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Narrowing is a well-known technique that adds to term rewriting mechanisms the required power to
search for solutions to equational problems. Rewriting and narrowing are well-studied in first-order
term languages, but several problems remain to be investigated when dealing with languages with
binders using nominal techniques. Applications in programming languages and theorem proving re-
quire reasoning modulo a-equivalence considering structural congruences generated by equational
axioms, such as commutativity. This paper presents the first definitions of nominal rewriting and
narrowing modulo an equational theory. We establish a property called nominal E-coherence and
demonstrate its role in identifying normal forms of nominal terms. Additionally, we prove the nomi-
nal E-Lifting theorem, which ensures the correspondence between sequences of nominal equational
rewriting steps and narrowing, crucial for developing a correct algorithm for nominal equational uni-
fication via nominal equational narrowing. We illustrate our results using the equational theory for
commutativity.

1 Introduction

The nominal framework [15]] has emerged as a promising approach for dealing with languages involving
binders such as lambda calculus and first-order logic. In this framework, equality coincides with the
a-equivalence relation, denoted as =, and freshness constraints are integrated within the nominal rea-
soning rather than being relegated to the meta-language. For example, the expression a#M ( “a is fresh
for M”) indicates that if a name a occurs in a term M, it must be abstracted by some binder, such as the
A in the lambda calculus, or 3, V-quantification in first-order logic), i.e., @ cannot occur free in M.

To enable reasoning within this framework, nominal unification [[11} 22]] was developed and for-
malised in proof assistants such as Isabelle [22]], PVS [8] and Coq [4]. Nominal unification involves
finding a substitution ¢ that solves the problem s 7~ t, meaning s ~y t0, where s and ¢ are nominal
terms. It is well-known that unification is fundamental for automated reasoning, serving as the founda-
tion for resolution-based proof assistants, type inference, and numerous other applications. While these
applications are anticipated to extend to nominal unification, substantial work is required to verify this.

To pursue applications of the nominal framework, extensions of nominal unification with equational
theories have been investigated. Initial efforts included integrating the theories of Associativity (=g a),
Commutativity (=~ c) and Associativity-Commutativity (=4 ac) to ot-equality [4]. Various algorithms
for nominal unification modulo commutativity (C-unification) and formalisations of their correctness
in proof assistants PVS and Coq have been developed [} [2, [7, 5]. These development efforts reveal
significant differences between first-order and nominal languages, such as the theory of C-unification,
which has nullary unification type if a-equivalence is considered [[1], contrasting with the finitary type
of first-order C-unification [[10]].
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2 Nominal Commutative Rewriting and Narrowing

Further investigations into nominal unification include exploring a letrec constructor and extensions
involving atom variables [21]. Another example is the development of an algorithm for nominal C-

matching [3]], a special case of nominal C-unification (dealing with problems s ?’g:? t where the substi-
tution o only applies in one side: so ~4 c t). Recently, a naive nominal extension of the Stickel-Fages
first-order AC-unification algorithm introduced cyclicity in solutions produced by translations of unifi-
cation problems to Diophantine systems as reported in [9]], and this differs from the original (first-order)
approach which has a terminating algorithm.

These developments underline the complexity of extending equational unification algorithms to the
nominal framework, and new methods need to be proposed to obtain the desired extensions. An al-
ternative approach to solving nominal unification problems modulo equational theories (i.e., nominal
E-unification problems), developed in [6], involves the use of nominal narrowingﬂ This technique can
be used when the equational theory E is presented by a convergent nominal rewriting system [[14} [12]].
Different extensions are needed for rewriting modulo E when such a presentation is impossible. How-
ever, nominal techniques modulo an equational theory E, and in particular, nominal E-rewriting, remain
unexplored.

This work represents the first step towards developing nominal E-techniques, when using a con-
vergent nominal rewrite system equivalent to the theory E is not possible. In first-order term lan-
guages [18| 23] [13], the standard technique is to split a set of identities T into a term rewriting system
R and an equational part E, so that T = RUE, considering the rewriting relation generated by R on the
equivalence classes of terms generated by E. We propose extending this technique to nominal languages
by adapting the notions of nominal rewriting [[14, 20} [19] and nominal narrowing [6] to work modulo E,
incorporating the relation ~ g. These extensions result in the first definitions of nominal R/E-rewriting
(Definition [3.1)) and R, E-rewriting (Definition [3.2)) as well as E-narrowing (Definition [3.8).

Nominal R/E-rewriting applies rules from R in the equivalence class modulo ~4 g of a nominal term
t, while R, E-rewriting uses nominal E-matching to determine if a rule in R applies to a nominal term, say
t. This nominal term 7 may have variables, thus the definition of the relations R/E and R, E also feature
freshness conditions. We prove that it is possible to identify the normal form of a nominal term, say #,
with respect to the relation R/E (denoted ¢ | g /E) to the normal form of the same term, but with respect
to the relation R, E (that is, # |r ), when the relation R,E has a property called nominal E-coherence,
whose extension from a corresponding property in first-order term language [17] is established here.

Proving the correspondence between sequences of nominal R, E-rewriting steps and E-narrowing
steps (Nominal E-Lifting Theorem is essential to develop an algorithm for nominal T-unification
via nominal E-narrowing. Since the decidability of nominal T-unification relies on the decidability
of nominal E-unification and E-matching, and so far, the only equational theory for which a nominal
unification algorithm exists is commutativity C, a corollary of our developments is that the nominal C-
Lifting Theorem holds. Finally, due to the volume of extensions that were necessary to establish nominal
E-narrowing and rewriting, the final goal of using E-narrowing as a sound and complete procedure for
solving nominal T-unification, remains ongoing work.

Summarising, our main contributions are:

1. We extend the definitions and concepts regarding rewriting modulo E to the nominal framework.
For instance, we have nominal versions of the relations —g g and —g g for rewriting, and ~~r g
for nominal E-narrowing.

'Roughly, nominal narrowing is a generalisation of nominal rewriting by using nominal unification instead of nominal
matching in its definition.
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2. We prove technical auxiliary results relating —g g and —g/g. These required the establishment of
the nominal E-coherence property for R, E.

3. We prove the nominal E-Lifting Theorem (cf. Theorem that establishes a correspondence
between sequences of nominal E-narrowing ~~g g and nominal R, E-rewriting —g .

4. Since C is the only equational theory for which a nominal unification algorithm exists, we illustrate
our results using nominal R, C-rewriting and narrowing.

Organisation. In §2|we present the background necessary to read the paper. Novel material starts in
where we extend the notions of rewriting and narrowing modulo an equational theory E to the nominal
framework and provide some examples. In §4] we present the classical Lifting Theorem, extended to the
nominal framework, taking into account an equational E for which a nominal E-unification algorithm
exists. §5|concludes the paper.

2 Preliminaries

While we assume the reader’s familiarity with nominal techniques, we briefly recap some basic defini-
tions. For more details, we refer to [[14]]. In this (and the following) section(s), we will use = for syntactic
equality, = for definitions and =~ for a-equality.

Syntax. Fix countable infinite pairwise disjoint sets of aroms A = {a,b,c,...} and variables 2" =
{X,Y,Z,...}. Atoms follow the atom convention: atoms a,b,c, ... over A represent different names. Let
Y be a finite set of term-formers disjoint from A and 2" such that for each f € X, a unique non-negative
integer n (arity of f) is assigned. A permutation 7 is a bijection on A with finite domain, i.e., the set
dom(m) = {a € A | mw(a) # a} is finite. The identity permutation is denoted id. The composition of
permutations 7 and 7’ is denoted o 7’ and 7~! denotes the inverse of the permutation 7.

Nominal terms are defined inductively by the grammar:

sstouz=al|n-X|lalt] f(t,...,t),

where a is an atom, 7 -X is a (moderated/suspended) variable, [a]t is the abstraction of a in the term
t,and f(11,...,1,) is a function application with f € ¥ and f : n. We abbreviate id - X as X. A term is
ground if it does not contain (moderated) variables. A position C is defined as a pair (s,_) of a term
and a distinguished variable _ € 2" that occurs exactly once in s. We write C[s] for C[_ — s'] and if
s = C[s], we say that s’ is a subterm of s with position C. The root position will be denoted by C = [_].

Remark 2.1 (Positions). Our definition of ‘position’ is equivalent to the standard notion of a point in the
abstract syntax tree of a term, as defined, for example, in [[10]]. It is more convenient for us to identify
this with the corresponding ‘initial segment’ of a nominal term, in which the ‘hole’ is a variable in Z;
thus positions of a term can be expressed within our language.

A permutation action of 7 on a term ¢ is defined by induction on the term structure as expected:
T-a=n(a) n-(n'-X)=(mor')-X n-lalt=[r-a](m-t) T f(tr, .. ty) = f(T-t1,..., 7T 1,).

The difference set of two permutations ds(7, ') := {n | w-n# @’ -n}. So ds(n,n’)#X represents the
set of constraints {n#X | n € ds(n,n')}. For example, if * = (a b)(c d) and @’ = (¢ b), then ds(w,7’) =
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A g atom) Al ality - AFahty awp)
At attf(ty, - ,ty)
m (#ala]) AAl_I—a;FZ][(# alb]) (n.All__ Zz);)j A o
Arad~g a (~q atom) AAl_I—fEl’wa fsln; .%AO[I—fs(nt1 ’%a f;) (~a 20D)
e [Z]j e e U %Z]f);a [b]tA i

ds(m, ' )#X € A
AFm-X ~o T-X

(o var)

Figure 1: Rules for # and =~

{a,b,c,d} since w and 7’ act differently in each atom: note that w(a) = b and 7’(a) = a. In addition,
ds(m, ' #X = {a#X ,b#X, c#X ,d#X }.

A substitution 0 is a mapping from a finite set of variables to terms. The substitution action t0 is
defined as follows:

ab =a (m-X)0=m-(X0) ([a]t)6 = [a](10) ftr,...,t0)0 = f(110,...,1,0).

The domain of a substitution 6 is written as dom(8), and the image is denoted as Im(6). Therefore, if
X ¢ dom(0) then X0 = X. Also, if we restrict the domain to a certain set V C 2 of variables, we obtain
the substitution 0|y, the restriction of 6 to V. The identity substitution is denoted Id. The composition
of two substitutions 8; and 6, will be denoted by simple juxtaposition as 8; 6, and it applies to a term as
16,6, = (1‘91)92.

Nominal Constraints, Judgements and Rewriting. There are two kinds of constraints: s /=, ¢ is an
(alpha-)equality constraint and a#t is a freshness constraint which means that a cannot occur unabstracted
in t. Primitive constraints have the form a#X and V, A denote finite sets of primitive constraints. We will
use the abbreviation a,b,c#X to denote the set of freshness constraints {a#X,b#X,c#X}. Judgements
have the form A - s = t and A I~ a#t and are derived using the rules in Figure|lI] A context A is called
consistent if it is a finite set of freshness constraints that do not reduce, via bottom-up application of the
rules in Figure |1} to constraints of the form a#a.

Given a finite set of freshness constraints A and a substitution 6, A0 consists of the set of constraints
{a#X 0 | a#X € A} and (AB),s consists of the freshness context obtained after applying the rules from
Figure(l|in A8, in a bottom-up manner. A problem Pr is a set of constraints, and we write A - Pr when
for all P € Pr there is a derivation proof using the rules in Figure |1} taking elements of the context A as
assumptions.

Example 2.1. Let £, = {lam,app} denote the signature whose function symbols have arities lam : 1
and app : 2. Let Pr = lam[a]app(a,X) ~¢ lam[b]app(b,(a c) - X) be a problem and A = {a,b,c#X } be a
context. We verify the derivability of A - lam[a]app(a,X) ~q lam[blapp(b,(a c)-X):
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a,b,c#X € A cHX €A
- (=~ ~ — (# _— (#
AFa=ga (Fa atom) AFX =g (ab)(ac)-X E avar)) At a#b (# atom) At at#t(ac)-X E#var))
g a a
AT-2pp(a,X) ~q app(a, (ab) (@) -X) o At afapp(b(ac) X)
~q [a

Al-[a]app(a,X) ~q [blapp(b, (a c) - X)
A+ lam[a]app(a,X) = lam[b]app(b,(a c) - X)

(=~a app)

A term in context A |-t expresses that the term ¢ has the freshness constraints imposed by A. For
example, a#X - f(X,h(D)) expresses that a cannot occur fresh in instances of X. Nominal rewriting
rules can be defined under freshness constraints, i.e., V - [ — r denotes a nominal rewriting rule. We
denote by R, a finite set of nominal rewriting rules.

The nominal rewriting relation —R is defined as in [14]:

s=C[IANAFVOAS =g - (18) At =4 Clz-(r6)]
Al—S—>Rl‘

for a substitution 6, a subterm s” of s, a position C and a nominal rule V [ — r € R. We will omit the
subscript R and write only A - s — ¢ when there is no ambiguity.

Equality modulo an equational theory E. A nominal identity is a pair in context V = (1, r) of nominal
terms / and r under a (possibly empty) freshness context V. We denote such identity as V[~ r. A set
E of identities induces an equational theory, which we will also denote as E.

The nominal algebra equality modulo E, denoted A I- s = g t, is the least transitive reflexive sym-
metric relation such that for any (V 1/ ~ r) € E, position C, permutation 7, substitution 6, and fresh
context I" (so if a#X € I then a is not mentioned in A, s,1):

ATH(VE,  s=qC[n-(16)], Cln-(r0)]~qt)
Als RgE!
Remark 2.2. We can also define ~ g by extending the rules of Figure m with the dedicated rules for the

identities defining E. For example, the identity expressing the commutativity of a function symbol f< is
C={F f(X,Y) ~ fC(¥,X)}. In this case, we need to add the following rule:

(Axg)

Absy mqc ti  Abs) mqc i i=0,1  fCex
A fS(s0,51) ~ac fC(to,t1)

(%a,c C)

where XC denotes a signature of commutative function symbols. Rule (=, app) only applies when the
function symbol f is not commutative. In addition, we need to modify the rules in Figure|[I|to use ~¢ ¢
instead of ~.

Note that if we define an equational theory E using the rule (Axg), the equational theory is a congru-
ence relation, and |- is compatible with substitutions by definition. However, this rule generates a lot of
redundant derivations. To avoid this, we will use specific rules for each E, as for the commutative rule in
Remark This choice comes with a cost, e.g. the rule (=4 c C) is not closed by substitutions, and we
need to prove the compatibility of - by substitution.

Definition 2.3 (E-Compatibility of - by substitutions). An equational theory E is compatible with - by
substitutions iff the following hold, whenever A and A0 are consistent.

1. Tf Al att then (AB), s - a#(10).
2. If A s~qgtthen (AB), ¢ F (s8) =g (16).
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3. If A+ Prthen (AB),/ + Pro.

The next proposition guarantees the compatibility of judgments by substitutions when the theory C
for commutativity is considered. This proposition is technical and will be used in the correspondence of
one-step narrowing to one-step rewriting in Lemma{.2]

Proposition 2.4. The equational theory C is compatible with substitutions.

Proof. By induction on the derivation of A b a#t or At s ~q ¢ t, using the rules of Fig. [I|extended for
R, c-equality. U

Nominal C-unification algorithm. We consider the rule-based algorithm for nominal C-unification,
introduced in [2] and defined by the rules presented in Figure The rules act on triples &2 = (A, 6, Pr),
where A is a freshness context, 6 is a substitution and Pr is a C-problem, i.e., a set of freshness and
~q,c-equality constraints. We will denote the triples by &2, 2,.7,---.

Definition 2.5. (C-solution) A C-solution for a triple & = (A, 8, Pr) is a pair (A’, 6) where the following
conditions are satisfied:

1. A+ A6;

2. N a#t0, if a##t € Pr;

3. AN b 5O~y cth,if s~qct € Pr;

4. there is a substitution 6’ such that A" 66’ ~4 ¢ 6.

If there is no (A’, 0), then we say that the problem & is unsolvable. Also %c(2?) denotes the set of all
C-solutions of the triple Z7.

Let (A1,0;) and (A, 8,) be solutions in %c (). We say that (A;, 6;) is more general than (A3, 6,),
and denote it as (A;, 0;) <c (A2, 6,), if there exists a substitution 6’ such that Ay - X 6,0’ ~, c X6, for
all X € 2 and Ay - A10’. We write S‘é for the restriction of <¢ to a set V of variables.

Definition 2.6. (Nominal C-unification problem) A nominal C-unification problem (in context) is a pair
C C

(VEI) 9= (AFs). The pair (A’,0) is an C-solution, or C-unifier, of (V 1) =9 (A} s) iff (A’,0) is

a C-solution of the triple &2 = ({V,A},1I4d,{l =~ s}), that is, conditions (1)-(4) of Definition [2.5| are

C
satisfied. Zc(V = 1,At s) denotes the set of all C-solutions of (V 1) 9=+ (Al s). If V and A are empty
we write simply Zc(l,s). A subset ¥ € %c () is said to be a complete set of C-solutions of & if for
all (A1,01) € Zc(2?), there exists (A, 0,) € ¥ such that (A, 6,) <c (A1, 6).

The following example illustrates the use of the nominal C-unification algorithm to solve a nominal
C-unification problem.

Example 2.2. LetZ={h:1,f C2.@: 2} be a signature, where f€ and @ are commutative symbols,
ie,and C={F fC(X,Y) =~ fC(V,X), FX®Y ~ Y ©X} be the axioms defining the theory. Con-

C
sider the C-unification problem (@ - h(Y)) »= (0 - h(f<([b][a]X,X))) which has the associated triple
C
(0,14, {h(Y) 2= h(f([p][a]X,X))}). By applying the rules from Figurewe get the following:

(0,14, {h(¥) 20 A(FE(B[a]X, X)) = ey app) (0T, {Y 9% E([B[a]X,X) })

= (g cin) (0,60 = [V = FE(BI[X, X)), {7 ([B][alX, X) 2= £€([B][a}X,X)})
:>(~06-,C refl) (05 6 = [Y = fc([b] [a]X,X)],O)
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(# ab) (A, 0 PrU{a#b}) = (A,0,Pr)
(# app) (A,0,Pru{attf(ty, - ,t,)}) = (A,0,PrU{att,,--- aftt,})
(#afa]) (A, 0 Pru{a#[ 1t}) = (A,6,Pr)
(#a[b]) (A, 0,Prig{attbt}) = (A0 PrU{a#t})
(# var) (A, 0,Pr{atin-X}) = ({(z7'-a)#X}UA,0,Pr)
(~q,c refl) (A, 0,Pro{s~qcs}) (A,0,Pr)
(=acapp) (4,6, Pra{f(s), =a.c f(t)n}) (A,6,PruU{si ~a.c1i})
~a,c O (A, 0,Pry{fCs Ra.C <)) (A,0,PriU{s~qcv}),where s=/(sg,s1)

(A, 0,Prg{lals =q.c [a]t})
(A,0,Pru{als =q.c [blt})

(=a,c [aa])
(Rq,c [ab])

I

and t = (to,t1), v=(ti,t(1_;),i = 0,1
(Aa 97PVU{S %O!,C t})
(A,0,Pru{s~gc (ab)-t,att})

Rq.C inst) (A, 0,Pry{m-X ~qct}) (A0 PriX—ntfqu U {a#r6'}),
let 0/:=0[X—n 1],
if X ¢Var(t)

(Rgcinv)  (A0,Pre{m-X~qcn'-X}) = (A60,Pru{(n) 'om-X ~gcX})
if #/#1d

Figure 2: Simplification rules for # and ~4 c. & denotes disjoint union

Thus, we get the C-solution (0, 6p).

C
Now consider the C-unification problem (0 - f([a][b]Z,Z)) 2~ (0 f<([b][a]X, X)), which has the
C
associated triple (0,1d,{f([a][b]Z,Z)) 2=+ f<([b][a]X,X)}). Using the Nominal C-unification algo-

rithm we get the following:

(0,14, {((d][)Z.2)) »~ f(b][alX. X)})

= (~ac c>

(%, O)

:}(

Reg.C inst

= (xgc ren) (0,01, {[a][b]X ‘>~>[ JlalX})

— (e c 1)) (0,00, {[BIX 5% (a b) - [a]X, a#{a]X })

= #ara)) (0,01, {[b]X ?éc? [bl(ab)-X})
= (~gc bb]) (0,01, {X o= (a b)-X})

(0,14, {[d][b]Z »~ [b][a]X, Z?~?X})
) (0,6, = [ZHX] {la][b]X M[ |la ]X,X?é?X})

(Fixed-point problem)

Observe that the first step uses the rule (=4 c C), which yields two branches, but here, we are interested

in analysing only one branch.
The fixed-point problem has infinite solutions, for example:

o ({a#tX,b#X},p) = 1d):
(0,14, {X %, (a b)-X})

= (inverse A~y var)

= (inverse ~q var) (0 1d, {ds(id7 (a b))#X})

7, ) ({a#X, DX },1d,0)

* (0,pp=[X+—a®b]):

XX—a®bl=a®dbrgcb®a=(ab)-

X[X — a®b]
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* 0,p3=[X+— (a®b)D(a®Db)]):

X[X— (a®b)®(a®b)|=(a®b)®(a®b) =q.c (b®a)D(b®a)=(ab)-X[X — (a®b)®(a®b)]

3 Nominal E-rewriting and E-narrowing.

In this section, we introduce our novel definitions of equational nominal rewriting systems (ENRS) and
nominal equational narrowing, sometimes abbreviated to nominal E-rewriting systems and nominal E-
narrowing.

3.1 Nominal E-rewriting

An equational nominal rewrite system (ENRS) is a set of (nominal) identities T that can be split into a
set R of nominal rewrite rules and a set E of identities. Sometimes, we will denote this decomposition as
RUE. Below, [t]g, denotes the equivalence class of the nominal term r modulo E, i.e., [t]g = {t' |’ =q g t}.

Definition 3.1 (Nominal R/E-rewriting). Let T = RUE be an ENRS. The relation —g JE 1s induced by
the composition ~y g © —R © Rg . A nominal term-in-context A I~ s reduces with —g /E> When its
equivalence class modulo E reduces via —g /g as below:

A= ([s]e —r/E [t]e) iff there exist s',¢’ such that Al (s Rg g s’ =Rt ~aEl).

The following example illustrates an ENRS for the set of identities that define the prenex normal
form of a first-order formula. We consider the commutativity of the connectives A and V.

Example 3.1 (Prenex normal form rules). Consider the signature for the first-order logic £ = {V,3, =, A, V},
letC={FPVQO~QVP FPAQ= QAP} be the commutative theory. The prenex normal form rules
can be specified by the following set R of nominal rewrite rules:

a#P + PAV[a]Q — V[a](PNQ)
a#tP + PVV]a]Q — V[a](PV Q)
a#P + PA3alQ — Fa](PAQ)
a#P + PV 3alQ — Fa](PV Q)

- ~E3al0)
- ~(Vlal0)

[a

|-Q
[a]-Q

— Via—
— 3

Note that in Deﬁnition the relation —g /g deals with o, E-congruence classes and they are always
infinite due to the availability of names for a-renaming. Although the pure =z relation is decidable,
when =~ is put together with an equational theory E which contains infinite congruence classes, the
relation —g /E may not be decidable (as in first-order). We will define the nominal relation —g g that
deals with nominal E-matching instead of inspecting the whole «, E-congruence class of a term.

Definition 3.2 (Nominal R, E-rewriting). The one-step E-rewrite relation A*-s —g g t is the least relation
such that for any R = (V[ — r) € R, position C, term s, permutation 7, and substitution 6,

s=C[s]  AF(VO, s m=qem-(10), Cln-(rb)] ~q 1)
A"S—)R,E t

The E-rewrite relation A& s —§ ¢ t is the least relation that includes —r g and is closed by reflexivity
and transitivity of —R g, i.e., it satisfies:

1. forall A,s,s" we have Al-s =g g " if Al s~ s";
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2. forall A,s,t,u we have that Al s —5 et and At —§ c uimplies Al s —g g u.

IfAFs—ggtand A s —§ ¢, then we say that R is E-confluent when there exists a term u such that
AFt —fcuand AFt —§ g u. Also, Ris said to be E-terminating if there is no infinite —g g sequence.
R is called E-convergent if it is E-confluent and E-terminating.

A term ¢ is said to be in R, E-normal form (R/E-normal form) whenever one cannot apply another
step of =R E (—R/E)-

Example 3.2 (Cont. Example[3.1). This example illustrates the one-step C-rewrite:
a#tP' =8V (3alQ' VP') —rc SV (3a|(PVQ))

with the rule a#P - PV 3[a]Q — J[a](PV Q). In fact,
o A= {a#P'} and V = {a#P};
e s=S5Vv(3a0'VP)=C[HaQ VvP]=C|s;
If we fix T =id and 6 = [P — P',Q — Q'] we have:
* A=a#P' + a#tP' = (a#P)[P— P',Q— Q| =V6;
o s =3[a]Q'VP ~gc (PVIaQ)P—P,Q0— Q|=160=m-(10);
* Clz-(r0)] = C[r6] = C[(3[a](PV Q))[P — P',Q — Q]] = C[3[a](P'V Q)] = 'V ([a](P"V
Q) ~at
Thus, a#P' F S’V (3[a]Q'VP') —rc SV (3[a](P'V Q')).
Since V is a commutative symbol, we could reduce the initial term to three other possible terms

because we have two occurrences of the disjunction. Thus, we can “permute” the subterms inside the
rewriting modulo C.

Remark 3.3. Following the approach by Jouannaud et al. [[18]], E-confluence is a consequence of relating
—gr/E and —Rr g, which relies on a property called E-coherence which will be extended here, to the
nominal framework.

Definition 3.4 (Nominal E-Coherence). The relation A _ —r g _is called E-coherent iff for all t1,15,13
such that A1 RaED and AFn —R,E I3, there exist t4, 15,15 such that At #3 _>T?/E I4,0p 7RE 5 —)E/E te
and A F 14 =g g 16, for some A.

*
o E a,E

{

AFtQ_R,E_ >t5 — — _R/E - >1g

The diagram above illustrates nominal E-coherence: the dashed lines represent existentially quanti-
fied reductions.

Definition 3.5. An equational theory E is called a first-order equational theory iff E is defined via a set
of first-order axioms, i.e., identities of the form @ [ = r, where [, r are first-order terms. First-order
terms do not contain atoms, abstractions and suspended permutations on variables.

Theorem 3.6. Let E be a first-order theory and R be a nominal rewrite system that is E-confluent and
E-terminating. Then the R, E- and R/E-normal forms of any term t are E-equal iff —r g is E-coherent.
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Proof. The proof is in the Appendix (see[A.I). O

In first-order rewriting, it is known that R, E-reducibility is decidable if E-matching is decidable.
Following Jouannaud et al. [[18]], the existence of a finite and complete E-unification algorithm is a suffi-
cient condition for that decidability. However, solving nominal E-unification problems has the additional
complication of dealing with a-equality, which significantly impacts obtaining finite and complete sets
of nominal E-unifiers.

Remark 3.7. Nominal C-unification is not finitary when one uses freshness constraints and substitutions
for representing solutions [2]], but the type of problems that generate an infinite set of C-unifiers are fixed-

C C
point equations 7 - Xo~»X. For example, the nominal C-unification problem (a b) - Xo~+X has solutions
X —a®b|,[X — (a®b)® (a®Db)],... (Example [2.2). However, these problems do not appear in
nominal C-matching, which is finitary [3]]. Thus, the relation —g c is decidable.

3.2 Nominal E-narrowing

Now we define the nominal narrowing relation modulo E, extending previous works [6].
Definition 3.8 (Nominal E-narrowing). The one-step E-narrowing relation (A& s) ~>grg (A" 1) is the
least relation such that for any (V1 — r) € R, position C, term s’, permutation 7, and substitution 6,
s=Cls']  AF(V6, A0, 50 ~qg7m-(16), (Clm-r])0 ~q1)
(AFs)~Rc (A1)
where (A',0) € % (V F [,Ats"). We will write only (AF s) ~»gr g (A’ 1), omitting the 6, when it is
clear in the context.

The nominal E-narrowing relation (A& s) ~+§ ¢ (A’ - 1) is the least relation that includes ~»g g and
is closed by reflexivity and transitivity of ~»g g, i.e., it satisfies:

1. forall A,s,s" we have (AFs5) ~g g (Al s) if Al s g s

2. for all A,A',A" s,t and u: if (At s5) ~gg (A1) and (A" 1) ~§ g (A" u) then (Aks) w5 ¢
(A" u). '

The permutation 7 and substitution 6 in the definition above are found by solving the nominal E-
unification problem (V 1) r_;aEvf_; (AFs).
Remark 3.9. Note that decidability of ~»g g relies on the existence of an algorithm for nominal E-
unification that generates a finite minimal set of solutions. In this work, we will focus our illustrations
on the theory C, for which a nominal unification algorithm exists.

Since nominal C-narrowing uses nominal C-unification, which is not finitary when we use pairs
(A, 0) of freshness contexts and substitutions to represent solutions, following Remark we conclude

that our nominal C-narrowing trees are infinitely branching. The following example illustrates these
infinite branches.

Example 3.3 (Cont. Example . Consider the signature ¥ = {h: 1, ¢ :2,@ :2}, where f© and @
are commutative symbols. Let R = { - h(Y) —= Y, F fC([d][b] - Z,Z) — fC(h(Z),h(Z))} be a set of
rewrit rules. Let F A(f<([b][a]X,X)) be a nominal term that we want to apply nominal C-narrowing
to. Observe that we can apply one step of narrowing, and then we obtain a branch that yields infinite
branches due to the fixed-point equation (see Figure 3).

21 ] — rdenotes 0 -1 — r.
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0= R(FC(B]]a)X, X))
0+ fE([bllalX. X)

02

a# X, b#X jc(h(X) X)) VF fCrlamb).hla®b)---0F fS(R((a®b) @ (bDa)), h({aDb) ®(bDa))) -

Go=[Y> S ([b][a] X,X)] 01=[Z+>X] Or=[Z+ X][Xrra®b| =2+ X][X>(a®b)®(bDa)]

Figure 3: Infinitely branching tree

The first narrowing step is @ - 2 ( f<([b][a]X, X)) ~r.c 0 f([b][a]X,X), using the rule FA(Y) — Y.
The substitution 8y = [Y +— £<([b][a]X, X)] was computed in Example[2.2] when solving the C-unification

problem (0 - 4(Y)) » (0 - h(£<([b][a]X,X))).

The other infinite narrowing steps are generated due to the fixed-point equation found in the pro-
cess of solving the C-unification problem (0 - £<([a][b]Z,Z)) ?é7 (0 F fC([b][a)X, X)), computed in
Example Composing the fixed-point solutions with (0, 6;) that we had, we get the substitutions
0=[Z—X],0=[Z—X]|[X —adb]and 63 = [Z+— X]|[X — (aDb)® (aDb)] of our narrowing steps
in Figure

The following proposition shows that each nominal narrowing step corresponds to a nominal rewrit-
ing step, using the same substitution 6.

Proposition 3.10. Ler E be an equational theory for which a complete E-unification algorithm exists.
(AO F S()) Wg.E (A] + Sl) implies Al = (S()Q) _>R,E S1.

Proof. Indeed, suppose we have (Ao F so) ~>& ¢ (A1 - s1). The narrowing step guarantees that for a
substitution 6, some permutation 7, and arule V[ — r € R, the following holds:

¢ 50 =C[sp) and Ay = (VO, AgB, 540 ~q e - (16), (C[m-r])0 ~q 51).
From the items above, it is easy to verify the following:
* 500 =CO[s;0]; and A - (VO',5(,0 =g - (160"),CO[m- (r8)] =q s1),

and by the definition of rewrite modulo E, it implies that Aj =500 —R g 51. We need to fix the substitution
0 used in the narrowing step as 6’, and the result follows. O

4 Nominal Lifting Theorem modulo E

In this section, we assume RUE an ENRS such that R = {V; - [; — r;} is E-convergent NRS, E is com-
patible with - and substitutions and that there exists a complete E-unification algorithm. We want to
extend Proposition [3.10]and establish correspondence between finite sequences of nominal E-narrowing
steps and sequences of nominal E-rewriting steps. This result corresponds to the classical Lifting Theo-
rem ([16, 18} 16]) which will be extended to the nominal relations ~g g and —r g. The Lifting Theorem
relates narrowing steps to rewriting steps. It is fundamental to guarantee that one can use the narrowing
relation to solve T-unification problems when T is a convergent equational theory. The extension to the
R U E-Lifting Theorem would allow us to solve nominal unification problems modulo RUE.
We start by defining a normalised substitution with respect to the relation —g g:
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90

O F PuA(YQ1) ~~~ (0t Qu - Py A Tal(~((a ) - Q1)) ~~2 (@ Qu, att Py b 3[a)(Pr A —~((a b) - Q1)
I I I
I Po | P1 | P
Al A

AF RA(VDB(V[a]R)) — R A 3a](~((a b) - V][a]R))

Y
Alal(R A —((a b)-Y[a|R))

Figure 4: Illustration of Example

Definition 4.1 (Normalised substitution w.r.t —g g). A substitution 6 is normalised in A with relation
to —RrE if A X0 is a R,E-normal form for every X. A substitution 6 satisfies the freshness context A
iff there exists a freshness context V such that V - a#X 0 for each a#X € A. In this case, we say that 6
satisfies A with V. The minimal such V is (AB),¢.

The following example illustrates the technique used in the proof of Lemma[.2]

Example 4.1. Consider the rules R3 : a#P = P A3[a|Q — 3[a](PA Q) and Re : 0 - —(V[a]Q) — F[a] Q.
Let (Ao F s0) wz(; (A F 1) ”"213 (Az = 52) be a narrowing derivation, illustrated in Figure 4| such
that:

* Ap=0and sy =P, A~ (V[b]Oy)
* Ay ={a#Q;} and 51 = Py A J[a](—(a b)- Q1)
o Ay = {a#Q,a#P } and 5o = F[a|(PL A —(a b)- Q)

Let p be a substitution that satisfies A, with A. Then, there exists a rewriting derivation

A s0po —R,C S1P1 —R,C 52
where A - Agpo, AF A1py and pg = 60, p, p1 = 01p.
Supposing that p = [Q} > V[a]R, P, — R], and A = {a#R}, we have
* AFAxp = {a#Q,a#P }p = {a#V[a|R,a#R} = {a#R}
* 0=[0+— (ab)-Oi]and 6; =[P — P,Q' — —((a b)-0})]
« p1=0ip =[P+ R,Q' > ~((a b)-V[alR), Qs — V]alR, P, > ]
* po=60p1 =[Q > (ab)-V[a]R,P' — R,Q' — —((ab)-V]a]R),0; — V[a]R, P — R]
* AFAip) = (a#Q1)p1 = a#V[a]R =0 and A+ Appy = 0

Lemma 4.2. (~RrEg to —rg) Let (Ag = s0) WFGQ.E (A1 Fs51). Then, for any substitution p that satisfies A
with A, the following holds
AF (Soe)p —R,E S1P

In particular, A will be (A1p ).

Proof. From Proposition (Ao Fs0) wg_E (A1 1) implies A; = (s00) —Rr g s1. Applying Proposi-
tionin Ai F 500 —RE 51 gives:

+ (500)p = (CO[sh0])p = COp(s0)p)

o A+ VO implies (A1), - VOp

o A1 Fsp0 ~q g m-(10) implies (A1p),r b s,0p =g (7-(10))p =7 (16p)
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* AiFCO[r-(r0)] =¢ 51 implies (A;p),r = COplm- (r0p)] = (CO[m- (rB)])p ~a s1p
which implies that (A;p),r = (s00)p —r s1p. Note that we need p satisfying A; with A to guarantee
that when we instantiate A; we do not have any inconsistency with the freshness constraints in A;. [
The following result (correctness) states that a finite sequence of rewriting steps exists for each finite
sequence of narrowing steps.
Lemma 4.3. (~¢ ¢ to =g g) Let (Ao b= 50) ~g g (A & s4) be a nominal E-narrowing derivation. Let p

be a substitution satisfying A, with A.

(AO F So) WgOE (A] F Sl) W%E ... W?{"E (An F Sn)

Then, there exists a nominal E-rewriting derivation

A 50P0 —RE --- —*RE SiPi —RE +++ —*RE Sn—1Pn—1 —RE SnP

such that A= Aip; and p; = 6;...6,_1p, for all 0 < i < n. In other words, A= (s08)p —§ g Snp where
60 =000;...0,_1. '

Proof. By induction on the length n > 1 of the narrowing derivation (Ag - 59) ~§ g (An I 54), using the
one-step result proved in Lemma.2] (We start the induction for n = 1 because the case for n = 0 holds
trivially and gives no additional insight.)

* Base Case: For n = 1, we have (Ag - s9) ~»rg (A1 I 51) and by Lemma for any p satisfying
A; with A we have A+ (s06p)p —Rrg s1p. Since A+ A;p, and by the narrowing step A; - Ay,
we get A= AgByp. Taking po = 6pp, we have the result A - sop9 —Rr g 510 such that A = Agpp.

* Induction Step: Assume that the result holds for n > 1. Then (Ag |- so) ~& g (An I 5,) implies
that there exists a rewriting derivation A & sopg —g g $»0, for some p satisfying A, with A and
Figure []illustrates this setting.

We want to show that the result follows for n+ 1. Consider the narrowing step
(An Fsp) Wgn,E (Aps1 F spst)-
By Lemma for any substitution, let’s name it o, that satisfies A, with A (H1) we have
At (5,6,)0 —RE Sn+10 (1)

Take p = 6,0. Note that p satisfies A, with A:

(H1) AFA, 0.

(H2) By Definition[3.8} A,y - A,6,.

(H3) From (H2) and Proposition 1) generalised to E: (A,410),r - Aup.

Thus, from (H1) and (H3) it follows that A - A,p. By the induction hypothesis, we have

Al‘Soeo...anlp _>rFt{7E SnP
with A Ajp; and p; = 6;...6,_1p, forevery i = 1,...,n. Hence,
AF 50800, 16,0 —& £ 5,600 B 50110,

and the result follows.
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* On

(Do F 50) ~om (A1 F 81) ~Som (A F 85) ~om (Aisr F 8i11) omim o o~ (A F 50)
| | | | |
| PO | P1 | Pi | Pit1 | Pn

¥ Y v v \/ . Y
AF S0P0 S1P1 SiPi Sit+1Pi+1 S SnfPn

Figure 5: Corresponding Narrowing to Rewriting Derivations

O]

The proof of the converse (completeness) is more challenging. Nevertheless, for one-step rewriting
to one-step narrowing, the result holds with no further problems:

Lemma 4.4. (—RrEg to ~RrEg) Let Ay &= 5o be a nominal term in context and Vy a finite set of variables
containing V. =V (Ao, so). Let py be a R,E-normalised substitution, with dom(pg) C V, that satisfies Ay
with A and

Al s0po =1ty —RE .

Then, there exists a nominal R, E-narrowing step
(Ao F50) ~F g (A1 Fs1),

for a substitution 0, a finite set of variables Vi 2 V(s¢), and a R,E-normalised substitution p; with A
such that

(i) A sip1 =o gt (it) dom(p1) C Vi (iii) A polv ~aE Op1lv

Proof. Suppose that the one-step rewriting is done in a position Cy of #y, with substitution ¢ and rule
Ro=VoFly—roeR:

0= Colt))  AFVoo, g =ae T (l0), Co[m- (r00)] ~a 11

A 1o _>[(C0,R0]7E H

The following hold:

(H1) The variables of R are renamed with respect to fy = sopp and A (to avoid conflicts). Thus, V (Rp) N
V(A,lo) =0 and dom(G) NVy=0.

(H2) By hypothesis, A+ Agpg

(H3) Since pg is normalised in A and A & sopp —R g 1, there must exist a non-variable position (C6 and
a subterm s, of 5o such that so = C{j[s] and A& sppo <o £ 1) Xa.g T (loO).

Define (H4) 6 = pgo. Then, we have the following:
(H5) AF Ap6: from (H2) it follows that A - Agpp and ¢ does not affect Ag since dom(c) = V(Ry).
(H6) Note that 5,0 = sypo0 = sppo from (H1). Therefore, At 5(,0 ~qg w- ([pf) and A F V6, and

(A,0) is a solution for the nominal E-unification problem (Ag I () 757 (Vo b m-1y). That is,
(A,G) € %E(A() F Sé,Vo F 71"10).
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Proposition 3 : Llet be RuE an ETRS such that R is F-conf luent and F-noetherian
and R,E is E-coherent. Then, for any R,E-derivation from t6= ro(to) to any of
its R,E-normal forms, say té!, where D(ro)gv(to) and L i: aE R,E-normalized
substitution, there exists a R,E-narrowing derivation £y -“-F;]tn and a R,E-
normalized substitution Ty such that rn(tn) ~E t6! and L) rg.s [V(to)].

Proof: by noetherian Induction on the relation —--—=>"* “=g*

Let us sketch the proof on the following diagram, where encircled

numbers stand for successive steps of the proof:

* R,E

- ___JKRE _. -
f\o k] 0 > £t
- @ F-confluence of R -
E E
lemi@a 2 and E-coherence de R,E
* R,E .,
Ty t1 > t
K
T @ induction hypothesis N o
o
L B E * R,E
R W ?(671% U

Figure 6: Proposition by Jouannaud [[18] used in Lemma

Define 51 as 51 = (C()[n -19]0 and A| = A. Conditions (H4) to (H6) imply the existence of the follow-
ing nominal E-narrowing step:
(Ag Fs0) «/\-)g7E (A1 Fs1).

Also AF 51 = Ci[m-r0]0 = (Cy[7 - ro]) poo =~ (Cypo)[7 - ro]po (’;)a t1. Take p; = Id as the identity
substitution, and items (i) and (ii) follow with dom(p;) = @ and V; = V(sp). Finally, it is trivial to check
(iii): AFXpo =g XOp1 = Xpoold, forall X € V, and the result follows.

O

Lemma 4.5. Let RUE be an ENRS such that R is E-convergent and —r g is E-coherent. Let Vy be a
finite set of variables containing V.=V (A, so). Then, for any R, E-derivation

Aty =s0po —RE ! —RE - - —RE In =0l

to any of its R,E-normal forms, say tyl, where dom(py) C V(so) C Vp and py is a R,E-normalised sub-
stitution that satisfies Ay with A, there exist a R, E-narrowing derivation

(Ao F50) =R (A1 F51) =g . R (Anksy)

for each i, 0 <i < n, substitutions p and p; normalised in A w.r.t —R g such that
(1) A Aipi; (2) A& sipi = Etis (3) AF polv =g Opalv-
where p;=6;...6,_1p and 6 = 6)0; ...6,_;.
Proof. By induction on the number of steps n applied in the derivation A I 1o = s9po —>}}’E tod.

* Base Case: For n = | the result follows directly from Lemma[4.4]



16 Nominal Commutative Rewriting and Narrowing

* Induction Step: Let n > 1 and assume that the result holds for sequences of n — 1 rewriting steps.
Then,

n—1

——
Aty =150p0 —RE 1 RE --- @REIn =tod

Now using Lemma on the rewrite step A - fo —r g #;. Then, we get that (Ag I s¢) WgO,E (A F
s1), where pg is a R, E-normalised substitution that satisfies Ay with A, and

(H1) A& s1p1 =t] =g t1; and

(H2) AF poly =a.E Op1lv.

Now consider the sequence to any of the normal forms of #;:

n—1

—
A1 =RE ... @REI =H{RE

By the induction hypothesis, there exists a narrowing sequence

(A1 Fs1) ~Re o~ (Antsi)
with 6 = 0, ...6,_1, a normalised substitution p, such that
(H3) A Aip;;
(H4) At sip; =t! =q t;, for every i;
(HS) A polv o Opulv.
Note that from (H4), A+ s,p, =1, ~aE Ip. Since R is E-convergent and —g g is E-coherent, it
follows from Theorem that all the normal forms of 1y are ~4 g-equivalent. Thatis, A (S o
11 {R,E~a.E 10 {rR,E= I,. Therefore, there exists a nominal E-narrowing sequence

(B0 F 50) =R (A1 F51) e P (A sy).

The diagram that illustrates this proof is analogous to the diagram of the corresponding proof in first-

order rewriting and presented in Figure
O

As a consequence of Lemmas 4.5|and 4.3 we obtain:
Theorem 4.6 (E-Lifting Theorem). To each finite sequence of nominal E-rewriting steps corresponds a
finite sequence of nominal E-narrowing steps, and vice versa.

Since there exists an algorithm for nominal C-unification and C is compatible with substitutions
(Proposition [2.4)), we have the following result.
Corollary 4.7. The C-Nominal Lifting theorem holds.

5 Conclusion and Future Work

In this work, we proposed definitions for nominal R, E-rewriting and R, E-narrowing and proved some
properties relating them, obtaining the proof of the E-Lifting Theorem, in the case R is an E-convergent
NRS, —g g is E-coherent and a complete algorithm for nominal E-unification exists. As C is the only
equational theory for which a complete algorithm for nominal unification exists, we illustrate our results
using this theory. Also, since the nominal C-unification problem (when using freshness constraints) only
is finitary, our nominal C-narrowing tree is infinitely branching. In future work, we plan to investigate
alternative approaches to nominal C-unification for which the representation of solutions is finite, such
as the approach using fixed-point constraints.
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A Appendix

Lemma A.1. Substitution and permutation commute, that is, - (t0) = (7w -1)0.
Proof. The proof is by induction on the structure of ¢.

Base Case.

e If t = a: the result is trivial since the substitution does not affect atoms;

e Ift=n"-X:
n-((n'-X)0) = =n-(n'-(X0))

Inductive Step.
o Ift = [a]t":

o Ift = f(t1,...,t0):
- (f(t1,...,t,)0) = m-(f(10,...,1,0))

Lemma A.2. Consider Pr and Pr’ problems.
(1) (PrUPr)r = (Pryns U(Pr ). If Pr C Pr' then (Pr),; C (Pr'),s.
(2) Assume Pr == Pr'. Then T\~ Pr if and only if T Pr.
(3) T'F Prifand only if 't (Pr),y.
Proof. The proof can be found in [[14], Corollary 12 and Lemma 15. O
Lemma A.3. (Compatibility of - by substitutions) Suppose A and AO are consistent.
1. If A\ aitt then (A@),r - a#(10).
2. IfAbs=gctthen (AB), s (s8) =g (10).
3. If A+ Prthen (AB),s - Pro.
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Proof. We work by induction on the derivation of A= a#ft or A s~qct.

1. We consider all rules in Figure[I] by analysing the last rule applied in A |- a#r.
* Suppose the derivation concludes with (# atom). Then we have the trivial derivation

AF anp (atom)

Notice that applying the rule (# atom) again and that a#b0 = a#b we have

 (#at
(A0}, iy atom)

and the result follows.

* Suppose the derivation concludes with (# var), thus A - a#7 - X, and consequently, 7~ -

a#X € A. Therefore, 77! - a#X6 € AG. By Lemmawe have (AQU{n~! - a#X0}),r =
(AG),pU{({m~ - a#XO}),s. Since {n ' -a#X 0} C AD, one has ({m~!-a#X0}),r C (AB),.
Thus, (A8),r - ({n~'-a#X6}),s. From Lemma (AG), s 7! atX0.

* Suppose the derivation concludes with (# a[a]). Then we have the trivial derivation

At a#tlalt (#alaD
Notice that applying the rule (# a[a]) again and that [a](t6) = ([a]f)® we have
(# a[a])

(86),s - a#[a] (16)
* Suppose the derivation concludes with (# a[b]). Then z = [b]t' and there exists a derivation IT
such that
I1
A attt’
At a#[b]t’
By the induction hypothesis, there exists a derivation IT" of (A@),s I a#t'6. Now we can
apply (# a[b]) again and obtain

(#a[b])

H/
(A@),f - attt'0
(AB),f |- at[b](1'0)
Observing that [b](1'0) = ([b]t')0 =16, the result follows.
* Suppose the derivation concludes with (# app), thatis, 7 = f(t1,...,t,) and At a#f(11,...,1,).

(#a[b])

Thus, there exist derivations I, ... I, such that
H] Hn
AF atity AF atit,

AFatf(tr, ... ) (# app)

By the induction hypothesis, there exist derivations IT),... I, for (AB),s F a#(1,0), ---,
(AB), s - at(t,0), respectively. Now, we can apply the rule (# app) again and obtain
I IT,
(AB),r F a#(t,10) e (AB),r F at(t,0)
(AO),r Fattf(n0,...,1,0)

Since f(#16,...,1,0) = f(t1,...,t,)0, we obtain (AB), - a#f(t1,...,t,)0, and the result
follows.

(# app)
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2. We consider all rules in Figure |I| for a-equivalence modulo C with addition of rule (= c C), by
analysing the last rule applied in Al s ~q c 1.
* Suppose the derivation concludes with (=4 c atom). Then we have the trivial derivation

- (®~gq.c atom)
Ara=gca %

Notice that applying the rule (=4 c atom) again and that a8 ~, c a6 = a =~y c a we have

~ atom
(AO)prFamgca (Fa.c )

and the result follows.

* Suppose the derivation concludes with (x4 c var), thus AF 7-X =4 7’ - X, and conse-
quently, ds(m,n')#X € A. Therefore, for all a € ds(m,n’), we have that a#X6 € AH. By
Lemma [A.2] we have (A U {a#X 0}),r = (AB), s U ({a#X0}),s. Since {a#X 60} C AB, one
has ({a#X6}),r C (AB),s. Thereby, (AB),s - ({a#X0}),s, for all a € ds(x,n’). From
Lemmal[A.2|(AB), b a#X 6, and consequently a#X 6 € (AB),r, for all a € ds(m, ') Apply-
ing the rule (=4 c var) again the result follows.

* Suppose the derivation concludes with (=, c [aa]). Then s = [a]s/, t = [a]t’ and there exists
a derivation IT such that

I1
AkRs Ra,c!t !
At als’ =q.c [a]t
By the induction hypothesis, a derivation IT" of (A8), I 5’0 ~q c 1’6 exists. Now we can
apply (= c [aa]) again and obtain

— (Rq,c [aa])

H/
<A9>nf Fs'6 Ra,C 1o
(A0) st [a](s'0) ~a.c [a](1'0)
Observing that [a](s'0) = ([a]s')0 = 56 and [a](1'0) = ([a]t')6 = 10, the result follows.
¢ Suppose the derivation concludes with (x4 c [ab]). So s = [a]s’, t = [b]¢' and there exist
derivations IT; and IT, such that
I, II,
Ab s ~qc(ab)-t At attt’
At [a]s’ =g [b]t
By the induction hypothesis, there exists a derivation IT| of (A8), 5’60 ~q c (a b)-1'6 and
by the first part of this Lemma there exists a derivation IT, of (A8),s I- a#t’6. Now we can
apply (= c [ab]) again and obtain
T I
(AB),r =50 ~gc(ab)-1'0 (AB), ¢ - attt'0
(A0)ns F [a](s'0) ~a.c [b)(1'6)
Observing that [a|(s'0) = ([a]s")0 = s and [b]('0) = ([b]t')0 = ¢, and using Lemmal|A.1} i.e.,
((ab)-1")0 = (ab)-(1'6), the result follows.

* Suppose the derivation concludes with (= c app). Then s = f(s1,...,8,), t = f(t1,...,tn)
and there exist derivations ITy, ... , I, of Al sy =g c 11, -+ , Al 5, =g C 1y, TESPECtivEly,
such that

(=q,c [aa])

(Ra,c [ab])

~a,c [ab])
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H] Hn
AF s Ra,ch Al_sn%a,ctn
A |—f(S1,. .. ,Sn) ~a,C f(l],. .. ,t,,)
By the induction hypothesis, there exist IT}, ..., IT}, for (A8),s 510 =g c 110, -+, (AB),f I
sn0 ~q.c 1,0, respectively. Now we can apply the rule (=4 c app) again and obtain
Im IT,
<A9>nf}—S19 Ra,C Ho <A9>nf|—sn9 Ra,Cln
<A9>nf = f(sle, . ,Sne) ~a,C f(l‘le, . ,l‘ne)

Observing that f(s10,...,5,0) = f(s1,...,5,)0 =s0 and also f(1,0,...,t,0) = f(t1,...,1,)0
=10, the result follows.

, [ & C(=q,c app)

0
, [ & C(=q.c app)

* Suppose the derivation concludes with (=4 c C). Then s = f(s0,51), t = f(to,#1) and there
exist derivations ITy and Il of At 5o ¢ c #; and A& 51 R ¢ (i 1)moa2- TeSpectively, i =0, 1,
such that

I I
Al so g ti AF 81 Ra.C it 1mod2

At f(s0,81) =a.c f(to, 1)
By the induction hypothesis, there exist derivations IT; and IT) for (A8), s - 500 ~¢ ¢ ;6 and
(AB) =510 ~q.C t(is1)moa2 0 respectively. Now we can apply the rule (=4 c C) again and
obtain

,i=0,1(=qcC)

I, I,
(AB) =500 ~g c 10 (AB) s 510 ~g.C Hit1)moa2®
(AB)nr = f(500,510) =~ f(100,10)

Observing that f(s00,510) = f(s0,51)0 = s and f(t00,t10) = f(to,11)0 =1, the result fol-
lows.

,i=0,1(=gcC)

3. Since Pr is a set of freshness or ¢, C-equivalence constraints, by items (1) and (2), the result
follows.

O

Definition A.1. —rg (or simply R,E) is said to be E-coherent iff: Vt;,1>,t3 such that 1| ~g t, and
I —RE 13, Vit4,15,16 such that t3 _>E/E 4, 1) —>RE 5 _>E/E te and t4 ~g t6.

DRETB T T RE Tl
E IE
N Il
TLQ——>t5———R/E—>t6

We want to stress the abuse of notation above, since #3 %’F‘Q JE t4, for instance, should be written
[13]~e —>E/E [t4]~¢, and is acting as an abbreviation for 13 ~g 1§ —r t; ~E ta.

By definition R is E-confluent iff for all terms ¢,t,,#, such that t —¢ el and t —¢ JE 120 there exist
11,1y such that 1y —g ¢ 1. 1y —g g 1 and 1} =g 1.

Lemma A.2. —reC—R/E.
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Proof. Take (s,t) €—rg. Then we have s = C[s'], s’ =g 16 and C[r6] =t¢, for some rule [ —g r and a
substitution 6. Notice that from s’ =g /60 we may write C[s'] =g C[/6] and with that

s=Cls'| =e C[16] =g C[r0] =1

That is,
S=E O —>RO=fft — S-)R/Et.

Lemma A3. A-_ —re_CAF_—gpE_

Proof. Take (s,t) € Ak _ —rg _. Then we have s = C[s'], AF VO, Ak s’ ~qg m-(10) and A C[r-
(r@)] ~q t, for some rule V - [ —g r, a permutation 7 and a substitution 6. Notice that from 5" ~4 g
m-(10) we may write C[s'] ~4 g C[r-(16)] and with that

At s=Cls'| e Clm-(10)] 5r C[m- (r0)] =q

That is,
A}—S%a,EO—)RO%(LEt — A"S—)R/E[.

O]

Example A.1. Consider the theory E = {f(x,y) = f(y,x)} and the rewrite system R = {f(x,0) — x}.
Note that f(a,0) — a and f(a,0) =g f(0,a) but the latter does not reduce with R, but it reduces with
R,E.

Proposition A.1 (Jouannaud et al. [18]). Assume R is E-confluent and E-noetherian. Then R,E- and
R/E-normal forms of any term t are E-equal iff —R g is E-coherent.

Proof. Let sy =t]rE be the R,E-normal form of 7. And let s, =7]r/g be the R /E-normal form of ¢.
(=) Suppose that s; =g 52 (%).
We want to prove that —g g is E-coherent. Let 7 =11, 15, 13 be terms such that
tq RE t3
E

to

I. Consider the case where 13 = 51 =t|RE:
Observe that we cannot have r, = 51, because s; is a R, E-normal form and it is not possible to have
1 =g $1 and f —R,E S1-
Also note that we cannot have 7, = s3, because since —r gC—r/g We could not give a R, E-step
from #;, which is one of the representatives of [s;]g, and that contradicts #, —'R.E 13-
We can conclude that r, # s;, for i = 1,2, hence we can make a one-step R, E-reduction from #,,
that is, there exists a t5 such that

LTRE

E

R
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Now we consider the following cases:

a) Ifts = s; then t5s = t3 which gives us t5 = 3.
Now the diagram in Figuredegenerates to t; = tp, ts =t and 13 = 14 with zero steps of R/E
and the diagram becomes a line.
ty ——

t —— 15

R.E ts

b) Ifts =5, =1{Rr/E thents (;)E 13, by the hypothesis. The diagram in Figurehere degenerates
to the square on the left, where t3 = #4 and t5 = t¢.

h—g1ls

E E

to —— 1=
2 R.E 5

c) Ifts # s, for i = 1,2, then there exists a R/E-normal form of 75, named 6, such that tg = s,

and this gives us that 75 (;)E t3.

tl ? tg

E

*
ta RE ts R/E t

Here, note that 7; —r/g % and, by the hypothesis, s = t|g/e. The diagram in Figure
degenerates to 13 = 4.

E E
*
ta RE ts R/E b

II. Consider the case where f3 is not a R, E-normal form of . Then there exists a #4 = t|r g such that
[ —>§7E t4 which implies #3 —>’§/E t4 since R,E C R/E:
x

h—g s R/E b

E

to

For the same reasons as case I, we can have neither t, = 51 nor t, = s5,. Therefore we must have
ty # s;, for i = 1,2, hence we can make a one-step R, E-reduction from #,, that is, there exists a f5
such that

bh—g s R/E ta

E

to RE ts

Now we consider the following cases:
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*
h—g s R/E b

E E

*
ol R/E to

Figure 7: Diagram for E-coherence.

a) Ifts = s; then #5s = t4 which gives us t5 = #4. The diagram in Figure degenerates to ts =tg

and 14 = t¢.
t t - t
P7REe 3 R/E 4
E E

)

b) If 15 = s = tlr/g then 75 (*:)E t4. The diagram in Figure [7| also degenerates to t5 =t and

14 = tg.
t t - t
I~ Rg ™3 R/E 4
E E
Lo RE Iy =———=1s

)

¢) If t5 # s, for i = 1,2, then there exists a R/E-normal form of 75, named #6, such that t = s,

and this gives us that #¢ (;)E t4. This gives us exactly the diagram in Figure

(<) Assume —R g is E-coherent.

We want to prove that s; =g s3.
Consider #; = ¢, and suppose t =g 1, and t =R 13.
p—
R,E
E

2

Consider the R, E-normal form of 3, s1 = t3/r g = t/r (it is also a R, E-normal form of 7).

*
t t S
RE 3 R.E !
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By the E-coherence property, there exists a 5 such that

t t S
RE ° R.E !

E

to RE ts

And from t =g 1, =R g f5s we have 1 —g/g 5. Consider then the R/E-normal form of 5, s, = ts|r JE=
tlr/e (it is also a R/E-normal form of 7).

t t- S
RE 3 R.E !

E

t t S
27RE 0 R/E 2

Since R,E C R/E, we may write R/E instead of R, E in the step 3 —RE ST

*
t R,E ts R/E 51

E

*
t ts S
27RE P R/E 2

Now we can apply the E-coherence property and get the result we wanted, s; =g 57:

t t. - s
RE 3 R/E !

E

E

t t - s
27RE ° R/E 2

O]

Conjecture A.1. Let E be a first-order theory and R be a nominal rewrite system that is E-confluent and
E-terminating. Then the R, E- and R/E-normal forms of any term t are E-equal iff —r g is E-coherent.

Proof. Lets; =t]rg be the R,E-normal form of AF¢. And let s, = t|g/g be the R/E-normal form of
Att.
(=) Suppose that A Fg 51 & 55 (%).

We want to prove that —g g is E-coherent. Let t = ¢4, f,, 13 be terms and A be a context such that
At =g 1 (equivalently Abg 1y = 1) and AF 1] —RE 3:

A [ tl —— t3
R.E

~
~a,E

AFty
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L. Consider the case where 13 = 51 =t|R:

Observe that we cannot have r, = 51 because s is a R, E-normal form, and it is not possible to have
A1 Ra,E S1 and A1 —R,E §1-

Also note that we cannot have 7, = s,, because since —r gC—r/g We could not give a R, E-step
from A I ¢;, which is one of the representatives of A - [s5]g, and that contradicts A+t =R 3.

We can conclude that r, # s;, for i = 1,2, hence we can make a one-step R, E-reduction from AF ¢,
that is, there exists a f5 such that A= 1, =R 15:

AFt RT> t3
NaLE

A}_tQR?t‘S

Now we consider the following cases:

a) If ts = s then 15 = t3 which gives us A& 15 =4 g 13.
Now the diagram in Figuredegenerates to t) =y, ts =t and 13 = 14 with zero steps of R/E
and the diagram becomes a line.

Al_tg—fq?tg—

ts

b) Ifts =52 =tlg/e then Atg 15 (Q) 13, by the hypothesis. The diagram in Figure |8|degenerates
to the square on the left, where t3 = #4 and t5 = t¢.
AF tl ? t3

s
gzu.E ézaf

A}itQR”?tS

c) If t5 # s;, for i = 1,2, then there exists a R/E-normal form of A I f5, named f, such that

. (*)
ts = 57, and this gives us that A Fg fg = t3.

Aty RT> t3
gNu,E
Attty RE ts R/E te

Here, note that A - #; —g/g f6 and, by the hypothesis, s» = 7{g/g. The diagram in Figure
degenerates to 13 = 4.

;xms o LE
Abty o ts e te

II. Consider the case where 73 is not a R, E-normal form of A - z. Then there exists a 74 = t/r g such
that A 13 —§ g t4 which implies A 13 —>E/E t4 since R,E C R/E:



28 Nominal Commutative Rewriting and Narrowing

At ty RE t3 RE ta
o E N LE
3
AF o R E ts RE o

Figure 8: Diagram for nominal E-coherence

*

E ts R/E by

A}—t1R

~a,E

Aty

For the same reasons as case I, we can have neither , = s nor t, = s,. Therefore we must have
ty # s;, for i = 1,2, hence we can make a one-step R, E-reduction from A I £, that is, there exists
ats such that At —R,E 5!

Abty oot G ta

~
~a,E

A}_tQR’?ts

Now we consider the following cases:
a) If 5 = sy then t5 = 14 which gives us #5 =4 g t4. The diagram in Figure@degenerates tots =tg
and 14 Rq,E l6-

*

Aty ot R ty
%zu.E gzu.E
Ably ety =————1s

b) Ifts =5, =tlr JE then A g t5 (*%) t4. The diagram in Figure 8| also degenerates to ts = g and

I4 Rq E le-
AFt RE t3 R/E ty
gﬁa,E gzu,E
A }— t2 R7? t5 = t6

c) If ts # s;, for i = 1,2, then there exists a R/E-normal form of A |- #5, named 6, such that
t6 = 52, and this gives us that A g #4 (Q t4. This gives us exactly the diagram in Figure

(<) Assume —R g is E-coherent.

*

AFt]?tj***R/E*>te4
ok Ro,E

{

Al_tQ—RE—>t5———R/E—>t@
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We want to prove that A Fg 51 =g g 53.
Consider t; =t¢, and suppose A=t ~q g tp and At —RE 3.

AFt—sts
R,E
%ﬁm.E

Aty

Consider the R, E-normal form of A 13, sy =t3)r g = t{r (it is also a R, E-normal form of A 7).

AFt t3 * S1

R.E R.E
%za.E

AFto

By the E-coherence property, there exists a t5 such that A1, —gr g f5:

At LL3 * S1

R,E R,E
gmn.E

AFty ——=1i5
R.E

And from At =g g tp —RE t5 We have At —R/E I5. Consider then the R/E-normal form of A - 15,
52 =ts{r/E =R/ (itis also a R/E-normal form of A F¢).

*
Akt RE t3 RE S1
%za.E
*
A = tg RE t5 R/E S92

Since R,E C R/E, we may write R/E instead of R, E in the step AF 13 =g g s1:

At RE ts R/E S1
%zu.E
AFty RE ts R/E So

Now we can apply the E-coherence property and get the result we wanted, A Fg s1 = s»:

*
AF t RE t3 RE S1
%za_E ~ao,E
*
A = tg RE t5 R/E S92
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Example A.2 (Cont. example d.I). We present the computation of 6y and 6

Hﬂﬂﬂﬂ

({a#Q1,a#P'}, 1d,{P A3[a](~(a D) Qn)qfﬂP’AH[] 0}) =~
:>(f- ({a#Ql,a#P’} Id {Pl r,Nr,P .3

ﬁ(":a,C app) (
= (wc [aa)) (1a#Q1,a#P'},1d, {P) o P! (~(ab)-0

2
(~q,c inst)

(0,14, {~(V[)Q1) »~ ~(V[a]Q)}) = (e c )

wcapp) (0.1, {¥[]Q1 = V[a]0})
~cap) (0,10,{[6]01 +~ [a]Q})
ectab) (0,1, {(ab)- Q1 v~ Q,a#Ql})
var) ({a#Ql} 1d,{(ab)- Q1 11 0})

(=
(
(=
( C

(~q.c inst) ({a#Ql}vGO = [Q = (a b) Ql]a{(a b) <01 7= (a b) ’ Ql})
(g c refl) ({a#01}, 60,0)

C

o,

al(—(ab

al(=

»3[a]Q'})
2 [a]0'})
< 0}
{P °~°P1,

(ab)-01)})

cO
01) 2
Ql)
1) 2
)

Zzn 220

[a)(=(ab)-
{a#Q],a#P} Id {P] ONOP [ (ab)-

({a#Q],a#Pl} 0, = [P’»—>P1,Q’>—>—\(ab Q[]
(~(ab)-01) 1% (~

= ey ({a#01,a#P1},61,0)
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