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e \-terms, A: a::=(a a) | A\.a

Type annotations:
Ax:A.M

(A : AM N)—P M{N/z}
e A (M z) —"M, ifx g FV(M)

Beta and Eta rules:
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Typing judgment: I' - M : A = “M has type A in the context I'"

A context is a list x1:A44,...,x,:A,, of variable declarations.
x &I x4l I'FM:B
v AT'Fxz: A (Start) A T'FM:B (Weak)
A T'FM:B (Abs) I'-M:A—B FI—N:A(A )
I'F A x:AM: A—B T'F(M N):B PP

Figure 1. The simply-typed A-calculus
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Relevant problems/notions in type theory:

e Type checking: Given M and A determine whether there exists I' such that
I'-M: A.

e Type inference: given M determine I' and A such that I' = M : A.

e Type inhabitation: The type A is inhabited in 1" if and only if there exists a
A-term M such that I' = M : A.
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Type theory

VErsus

Mauricio Ayala-Rincén

intuitionistic logic

Typing rules of the simply-typed A-calculus correspond one to one to deduction
rules of minimal intuitionistic logic: typing rules are logical rules decorated with

typed A-terms.

A judgment ) F; A denotes that A is a logical consequence of (2.

QAl__IA(Axiom)
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O, A+, B

O A—B
A formula A is a tautology if and only if the judgment -; A is provable.

(Intro)

QFrA—-B QFr A

QFr B

(Elim)
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Example A—((A—B)—B) is a tautology:

(Axiom)

A A=BF; Ao ™M 4 ASBF, A o

A, A—B '_] B
AF; (A—B)—B
-1 A—((A—B)—A)

(Intro)
(Intro)

For this example:

- Az A Ny A—B.(y =) : A—»((A—B)—A)
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Curry-Howard isomorphism: €2 ; A is provable in the minimal intuitionistic
logic if and only if ' = M : A is a valid typing judgment in the simply-typed
A-calculus, where I' is a list of variable declaration of propositions, seen as
types, in (2. The term M is a A\-term that represents the proof derivation.

e Type inference: given M determine I' and A such that ' M : A
corresponds to correctness proofs of programs

e Type inhabitation: The type A is inhabited in I' if and only if there exists a
A-term M such that ' M : A
corresponds to extracting programs from proofs
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e Terms in de Bruijn notation, Aygg: a :=N| (a a) | \.a,
where N is the set of de Bruijn indices.

Ao Mgy ) (A( 2) )

—p Aoy (Ao 2) 7))

Referential '

For instance, for the referential x,y,z,.... | A.(A.(4 1) (A.(2 1) 1))
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G-reduction: | \.(A.(4 1) (A.(2 1) 1)) —5A.(3 (A2 1) 1)) —5 (3 (1 1))
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In the de Bruijn setting of the simply typed A-calculus, a context I' is a list of
types A;.....A,, where A; is the type of the free-variable represented by the index

1.

1<i<n AT+ M : B

Ay Ay A i A V) TF a0 A=B AbS)
I'-M:A—B FI—N:A(A )
I'(M N):B PP

Figure 2: The simply-typed A-calculus for A p-terms
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Implicitness of substitution is the Achilles heel of the A-calculus: the substitution
involved in (3-reductions does not belong in the calculus, but rather in an informal
meta-level.

Definition 1. [Asc-calculus] The As.-calculus is given by the rewrite system in
Fig. 3 and the grammar

M,N:=n|(M N)| XM |Mc’N | ptM for n,j,i>1 and k> 0.

The calculus of substitutions associated with the As.-calculus, namely s., is the
rewriting system generated by the set of rules s, = As. — {o-generation, Eta}.
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(AM)o'N
(M; Ms)o'N
QO'?;N
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(S% M)ao! N
‘Pk(M o’ N)

Solg (901 M)

QOk (QOZ M)
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Mol N

)\(Mai—HN)

((Myo'N) (Mzo'N))
n—1 if n>1
wéN if n=1
n if n<a1

A(‘Pk+1M)

((‘Ple) (SOkM2))
n+1—1 if n>k
n if n<k

(Mo TIN) 6 (Mao? TP NY  if i< j

ot M i k<j<k+i

(Mo THINY i ki<
(qu+1M)0 (gok+1_jN) if j<k+1
CP‘Z(SO}L;+1—jM) if l+75 <k
AT i I<k<i4j

l
N if M =5, 2N

Mauricio Ayala-Rincén

(o-generation)
(o-A-transition)
(o-app-transition)

(o-destruction)

-A-transition)

p-app-transition)
p-destruction)

o-o-transition)

o-p-transition 2)
p-o-transition)
-p-transition 1)

-p-transition 2)

(¢

(

(

(

(o--transition 1)
(

(

(¢

(¢

(Eta)

Figure 3: Rewriting system of the As.-calculus
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AS. simula a J-contracao:
(A4 2) ((B2) 1)))))) (A(A(21)))) (A(A21)))) — g ((AAMA((AA(21))) 2) ((32) 1))))) (A(A(21))))
Utilizando o sistema SUBSEXPL:

(A2 2) ((32) 1)) (AMA21))) (A(A(21)))) —o- gen

(AAA(E2) (32 D))o AR D)) AR D)) =gy
(MAA((22) ((32) DN)T*ARE D)) AAEZ D)) —gx
(A (ED) (32) 1)’ AAEZ D)) A2 D)) =4y
(AAA((22) ((32) D) AAR D)) (AMA2 1)) —o- app
(OG22 A2 D)) (B2 Do AR D)) A2 D)) —o- app
(AOA (e (@ D)) o (D)) (32 Do AAE@ D))))) (AA2 1)) —o- app
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(AN (@ (A2 D)) 2o A2 D)) (B2 (AA2 1) Lo (AR D)) (AMA2 1) —o- app
(MA@ D@2 D)) 2o (A2 D)) (B (A2 D)) 2o A2 D)) L AR D)) AL D)) =45 des
(AN (2o (A A2 D)) 2o (A2 1)) (Bo*(A(A2 D)) 2o (A2 D)) Lo AR D)) AR D)) — - des
(AAA(PG((AA2 D)) 2) (Bt A2 1)) o (AR 1)) L (AR D)) A2 1)) = 4. des
(Ao (AR D)) 2) (B e (A2 D)) A AAE DN AAEZ D)) —o- des
(AN (AA2 D)) 2) (32) Lo AR DI AAE D)) —o- des
(A (LA 2 D)) 2) ((32) 1)) (AMA21D))) —»
(AT (A21D)) 2) (32) 1)) AR D)) =i
(AN A@3((21))) 2) ((32) 1)) (AAZ 1)) — - app
(AN A(23(2) £5(1))) 2) (32 D)) QAR D)) = 0 des

(A2 93(1))) 2) (32) D)) (AMAM2 1)) — - des
((AAA(((A(A(21)) 2) ((B2) 1)) (AA21D)))
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Rewriting rules of the As.-calculi are modified adding typing information:

(Aa.M N) — Mo'N (o-generation)
(Aa.M)o'N — s (Mo I N) (o-A-transition)
@t (Aa. M) —  Aa(ph M) (p-A-transition)
(M 1) — N if M=, @3N (Eta)

GTC/UNB: www.mat.unb.br/~ayala/TCgroup 15



T1PANDO CALCULOS DE SUBSTITUIGOES EXPLICITAS Mauricio Ayala-Rincén

I'-n:B

ATF1: 4V ATFn41:BY™
ATFEN:B o EN:A>B TEM:A,
I'FAsN:A-B TF(N M):B PP

P>i -N:B F<,LBF>,L - M:A . F<k.F>k_|_7; - M:A .

. S : Ph

TFMo'N:A (Sigme) PR M:A4 o)

Figure 4: Typing rules for the As.-calculus

Let I' be a context of the form A;.A45...A,,.A. We use the notation I'<;, and I'>
for denoting the contexts A;...Ar and Ax...A,.A, respectively. This notation is
extended for “<” and “>" in the obvious manner.
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Example Type inference for the term As .. Ap_.c.A4.(2 (3 1)) in Ase.

let ' = A.B—C.A—DB.

(Var)

A—-BF1:A—B (Varn)

B—C.A-BF2: A>B

B—-C.A—-BF1: B—-C (Var)

MrF:AY @ rr2: 8¢ Y™ T @) T3 A-s )
(3) (1)
2) TF@3 l):Bgﬁpp;
TH2 @B1):Cc
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Example Continuation.

-2 @1)):¢
B—C.A—BFX4.(2 3 1)): A—
A—-BFAg_.c.A4.(2 (3 1)) :(B—C)—(A—-C)

(Lambda)
¢ (Lambda)
(Lambda)
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Type variables 7; and context variables ~;, © € N.

Mauricio Ayala-Rincén

A-termM? |  ~» | 1%%-order unification problem on 7/s and +'s

input

output

Type inference algorithm
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As.-terms are decorated with new type and context variables.

Example

)\A.AB.AC.(Z (§ l)) 7

N~

M

where T and Yis 1= ]., ceny
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(Aa- (s (Ao (20 (372 178

_’7'3

)7

V4
T4

)7

75
5

)7

Y6
76

)7

7
7

)7

8
T8

M/

8 are new mutually different type and context variables.
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The kernel of the algorith is given by the set of transformation rules in Table 1.

Applying the transformations rules we obtain a sequence:

<R07 ®> > <R1, E1> S S

where the R's and E''s are sets of decorated terms equations on type and context
variables.

The application starts from (Ry, ), where Ry is the set of all decorated subterms
of M’.
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Table 1: Transformation rules for type inference in the As.-calculus

Mauricio Ayala-Rincén

(Var) (RU{1])}, E)

(Varn) (RU{n)}, E)

(Lambda) — (RU{(A4. M”l);m} E)
(App) (RU{(M}] N”2> 13}, E)
(Sigma,) (RU {(M71 ‘N 2 %3} E)
(Phi) (RU{(¢}, M/ 1)72}, B)
(Meta) (RU{XT}, E)

—

!

!

(R, EU{~ = 7.7'}), where o/ is a fresh context
variable;
/
/ /
7_1, ceey Tn_
<R7 EU {7-2 - A—>’7’1, 71 = A"72}>;

(R, EU{v] = 72,72 = 73,71 = T2—T3});

.T;L_l.’r.")//}>, where v/ and

1 are fresh context and type variables;

(R, E U {7‘1 = 73,71 =

/ / . / / }>
7-1'“7-7;_1'7-2'/72,73 — Tl...T,’;_l.’y2 ,
where T{,. ,7'/ 1 are fresh type variables and

in the case that ¢ = 1 the sequence 7'{ 7'/ _qs
empty;

(R, E U {7‘1 = 79,79 =
A / _ 1y
where ’y/ and ’7']/_, ”"Tllﬂ—l—?;—l are fresh context
and type variables and in the case that £ < 1
respectively K = 0 and ¢ = 1 the sequences
T{...T];_l respectively T{...T]/{:_i_i_l are empty;
(R,EU{y=Tx,7 = Ax}) where I'y F
X : AX;
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Mauricio Ayala-Rincén

Transformation rules are built according to the typing rules of the As.-calculus.

(Ro,0) ~7 (0, Ey)

The size of the set of decorated subterms R, decreases by one.
Consequently f corresponds exactly to the number of subterms in M.

The output

Ey

is a first-order unification problem.
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Any first-order unification algorithm is then applied to E

e If the unification algorithm fails then our term is ill-typed.

e Otherwise, the resulting mgu gives a context I' and a type A such that
I'EM:A.
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Theorem 1. The type inference algorithm for \s. is correct and complete.

Proof: Consequence of the correctness and completeness of first-order
unification and of the correspondence between the typing rules and the
transformation rules of the As.-calculus. o
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Example

MadsAc2 B D) | ~ | QaQp(Ae- (22 (302 109)74)7)78)77)78

=Ty =T3/T4/)T5/T6/T7/ T8

M M’

Initial input for the transformation rules: (Rg, ), where

271 372 lzg,) (372 1’75)74 (271 (3’72 1’73)74)’75

=717’ =79 =T —=T3/T4’ =T1 \=T9 =T73/T4/T5’
Ro =< (Ac.(27) (373 123)70)7)%, (As-(Ao-(27) (375 L33)73)32)70)7,
Aa-Ap-(Ac-(221 (372 13)70)29)79)17) 728
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Example Continuation.

(Ro, ) — yqur

(R1 = Ro \ {ﬂg?j}, E1 = {y3 =737} — Varn

(Ry = R1\ {2/}, By = By U{v1 = 7].71.%}) = Vamn

(R3 = Ry \ {32}, B3 = By U {2 = 15.73.72.75}) = App

(Ry = R3\{(372 1)1}, Ea = E3U{v2 = 73,73 = 74, T2 = 3—=T4}) —App

(Rs = Ry \ {21} (372 LI)IH Y, Bs = E4U{v1 = V4,74 = 75,71 = 4—T5})  — Lambda
(Rg = Rs \ {(Ac-(21 (372 173)1D D)8}, B = Bs U {16 = C—75,75 = C-%})  — Lambda

(R7 = Re \ {(A5-(Ac-(27] (375 173)71)75)78)71}, Br = Eg U {m7 = B—76,7% = B-37}) = Lambda

(0 =R\ {(xa-(Ap-(Ac- (21 (372 173)7D)72)70)70) 18}, Bs = By U {rs = A—77,v7 = Ag))
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Exercise Continuation. Apply any first-order unification algorithm to the problem:

( )

V3 = T3.71,

Y1 = T{°Tl°f}/é)
Yo = To.T5.To. Y5,
Fo — Y2 = V3,73 = V4,72 = T3—T4,

8 = {4 B B - 0
Y1 = V4,74 = V5,71 = T4—T5,
76 = C—75,75 = C.76,

77 = B—7g,76 = B.77,
8 = A—T7, 77 = Ay

And then resolve the bindings of the resulting unifier (if it exists) for giving
appropriate contexts and types for the input \-term.
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7. Conclusions

e Explicit substitutions calculi close the gap between theory and practice.
e Building a “satisfactory” substitutions calculus is an open problem.

e Types are essential when thinking about formal frameworks for reasoning
about implementation of programming languages and automated deduction
environments.

e Type checking and type inference algorithms belong to the kernel of any
practical computational environment.

e Type inhabitation methods are essential for extracting the computational
information of correctness proofs of specifications.
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