A)>;.
Q | Al=max(|T],|A]).
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Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Definition (M Typing Rules)

The typing rules are the following:
M:{nil = T) ,
——— = var . —f
1:(T.nil = T) AM:(nilbFw—T) '
n: (I U) My:(THEU—T) My:(I"EU)
varn e
n+l:(w.l' = U) My Ma:(TA T T)
M:(T'EU)) M:(TE U)
- W M;
M:(envM + w) M: ('t Ui N U)
M:(UT+T) M:(TEU)y (THU)C(I"EU) -
.
AM:TFU—T) ' M:(T"+ U -

==
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Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Definition (C)

The binary relation C is given by the following rules:

O Py L D3
tr

f
S ¢ &, C b3
o ULEVL ULEW
uin U, C Uy € uuntbC vin v,
LEU THhET Ui C U

- L.
Ui—-THhCU—T, FS,-.Ul.F>,- C FS,-.Uz.F>,-

uucu, rr'cr -
TFU)C({FUy) Y

al |
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Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Basic properties

Q /IfUcU, then U=w or U=M7_; T; where n>1 and
V1<i<n, T;eT.

Q UL w.
Q IfwC U, then U =w.
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Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Lemma (Properties of M and C)

Let V # w.

Q@ IfULC V, then U:l‘lj’-‘:lTj, V:I_IleT,-’ where p, k > 1,
V1<j<k 1<i<p, T;,T/ €T, andV1<i<p,
31 < j < k such that T; C T/.

@ IfUC V'Ma thenU=UTmMaand U C V.

Q Let p, k> 1. If11% (Uj— Tj) Ty (Uj—T/), then
V1<i<p, 31 <)< ksuchthat U'C Ujand T; C T].

Q IfU—TCV, then V=r_ (U;j— T;) where p > 1 and
V].SI'SP, U,-EUandTET,-.

(5] lfl_lj’-‘zl(Uj—> T;) C V where k > 1, then V =1_ (U — T/)
where p > 1 and V1 < <p, 31 <j < k such that U/ C U;
and T; C T]. 1]
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Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

Basic properties

Lemma (Properties of I, C, typings and contexts)

Q@ IfTCIand UC U, then UT C U'.T".

Q@ rC I iffT|=|"|=m and, if m> 0 thenV1<i<m, I; C T
@ If|l| = sup(M), then T C envM.

Q IfenvM LT, thenT = eny!.

@ (M-UYC (U iffl"CT and UC U,

Q IfTCIMand AC A/, thenTH ACT' T A

Universidade de Brasilia

Ventura&Ayala-Rinc6n&Kamareddine (ULTRA&GTC/UnB) 5° SI(+F!) - BSB, 6-7/12/7 SR for Ay



Intersection types in Ayp
The intersection type system for A\ g M Typing System
Basic properties of the M typing system

More properties

Lemma

Q IfM:(I'F U), then |I'|=sup(M).
@ For every I and M such that |I'| = sup(M), we have
M:(T Fw).

Lemma (Typings intersection)
M:(TFU) M:(AF U)

© The rule MTHAF Gr 05) M’ is derivable.
The rule ———— var’ i ivable.
(2 ) e rule (Uil - O) var’ is derivable
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Subject reduction for A4z with M types

Subject reduction for \gg with M types

Lemma (Generation)

Q@ If n:(I' = U), thenT,=V where V C U.
Q IFAM: (I U) and sup(M)>0, then U=w or
U=rk,(Vi—T;) where k>1 and V1<i<k, M:(V;.T - T;).

Q IfAM: (I U) and sup(M)=0, then I =nil, U=w or
Uzl‘lf.‘zl(\/,-—> T;) where k>1 and V1<i<k, M:(nil - T;).
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Subject reduction for A4z with M types

Changes in typings for lifting and (-substitution

Lemma (Typings for lifted terms)

If M:(T = U) and 0 < i < sup(M), then M : (T<;.w.T; = U).

Lemma (Typings for 3-substitution)

Let M: (T = U), for sup(M) >0, and N: (A FT):
© If ig¢ FI(M), then {i /NYM: (T <;.T<; F U).
@ Otherwise, if sup(N)>i—1, then

{i/NIM:((T<;.Ts)) M A U).
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Subject reduction for A4z with M types

Subject Reduction

Definition (Restriction of contexts)

Let M be a term and sup(M)=m. For a context I', let ['|; be the
restriction of I to FI/(M), given by I'<p,.nil.

Q If sup(N) < sup(M), then envM|y= env!V.

w

Q If || < sup(M), then (T A)ly=TN Aly.
© Ifsup(N) >0, then (U.T)|n= U.T'|(\ ny-
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Subject reduction for A4z with M types

Subject Reduction

Theorem (SR for [-contraction)

If (A.M N): (T U) then {1/N}M:(T(1 /nym - U)

Theorem (Subject Reduction in Ayg)

IfM:(T'+ Uy and M —4 N, then N:(T|y + U).
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Conclusion, current and future work

Conclusion, current and future work

@ M\-calculus in de Bruijn notation with a system of intersection
types has been proved to preserve subject reduction.
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Conclusion, current and future work

Conclusion, current and future work

@ M\-calculus in de Bruijn notation with a system of intersection
types has been proved to preserve subject reduction.

@ This is the first step towards the construction of adequate
explicit substitutions calculi in de Bruijn notation with
intersection type discipline.
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Conclusion, current and future work

Conclusion, current and future work

@ M\-calculus in de Bruijn notation with a system of intersection
types has been proved to preserve subject reduction.

@ This is the first step towards the construction of adequate
explicit substitutions calculi in de Bruijn notation with
intersection type discipline.

@ Principal typings property has to be guaranteed because this

property supports the possibility of true separate compilation
and compositional software analysis [Wel02].
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