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What are types?

Types are used as predicates or specifications
connected with some semantics.

Types are usually syntactic names of some of the
conceivable predicates/specifications.

Usually, rules of a type system associate types with
terms that satisfy or refine them.

Non-characterizers of types:
» Types can be used for description or prescription.

» Types may be intended for reading by humans or
computers.

s Types may be easy or hard to determine.
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Why find types automatically?

# Without type inference, explicit types might be needed
at any program point. In the case of higher-order

programming, they would get big, and it would be too
tedious to type them.
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Why find types automatically?

# Without type inference, explicit types might be needed
at any program point. In the case of higher-order
programming, they would get big, and it would be too
tedious to type them.

# For programming flexibility, it is best to automatically
calculate optimal types, because programmers might
write type information that is not “most general”,
preventing typable programs from being accepted
and/or making modules reusable in fewer combinations.

# Programming language type systems are getting more
and more complex (e.g., Cyclone, a “safe C”) and it is
getting harder for programmers to supply the types.

Explaining Concepts in Compositional Type-Based Program Analysis:Principality, Intersection Types, Expansion, etc. — p.4/46



An example program.

This Standard ML (SML) program:

fun twice f x = f (f x);
fun 1d z = z;
twice (twice id);
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An example program.

This Standard ML (SML) program:

fun twice f x = f (f x);
fun 1d z = z;
twice (twice id);

IS the same as this \-term:
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Example: Types.

Our example analyzed using the simply typed A-calculus:
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Example: Flow.

Our example analyzed using OCFA [Shivers, 1
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Type analysisis flow analysis.

lllustrating how the type and flow analyses are intertwined:
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What Is type polymorphism?

An important feature mitigating type system inflexibility is
type polymorphism, which:

# Allows a program fragment to be viewed in different
ways, depending on where its output is used or where
Its iInputs come from.

# |s essential for code reuse [Reyn
|

.I

abstract data types [Mitchell and

# |s traditionally treated formally using “for all” (V)
guantifiers [Girard, 1972] or “there exists” (3) quantifiers
and/or by a notion of subtyping (17 < T5).
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Example: “for all” quantifiers.

val swapva’b'(aXb)_}(bxa) = (fn (x*,y°) = (y°, x®));
val pair1*® ="l = (1, true);

val pair2reat real — (2.7 9.9);

(int xbool)—(boolxint)

(swap pairi,

SWap(real xreal)—(real Xreal) pair2) :
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Example: “for all” quantifiers.

val swap"P-(axb)—(bxa) — (fn (x*,y°) = (y°, x®));

val pair1*® ="l = (1, true);

val pair2reat real — (2.7 9.9);

(int xbool)—(boolxint)

(swap pairi,

Swap(real xreal)—(real Xreal) pair2) :

# Implicit typing discovers the types automatically [Damas

laYaYa¥|

— — L_ . - L _ PR

and Milner, 1982] (at least for the above example).

# |n body of polymorphic function, the usage types are

hidden behind type variables.
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Example: “there exists” quantifiers.

val closurelintx(int—bool) _ (5, (fnx = x> 1));

val closure2Poolx(bool—bool) _ (true, (fn x = not x));

val closure = if b then closurel-22*(a—bool)

oTa.ax(a—bool),

)

else closure

val result”®®! = (#2 closure)® °°°(#1 closure)?;
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Example: “there exists” quantifiers.

val closurelintx(int—bool) _ (5, (fnx = x> 1));

val closure2Poolx(bool—bool) (true, (fn x = not x));

val closure = if b then closurel-22*(a—bool)

oTa.ax(a—bool),

)

else closure

val result”®®! = (#2 closure)® °°°(#1 closure)?;

# Dual of universal quantifier.

# Usage site does not know source types.
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Polymorphism via intersection types.

o Type polymorphism by listing usage types [Coppo,

Dezani-Ciancaglini, and Venneri, 1980].
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Dezani-Ciancaglini, and Venneri, 1980].

# Example comparing V-quantified and intersection types:

v-quantified types: (fn x = x)">(—2)

intersection types: (fn x = x)(int—int)N(real—real)

Example is semantically like Va € {int,real}.a — a, but
the typing rules have significant practical differences.
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Polymorphism via intersection types.

o Type polymorphism by listing usage types [Coppo,

Dezani-Ciancaglini, and Venneri, 1980].

# Example comparing V-quantified and intersection types:

v-quantified types: (fn x = x)">(—2)

intersection types: (fn x = x)(int—int)N(real—real)

Example is semantically like Va € {int,real}.a — a, but
the typing rules have significant practical differences.

# Named “intersection types” because Iin traditional model
theory, semantic denotations |77] and 73] are program
fragment sets and |77 N3] = [T1] N [7%] (usually).
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Example: Intersection types.

(int X bool) — (bool X int)
MN(real X real) — (real X real)

val swap(

int bool bool int
— (fn (Xrea1’ yreal) — (yrea1’ Xreal));

val pair1'™t*Poot = (1 true);
val pajr2reat=real — (2.7.9.9);

(Swap(lnt Xbool)—(bool X int) pairi,

swap<real Xreal)—(real Xreal) pa1r2) :
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Example: Intersection types.

(int X bOOl) — (boo]_ X int)
val swap M(real X real) — (real X real)

int bool bool int
— (fn (XreaI’ yreal) — (yreaI’ Xreal));

val pair1'™t*Poot = (1 true);

val pajr2reat=real — (2.7.9.9);

(Swap(lnt Xbool)—(bool X int) pairi,

swap(real Xreal)—(real Xreal) pa1r2) :

# All types can be discovered automatically [van Bakel,
Kfoury and Wells, 1999]. (Also Ronchi

1

1993: Jim, 1996:;
[198

Della Rocca 8].)

\_-
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Example: Intersection types.

(int X bOOl) — (boo]_ X int)
val swap M(real X real) — (real X real)

int bool bool int
— (fn (XreaI’ yreal) — (yreaI’ Xreal));

val pair1'™t*Poot = (1 true);
val pajr2reat=real — (2.7.9.9);

(Swap(lnt Xbool)—(bool X int) pairi,

swap(real Xreal)—(real Xreal) pa1r2) :

# All types can be discovered automatically [van Bakel,
1993; Jim, 1996, Kfoury and Wells, 1999]. (Also Ronchi
Della Rocca [1988].)

#® EXxposes usage types throughout.
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Example: Union types.

val closurelintx(int—bool) _ (5, (fnx = x> 1));

val closure2Poolx(bool—bool) _ (true, (fn x = not x));

int X (int — bool) )

val closure = if b then c:losurel(U bool X (bool — bool)

int X (int — bool) )

(U bool X (bool — bool
else closure?2 ( ) ;

int — bool int

val result®°®t = (#2 closure)®°! ~ P °°}(#1 closure)*!;
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What is the rank of polymorphism?

#® Rank is generally relative to some polymorphic type
constructor C, e.g., N or V. Rank counts the number of
“*—" occurrences an occurrence of C Is inside the left
argument of [Leivant, 1983].
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What is the rank of polymorphism?

#® Rank is generally relative to some polymorphic type
constructor C, e.g., N or V. Rank counts the number of
“*—" occurrences an occurrence of C Is inside the left
argument of [Leivant, 1983].

# Examples:

—
N £ % /A
Type | / < <, | dVa S
a b / A\ / A\ | M d
a b ¢ b —

Rank 0 1 2

Explaining Concepts in Compositional Type-Based Program Analysis:Principality, Intersection Types, Expansion, etc. — p.16/46



What is the rank of polymorphism?

#® Rank is generally relative to some polymorphic type
constructor C, e.g., N or V. Rank counts the number of
“*—" occurrences an occurrence of C Is inside the left
argument of [Leivant, 1983].

# Examples:

_—
N /% /A
Type | / <, | dVa A
a b / \b / A\ L ﬂ\ d
< ¢ b ;N | d b
a a
Rank 0 1 2 3
# Rank-k bounds how far into the future evaluation a type

system can look in making distinctions when predicting
behavior. The rank-k restrictions of intersection types
are decidable.
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Typing power of intersection types.

F: System F

A rank-k System F
(): Intersection types.
(: rank-k of .
Decidable.
Undecidable.

(Decision procedure complexity now known [Kfoury,
Mairson, Turbak, and Wells, 1999].)
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Flexibility of intersection types.

(fun self apply2z = (z z) z; \
fun apply f x = f x;

fun reverse applyyg—=gy;

fun id w = w;

(self apply2 apply not true,

\ self apply2 reverse apply id false not);)

# Program fragment M safely computes (false, true).

#® Urzyczyn [1997] proved that M is not typable in F_,, and
F. Is the most powerful type system with “for all”

guantifiers [Giannini, Honsell, and Ronchi Della Rocca,

1999].

#® M needs only rank-3 intersection types.
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Program analysis with intersection types

Intersection type systems have been developed for many
kinds of program analysis aimed at justifying compiler
optimizations to produce better machine code.
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Program analysis with intersection types

Intersection type systems have been developed for many
kinds of program analysis aimed at justifying compiler
optimizations to produce better machine code.

# Flow [Banerjee, 1997].

#® Dead code [Damiani and Giannini, 2000; Damiani,

£UVO|.
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Program analysis with intersection types

Intersection type systems have been developed for many
kinds of program analysis aimed at justifying compiler
optimizations to produce better machine code.

# Flow [Banerjee, 1997].

# Dead code [Damiani ar

£UVO|.

# Strictness [Solberg et al., 1994, Jensen, 1998].
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Program analysis with intersection types

Intersection type systems have been developed for many
kinds of program analysis aimed at justifying compiler
optimizations to produce better machine code.

# Flow [Banerjee, 1997].

#® Dead code [Damiani ar

NANNN

£ZUVUO|.
# Strictness [Solberg et al., 1994, Jensen, 1998].

# Totality [Solberg et al., 1994, Coppo et al., 2002].
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Program analysis with intersection types

Intersection type systems have been developed for many
kinds of program analysis aimed at justifying compiler
optimizations to produce better machine code.

# Flow [Banerjee, 1997].

# Dead code [Damiani and Giannini, 2000; Damiani,
2003].
# Strictness [Solberg et al., 1994, Jensen, 1998].

# Totality [Solberg et al., 1994; 2].

()

Coppo et al., 20

Intersection types seem to have the potential to be a
general, flexible framework for many program analyses.
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What Is compositional analysis?

# Compositional analysis means it always holds that the
parts can be analyzed independently and the analysis
results can be composed without reinspecting the parts.
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What Is compositional analysis?

# Compositional analysis means it always holds that the
parts can be analyzed independently and the analysis
results can be composed without reinspecting the parts.

# Compositional analysis results are always the best
iInformation for any possible usage context. If a part is
unchanged and its analysis result is available,
reanalyzing it can not help. Only new combinations
need to be checked.
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What Is compositional analysis?

# Compositional analysis means it always holds that the
parts can be analyzed independently and the analysis
results can be composed without reinspecting the parts.

# Compositional analysis results are always the best
iInformation for any possible usage context. If a part is
unchanged and its analysis result is available,
reanalyzing it can not help. Only new combinations
need to be checked.

# Compositional analysis is better for dynamic,
iIncremental, and modular software assembly, but many
type systems do not support compositional analysis.
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Why compositional analysis?

# For efficiency, minimal analysis/compilation work
needed on incremental changes. Old results for
portions can be reliably reused.
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Why compositional analysis?

# For efficiency, minimal analysis/compilation work
needed on incremental changes. Old results for
portions can be reliably reused.

# Reliability of incrementally modified systems. The
analysis obtained by incremental changes (such as
modifying one file and recompiling) should be identical
to reanalyzing the entire system.
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Why compositional analysis?

# For efficiency, minimal analysis/compilation work
needed on incremental changes. Old results for
portions can be reliably reused.

# Reliability of incrementally modified systems. The
analysis obtained by incremental changes (such as
modifying one file and recompiling) should be identical
to reanalyzing the entire system.

# Modern systems like Java and Cg have broken the link
needed by separate compilation between the
compile-time and link-time environments, so it is better
not to use any compile-time environment.
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Why compositional analysis?

For efficiency, minimal analysis/compilation work
needed on incremental changes. Old results for
portions can be reliably reused.

Reliability of incrementally modified systems. The
analysis obtained by incremental changes (such as
modifying one file and recompiling) should be identical
to reanalyzing the entire system.

Modern systems like Java and Ct have broken the link
needed by separate compilation between the
compile-time and link-time environments, so it is better
not to use any compile-time environment.

A network node without global knowledge can gradually
learn more about other entities and predict possible
faillures as soon as sufficient information is available.
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What Is a typing?

A type system has typing judgements that assign
Interesting properties to program fragments.
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What Is a typing?

A type system has typing judgements that assign
Interesting properties to program fragments.
Conventional typing judgements often look like this:

AFM:T
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What Is a typing?

A type system has typing judgements that assign
Interesting properties to program fragments.

Conventional typing judgements often look like this:
AFEM:T

To encourage better thinking, we write this instead:

M:(AFT)
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What Is a typing?

A type system has typing judgements that assign
Interesting properties to program fragments.

Conventional typing judgements often look like this:
AFEM:T

To encourage better thinking, we write this instead:

typing
——

M (AFT

untyped term type environment result type
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What Is a typing?

A type system has typing judgements that assign
Interesting properties to program fragments.

Conventional typing judgements often look like this:
AFEM:T

To encourage better thinking, we write this instead:

typing
——

M (AFT

untyped term type environment result type

A type system can thus be seen as a set of pairs of the
form (M : ©) where © Is usually of the form (A+T).
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What Is a principal typing?
#® Let S be some type system.

#® The statement ©; <g O, (“O; Is at least as strong as O-
In system S”) means M : ©; implies M : ©, for every M.
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What Is a principal typing?
#® Let S be some type system.

#® The statement ©; <g O, (“O; Is at least as strong as O-
In system S”) means M : ©; implies M : ©, for every M.

#® A typing © for term M is principal exactly when © is at
least as strong as all typings for M [Wells, 2002].
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What Is a principal typing?

#® Let S be some type system.

#® The statement ©; <g O, (“O; Is at least as strong as O-

In system S”) means M : ©; implies M : ©, for every M.

A typing © for term M is principal exactly when © is at
least as strong as all typings for M [Wells, 2002].

Do not confuse this with the weaker notion of “principal
type” with fixed free variable type assumptions often
mentioned for the Hindley/Milner (HM) type system
(Haskell, OCaml, SML, etc.).
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What Is a principal typing?

#® Let S be some type system.

#® The statement ©; <g O, (“O; Is at least as strong as O-

In system S”) means M : ©; implies M : ©, for every M.

A typing © for term M is principal exactly when © is at
least as strong as all typings for M [Wells, 2002].

Do not confuse this with the weaker notion of “principal
type” with fixed free variable type assumptions often
mentioned for the Hindley/Milner (HM) type system
(Haskell, OCaml, SML, etc.).

Principal typings (PTs) allow compositional analysis.
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What Is a principal typing?

#® Let S be some type system.

#® The statement ©; <g O, (“O; Is at least as strong as O-

In system S”) means M : ©; implies M : ©, for every M.

A typing © for term M is principal exactly when © is at
least as strong as all typings for M [Wells, 2002].

Do not confuse this with the weaker notion of “principal
type” with fixed free variable type assumptions often
mentioned for the Hindley/Milner (HM) type system
(Haskell, OCaml, SML, etc.).

# Principal typings (PTs) allow compositional analysis.

# Until Wells [2002], each system with PTs had its own

definition via syntactic operations like substitution,
subtyping, weakening, etc.
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Which systems have principal typings?

# Many type systems with Y-quantifiers (e.g., HM and
System F) do not have PTs [Wells, 2002].



Which systems have principal typings?

# Many type systems with Y-quantifiers (e.g., HM and

VA1 la¥a

System F) do not have PTs [Wells, 2002].

# The popular W algorithm [Damas and Milner, 1982] for
HM is not compositional and compositional analysis for
HM can not use HM typings for intermediate results.
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Which systems have principal typings?
# Many type systems with Y-quantifiers (e.g., HM and

VA1 la¥a

System F) do not have PTs [Wells, 2002].

# The popular W algorithm [Damas and Milner, 1982] for
HM is not compositional and compositional analysis for
HM can not use HM typings for intermediate results.

Fortunately, a restricted rank-2 intersection type
system [Damas, 1985] types the same terms and has
PTs.
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Which systems have principal typings?
# Many type systems with Y-quantifiers (e.g., HM and

VA1 la¥a

System F) do not have PTs [Wells, 2002].

# The popular W algorithm [Damas and Milner, 1982] for
HM is not compositional and compositional analysis for
HM can not use HM typings for intermediate results.

Fortunately, a restricted rank-2 intersection type
system [Damas, 1985] types the same terms and has
PTs.

#® Getting PTs usually needs types or type constraints that
closely follow the language semantics. For the
A-calculus, adding intersection types can generally gain

PTs (e.g., [Margaria and Zacchi, 1995]).
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Implications of not having PTSs.

For example, HM’s lack of principal typings means an HM
analysis algorithm must do one of these:

Explaining Concepts in Compositional Type-Based Program Analysis:Principality, Intersection Types, Expansion, etc. — p.26/46



Implications of not having PTSs.

For example, HM’s lack of principal typings means an HM
analysis algorithm must do one of these:
# Be incomplete (failing on some typable terms).
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Implications of not having PTSs.

For example, HM’s lack of principal typings means an HM

analysis algorithm must do one of these:

# Be incomplete (failing on some typable terms).

#® Be noncompositional (not strictly bottom-up). For
example, the W algorithm [Damas and Milner, 1982] Is
noncompositional because for (let z = M in N) it first
analyzes M and then uses the result in analyzing N.
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Implications of not having PTSs.

For example, HM’s lack of principal typings means an HM

analysis algorithm must do one of these:

# Be incomplete (failing on some typable terms).

#® Be noncompositional (not strictly bottom-up). For
example, the W algorithm [Damas and Milner, 1982] Is
noncompositional because for (let z = M in N) it first
analyzes M and then uses the result in analyzing N.

# Not use HM typings for intermediate results. E.g., the
typing of (xx) in the Chap. 1 system of Damas [1985]:

(x:a,x:a—Db)FDb)
This is essentially intersection types, I.e.:
(x:anN(a—b)) I—b>

[4 laYaYs)

1993] and Bernstein and Stark [J.tjtdt)]
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Case study: Type error slicing.

| now will show by examples a case study where doing an
analysis compositionally made things much easier.
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Case study: Type error slicing.

| now will show by examples a case study where doing an
analysis compositionally made things much easier.

The system does type error slicing [Haack and Wells,
2004], which means it analyzes a untypable term and
outputs a minimal untypable slice of the term to explain the

type error.
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Case study: Type error slicing.

| now will show by examples a case study where doing an
analysis compositionally made things much easier.

The system does type error slicing [Haack and Wells,
2004], which means it analyzes a untypable term and
outputs a minimal untypable slice of the term to explain the

type error.

The system | will describe uses a type system that types
the same terms as HM, but uses intersection types instead
of “for all” quantifiers internally, so it is compositional. This
made it much easier to generate and solve constraints.
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Type error example.

val average = fn weight => fn list =>
let val iterator = fn (Xx,(sumlength)) =>
(sum + wei ght x, length + 1)
val (sumlength) = foldl iterator (0,0) I|i st
In sumdiv | ength end

val find best = fn weight => fn lists =>
| et val average = average wei ght
val iterator = fn (list, (best,max)) =>
| et val avg |ist = average |1 st
in if avg list > nmax then
(l1st,avg |ist)
el se
(best , max)
end
val (best, ) = foldl iterator (nil,0) lists
I n best end

val find best sinple = find best 1
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Wrong type error location.

val average = fn weight => fn list =>
let val iterator = fn (Xx,(sumlength)) =>
(sum + wei ght x, length + 1)
val (sumlength) = foldl iterator (0,0) I|i st
In sumdiv | ength end

val find best = fn weight => fn lists =>
| et val average = average wei ght
val iterator = fn (list, (best,max)) =>
| et val avg |ist = average |1 st
in if avg list > nmax then
(l1st,avg |ist)
el se
(best , max)
end
val (best, ) = foldl iterator (nil,0) lists
I n best end

val find best sinple = find _best 1
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Another wrong type error location.

val average = fn weight => fn list =>
let val iterator = fn (Xx,(sumlength)) =>
(sum + wei ght x, length + 1)
val (sumlength) = foldl iterator (0,0) I|i st
In sumdiv | ength end

val find best = fn weight => fn lists =>
| et val average = average wei ght
val iterator = fn (list, (best,max)) =>
| et val avg |ist = average |1 st
in if avg list > nmax then
(l1st,avg |ist)
el se
(best , max)
end
val (best, ) = foldl iterator (nil,0) lists
I n best end

val find best sinple = find best 1
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Correct type error location.

val average = fn weight => fn list =>
let val iterator = fn (Xx,(sumlength)) =>
(sum + wei ght x, length + 1)
val (sumlength) = foldl iterator (0,0) I|i st
In sumdiv | ength end

val find best = fn weight => fn lists =
| et val average = average wei ght
val iterator = fn (list,(best,mx)) =>
| et val avg |ist = average |1 st
in if avg list > nmax then
(l1st,avg |ist)
el se
(best , max)
end
val (best, ) = foldl iterator (nil,0) lists
I n best end

val find best sinple = find _best 1
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Type error slice.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best 1 ..)
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A possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best 1 ..)
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A possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight = (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best 1 ..)
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Another possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best 1 ..)
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Another possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best (fn x => x) ..)
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Yet another possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average weight ..)

find best 1 ..)
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Yet another possible fix.

type constructor clash,
endpoints: function vs. Int

val average = fn weight =>
(.. weight (..) ..)

val find _best = fn weight =>
(.. average (fn x => weight * x) ..)

find best 1 ..)
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Case study: Intersection type inference.

| will now present some details on how to actually do
compositional type inference for a system that has type
polymorphism.
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Case study: Intersection type inference.

| will now present some details on how to actually do
compositional type inference for a system that has type

polymorphism.

This involves inferring types using both ordinary function
types and intersection types to provide polymorphism.
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Case study: Intersection type inference.

| will now present some details on how to actually do
compositional type inference for a system that has type

polymorphism.

This involves inferring types using both ordinary function
types and intersection types to provide polymorphism.

The key mechanism to understand is expansion, which is
presented here via a well chosen example.
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A problematic type inference example.
Consider typing this example A-term:

M = Av.x (Ay.y z)) (AfAe.f (f x))
e P
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A problematic type inference example.

Consider typing this example A-term:

M = Av.x (Ay.y z)) (AfAe.f (f x))
e P

In an intersection type system, the usual principal typings of
N and P are:

N:{((z:a)FTy —c)ywhere T} = ((a - b) - b) — ¢
P () FTy) where Tb = ((e — f) N (d —€)) — (d — f)
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A problematic type inference example.

Consider typing this example A-term:

M = Av.x (Ay.y z)) (AfAe.f (f x))
X P

In an intersection type system, the usual principal typings of
N and P are:

N:{((z:a)FTy —c)ywhere T} = ((a - b) - b) — ¢
P:(()F13) where Th = (e — f) N (d—¢€)) — (d — f)

To type M, we must find derivable judgements such that:
N:A(z:THFT —->T) P:((O)FT)

They ought to be obtainable from the principal typings.
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Can we unify the example types? (1)

Can we unify 77 and 75 merely by substitution?

TN =((a—b) — b )— ¢

—>/_>\C ﬂ/_>\—>
/ \b .................... N 7 \f
d/ \b é/ \f d/ \E

Problem: clash between — and n.
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Can we unify the example types? (1)

Can we unify 77 and 75 merely by substitution?

T =((a—b) — b )— ¢
Ty = ((e=f) N (d—e)) — (d = f)

=3
||

3
||

—>/_>\C ﬂ/_>\—>
/ \b .................... N 7 \f
d/ \b é/ \f d/ \E

Problem: clash between — and n.

Could we use T'NT = T to make the intersection go away?
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Can we unify the example types? (2)

If using T’'NT =T, we now have 3 types to unify together:

—>/_>\c ﬂ/_>\—>
/N PN / \
— b .= L= d f

/A /NN



Can we unify the example types? (2)

If using T’'NT =T, we now have 3 types to unify together:

—>/_>\C ﬂ/%\—>
/ \b N 7 \f
d/ \b é/ \f...d/ \E
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Solving the example with expansion.

Instead, we do expansion [Coppo, Dezani-Ciancaglini, and
Venneri, 1980] on t e typing of NV to solve the problem:

N:( (z:a) K ((a—b) —0) — ¢ )=o)
l
N <(Z al ﬂag) |_(((CL1 —>b1)ﬁb1> ((CLQH[h) —>b2) C ) —>C>
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Solving the example with expansion.

Instead, we do expansion [Coppo, Dezani-Ciancaglini, and
Venneri, 1980] on t e typing of N to solve the problem:

N:( (z:a) K \((a—>b)—>b)j — ¢ )=o)
! A
N:((z:arnan) F({(a—b) = b) N (@ —=bs) = ba) = ¢ )—c)
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Solving the example with expansion.

Instead, we do expansion [Coppo, Dezani-Ciancaglini, and
Venneri, 1980] on t e typing of N to solve the problem:

N:( (z:a) K \((a—>b)—>b)j — ¢ )=o)
! A
N:((z:arnan) F({(a—b) = b) N (@ —=bs) = ba) = ¢ )—c)
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Solving the example with expansion.

Instead, we do expansion [Coppo, Dezani-Ciancaglini, and
Venneri, 1980] on t e typing of NV to solve the problem:

N:( (z:a) K ((a—b) —0) — ¢ )=o)

i
\

.
........
...................

Then we apply this substitution (dotted lines above):

Sf:(e::a1—>b1, f::bl, d::&2—>a1—>b1,
bg::&l—>b1, c::(agﬁ@1—>b1)—>b1 )
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Huh? What did you just do?

But how precisely did expansion go from the 1st to the 2nd
typing for N?



Huh? What did you just do?

But how precisely did expansion go from the 1st to the 2nd
typing for N?

Expansion simulated in types a transformation on the typing
derivation for N that inserted a use of the
Intersection-introduction typing rule at a deeply nested
position.
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Huh? What did you just do?

But how precisely did expansion go from the 1st to the 2nd
typing for N?

Expansion simulated in types a transformation on the typing
derivation for N that inserted a use of the
Intersection-introduction typing rule at a deeply nested
position.

Recently this has become much easier to understand due
to a new definition using expansion variables (E-variables)

Kfoury and Wells, 1999; Carlier et al., 2004], which | will
now show you.
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How to do expansion with E-variables.

Applying S = (e:=(((a:=a1),b:=b1) N ((a:=a2),b:=b3))):
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How to do expansion with E-variables.

Applying S = (e:=(((a:=a1),b:=b1) N ((a:=a2),b:=b3))):

/@\ /@\ /@\

a—>b :a1—b1 :a2—ba

Effect on typings:

(z:ea)F(e((a—b)—b)—c)—c)

Bl (2 a1 Naz) F (a1 — b1) — b1) N ((az — be) — ba) — €) — )
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Conclusion.

#® Types can be used for many program analyses and are
already equivalent to flow analysis.
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Conclusion.

#® Types can be used for many program analyses and are
already equivalent to flow analysis.

# Type polymorphism is vital, and can be obtained via
either “for all” quantifiers or intersection types.
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Conclusion.

#® Types can be used for many program analyses and are
already equivalent to flow analysis.

# Type polymorphism is vital, and can be obtained via
either “for all” quantifiers or intersection types.

# Compositional analysis is more suitable for a number of
scenarios that are becoming more common, and
principal typings enable compositional analysis.
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Conclusion.

Types can be used for many program analyses and are
already equivalent to flow analysis.

Type polymorphism is vital, and can be obtained via
either “for all” quantifiers or intersection types.

Compositional analysis is more suitable for a number of
scenarios that are becoming more common, and
principal typings enable compositional analysis.

Getting compositionality is hard with “for all” quantifiers,
so there may be motivation to learn intersection types
and similar technologies.
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Conclusion.

Types can be used for many program analyses and are
already equivalent to flow analysis.

Type polymorphism is vital, and can be obtained via
either “for all” quantifiers or intersection types.

Compositional analysis is more suitable for a number of
scenarios that are becoming more common, and
principal typings enable compositional analysis.

Getting compositionality is hard with “for all” quantifiers,
so there may be motivation to learn intersection types
and similar technologies.

Doing compositional analysis with intersection types
requires expansion. This is now much better
understood and can be done with E-variables.
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