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Logics of ‘Generally’

Examples:
1. “Birds generally fly”

2. “Metals rarely are liquid under normal conditions”

3. “A reply to a message will be received almost always”

Motivation:
e ‘generally’, ‘rarely’, ‘many’,
e ‘most’, ‘several’, ‘almost always’, etc.

appear often in
ordinary language

some branches of science.




Logics of ‘Generally’: Syntax

e VDL
e F'OL + generalized quantifier V

e Generalized Formula: Voup

Expressive power:

e “Birds generally fly”: VaF(x)

o “Metals rarely are liquid under normal conditions”: =VxL(x)




Logics of ‘Generally’: Semantics

e Modulated Structure: A* = (A, K) (complex K)

e Satisfaction (extension in K)

AN Vopls] iff {b e A: AN p[s(v +— b)]} is in complex K.

e Model: A* = ¢ &A* =T (as usual).




Logics for ‘generally’: Semantics

Consequence relation:

Many boys love sports MeK
Sports lovers watch SporTv channel M CW

Many boys watch SporTv channel Wek

['=c F
Class of complexes C: iff

AN ET=s AN FforKel




Axiomatic Systems

e Basic Logic: (complexes without restriction)

Val] : VxA(z) < VyA(y) (y is a new var)

[~ V] :Vz(A < B) - (VzA — VzB)

e Specific Logic: intersection-closure

\VA]: VTAANVzB — Va(A A B)




Sequent Calculus for ‘Generally’

e Marked formulas: (A[z/])

— ‘_’ represents a generic object;
— ‘(" and ‘)" emphagzise that A(x) is the scope of a generalized
quantifier.
e Sequent: Ay,..., A, = B1,..., By,

Aqi,..., A,, B, ..., B,,: unmarked or marked formulas.

e Meaning: T(A1) A ... NT(A,) = T(B1)V ...VT(By)

— T': unmarking marked formulas;

— T((A)) = VzA[_/z] (z is the first variable such that
z ¢ occlAl).




Sequent Calculus for ‘Generally’

Sequent Calculus for Basic Logic: SC(B)

e Sequent Calculus for Classical Logic (SC) + {(Va), (Ve), ()}

(A), T = A
VoA[_/v],[ = A

(with v € occ|A])

['= A, (A)
I'= A, VvA|_/v]

(Va) (Ve)

ATl'=A,B B,F:>A,A(ID
(Alo/]), T'= A, (Blv/-])

(with v € free(I' U A))




Sequent Calculus for ‘Generally’

Sequent Calculus for Basic Logic: SC(B)

Y

e SC(B) is equivalent to the basic logic for ‘generally’:

Proposition 1: I—SC(B) = A
iff

l_SC T(F), Bl, cees Bn = T(A)
(with {B,, ..., B,} C [Va] U [o V)




Sequent Calculus for ‘Generally’

Sequent Calculi for Specific Logics

Correspondence: axiom/schemas <= sequent rules

VA : VTAANVaxB — Vz(A A B) can be formulated as:

I'=AVvA T = A, VuB
I'= A, Vu(AAB)

(VA).

(VA) can be reformulated as:

I'=A(A) T =A(B) N
T A(AnE N9




Sequent Calculus for ‘Generally’

Sequent Calculi for Specific Logics: SC(2) =SC(B)uUQ*

(A— A), = A I'= A (1)

(L7¢)

'= A (T7a) = A

(A),' = A § I'=A(A) T'=A(B), .
ArBToAN T A (Ang N9

(A),T=A (B),I=A . I'=A(A) I'=A(B), ,
AVB T=A V4 F=A(AvE) V9

I'= A (A) |, (A),'=A
AT =AY AT




Cut Elimination
e Cut Elimination for Sequent Calculus for Basic Logic:

e The cut formula is a generalized formula:

2 219

I'=0,(A) (A), A = A
['= 0,VzA[_/x] (

V) GuAlja.As AV

A= 0,A

(cut)

e The cut formula is a marked formula:

> dio >3 DIV

A T'=06,B B,I'=0,A C,A= AD D, A= AC @)

AL/ ). T = 6, (Blajl) © (Cly/10. A = A, (D))

(Alz/]), T, A = ©,A,(D[y/]) (cut)

where (Blz/_]) = (Cly/.]), x € free(T’ UO) and y & free(AUA).




Cut Elimination

e Cut Elimination for Sequent Calculus for Basic Logic:

Example:

(A=BY=>(—(AA=B)) (=(AA—B))=(-AVB)

A—B=—(AA=B) —(AA-B)=A—B ~(AA=B)=—AVB —AVB=—(AA—B)
1) (1) (
(A—B)=(—AVB)

cut)

4

A—B=—-(AA-B) —(AA-B)=—-AVB 4y TAVB=-(AA-B) —(AA-B)=>A—B .
A -B—_-AVEB (cut) —AVB—=A B (cu >(II)
(A—B)=(-AVB)

J (Classical Cut Elimination)




Cut Elimination

e Cut Elimination for Sequent Calculi for Specific Logics:

I'=0,(A) T'=06,(B) (A), A = A

(N"a)

r=o0.rE "9 Arp.Asa

(cut)

A= 06,A

4

I'=0,4) (A4),A=A
T.A = O A (cut)




Cut Elimination

e Cut Elimination for Sequent Calculi for Specific Logics:

Warning: This cut rule application cannot be eliminated.

AJA-CAND=CAND CAND,A—CAND=A (D) = (D)
(A),A— CAND= (CAD) ®) (C N D) = (D)
(A),A—> CAND = (D)

(A"a)

(cut)




Conclusion and Future Work

Sequent Calculus for Intuitionistic Logic 4+ Basic Logic

Sequent Calculus for Intuitionistic Logic 4+ Specific Logics

Characterization of the Derivation Structure

Future work:

Analytical Tableau Methods for Logics of ‘Generally’




Logics for ‘generally’: Semantics

Module description: common properties of its complexes

Name Property

universe Aelk
non-void 0K
superset TNSeK=TeKand Sk
intersection | TTe Land Se XL =TNS ek
union TeKand SeL=TUSekK
prime SUT ek=5ecKorTeck
rejection ScKk=S¢K
absorption SZdK=Sck




Module: characteristic property & axioma/schema

Module Property

Schema

Notation

universe

V(A — A)

non-void

-Vl

Intersection

VrAANVzB — Vx(ANB)

union

VrAANVzB — Vx(AV B)

superset

V(AN B) — (VAN VzxB)

prime

Vz(AV B) - VAV VB

rejection

Vir—A — -VzA

absortion

—-VzA — Vx—-A




