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Talk’s Plan

Motivation: formalization - proofs € deduction
Deduction a /a Gentzen
Exercise 1: propositional logic

Formal proofs — Proofs in the Prototype Verification System - PVS
Exercise 2: deduction in the predicate logic

Summary Gentzen versus PVS
Additional Exercise: correctness of algorithms
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Gentzen Calculus

sequents:

I = A

antecedent succedent
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Table: RULES OF DEDUCTION a /la GENTZEN FOR PREDICATE LOGIC

Gentzen Calculus

left rules right rules
Axioms:
Mo=¢ A (Ax) L,r=A (L))
Structural rules:

L,O,F?TAA (LW eakening) % (RW eakening)
o, = A . M= A, .
oY =2 (LContraction) bk (RContraction)

e, N=A M= A0
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Gentzen Calculus
Table: RULES OF DEDUCTION a /la GENTZEN FOR PREDICATE LOGIC

Teft rules right rules
Logical rules:
Pic{1,2}, T = A r=240,¢o =249
Zierzh T2 “T P T oY (R
P1Ap2, T = A r=»4a,¢onN9¢
e, T = A T = A (L) F'= A, ¢ic(1,2} (")
PV T =A Y F=2e1Ver
r=»AaA,¢ ¥, = A e, T = Ay
———— (=) — (R>)
e =P, I = A r=A¢—9
plx/t], T = A = A, ¢lx/y]
———~ (v) — v (Rv), y &, )
Vep, I = A M= A,Vxp
elx/y,T = A r= A, olx/t]
———~ (L3), y&(l,4) ——~ = (R3)
e, I = A = A,3xp
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Gentzen Calculus

Derivation of the Peirce’s law:

=0 (A
w @ ¢ (Ax)

R
((Rﬁ) o=,
= 0,0 =1 0 = (Ax) L)
(=)= p=0 ﬁ)

= ((p—= )= p) =
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Gentzen Calculus

Cut rule:

Fr= A0 o= A
M = AA’

(Cut)
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Gentzen Calculus - dealing with negation: c-equivalence

o, = A one-step c-equivalent I = A, -

= A,p one-step c-equivalent —p, [ = A
The c-equivalence is the equivalence closure of this relation.
Lemma (One-step c-equivalence)

(i) Fe o, T = A iffbg T = A, —gp;
(ii) b ~, T = A iffFg T = A, p.
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Gentzen Calculus - dealing with negation

Proof.
(i) Necessity:

T =A
=8 (RW)
o, =A, 1L
———— (R>)
M= A -p
Sufficiency:
(LW) M= A -p (Ax) o,T = A, p Lyp,T=A (L) (1)
T=A, - -0, 0, = A -
® ® ®, P (CUT)

p, = A
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Gentzen Calculus - dealing with negation

(ii) Necessity:

R_>) (Ax) o, T = A, ¢, p, L -, = A RW)
L*)) M= A, 0,0, ¢ L,Ir=A ¢, (L)) o, = A, ¢, L (R*})
(R,A)) e, M= A, 0,0 Fr= A, ¢,y @, T = A, ¢ (Ax)
M= A0, g =y e = o, = A
r=A4¢
Sufficiency:

MN=A¢ 1, r=A
—p, [ = A
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There is no Plan B - Ezxercise 1

There can be no Plan B because’ there is no
“planet B,”
UN Secretary-General Ban Ki-moon

Going to
L “Planet B"
Avatar's Interstellar VS
J. Cameron
Pandora
Alflolol
Edena

Moebius’ Word of Edena

Valérian's Spaceship
P. Christin & J.-C. Méziéres
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There is no Plan B - Ezxercise 1

See the file planetB.pvs in:

www.mat.unb.br/~ayala/planetB.pvs
or
Www.cic.unb.br/~ayala/planetB.pvs
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The Prototype Verification System - PVS

PVS is a verification system, developed by the SRI International
Computer Science Laboratory, which consists of

@ a specification language:

e HO functional language;
e a type system based on Church’s simple theory of types
augmented with subtypes and dependent types.

@ an interactive theorem prover.

o based on Gentzen's sequent calculus: T = A, where I and A
are finite sequences of formulae, with the usual Gentzen
semantics.
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Sequent calculus in PVS
@ Representation of A;, Ay, ..., AmF B1,Bo, ..., By:
[-1] A1

@ Proof tree: each node is labelled by a sequent.
@ A PVS proof command corresponds to the application of an
inference rule.

e In general:
MN---A

Ml Ay Tyl A,

(Rule Name)
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Some inference rules in PVS

@ Structural:

[—1] AN-B

[~i1An-B (i+1)] AN B

--- (copy—1) |_L
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Some inference rules in PVS

@ Structural:

[—1] AN—-B
(—(i+1)] AA—B

(hide — (i + 1))
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Some inference rules in PVS

@ Propositional:

[-1] A
[-2] B
[-3]CVvD
[1] C
R]AAC

[L]AAB — (CVD— CV(AAQ)) (flatten)
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Some inference rules in PVS

@ Propositional:

[~1] A
|___

[1] (A— B) = A [1] A

|-—- (split —1)

[1] A |———
[1]A— B
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Some inference rules in PVS

o Propositional - semantics of PVS instructions:

all-——A,b M--—-Aac

MN---A,a—b (flatten) MN---A,-a—c Eflalr.ct)en)
I--- A,if a then b else c endif Spit
M (fl tt ) ) r--- A’ d (fl tt )
aAbT1-—— A 20" T e
(split)

if a then b else c endif, [ |-—— A
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Some inference rules in PVS

@ Propositional:

[1] ged(m, n) = ged(n, m)
[

[1] gcd(m, n) = ged(n, m) (case “m>n")

—
[I]m>n
[2] ged(m, n) = ged(n, m)
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Some inference rules in PVS

e Propositional (propax):

[LAI-—— A A [, FALSE - A

(Ax) (FALSE|-—-)

I--- TRUE,A

(- TRUE)
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Some inference rules in PVS

o Predicate:

[_]-] VT : P(X) [_1] VT : 'D(X)
[-2] 31 =P(x) (skolem —2 “z") —
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Analysis of GCD properties - Exercise 2
Dealing with variables:
Definition (GCD)

For all m,n € Z\ (0,0) the greatest common divisor of m and n,
denoted as gcd(m, n) is the smallest number that divides both m
and n.

Theorem (Improved Euclid Theorem ~300 BC- Gabriel Lamé
1844)

V(m,n):Z\ (0,0) : GCD(m, n) = GCD(rem(n)(m), n)
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Analysis of GCD properties - Fxercise 2

See the file pred_gcd.pvs in:

www.mat.unb.br/~ayala/pred_gcd.pvs
or
Wwww.cic.unb.br/~ayala/pred_gcd.pvs
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Summary - Gentzen Deductive Rules vs Proof
Commands

Table: STRUCTURAL LEFT RULES vS PROOF COMMANDS

Structural left rules PVS commands
r=A o,TEA
T a W) rra (hide)
p, 0, = A p,TFA
sr=a O oA (o)
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Summary - Gentzen Deductive Rules vs Proof Commads

Table: STRUCTURAL RIGHT RULES vS PROOF COMMANDS

Structural right rules PVS commands
r=A rEae .
—_— ———— (hid
F=ap W rra (hide)
M= A 0,0 Mr=A o
Toae RO Frae, )
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PROOFS IN THE PROTOTYPE VERIFICATION SYSTEM

Summary - Gentzen Deductive Rules vs Proof Commads
Table: LOGICAL LEFT RULES vS PROOF COMMANDS

left rules

PVS commands

Fr=A¢ ¢, = A

P1, 02,1 = A
——————— (LA)
p1Ap2, T = A
e, T =A = A

oV, T = A (Ev)

o=, T =A (L)

elx/t,T = A
Vg, T = A (Lv)
elx/y]l,T = A

L
I, [ = A (&3

el /Y. TFA

Ao, T A
RANAR 50N (flatten)

Pic{1,2},THA

PV, TEA ;
_evera e
STFA grra P

6o THA .
_e2EA
oo orra P
Ve, T - A
—————— (inst)
elx/t,r A

ENPN SN
x@ (skolem), y & (I, A)
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Summary - Gentzen Deductive Rules vs Proof Commads

Table: LoGgICAL RIGHT RULES vS PROOF COMMANDS

PVS commands

right rules
Fr=»0,¢ =A% r-aeny i
=280 T=09v g, ———— (split)
Fr= A, oA FrEA, o THA Y
F= A ¢icmn TEA, @V
L7 A Pie{12y (Ry) MR 2 A (flatten)
r= 02,01V e FF A e
T = A, r=A, o —
o= 4,4 (R) frhe—9 (flatten)
r=»A40,¢— % oAy
oA ol rFa,v
M (Ry) TS Ve (skolem), 'y & tv(I', A)
= A,Vip FE A p[x/y]
N TFA, 3
Feakd ™
I A, px/t]

M= A,3x¢




PVS proof rules versus Gentzen SC rules

(hide)

(copy)

(flatten)

(split)

(skolem)

(inst)

(Temma)

(case)

(Ax)
(L)

v
v

v
v

v
v

v
v

v
v

(IW)
(LC)
(L)
(Lv)
(L)
(Lv)
(L3)

(RW)
(RO)
(Rn)
(Rv)
(R=)
(Rv)
(R3)

(Cut)
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GCD algorithm correctness - Additional Ezercise

See the files gcd. pvs in:

www.mat.unb.br/~ayala/pred_gcd.pvs / .prf
or
www.cic.unb.br/~ayala/pred_gcd.pvs / .prf
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Checking algorithmic properties - Addional Exercise

euclidean gcd(m, (n | NOT m=0 OR NOT n=0)) : RECURSIVE posnat =
IF abs(m) = abs(n) THEN abs(m)
ELSE IF (m = 0 OR n = 0) THEN abs(m+n)
ELSE IF (abs(n) > abs(m)) THEN
euclidean _gcd(rem(abs(m))-abs(n), abs(m))
ELSE euclidean_gcd(rem(abs(n)) (abs(m)),abs(n))
ENDIF
ENDIF

ENDIF
MEASURE abs (m)+abs(n)

It works?
Does this specification compute correctly the ‘ ‘gcd’’ of the
definition?
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Checking algorithmic properties - Addional Exercise

euclidean_gcd_is_correct : COROLLARY
FORALL (m, (n | NOT m=0 OR NOT n=0))
divides(euclidean gcd(m,n),m) AND

divides(euclidean gcd(m,n),n) AND

FORALL (k) : divides(k,m) AND divides(k,n) =>
k <= euclidean gcd(m,n)
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