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Abstract

Type theory was invented at the beginning of the twentieth century with the aim of
avoiding the paradoxes which result from the self-application of functions. A-calculus was
developed in the early 1930s as a theory of functions. In 1940, Church added type theory
to his A-calculus giving us the influential simply typed A-calculus where types were simple
and never created by binders (or abstractors). However, realising the limitations of the
simply typed A-calculus, in the second half of the twentieth century we saw the birth of new
more powerful typed A-calculi where types are indeed created by abstraction. Most of these
calculi use two binders A and II to distinguish between functions (created by A-abstraction)
and types (created by Il-abstraction). Moreover, these calculi allow B-reduction but not
II-reduction. That is, (my:4.B)C — B[z := (] is only allowed when 7 is A but not
when it is II. This means that, modern systems do not allow types to have the same
instantiation right as functions. In particular, when b has type B, the type of (Az:a.b)C
is taken immediately to be B[z := C|] instead of (Il,.4.B)C. Extensions of modern type
systems with both II-reduction and type instantiation have appeared in (Kamareddine,
Bloo and Nederpelt, 1999; Kamareddine and Nederpelt, 1996; Peyton-Jones and Meijer,
1997). This makes the A and II very similar and hence leads to the obvious question: why
not use a unique binder instead of the A and II? This makes more sense since already,
versions of de Bruijn’s Automath unified A and II giving more elegant systems. This paper
studies the main properties of type systems with unified A and II.
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1 Introduction

In Church’s simply typed A-calculus, the function which takes f : N — Nand z : N
and returns f(f(x)) is given below together with its type:

doubling function on N ApNon-Azn-f(f())
type of doubling function on N (N—=N)—- (N—=N)

If we want the same function on booleans B, we would need to write:

doubling function on B ApB—B-Aes-f(f(2))
type of doubling function on B (B—B)— (B—B)

Instead of repeating the work, we can bind the varying type a. So, if we let « : *
stand for “o is a type” (any type), we can define the polymorphic doubling function
in the polymorphic A-calculus, as follows:

polymorphic doubling function Aas-Afiama-Aza-f(f(2))-

Now, we can instantiate o to what we need:

e o = N then: ()\Q*Afa_,a/\xaf(f(ﬂj)))N = /\f:N—>N~)\m:N~f(f($))-

e o = BB then: ()\a:*-)\f:a—>a->\m:o¢~f(f(z)))8 = )\f:B—>B->\z:B~f(f(x))-

o a = (B — B) then: (Aai-Af:ama-Aza.f(f(2))(B— B) =
Af:(B—B)—(B—B)-Aa:(B—8)-f (f()).

So, types (like terms) can be abstracted over and can be passed as arguments. The

types of the new polymorphic terms are given by a new binder usually written as

V or II. We use II. The type of the polymorphic doubling function is:

type of polymorphic doubling function My (@ — @) — (@ — a).

Hence, unlike simple types, modern non-simple types have similar features to
functions. In particular, like functions, types can be:

o (reated by abstraction. Functions are created via A where \,.4.B stands for
the function from A to B which given a € A returns Bz := a] (i.e., B where
a is substituted for z); and types are created via II where II,.4.B stands for
the type of the functions from A to Uuca B[z := a] which given a € A return
fa € B[z := a]. For example, the type II4...A — A of the polymorphic identity
function Aa...Ay:4.y, is obtained by taking any type A and returning the type
A — A of the identity function on A, A\y.4.y.

e [Instantiated. For example, if A above is the set of natural numbers N then we
are concerned with the identity function over N whose type is A — A where A
is substituted by N (written (A — A)[A :=N)), i.e., N — N.

Looking at the behaviour of A and II, it seems questionable why one needs two

different binders. In fact, in the literature, there were several attempts to unify the

binders A and II in type systems:

e Sometimes, in his Automath, de Bruijn identified the abstractions obtained by
A and II. He wrote [z : A]B for both A;.4.B and II;.4.B. But what are the
properties of such type systems and is there a correspondence between ordinary
type systems and those where abstractions are identified?
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e (Kamareddine, Bloo and Nederpelt, 1999; Kamareddine and Nederpelt, 1996;
Peyton-Jones and Meijer, 1997) argued that IT-reduction and $-reduction should
be both allowed. Le., (II;;4B)C —n B[z := C] and (A;.4B)C —3 Bz := (]
should be both allowed. Moreover, II-reduction was a main feature of Automath
(de Bruijn, 1970). When de Bruijn did not identify A and II, he gave II-terms
the same instantiation power as A-terms and allowed II-reduction. In some sense,
adding II-reduction to a type system has similar effect as replacing the A and IT
by a unique binder.

e In a private communication, during his PhD studies, Laan attempted to unify
binders in the cube, however, no progress was made there except stating (without
any proof) a generation lemma and a weaker form of isomorphism.

e In (Coquand, 1985), Coquand first presented the calculus of constructions using
de Bruijn’s identification of binders. However, he did not investigate the con-
nection with type systems where binders have not been identified, nor did he
establish how contexts, terms and types behave under the exchange of binders.

e (de Groote, 1993) defined a system A\* which departs from the usual systems
as in for example, the Barendregt cube of (Barendregt, 1992), in the sense that
degrees are no longer restricted to 0, 1, 2 or 3. The system A} uses the same
binder A for both A and II.

Despite the above mentioned work, modern type systems with unified binders have

still not been investigated. Although (Kamareddine, 2002) gave a tutorial on func-

tions and types in which unified binders also featured, this unification concentrated
on the concepts of parameters, definitions, II-reduction and explicit substitutions,
and studied an extension containing all these concepts. This is unsatisfactory since
there is no agreement on which system of explicit substitution should be used (or
indeed whether one needs explicit substitution at all), and the same holds for sys-
tems of definitions. So, how can the idea of unifying binders be accepted if it is
built on top of controversial calculi of definitions and explicit substitutions? This
paper fills these gaps and gives the first extensive account of modern type systems

(as we know them, without any controversial extensions) where the A and the II

are unified. We carry our study in Barendregt’s 3-cube (Barendregt, 1992) which

hosts eight influential type systems.

The paper is divided as follows: Section 2 presents the basic notions of reduction
and typing and relates flat terms (where binders are unified) to ordinary terms.
In Section 3 we review the (-cube and establish the properties of typing modulo
flattened binders. We show that in any typing judgement of the 3-cube, As and IIs
cannot be exchanged and hence, from the judgement itself, one can decide the status
of any binder. So, why use different binders when the typing judgement carries the
unique identity of a binder? In Section 4, we present the b-cube where both A and
IT are written as b. We show that this b-cube satisfies all the desirable properties
except for the unicity of types. We also show that this b-cube is isomorphic to the
(B-cube in the sense that for any typing judgement in the b-cube, there corresponds
a unique typing judgement in the S-cube. We show furthermore that despite the
loss of the unicity of types, all the different types of the same term obey the same
pattern. In Section 5, we discuss type checking and type inference. In Section 6, we
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discuss Coquand’s calculus of constructions with unified binders. In Section 7 we
conclude.

2 Notions of reduction and typing

In this section we present the basic notions of reduction and typing. We use two
basic sets of terms: the set 7 of typed terms as written in modern type systems
and the set 7, where )\ and II have been flattened into the single binder b.

Definition 1. [Terms and translations] We let = range over {\, II}.

1. We define the set of terms 7 by: 7 =« |O |V | mp.7. T |TT.

2. We define the set of b-terms (or terms when no confusion occurs) 7, by:
T, =+ 0|V |bvir, T | T, - -

3. For Ac 7, wedefine Ac T, by: s=s5,2=2,AB=AB,m,.4.B=b_4.B.

4. Let A € 7,. We define: [A] to be {A" in T | A’ = A}. We also define A* € T by:
s* = 5,0 =1, (AB)) = A*B* and (by.4.B)* = \,.4x.BN.

Note that, if A € 7 then A € [A]. Moreover, if A € 7, then A* € [A].

Notation 2. We let s, ', s1, ete. range over the sorts {,0}. We take V to be a set
of variables over which, x, y, z, x1, etc. range. We divide V into two disjoint subsets
V* and V5. We use x°,y®, etc., to range over V5. We assume that {x,0} NV =0.
We take A, Ay, As, B, a, b, etc. to range over both T and T,. We use FV(A)
to denote the free variables of A, and Alx := B] to denote the substitution of all
the free occurrences of x in A by B. We assume familiarity with the notion of
compatibility. As wusual, we take terms to be equivalent up to wvariable renaming
and let = denote syntactic equality. We assume the Barendregt convention (BC)
where names of bound variables are chosen to differ from free ones in a term and
where different abstraction operators bind different variables. Hence, for example,
we write (my.4.y)x instead of (Ty.4.2)T and Ty 4.7y 5.C instead of Ty a.72.5.C. We
also assume (BC) for contexts and typings so that for example, if T' b mp.0.B : C
then x will not occur in T'. We define subterms in the usual way. For A € {\,I1,b},
we write Ay, .4, .. Ayp, .4, A as A;Z”AfA

2.1 Reduction

Definition 3. [Reductions]
o (-reduction —g is the compatible closure of (A;.4.B)C —g Blz := (.
e b-reduction —, is the compatible closure of (b,.4.B)C —, B[z := C].
e Il-reduction —ry is the compatible closure of (I, 4.B)C —p Bz := C].
e We define the union of reduction relations as usual. For example, SlI-reduction
—BII, is the union of -3 and —TI-
o Let r € {B,1I, BIL,b}. We define r-redexes in the usual way. Moreover:
— —»,. is the reflexive transitive closure of —, and =, is the equivalence closure
of —,. We write —t,« to denote one or more steps of r-reduction.
— If A —, B (resp. A —, B), we also write B ,«— A (resp. B ,«— A).
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— We say that A is strongly normalising with respect to —,. (we use the notation
SN_, (A)) if there are no infinite —.-reductions starting at A.

— We say that A is in r-normal form if there is no B such that A —, B.

— We use nf,.(A) to refer to the r-normal form of A if it exists.

Theorem 4 (Church-Rosser for 7 and —g/sm1,). Let v € {3, 511,b}.
If By ,«— A —»,. By then there exists C € T such that By —»,. C ,«— Bs.

Proof. For 3 see (Barendregt, 1992). For 811 see (Kamareddine, Bloo and Nederpelt,
1999). For b, note that for A € 7,, A* € T. X

Corollary 5. Forr € {$,11,b}, r-normal forms are unique. Moreover,
if SN, (il A), SN, (01" A) and n # m then bELf A #, b1 A,

The next lemma will be used to connect the different kinds of terms.

Lemma 6.

1. If A,B €T then Alx := B] = A[z := B.
2. Let A,B €7, and R € {—,—}. If AR, B then for all A’ € [A] there is B’ € [B]
such that A'RgnB'.

3. Let A,BeT,r€{B,pl} and R € {—,—»,=}. If AR, B then AR,B.
4. Let A€ T. a) If SN_.,,(A) then SN_ (A).

b) If A is in BII-normal form then A is in b-normal form.
5. Letr € {8,011} and A € T,. a) If SN_,, (A) then SN_, (A’) for all A’ € [A].

b) If A is in b-normal form then A’ is in r-normal form for all A’ € [A].

6. Let A€ T. A is in BIl-normal form if and only if A is in b-normal form.

Proof. 1. By induction on the structure of A.

—,: induction on A —, B using 1. —»;: induction on the length of A —», B.
—, and —»,.: similar to 2. =,.: use Church-Rosser and the property for —»,.

2 maps any —,-path from A into the same length — gp-path from A € [A].

3 maps any —,-path from A" € [A] into the same length — -path from A.

This is a corollary of 4 and 5 above. X

SR Sl

Remark 7. In Lemma 6.2 and 6.4, we cannot replace BI1 by (. For example:

o (bpw.)y =y and Uy )y € [(0gow.)y] but (Up.w.z)y is in S-normal form.

o (bpw.xy)(brn.2) = ¥y and Apuw.2y) Uzis.2) € [aie-2y) (02:4.2)]
but (Apow-2y)(IL4.4.2) #»5 C where C € [y].

o SN_ ,(IMyes.22)(yis.wx)) but it is not the case that SN_., ((0zix.72) (bgr-22)).
The next lemma relates normal forms in 7 and 7.

Lemma 8. 1. If SN_, (xil".A), SN, (W;JlDZnB), A =B and n # m then

R A o T

2. Let SN_. ,;(A). a) nfgr(A) = nf,(A). b) If A= B then nfzn(A) = nfgn(B).

Proof.

1. By Lemma 6.4 SN_, (v*!:21.4) and SNw(b;’;{%’%.E). If bl A =g 70" B

iil.n A . piil.m o j:lin* ..
by Lemma 6.3, bwi:@'A =} byj B, .B= byj:Dj .A, contradicting Corollary 5.
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2. a) By Lemma 6.4, SN_, (4). By Lemma 6.6, nfsrr(A) is in b-normal form. By
Lemma 6.3, A —, nfsr(A4). By Corollary 5, nfgr(A) = nf, (A).
b) By Lemma 6.4, SN_,, (4) and SN_,, (B). As B € [A], by Lemma 6.5, SN_ , (B).
Since nf,(A) = nf,(B), by a) nfgn(A) = nfsn(B). X

2.2 Typing

Definition 9. [Declarations, contexts, C]
1. A declaration d is of the form = : A. We define var(d) = z, type(d) = A, and
Fv(d) = Fv(A). We let d,d’,dy, ... range over declarations.

2. A context T is a concatenation of declarations dy,ds, -+ ,d, such that if i # j
then var(d;) # var(d;). We define boM (I') = {var(d) | d € T'} and use () to
denote the empty context. We let I', A, T, Ty, ... range over contexts.

3. Assume I is a context such that z ¢ poM (I'). We define the substitution of A
for z on T, denoted I'[x := A], inductively as follows:
Oz := A= (), and (I",y : B)[z:= A]| =T"[x := A],y : B[z := A].

4. We define C between contexts as the least reflexive transitive relation closed
under: I', A CTI',d, A.

We extend the translations in Definition 1 to contexts as follows:

eln7:()=() T,0:A=T,z:A. eln7,: I={I"|T'=T}.

Since we want to assess unified binders in a variety of type systems, we chose to
use the eight powerful systems of Barendregt’s 3-cube. In the S-cube of (Barendregt,
1992), eight well-known type systems are given in a uniform way. The weakest
system is Church’s simply typed A-calculus S— (Church, 1940), and the strongest
system is the Calculus of Constructions Sc (Coquand, 1988). The second order
A-calculus (Girard, 1972; Reynolds, 1974) figures on the -cube between — and
B¢ (cf. Figure 2). Moreover, via the Propositions-as-Types principle (see (Howard,
1980)), many logical systems can be described in the 3-cube.

The §-cube has two sorts * (the set of types) and O (the set of kinds) where * : .
If A:x (resp. A:0) we say A is a type (resp. a kind). All systems of the S-cube
have the same typing rules (cf. Figure 1) but differ by the set R of pairs of sorts
(s1,s2) allowed in the type-formation or II-formation rule, (II). Each system has
its own set R such that (x,%) € R C {(*,%), (x,0), (0, ), (0,0)}. With rule (II),
the [-cube factorises the expressive power of B¢ into three features: polymorphism,
type constructors, and dependent types:

e (k,%) is basic. All the 3-cube systems have this rule.

e (O, ) takes care of polymorphism. 3 is the weakest system on the 3-cube that
features this rule.

e (O,0) takes care of type constructors. 3, is the weakest system on the §-cube
that features this rule.

e (x,00) takes care of term dependent types. Sp is the weakest system on the

(-cube that features this rule.

These features make the J-cube an excellent bed for testing unified binders. Since
we will give another cube (the b-cube), we refer to each system of Figure 2 according
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(axiom) OFx*:0
-A:s z° ¢pom(T)

(start) Iz>:AFz°: A
'A:B 'tC:s 2° ¢pom(T)

(weak) I+:CFA:B

(an THA:s; Iz:AF B : s (s1,82) € R
FFHE;A.B:SQ

) I'z:AFb: B I'FI,.4.B:s
I'EXpab:11,.4.B

(conv) I'-A:B B :s BZIBB/

s TFA:B
(appl) I'FF:1;.4.B I'Fa:A
PP '+ Fa: Blz:=d]

Fig. 1. Typing rules with two binders A and II

B Bc
52 ﬁPz

5, Brd) (O,%) € R
5 ‘ 0,0)€R
Bp (xO)€R

Fig. 2. Barendregt’s f-cube

to the cube we are in. So, B¢ resp. be, is the calculus of constructions of the 3-cube
resp. the b-cube. Now we give basic notions of type systems:

Definition 10. [Statements, judgements]

1. '+ A: B is a judgement which states that A has type B in context I'. When I"
is empty, we simply write - A : B.

2. T is F-legal (or simply legal) if there exist A, B where I' - A : B.

3. A is F-legal (or simply legal) if there exist I', B where ' A: BVIF B : A.

4. Ais T F-legal (or simply T'-legal) if there exists B where ' A: BVI+ B : A.

2.3 Desired Lemmas for Type Systems

Lemma 11 (Free Variable Lemma for - and —,).
1. If x: A and y : B are different elements in a legal context ', then x # y.
2. IfTy,z: A,T2 + B : C then Fv(A) C DOM (I'1) and

FV(B),Fv(C) CpoMm (T'y,z : A,T).

Lemma 12 (Start/Context Lemma for - and —,). If T is F-legal then
1.TFx:0and forallx : AT, TFax: A.
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2. IfT=Tq,x: ATy thenT'1 - A : s for some sort s.

Lemma 13 (Thinning Lemma for - and —,).
IfT" and A are-legal, T C A, and '+ A: B then A+ A: B.

Lemma 14 (Substitution Lemma for - and —,). Let T,z : A) A be -legal
IfT,2: AAAFB:C andTFa: A thenT,Alx :=a| F Blz :=a] : Clx :=qa].

Lemma 15 (Generation Lemma for - and —,).
1. IfT'Fs:C then s=%* and C =0.
2. IfTFx:C then for somes, A, x: Ael',C=, A, z=2°andFC :s.
3. If r = [ then
(a) If T+ Apoa.B : C then for some D, s, T' b Tya.D : s; T,2:AF B : D;
II,.4.D =5 C and if I1y.4.D # C then T = C : &' for some sort s'.
(b) If T'F1I,.4.B : C then there is (s1,82) € R such thatT'F A : sq,
I'x:AF B : sy, C =g sy and if C' # sy thenI' = C : s for some sort s.
(¢) IfT'F Fa: C then there are A, B such that T F F : 1I;.4.B, T Fa: A and
C =3 Blz:=a] and if C' # Blzx:=a] then I' - C : s for some s.
4. If r =b then
(a) If T by.4.B : C then only one of the following holds:
i Either there are s and D where U'Fby.0.D :s; T, x:A+ B : D;
bpa.D =, C and if bp.n.D #Z C then T C : " for some sort s'.
il Or there is (s1,82) € R such that T'H A: sy, T,x:AF B : sy, C =, 89 and
if C £ so then T'H C : s for some sort s.
(b) If T+ Fa : C then there are A,B such that T+ F : bya.B, T Fa: A and
C =, Blz:=a] and if C # Blx:=a] then T' = C : s for some s.

Lemma 16 (Correctness of types for - and —,).
IfTHA:Bthen (B=O orT'F B : s for some sort s).

Lemma 17 (Subject Reduction for - and —.,.).
IfTFA:Band A—,. A thenT' - A’ : B.

Lemma 18 (Reduction preserves types for - and —,).
IfTHFA:B and B —, B' thenT'H A: B'.

Lemma 19 (Strong Normalisation for - and —,).
If A is F-legal then SN_, (A).

Lemma 20 (Typability of subterms for - and —,).
If A is F-legal and B is a subterm of A, then B is F-legal.

Lemma 21 (Unicity of Types for - and —,).

1. IfT’'FA: By andT'H A: By, then By =, Bs.

2. [fF H A1 : B1 and I' + A2 : B2 and Al =r AQ, then B1 =r BQ.
3. IfTFBy:s,By=, By andT'- A: By then'+ By : s.
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3 The (-cube and typing modulo flattened binders

Definition 22. [The §-cube] The S-cube has terms 7 and the reduction relation
—3. We use kg to denote type derivation in the [-cube given by the rules of
Figure 1. Sometimes, we annotate -3 with particular systems. For example, Fg,, is
type derivation in B¢, the calculus of constructions of the S-cube.

All of Lemmas 11..21 hold for the S-cube (see (Barendregt, 1992)). Moreover, we

have the next lemma, which enables us to freely interchange 3 and SII for g-legal
terms.

Lemma 23.

Tl W N~

. T |71,3 : A, r |7(5 AB : |:|, r |715 )\I;A.B s and T |7(,@ (HI;A.B)G :C.

. IfTI'g A: B then all of I';, A and B are free of II-redezes.

. Let A be Fg-legal and R € {—,—}. ARgnA’ if and only if ARgA’.

. Let A, A be Fg-legal. A=pn A’ if and only if A= A’

. Let A be Fg-legal. a) A is in BII-normal form if and only if A is in B-normal

form. b) nfgr(A) = nfg(A). ¢) SN_ ., (A) if and only if SN_. ,(A).
d) If A=A’ and A is in B-normal form then A’ is in (-normal form.

Proof. 1. See (Barendregt, 1992).

2.

First we show by induction on the derivation I'y,z : D,I's Fg E : F' that if £ and
a are free of Il-redexes, I'y,z : D,I'y g E: F and I'1 kg a: D, then E[z :=a] is
free of II-redexes. We only do the (appl) case. Take a and E’b (hence E’ and b)
free of I-redexes, 'y Fg a: D and let I'y,xz : D, T Fg E'b : F'[y:=b] come from
I',z:D,Tytg E' : II.pgv. F" and Ty, 2 : D,To kg b: E”.

By IH, E'[x := a] and b[x := a] are free of II-redexes.

By Lemma 14, I'y,T'g[z := a] Fg E'[x := a]blx := a] : F'[y:=b][z := a].

By 1., E'[x := a]b[x := a] is not a IT-redex.
Hence, (E'b)[x := d] is free of II-redexes.
Now, we show 2. by induction on I' -3 A : B. We only do the (appl) case. If
I' kg Fa : B'[z:=a] comes from I g F' : II;.4.B" and I' k5 a : A’, by IH,
I',F,a, A’ and B’ are free of II-redexes. By 1., Fla is not a Il-redex. Hence, I" and
Fa are free of II-redexes. Since I' Fg a : A, T',x : A’ F3 B’ : s (by Lemmas 16
and 15 on I' g F : I1,.4/.B’), and a, B are free of II-redexes, then by what we
first proved above, B'[x := a] is free of II-redexes.

. For —, use 2. For A — 3 A’ implies A —3 A’, use induction on the length of

A —pgn A’ (by Lemmas 17 and 18, if A —3 C then C' is -g-legal).

. Use Church-Rosser and 3.
. a) and c): Corollary of 3. d): Use a), Lemma 6.4, and Lemma 6.5.

b): By Lemma 17 or 18 and a), nfg(A) is Fg-legal and in SII-normal form. By
Corollary 5, nfg(A) = nfgn(A). X

The normal forms of -legal terms follow an organised pattern:

Lemma 24. Assume I'tg Ay : By, Tk Ay By and Ay = As.

1.

If Ay, Ay, By, By are in 3-normal form then for some 0 < ni,ne < m:
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e A = )\’ L ot Hgg},jl”m.(}', Ay = A;lF”QH;"}HmC, where C = * or C =
xLq-- Lk for k>0,
o By=1101".D, By =T,13"*.D, where T,y : Fi,... @ : Fry b3 C: D.
2. nfg(B) = HZ 1 wt.D and Ilfﬁ(Bg) H;an"’ D where ny,ng > 0.
3. If B] = s and Bg = s9 then s1 = s2 and nfg(A;) = nfg(As).

Proof. 1. By induction on the structure of A; in S-normal form.

e A; =[Jis not possible by Lemma 23.1.

o If Ay is x or * then take ny =nyo=m=0,C = A; = Ay and D = By = By (by
unicity of types By =g By and as By, By are in S-normal form, B; = By).

o Iffor 1 <p <2 A, =1l,,.p,.G, where Ei = FE, and G = Go, by generation
I(sp, sp) such that T' g By @ sy, Tyay 0 By g Gy s, and By, = s, (Br, Ba
in B-normal form). By IH, E; = H“ R = Ey (let F1 = F = Eg) G, =
Hl}+1TF7+1 H =Gy and s) = s} (letD = 31 = sh) where H =xor H =xLy--- Ly
fork>0,T,21: Fi,29: Fa,..., 241 : Frjabp H:Dandr > 0. Let m =r+1.
Then, Ay =TI21" H = Ay and By = B, = D.

o Iffor 1 <p <2, Ay = Xy,.5,.Gp where By = F; and G; = G, by generation,
dHy, s, where I' bg Iy g, . Hy @ sp, Iy 21 0 By g G, : H, and B, = Iy, .k, -Hy
(by Lemmas 19, 17 and 18, we take M, in B-normal form). By generation, 3s,
where I' -5 E}, = s,,. By IH, By = E (let Fy = Ey = E») and for 0 < nj, <m:

1. 1. .
— Gy= At HM‘DJr " .C where C'is * or 2Ly --- Ly, for k >0,
£1+1 F1+1 Tit1:Fi4

—_— P fﬂm i1 F+1 D where F Iy - Fl,l’g : FQ,... Tm+1 ¢ Fm+1 Fg C:D.
Hence, A, = A\;,.5, .Gp = )\1 " n”H.HMﬁ’;FQ O where 1 < np+1<m+1

o If Ay = )\,,.5,.G1, A2 =11,,.5,.G2, E1 = 3 and G| = Gy, by generation:
— JH,s where ' g I1,,.5,.H : s, 21 : By b5 Gy : H and By =11,,.5,.H (by
Lemmas 19, 17 and 18, take H in S-normal form).
— 3(s},85) where ' kg Eo : 87, T 21 : By kg Go : 85 and By = 5.
— ds; where I' =g F4 : s1, and by IH, E) = E». Let F} = B = Es.
By IH, Gy = ALnp L™ O, Gy = WL, O (by Lemma 23.1, Gy
is not the form A,.p.F), H = H;1+1”F+1 sh, where C = x or C = zLy--- Ly
for ¥ > 0, and T' &1 : Fi,z0 : Fa, ..., Zmt1 @ Fjnp1 Fg C @ sh. Hence, A; =
A;lF”H 1K b .C, Ay = H;’;j;g“.a By = 121 s and By = ).

o A =11, E1 Gl, As = Nyy:5,.G2 where By = FEy and G = G is similar.

o Iffor 1 <p<2 A,=xLp - Ly, where k>0 and Ly; = Ly; for 1 <i < k:

— If £k = 0, by generation By = By. Take ny = no = m = 0, C' = z and
D=B,=B,.

— If k # 0, by generation I' g 2Ly -+ Lye—1) : ly.c,-Dp and T g Ly 2 Cy,.
By IH, xLH ce Ll(kfl) = $L21 te L2(k71) and Hy:Cl-Dl = Hy:cz.DQ. Hence,
Ci=Cyand Ly; =Ly for 1 <i<k—1.ByIHonTI kg Ly : Cp, L1k = Log.
Hence, Ay = Ay = L1 --- Lj, and by generation By = Bs.

2. By Lemma 19, SN_, ,(4,) and SN_, ;(B,) for 1 <p < 2. By Lemmas 17 and 18,
I' g nfg(A4,) : nfsg(B,). By Lemmas 8.2 and 23.5, nfg(A4;) = nfz(A4s). By 1,
nfg(B1) = Hiil:;{:l .D and nfg(B2) = H;:;{;{:?D where nq,ns > 0.




Kamareddine — Typed A-calculi with one binder — 18 November 2004 11

3. By Lemma 19, SN_, ;(A,) for 1 < p < 2. By Lemma 17, ' 5 nfg(A,) : s,. By 1.
above, nfz(A4;) = nfz(A42) and s1 = so. X

The next lemma relates legal contexts and terms of the same class: As and Ils
cannot be exchanged in legal contexts, nor in the types of a term, nor in the terms
belonging to a type. This is basic for the isomorphism of both cubes.

Lemma 25. Assume '3 Ay : By and I' -3 Ay : Bs.

1. If A, = Ay and By =g By then A1 = Ay and By = Bs.

2. If By = s1, By = s9 and A] = Ay then A; = As and s1 = 5.
3. IfI'y and I'y are Fg-legal and if 1 =Ty then'; =T5.

4. If By = By then B, = Bs.

5. If Ay = Ay and B, = By then A} = Ay and By = Bs.

6. IfBl = S1, BQ = So, Il:b Aig then Al =3 AQ.

Proof.

1. By Lemma 24.1 for 1 <p <2, 4, = )\;}FTZ”H;?’I’JlmC and B, = H;}Frf"D
As By is --legal and By =g Ba, by Lemmas 19 and 23.(5 and 4), SN_, ,(B,)
and B; =gn By. By Lemma 8.1, ny = ny. So, A; = Az and By = Bs.

2. By Lemma 24.3, s; = so. By 1 above, A; = As.

3. By induction on the length of I'; using start/context Lemma 12 and 2 above.

4. If By = O then By =0 and By = Bs. If By # [ then By # [0 and by correctness
of types, I' -3 By : 51 and I -3 By : s5. Hence, by 2, B; = Bs.

5. By 4 above, By = Bs. Hence, by 1 above, A1 = As.

6. By Church-Rosser A; —», C' ,«— As. By Lemma 6.2, Vi, 1 < i < 2 then 3D;
where D; = C and A; —»am D;. Since A; is Fg-legal by Lemma 23.3 A; —3 D;.
By Lemma 17, I' - D; : s;. By 2 above, D1 = Ds. So, A1 =3 As. X

4 The b-cube: Identifying A and II in the cube

Definition 26. [The b-cube] The b-cube has 7, as the set of terms and b-reduction
—, for the reduction relation. We use b, to denote type derivation in the b-cube
given by the rules of Figure 3. If needed, we annotate i, with particular systems.
E.g., Fy, is type derivation in bc, the calculus of constructions of the b-cube.

Lemmas 11..14 hold for the b-cube and have the same proofs as in the [-cube.
Next we prove Lemma 15 for the b-cube. Note the unicity clause in 3 which allows
one to easily unpack the status of a b as a A or a II:

Proof. (Of Generation Lemma 15 for the b-cube)
1. By induction on the derivation I' -, E : C where F = s.
2. By induction on the derivation I' -, E': C where E = .
4(a). By induction on the derivation I' k, E : C' where E = b,.4.B. We only do the
interesting cases. Assume I' b, b,.4.B : C' comes from:
— (b1): then 47 holds. Moreover, i is impossible in this case since otherwise, there
is D such that b,.4.D =, so which is impossible by Church-Rosser.
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(axiom) OF=x:0
'FA:s 2z ¢pom(l)

(start) Nz Arz®: A

'-A:B 'tC:s 2° ¢pom(T)
(weak) rz>:C-A:B
(b1) T'A:s Ix:AF B : sy (s1,82) € R
! FFbI;A.BISZ
(b2) I'z:A+b: B T'Fbpa.B:s
2 Tk beab:bea.B
(convs) I'A:B B :s B=,B

’ T-A:B
I'+F:bx:AB T'ta:A

(applb)

'+ Fa : Blz:=a]

Fig. 3. Typing rules with one binder

— (b2): then ¢ holds where C' = b,.4.D. If also #i holds then there is (s, s2) such
that b,.4.D =, sy which is impossible by Church-Rosser.
4(b). By induction on the derivation I' -, E : C where E = Fa. X

Also, Lemmas 16..18 and 20 hold for the b-cube and have the same proofs as
those for the f-cube. Before showing strong normalisation Lemma 19 and before
discussing unicity of types Lemma 21, we will establish the isomorphism of the
b-cube and the B-cube. First, we write the rules of Figure 3, in a syntax-directed
fashion as in Figure 4, which gives a type checking algorithm for the b-cube. We
use Fyte to denote type derivation using the rules of Figure 4. Note that rules (tc4)
and (tc5) do not overlap since by Church-Rosser we cannot have both C' =, so and
C =, bg.a.D. Below, we show that -, and ;. are equivalent.

Lemma 27. I', A: B if and only if I' 3. A : B.

Proof. “if”: by induction on I' k-t A : B using Lemma 12.

“only if”: by induction on I' F, A : B using 1 and 2 below which we show by
induction on I' 1. A : B.

1L.IT ke A:B, T CIV and IV e * : O then IV Fit. A: B.

2T+ A:B, k. B :sand B=, B’ then ' 1. A: B’ X

Hence, we use F, for both -, and F,t.. Next, we give an algorithm to construct
for each 'k, A : B, a triple (IV, A’, B’) € [I'] x [A] x [B] such that I 5 A’ : B'.
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(tcl) OFx*:0
-A:s z° ¢pom(T)
(te2) 2 Ak x: 0
'-C:s z2:Ael’ A=C
(te3) -z2%:C
(tc4) C=ys80 THFA:s1 Tz:AFB:sy (s1,820)€ER C#sa=TFC:s
¢ T FbeaB:C
(tc5) C=pbpa.D ThrbpaD:s T,x:AF-B:D C#bpaD=>TFC:5§
T'FbeaB:C
(tc6) PFF:bpaB TTFa:A C=,Blz:=a] C#Blz:=a]=TFC:s
¢ TFFa:C
Fig. 4. Type checking in the syntax-directed version of the rules of the b-cube
Definition 28 Let ', A : B. We define (I' -, A : B)~! € [[] x [4] x [B] by:
9 W 1 0)7 = (0% )

Ah,* D) =

(

(T, : A’ %, 0) where (T'H, A:s)"t= (I, A, s)
(r Fb x5 C)7L

(

(

(T, x
= (I",2%,C") where (T'H, C : s)~t = (I, s)
I,.4..B',C") if C' =, s9 and i.
{ I >\m Al B’ C/) if C = bz;A.D and ii.
'k, Fa: C) = (I, F'd’,C") where iii.
Where i., ii., and iii. are as follows:
i. all the followmg hold:
— (T'ky, A:s)~t = (IV, A’, 51) for some s; where (s1,s2) € R,
— (T,x: A, B:sg) b= I",2: A" B sy) and
— if C = s9 then C' = s, else
if C' # s then (', C:s5)~1 = (I'"”, (", s) for some s.
ii. all the following hold:
— (T hybpa.D:s) L = (I, mp.a.D’, s) for some s,
— T,x: A, B: D)™ =T, x: A”,B’,D") and
— if C =by4.4.D then C' =11,.4..D’, else
if C #by.4.D then (TH, C: )"t = (I'",C",s') for some s’
iii. for some A, B where C' =, B[z := a], all the following hold:
— Ty Fibpn.B) L=, F' 7tpn.B'),
— Thya:A)™1=T"d,A") and
— if C = B[z := a] then C' = B'[x := d/], else
if C # B[z :=a] then (', C:5)~t = (I",C", s) for some s.

L'hH,bpn.B:C)”

Lemma 29. The following hold:

1. If (T, A: B)"' = (I", A, B') then (I", A’, B') € [T] x [A] x [B].

2. IfT'ky, A: B then there is (I, A’, B') such that (T, A: B)™! = (I, A/,
3. If(CH, A: B)"' = (I', A, B') then I" 5 A’ : B.

4. IfT, A: B then (T F, A: B)™! is unique.

B).
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Proof.
1. By induction on the derivation of (I' b, A : B)~! = (I", A’, B') according to

Definition 28 (use Lemma 6.1 in the last clause).

2. By induction on the derivation I" -, A : B using the rules of Figure 4 (use 1.,
in (tch) and (tc6)).
3. By induction on the derivation of (I' , A : B)~! = (I, A’, B') according to

Definition 28.

e Case ({) Fy x: 0)7L = ((), *,0), trivial.

o Let (I,2% : AFy *: O)7t = (IV,2° : A,%,0) where (I' b, A : 5)7! =
(I",A',s). By IH, I" 3 A’ : s and by Lemma 12, IV g * : O. Since
I,z°: Ak, % : 0, then 2° € poMm (T'). By 1., I € [T'] and so z° ¢ pom (I7).
Hence, by (weak) I,z : A" g+ : 0.

o Let (T'k, 2° : O)~t = (IV,2%,C") where (' b, C : s)~t = (I",C",s). By
IH, IV F5 C" : s. Since I' I, 2° : C, by generation, there is 2° : A € I where
A=, C.Let 2°: A’ € I" where A’ € [A]. By 1., I" € [['] and C’ € [C]. As
I is Fp-legal, by Lemmas 12 and 15, IV Fg 2° : A’ and I" kg A’ : s. By
Lemma 25.6 A’ =5 C’. Hence, by (convg) IV kg z° : C".

o Let (T'Fy byn.B:C)~t = (IV,l,.4.B',C") where C =, s5 and:

— Tk, A:sp)7t = (I, A, 51) for some s; where (s1,52) € R.

— (T,2: Ay, B:sy) b= (" 2: A" B s5).

— If C = s5 then O/ = 55 else

if C' # sy then (I, C:5)~1 = (I, (", 5) for some s.
By IH, I” F5 A’ - s; and I,z : A" b5 B’ : s,. By 1, I',T” € [},
A’ A" € [A] and B’ € [B]. By Lemma 12 I k3 A” : s”. By Lemma 25.3
I = I'. By Lemma 25.2, A’ = A”. By (I), I kg I a.B" : so. If
C = sg then C' = sg and IV kg I,.4.B" : C'. If C' # sy then since
Tk, C:s)™t=I",C"s), by IHT" 5 C' : s and by 1., I € [['] and
C’ € [C]. By Lemma 25.3 TV =T"". As C' =, s9, C' —»}, s3. By Lemmas 6.2
and 23.3 €' —»g sg. Since IV kg C" : s, IV kg I 4. B’ : 53 and C' =4 s9,
by (convg), I g II,.4.B" : C.
o Let (TFybpaB:C)" L =T, A\p.ar.B',C") where C =, by.4.D and:

— (T hybpa.D:s) L = (I, mp.a.D’, s) for some s.

— (T,2: A+, B: D)L =T",2: A", B",D").

— if C =by.a.D then C' =11,.4..D’, else

if C #by.4.D then (T, C:s")~t = (I",C",s') for some s'.

By IH, I bg mp.ar. D' : sand I,z : A” F3 B’ : D”. By 1., I",T" € [I}],
A A" € [A], B' € [B] and D', D" € [D]. By Lemma 15 IV 3 A’ : s and
I'"Fg A” : s". By Lemma 25.(3, 2) I =TI and A’ = A”. By Lemma 23.1
I'"t/g3 Ap.ar.D' : ssoT" Fg Il 4.D" 5. By Lemma 15 IV, 2 : A’ g D' : s.
Since D" # O (else D’ =D and I,z : A’ g O : s absurd by Lemma 23.1),
by Lemma 16 I,z : A’ kg D" : s;. By Lemma 25.2 D’ = D”. By ()
I’ l—g Apar.B' i poar D' If C = bya.D then C" = 1. 4..D' and TV }—[3
Apar. B i C' I C # bpa.D, by IH T b5 C' = §'. By 1., I € [I'] and
C'" € [C]. By Lemma 25.3 I" = I'". By Lemma 25.6 C' =g II,.4..D".
Hence, by (convg), I g Ag.ar.B' : C'.
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o Let (T'H, Fa:C)~! = (I, F'a’,C") where for some A and B such that

C = B[z := q], all the following hold:

— (F Fy, F: bw:A.B)_l = (FI,F/,T%;A/.B/),

— Thya:A)~1=T"ad,A") and

— if C = B[z :=a] then C' = B[z := d/], else

if C # B[z :=a] then (', C:s)~1 = (I'"",C’, s) for some s.

By IH, I"Fg F' : mp.gr. B and T kg o’ : A”. By 1., IV, T" € [T'], A/, A" €
[A], B’ € [B], F' € [F] and o’ € [a]. By Lemma 25.3 T =T"”. By Lemma 16
I'" b5 mga.B" © & and by Lemma 23.1 # = II. By Lemma 15 IV tg
A" s". Moreover, A” # O (else A’ = O and IV g O : s absurd by
Lemma 23.1). By Lemma 16 IV g A” : /. By Lemma 25.2, A’ = A”. By
(appl) IV Fg F'a’ : B'[x := d']. I C = B[z := a] then ¢' = B[z := d/]
and I'" kg F'a’ : C'. If C' # B[z := a] then by IHI" k3 C' : s and by 1.,
I ¢ [I'l and C’ € [C]. By Lemma 25.3 I" = I'"”. By Lemmas 15 and 14
I'" tg B'[xr := d'] : §'. Recall that C =, B[z := a] and by Lemma 6.1
B'[z := a'] = B[z := a]. Hence by Lemma 25.6 C' =g B’[z := d/]. Finally
by (convg), IV g F'a’ : C".

4. Let (F F, A: B)_1 = (F17A1,Bl) and (P F, A: B)_1 = (FQ,AQ,BQ). By
1., (F17A1,Bl)7(r2714.2732) S [F} X [A] X [B] By 3., T'y |—g Ai : By and
I'; kg As : By. By Lemma 25.3 I'y = I'y and by Lemma 25.5 A; = Ay and
B, = B,. X

SRS

The next theorem shows the isomorphism between the b-cube and the [-cube.
It also says that given a typing judgement in terms of b, this judgement can be
uniquely written in terms of A and II. This means that the semantic meaning of all
the subterms of I'; A and B of the judgement I' -, A : B is preserved.

Theorem 30.

1. IfTFg A: B thenT +, A: B.

2. IfT'H, A: B then
o there exists a unique I € [['] such that I' is Fg-legal, and
o there exist unique A’ € [A], unique B’ € [B] such that " k5 A’ : B'.
Moreover, T', A" and B’ are constructed by ~* where (I' -, A : B)™! =
(I, A, B).

Proof. 1. By induction on the derivation I' -3 A : B.

2. By Lemma 29, let (I", A", B') € [I] x [A] x [B] such that (T F, A : B)™! =
(I", A’, B’). Again by Lemma 29, I" g A’ : B’. By Lemma 25.3, I is the unique
Fs-legal element of [I']. By Lemma 25.5, (A’, B’) is unique in [A] x [B] such that
"t A : B X

Strong normalisation for the b-cube can be established directly as for the (-cube,
or indirectly via Theorem 30. Below, we give the indirect proof.

Lemma 31 (Strong Normalisation for F, and —).
If A is by -legal then SN_, (A).
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Proof. Since Aislegal, 'y A: BorT'H, B: A If ' +, B: A, by Lemma 16,
A =0 (and SN_, (A)) or I' k-, A : s. Hence, we only do the proof for I' -, A : B.
By Theorem 30, IV 3 A’ : B’ for I’ =T, A’ = A and B’ = B. By Lemma 19,
SN_,,(4"). By Lemma 23.5, SN_, ,, (A’). By Lemma 6.4, SN_,, (A). X

Hence, all the properties of the 3-cube (except for unicity of types), hold indeed
for the b-cube. What about unicity of types? This does not hold since b,.4.B rep-
resents both A;.4..B’ and II,.4..B’ which may both be typable. In other words,
bs.a.B can have two types C and D where C #, D. Here is an example:

Example 32.

1. Using (0,0): Fg g : Wik and by byowo : by
Using (O,%): Fg g2t % and by by @ *.

Note: by..x #y *.

2. Using (O,%) and (0,0): Fg Mg Iy : Tk and by bgew by © bk
Using (O,%): Fg Hpu Iy % and by by by y .

Using (0,0): Fg Mg Ay y - Hpwe Iy and by Dy Dyis ¥ 2 b by
Note: Tz Ay:i.y is not typable and VA # B € {byy.%, %, bgis byu v}, Ay B.

3. If A = byed Dug:CDayizons - Toxs then b, A © B for any B in the set
{bxli*‘bmgiby;c.*'bISZC'bI4ZZE2x3'*7bxli*'bzgtby:c.*'bZIJQ,ZC'*7bxll*'bmztby:c.*'*7bIlZ*'*?*}'
(Note that you need the necessary (s1,s82) € R.) In the S-cube, the only possible
Judgements g A’ : B' where A’ € [A] are as follows:

zg:by;c.*~

F,ﬁ )\11:*~>\x2:Hy:c.*~>\13:C-)\x4:z2m3-$2x3 : Hrl:*~H12:Hy:c.*-ngzc-Hm4:z213- *
FB A$1:*'AIQ:Hy:c.*'>\13:C'HI4:IQI3'1'2‘T3 Hr1:*~ngzny:C.*-Hm3:C- *
Fﬂ )\zlz*~>\x2:Hy:c.*~Hm3:C~Hr4:m2m3~x2x3 : Hrlz*'ngzl—Iy:c.*- *
'_,8 )\zl:*~Hm2:Hy:c.*~Hz3:C~Hz4:m2m3~$2x3 Hmlz*' *

*

'_ﬂ Hllili*‘HIQCH:‘/:C,*‘HCL‘3CC‘HCL‘4CI2I3'$2x3
As can be seen, we can relate the types of the same b-term. First, a definition:

Definition 33. Let A € {II,b}.

o Wesay A; %y Ay iff A = Ag}z‘p?l.B and Ay = Agi’g?.B, where nq,no > 0.
e Note that if A; ;f Ay then A; ¢, Ay

e Let SN_, (A;) and SN_, (Ay). We say A; =, Ay iff nf,(A;) ¢, nf,(As2).

Now, look at the types of the b-terms in Example 32. Note that the types of
brv.x are related by ¢,. That is, by...* °, *. Similarly, all the types of Dain Dyen -y
are related by °,. In fact, for all A, B € {by...%, *,byu.bymx}, we have A °, B. So,
it seems that ¢, will be the relation satisfied by all the types of the same b-term.
‘We must however take this relation modulo =, as is usual in the cube, due to the
conversion rule (convy). First, we need the next lemma:

Lemma 34. 1. IfT'F, A: B then O does not occur in A. 2.TW, Fa:[O.

Proof. 1. By induction on the derivation I' -, A : B. 2. Assume I' b, Fa : 0. By
Lemma 15, ', F :b,.4.B, T, a: Aand O =, B[z := a]. Hence, B[z := a] —, 0.
By Lemmas 16 and 15, T F, b.4.B:sand ',z : A, B:s'. By Lemmas 14 and 17,
Pk, Blx:=a]:s" and T'F, O: s contradicting 1. X
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Now, Lemma 21 becomes:

Lemma 35 (Organised multiplicity of Types for |, and —).

1. If T+, A: By and T by A : By, then By =, Bo.

2. IfT'H, Ay : By and T by, Ay : By and Ay =, As, then By =, Bo.

3. IfT'+y, By:sy, By=y, By and', A: By then 'y, By : s1.

4. Assume Tk, A: By and (T, A: By)~t = (I", A', BY). Then By =, By if:
(a) either 'ty A: By, (T, A: By)~! = (I, A", By) and B} =g B},
(b) orT't, C: By, (', C: Be)™' = (IV,C",BS) and A’ =5 C".

Proof.

1. By Theorem 30, there are unique I'' € [I'], Ay, A2 € [A], B} € [B1] and B € [By]
such that IV kg Ay : B} and I 3 Ay : B) (by Lemma 25.3, we take the same

I in both judgements). By Lemma 24.2, nfs(B}) “n nfs(B). Hence, nfs(BY) °,

nfg(Bj). Since for 1 < i < 2, B is Fp-legal, by Lemma 19, SN_,, (B;) and by

Lemma 235, SN_,BH (B;) and nfg(B;) = nfﬁn(Bg). Hence, Ilfgn(Bi) ?b HfﬂH(Bé)
and by Lemma 8.2, nf,(BY) ¢, nf,(B}). So, B, 2, Bs.

2. By Church-Rosser, there is an As such that A; —, Az, «— As. By subject
reduction, T'F, As : By and T'+, Az : By. Hence by 1, By =, Bo.

3. By (convb), T', A= By. By 1, nf,(By) ¢, nf,(Bz). For 1 < p < 2, let nf,(B,) =
b;lpn"C’ where n, > 0. If By = 0 then B; —, 00 and by subject reduction,
r Fb' O : s1, absurd by Lemma 34.1. Hence, Bo # [0 and by correctness of
types, Jdsg such that T -, Bs : so. By subject reduction, I' F, nf,(B;) : s1 and
T'H, nf,(Bs) : so. By ny (resp. ng) generations, for s’ =, s; and s” =, so,
Tyxy: By, xp, c Fp by Cis’and Ty 0 Fy, .o @y, By By C 287
o If ny < ny, by thinning, T, z1 : Fy, ..., 2, : Fp, F, C:8'. By 1, 5", 8"

e If ny > ny, by thinning, T, z1 : Fy, ..., 2, : Fy, F, C 8" By 1, 8" %, 8"
Hence, s’ = s”. Since s’ =, s1 and 5" =, s9, we get s1 = s, and I' b, By : s1.
4.(a) By Lemma 29 B} = By A By = By. As B} =5 B}, by Lemma 6.3 B; =, Bs.
(b) I is unique by Lemma 25.3. By Lemma 29 IV g A" : B{ AT" k5 C' : B4A
F{ =B /\E = Bs. By Lemmas 21 and 6.3, B} =g B) and By =, Bs.

X

This lemma means that the b-cube works as expected. We do not want that a
b-term which represents a A-term gets the same type as a b-term which represents a
II-term. The type of A;.4.B must have more abstractions than the type of I1,.4.B.
In fact, the type of a term decides if this term is A- or a II-term. Take Example 32.1,
by Theorem 30, by by.s. : bys.x can only be written in one way using A and II
instead of b. The b in b...x must be IT (By Lemma 23, I/ \;...x : ). Also, the b in
by must be A (otherwise by generation, Il;...x =g s absurd by Church-Rosser).
In the b-cube, we keep all the possibilities of a term open, but we have a relationship
between all the types of a term. As soon as a particular type is chosen, the term
and its type can be uniquely unpacked with As and II.

Figure 5 states that the b-cube has all the properties of the G-cube except unicity
of types which is replaced by an organised patterned multiplicity of types.

It is useful for the rest of the paper to classify terms according to degrees.
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Properties [B-cube b-cube

Church-Rosser yes yes

Correctness of types yes yes

Typability of subterms yes yes

Subject reduction yes yes

Unicity of types yes organised patterned multiplicity
Strong normalisation yes yes

Fig. 5. Comparing the S-cube and the b-cube

Definition 36. We follow (Barendregt, 1992) and define the degree of terms A
denoted (A) by

1(0)=3 4 =2 b@)=1 4z*)=0 bbup.4)=4(AB)=1H(A).
We say that A : B is oK if §(B) = §(A4) + 1. We say that A : B is HOK (hereditarily
OK) if it is OK and for every b,.c occurring in A or in B, we have z : C is OK.

The next lemma and its proof are adapted from (Barendregt, 1992).

Lemma 37. 1. If ', A: 0O then §(A) =

2.IfTH, A: B and i(A) ¢ {0,1} then B =0.

3. If 4(x) = b(a) then 4(Blz := a]) = 4(B).

4. IfT'H, A: B then A: B and everyy: C in I’ are HOK.
5. Ifby.a.B is by-legal then 1 < {(A) <2 and §(B) < 2

6. If A and A" are b,-legal and A =, A’ then §(A) =f(A’).

Proof. 1. is by induction on the derivation I" +, A : 0.

2. is by induction on the derivation I' -, A : B.

3. is by induction on the structure of B.

4. is by induction on the derivation I' k-, A : B. For (applb) use 3 both for showing

that Fa : Blr := a] is OK and that for any b,.c(s.—q) occurring in Bz := a] we

have that y : C[z := a] is OK. We only do the (conv,) case. Let I' -, A : B’ come

fromI'H, A: B,T'+, B’ : s and B =, B’. By Lemma 35.3, ' -, B : 5. By IH,

2(A) +1 = 4(B).

e If s =[O then by 1 above, §(B) = §(B’) = 2. Hence, §(4) + 1 = y(B’).

e If s = x then by 2 above, §(B) € {0,1}. By IH, §(B’) = i(*) — 1 = 1. Since
B(A) + 1 =t(B), we deduce §(B) = 1 = §(B’). Hence, §(A4) + 1 = y(B’).

5. By Lemmas 16 and 15, I',z : A+, B : D for some D. By Lemma 12, ', A : s.

By4.,xz:A, A:sandb,.4.B:C are OK. Hence, 1 <(4) <2 and §(B) < 2.

6. First, show that if A is F,-legal and A —», A" then §(A) = f(A’). Two cases:

e IfT"'H, A: B, by Lemma 17, T F, A’ : B and by 4., j(A) =4(B) — 1 =f(4").

e IfT"'H, B: A, by Lemma 18, ', B: A" and by 4., j(A) = 4(B) + 1 =(4").

If A=, A’ then by Church-Rosser A —», C' ,«— A’. So, §(A) =4(C) =H(A"). X
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5 Type Checking/inference in the b-cube

Given I'; A and B, type checking deals with the question “does I' - A : B hold?”.
Given I' and A, type inference deals with the question “is there a B whereI' - A : B
holds?” and infers such a B. The rules of Figure 4 give a type checking algorithm
for the b-cube. In this section we deal with type inference and with the connection
between type checking/inference in the S-cube and the b-cube. The next definition
gives a type inference class algorithm in the b-cube.

Definition 38. [Type Inference classes in the b-cube] We define tnf(I", A) C 7, as
follows:

tnf(T',0) =0

tnf(T, ) ={0|TH, «x: 0}

tnf(T, %) ={nf,(4) |2* : A€ T AT H, A:s}

tnf(L,bea.B) = {b, nf (4)-C|C € tnf(T,2: A, B) ATy byia.C': 8" U

{s’ e tnf(T",x : A, B) | 3s € tuf(T", A) where (s,s’) € R}
tnf(T", Fa) = {uf,(Blz :=qa]) | by.a.B € tnf(T', F) AN A € tnf(T', a)}

Lemma 39. 1. If B € tnf(T', A) then B is in b-normal form and T'F, A: B.
2. IfT'F, A: B then nf,(B) € tnf(T’, A).
3. tnf(T, A) = 0 if and only if for every B, T/, A: B.

Proof. 1. By induction on the structure of A.

2. By induction on the derivation T' b, A : B where in (weak) we need:

“if T CTI’,Ais T Fy-legal and TV is Fy-legal then tnf(T, A) = tnf(TV, A)”

which can be shown by induction on the structure of A (for this note that if C' €
tnf(T,z : D,E) then by 1., T2 : D, E: C and hence T -, b,.p.C : s & TV
be.p.C :8").

3. follows from 1 and 2. X

This means that A is typable in context I' if and only if tnf(T", A) # (). Moreover,
the normal form of any possible I-type of A is in tnf(T, A). Finally, all the infered
types are related by ¢, and, when we type (b,.4.B)a, although we have many types
for b,.4.B, we only have one applicable type for a and hence, the number of types
of (bz.4.B)a will not grow beyond the number of types of b,.4.B:

Lemma 40. 1. If B,C € tnf(I", A) then B %, C.

2. Let Fa be T by-legal. There is a unique A € tnf(T',a) where by, 4. B € tnf(T', F).
3. 1If 5,0,.nf, (4)-C € fll',be:n.B) then C = bl v.s where n > 0.

4. Let |S] st(md for the size of set S. We have: |tnf(T',*)| < 1, |tnf(T,z)| < 1,
[tnf(T, Fa)| < |tnf(T, F)| and |tnf(T,bz.4.B)| < [tnf(T, 2 : A, B)| + 1.

Proof. 1. By Lemma 39.1, B, C are in b-normal form, ', A: Band '+, A: C.
By Lemma 35.1, B <, C. Hence, B ¢, C.

2. As Fais T' ky-legal, T' +y, Fa : C or T' -, C : Fa. By Lemma 16 we assume
'k, Fa: C. By lemma 39.2, tnf(T", Fa) # 0. Hence, 3A € tnf(T', a) where b,.4.B €
tnf(T", F). If D € tnf(T", a) where b,.p.E € tnf(I", F), by 1., by.a.B %, bp.p.E and so
A=D.
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3. By L above, b, ¢ 4).C %, 5. Hence, C' = 1" s where n > 0.
4. For Fa use 2. For b,.4.B note that if s, s € tnf(T',b;.4.B), by 1., s = 5. X

Using Theorem 30 and Lemma 24 we can establish the following:

Lemma 41. If T+, A : B then nfy(A) = bi'™.C and nf,(B) = b1 D where
0<n<m, and:
C=xorC=xLy---L where k>0 and',xy: F1, - Ty : F b, C: D.

Proof. By Theorem 30, (I' b, A : B)™! = (I, A", B’) where ' =T, A’ = A,
B’ = Band I" k5 A’ : B'. By Lemma 24, nfg(4') = \:Ln I "0 and
nfs(B') = 10D where 0 < n < m, C' = x or ' = zL} - - Ly, where & >0
and TV, 21 : FY, R F kg C': D' Since A, B" are Fg-legal, by Lemma 23.5
nfg(A’) = nfgn(A’) and nfs(B’) = nfsn(B’). Let C'=0C,D=D,for0<i<k
L; = L;, and for 0 <4 < m F! = F;. By Lemma 8.2 and Theorem 30, nf,(A4) =
bl im.C and nf,(B) = bEl;".D where 0 < n < m, C =« or C = xLy--- L), where

k>0and T',zy : Fy,-- 2, : Frpy by C 2 D X

Looking at Lemmas 40.3 and 41, one may wonder whether it is the case that:
if Tk byen.B e bg};};ﬁ.D where n > 1 then for all &, if 0 < k < n we have:
Tty bgen.B b;lAk .D. This however does not hold. Here is an example:

Example 42. 1. y: by, byt bgyy but y o s 1 by 2 .
2. If (0,0) € R and (,%) ¢ R then Fy by : Dy but 1 by @ %

Next, we show that type checking/inference in the b-cube is equivalent to type
checking/inference in the S-cube.

Lemma 43. Let r € {3,b}. Let Il resp. 11, stand for type checking resp. type
inference in the r-cube. Il 3 is equivalent to I, and 1l;g is equivalent to Il;,.

Proof. Theorem 30 and Lemmas 29 and 39 help us prove the next equivalences:
1. 'k, A: Bif and only if {(I", A", B") € [ x [A] x [B]|I" kg A" : B'} # 0.
2. 3B where I' -, A : B if and only if
{(I",A") € [I] x [A] | 3B’ where I" g A’ : B'} # 0.
3. TrgA:Bifandonlyif T+, A: Band (T, A: B)~! = (I, A, B).
4. 3B where I' -g A : B if and only if
{Cectnf(T,A)|(TF, A:C)"t = (I,A, D)} # 0.
By 1., II;, reduces to Il 3. By 2., II;;, reduces to II;5. By 3., Il.3 reduces to II.,. By
4., IL;53 reduces to IL;,. X

6 Comparing with Coquand’s unification of binders
6.1 Coquand’s calculus of constructions with unified binders

In (Coquand, 1985), Coquand first gave the calculus of constructions C* with uni-
fied binders. He used de Bruijn’s notation [z : A]B for abstraction, but for uni-
formity, we write his calculus with the b-binder. Note that Coquand’s calculus as
presented in this section may look quite different from the usual notation for the
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(axiomc) () F

Iy,2: AY2 o b«

varc
(varc) Di,z: AY2 Ty 2 AY?
(conte) I'FB':x 2" ¢pom(D) r+B> 2" ¢pom(D)
I,z":B' b« R:LUD:B2 F
() Lz:AY? B« I,z:AY?+ B?
¢ Chb, 2B :x kb, 4128
() F,x:Al/Ql—b:B
¢ F'_bx:Al/Q'b:b;c:Al/Q'B
'A:B' T'HC':x B'=, " '-A":B*> T'+C? B>=,C?
(convc)
FFA:C! IFA:C?
(apple) ThF:b 2B Thra:A/?

' Fa: Blz :=da]

Fig. 6. Coquand’s typing rules for C*

systems of the cube. In Section 6.3, we present Coquand’s calculus in modern no-
tation.
Coquand gave terms and contexts as follows:

70/1/2 = 70 | 71 ‘72

7% = 70 | T

T2 = T |72

TO n= P* | bv:Tl/z.TO | TOTO | TOTl
Tt = VO | byt | TV | TTY
T2 L= % | bV:Tl/Z.Tg

r s= () | T,Y:TY?

We use the same convention for metavariables as in Notation 2. We may dec-

orate terms with superscripts to reflect the set they belong to (e.g., A° € 7°

and AY2 € T'/?). We write A2 < B? if and only if “A? = RVERTI R VER S
Rl § 1

z:A
B? = bwl:Bll/Q "'bwn:B}/Q'* where [ < n and A;/Q = Bil/2 for1 <3 <.
Coquand gave the typing rules of C* (cf. Figure 6) and proved Lemma 44 as
well as the strong normalisation theorem for C*. We use F¢+« for type derivation in

Coquand’s C* according to the rules of Figure 6.

Lemma 44. Let ® range over A%, B' : A2 and C° : B'. The following holds:
1. IfFl,Fg Fc* P then F1 }_0* *.
2.(a) IfT ke« A : BY and T ¢« AY : C! then B! =, C1.
(b) IfT ke« A': B2 and T o« Al 1 C? then either B> < C? or C% < B2,
3. Assume every occurrence of x : DY/? in T occurs also in I where I Fo- % and
I’ Fc* *. IfF Fc* ® then I Fc* d.
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(axiomc®) OFx*:0

D) Fl,m:Al/Q,FgF*:D

varc
( Fl,az:Al/Q,Fg}—x:Al/Q

(contcD) B s ic{1,2) z°¢gpom()
[z:B'F «:0

(o) Iao:AY2HB s e {1,2}

¢ Tkb, 4u2.B s

(D) Iz:AY?+b:B  B=#0O

¢ F " bz:Al/z'b : bz:Al/z'B

(conve®) FFA:B" TFrC:s B =0 ie{1,2}
IFA:C

(applc) TFF:b, apeB Tra:AY?

't Fa: Blz :=aq]

Fig. 7. The typing rules of cP

4. IfTkoe a: DV? and T, 2 : DY2 1" Fge ® then T, Tz := a] F¢- ®[z := a).
5.(a) IfT ko« AY: BY then T o Bl @ %
(b) IfT Fee A': B? then T ¢ B2,
6.(a) IfT,x: DLT' Fox @ and T o« EY % and D' =, E' then
Iz:ELT oo @.
(b) If T,z : DTV Fev ® and T Fo E? and D? =, E? then
Iz:E2T Fee @.
7. IfT'tc- B: AY2 and B —, B' then T ¢+ B’ : AY/2.

Lemma 44.2 is related to Lemma 35.1. Below, we compare C* to be further.

6.2 The isomorphism between Coquand’s calculus and bc

We simplify the presentation of C* by using a new calculus C™ whose syntax is that
of C* together with the set 72 ::= [J and whose typing rules are those of Figure 7.
As before, we use s to range over {*,J} and from the superscript on s we can work
out what s stands for: s? is * and s® is 0. We use o to denote type derivation
in CH.

We will show that CH, C* and b are isomorphic. First, we need to define trans-
lations |.| and (.) between statements of C* and CH as follows:

B ifCc=0
2| _ 42 Ol =B - O —
|A%| = A% : 0O |IB:C|=B:C <B'O>_{B:C otherwise
Note that [(B: C)| =B : C.

Lemma 45 (C* isomorphic to CV). 1. If T oo A: B then T Fc- (A: B).
2. Let ® range over A>: 0 and B : C. If T ¢+ ® then I oo |®].
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Proof. 1. By inductionon I' oo A : B. 2. By induction on I" kg« ®. X

The next lemma (used in Lemma 47) shows that the 77s classify terms of CV
according to their degrees and that ,-legal terms A € 7, belong to 744 of CH.

Lemma 46. 1. For0<i<3, 7' C7T,. 2. For 0 <i <3, g(A?) = 1.
3. If A is by-legal then A € THA),
4. IfTHy A:s and §(A) =i then A€ T¢, s € T and i € {1,2}.

Proof. 1. Obviously 73 C 7,. Then, prove by induction on the structure of A that

if A€ T%12 then A€ 7,. 2.By induction on the structure of A* € T%.

3. By induction on the structure of A. We only treat b,.5.C’ and Fa. Since A # [

is Fp-legal then I'F, A : D for some I', D (use Lemma 16 if needed).

o If A = b,.5.C then by Lemma 37.5, 1 < §(B) < 2 and §(C) < 2. By IH,
BeTHB) CTY2 and C € THC) C T%/1/2 Hence, by.5.C € T = TH0w5-0),

e If A = Fa, by generation, I' b, F : b,.5.C and T b, a : B. By Lemma 37.5,
B(B),8(C) < 2. By Lemma 374, fi(a) =4(B) —1 <1, and §(F) =4(C) -1 < 1.
By IH, F € T'(F) C 791 and a € 7% C 791, Hence, Fa € THF) = 7t(Fa),

4. By Lemma 37.4, i =(A) =f(s) —1€{1,2}. By 3,s€ 7 and A e 7T". K

Lemma 47 (CY isomorphic to b¢). T' Foo A: B if and only if ' oo A: B.

Proof. “If” is by induction on the derivation I' F,o A : B. Note by Lemma 46.1,

for 0 <i <3, 7" C7T,. Also, in bc, for any s, ', (s,s") € R. We only treat:

o (varcH). If T,z : AY2 Ty Feo @0 AY? comes from Ty, : AY2 Ty oo +: O,
by IH, ',z : AY2. T, Fpe * : 0. By Lemma 12, I'y, 2 : A2 T, Foo @t A2,

o (ITY). If T Fpo by.a1/2.BY @ s+ comes from T,2:AY? oo B : s'T! where
i € {1,2}, by IH, T, 2:AY2 I, B' : 5. By Lemma 12, T' I, A2 : s'. By
(bl), T I_bc bz:Al/Q.Bi : Si+1.

e AD). If T Fpo bygieb @ by g1/2.B comes from T, x:AY2 Foo b : B where
B £ O, by IH, T, z:A'/? Fp. b : B. By Lemmas 12 and 16, I' AV? ;g
and T,2:AY2 F,, B : s9. By (01), T Fyp byoai/2.B : so. Hence, by (ba), T b,
bm;Al/’A’-b : bx:Al/Q.B.

The “only if” case is by induction on the derivation I' -, , A : B. We only treat:

o (weak). If T",z°:C +,, A : B comes from I" -,, A : B, T I, C : s and
z® ¢ poM ('), by IH, T koo A: B and I' Foo C @ s. By Lemma 46.4, C = C°
and s = s't1 where i € {1,2}. By (contc"), T, z°:C Feo 0 0O. By Lemma 45.1,
I' e« (A : B) and T',2°:C ke« x. By Lemma 44.(1 resp. 3) T’ Fex % and
I,2°:Ctc+ (A: B). By Lemma 45.2, I, 2°:C' oo [(A: B)| = A : B.

o (b1). IfT'Fy, byg.B:sg comes from 't A:syand T,z : Ak, B:sg, by IH,
'coA:syand T,z : Aboo B se. By Lemmas 37.5 and 46.3, 1 < h(A4) <2
and A = A'Y/2. By Lemma 46.4, B = B’ and s = st where i € {1,2}. Hence,
by (HCD), I'Feobga Bt so.

o (convy). f ', A: C comes from ', A: B, T'F,. C:sand B =, C then
by IH, ' Foo A: B, T koo C @ s. Let i = §(C). By Lemma 46.4, s = s't1,
C=C'eT"and i€ {1,2}. By Lemma 37.6, §(B) = §(C) = i. By Lemma 46.3,
B = B' € T'. Hence by (conve”), T oo A: C. X
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(axiomcD) OFx*:0
I'i,z: AT Fx%:0
O 1, 12
(var™) Ty,z: ATz A
'B:s z°¢poMm(D)
[}
(cont™) I,z>:BF=x:0
I'Ne:AFB:s
O )
(I7) T'Fbypa.B:s
()\D) I'z:A+b: B B#0O

T Fbpab:bga.B

0y I''-A:B I'tC:s B=,C
r-A:cC

I'FF:bguB Thra:A
'+ Fa: Blz :=q]

Fig. 8. The typing rules of C,

6.3 Coquand’s calculus in modern notation

We define the calculus C, whose terms are 7, and whose typing rules are those of
Figure 8. We show that C™ (hence C*) and C, are isomorphic.

Lemma 48. I't--0 A: B if and only if I' ¢, A: B.

Proof. Recall by Lemma 46.1 that for 0 < i < 3, 7¢ C 7,. Since the rules of cU
are rules of C,, we only need to show: if I' ¢, A: B then I' o A : B. This is by
induction on the derivation I' ¢, A : B using Lemmas 12, 46 and 47. X

7 Conclusion

In this paper, we used a unique binder a la de Bruijn instead of the usual two binders
A and II. We studied eight of the most used type systems (those of Barendregt’s
B-cube) written in this notation and established an isomorphism between the two
versions. We showed that although b replaces both A and II, in any legal term, one
can easily unpack the status of a b (i.e., whether it should act as a A or as a IT). We
also showed that all the desirable properties of type systems still hold in the b-cube
except for unicity of types. Moreover, we established a relationship ¢, between types
where A ¢, B if and only if A = by,.a,...0s,.4,.C and B = by .4, .. by, .4, .C
where n,m > 0. We showed that if a term has two types A and B, then nf,(A) ¢,
nf, (B). This result, together with the ability to unpack the status of a b if needed,
as well as all the other properties, make it desirable to write the single b instead
of the two different binders A and II. The Automath experience is another factor
as to why unifying A and II is desirable. Just as the development of type theory
meant that in the more expressive type systems, terms and types have the same
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syntax and act alike, we believe that this development should also mean that A and
IT act alike. In fact, A and II already act alike, so why not use the same name for
them? This paper shows that there are no reasons why these binders should not be
unified and that it is more natural that they are unified. Moreover, this unification
brings elegance to the representation of powerful features. As an example, the type
inclusion rule used in the Automath system AUT-QE to enable two different terms
which stand for the same definition to have at least one common type, is written
in the b- resp. B-cubes as follows (note the elegance of (Q,) compared to (Qg)):

TFA:bEL &
N IlA,L °

'k )\i:_l:'j;lki.A : Hgil:'j;{:.*

Zi

i i : 0<m<n, AZN..5.C
I |y R VL s AF A (Qs)
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