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Talk's Plan

@ Section 3

@ Formalizing a simple remark in Hungerford's abstract algebra
textbook
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Hungerford's remark

Definition 3.5. An integral domain R is a unique factorization domain provided that:

(i) every nonzero nonunit element a of R can be written a = ¢\Cy- - -C,, With
‘Thomas W. Hungerford Ciy ..., Cy irreducible.
Algebra (i) Ifa = cicy- - -Cy and @ = did,- - - d, (Ci,d; irreducible), then n = m and for
some permutation ¢ of (1,2, ..., n}, ¢; and dsgy are associates for every i.

REMARK. Every irreducible element in a unique factorization domain is neces-
sarily prime by (ii). Consequently, irreducible and prime elements coincide by
Theorem 3.4 (iii).

@ e
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Section 3

Hungerford's remark - Ring definition

Definition 1.1. A4 ring is a nonempty set R together with two binary operations
(usually denoted as addition (+) and multiplication) such that:

(i) (R,+) is an abelian group;
(ii) (ab)c = a(bc) for all a,b,c € R (associative multiplication);
(iii) a(b + c¢) = ab 4 ac and (a + b)c = ac + bec (left and right distributive

laws).

Thomas W. Hungerford If in addition:

Algebi

sebre (iv) ab = ba forallabeR,
then R is said to be a commutative ring. If R contains an element 1y such that
(v) lga = alg = a forallacR,
then R is said to be a ring with identity.
6 Springer

See the file ring_def.pvs in https://github.com/nasa/pvslib/tree/master/algebra
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https://github.com/nasa/pvslib/tree/master/algebra

Section 3

Hungerford's remark - Ring examples

(Z)+7'7071)
(mZ ={m - z;z € Z and m is a natural number },+,-,0)

{f:R=2RE+:(f+9)(@) = f(2) +9(2),: (f- 9)(x) = f(2) - 9(2),0,1)

el ) (35 )

(Zy, ={0,1,...,m — 1}, + =a+b,-:a-b=a-b0)
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Section 3

Hungerford's remark

Thomas W. Hungerford
Algebra
Definition 1.3. A nonzero element a in a ring R is said to be a left [resp. right] zero
divisor if there exists a nonzero b ¢ R such that ab = 0 [resp. ba = 0]. A zero divisor
6,,__ is an element of R which is both a left and a right zero divisor.

See the file ring nz_closed_def.pvs in

https://github.com/nasa/pvslib/tree/master/algebra
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Section 3

Hungerford's remark

Thomas W. Hungerford
Algebra
Definition 1.5. A commutative ring R with identity 1y # 0 and no zero divisors is
called an integral domain. A ring D with identity 1p # 0 in which every nonzero ele-
0*__ ment is a unit is called a division ring. A field is a commutative division ring.

See the file integral domain with_one_def.pvs in

https://github.com/nasa/pvslib/tree/master/algebra
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Section 3

Hungerford's remark

Thomas W. Hungerford
Algebra
Definition 1.4. An element a in a ring R with identity is said to be left [resp. right] in-
vertible if there exists c ¢ R [resp. b e R] such that ca = 1g [resp. ab = 1g]. The ele-
ment c [resp. b) is called a left [resp. right] inverse ofa. An element a e R that is both
6"""' left and right invertible is said 1o be invertible or to be a unit.

Definition 3.1. A4 nonzero el aofa jve ring R is said to divide an
element b ¢ R (notation: a | b) ifthere exists X € R such that ax = b. Elements a,b of R
are said to be associates ifa |band b | a.

Definition 3.3. Ler R be a commutative ring with identity. An element ¢ of R is
irreducible provided that:

(i) c is a nonzero nonunit;
(ii) c =ab = aorbisaunir

An element p of R is prime provided that :

(i) p is a nonzero nonunit;
(ii) plab = plaorp]|b.
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Section 3

Hungerford's remark

@ In Z, the notions of prime and irreducible elements are equal.

@ In Zg, 2 is a prime element; however 2 is not an irreducible element.
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Section 3

Hungerford's remark

Every prime element in an integral domain R is an irreducible element. )

If p = ab then pla or p|b since p|p = ab and p is prime.
Consider that pla. Thus a = px and p = ab = pxb.

Consequently, p — pxb = p(one — xb) = zero. Thus, b = one and b is an unit.
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Hungerford's remark

Definition 3.5. An integral domain R is a unique factorization domain provided that:

(i) every nonzero nonunit element a of R can be written a = ¢\Cy- - -C,, With
‘Thomas W. Hungerford Ciy ..., Cy irreducible.
Algebra (i) Ifa = cicy- - -Cy and @ = did,- - - d, (Ci,d; irreducible), then n = m and for
some permutation ¢ of (1,2, ..., n}, ¢; and dsgy are associates for every i.

REMARK. Every irreducible element in a unique factorization domain is neces-
sarily prime by (ii). Consequently, irreducible and prime elements coincide by
Theorem 3.4 (iii).

@ e
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