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We establish a Trudinger—Moser type inequality in a weighted Sobolev space. The inequality is applied in the
study of the elliptic equation

—div(K (x)Vu) = K(x)f(u) +h in R

where K (x) = exp(|x|?/4), f has exponential critical growth and h belongs to the dual of an appropriate
function space. We prove that the problem has at least two weak solutions provided 4 # 0 is small.
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1 Introduction

For N > 2,1let C® (RN ) be the space of infinitely differentiable functions with compact support and denote by X
the closure of C2°(R") with respect to the norm

1/2
lull := ( K(x)|Vu|2dx) (1.1
RV

where K (x) := exp (|)c|2 /4). For each p > 1 we also consider the weighted Lebesgue space L% (RN ) of all
the measurable functions u : RY — R such that

1/p
lull, = (f K(x)lul"dx) .
RN

It is proved by Escobedo-Kavian in [8] that X is continuously embedded in L’,’((RN ) for any 2 < p <2*:=
2N /(N — 2). The main purpose of this paper is to consider the limit case N = 2 also known as the Trudinger—
Moser case.

We recall that if Q € R? is a bounded domain then W,*(2) < L%(Q) for 1 < ¢ < 0o, but W, *(Q) #>
L°(2). The classical Trudinger—Moser inequality (see [15], [24]) gives an improvement to the limit case N = 2.
More precisely, for all u € W,"*(2) and & > 0 there holds ¢ € L'(R) and there exists a constant C = C(),
which depends only on measure of €2, such that

sup fe““zdx <C(Q), if a<d4n. (1.2)
[IVull<1 JQ

Moreover, 47 is the best constant, in the sense that the above supremum is infinity if @ > 4. The Trudinger—
Moser result was extended for unbounded domains by D. M. Cao [5]. Explicitly, for any u € W'?(R?) and
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o > 0 it holds (e"‘”2 — 1) € L'(R?). Moreover, if |[Vull, <1, ullo < M < oo and a < 4, then there exists
C = C(M, a) such that

/ (e —1)dx < C(M, ). (1.3)
Rz

Recently, B. Ruf [19] proved that the result of J. Moser [15] can be fully extended to R? if the Dirichlet norm
[IVu||, is replaced by the full Sobolev usual norm ||u||; > (for a related result see also [3]). More precisely

sup / (e"”‘2 —1)dx <00, if o <d4m,
RZ

ueH'(R?) : flull 2<1

with the number 47 being again the best constant. Estimates of Trudinger—Moser type plays an important role in
geometric analysis and partial differential equations.

As we will see in Lemma 2.1, the space X is embedded into the Lebesgue spaces L}, (R?) for any p € [2, 00).
With the aid of inequality (1.3) we prove the following version of the Trudinger—Moser inequality in the space X.

Theorem 1.1 For any u € X and B > 0 we have that K(x)|u|2(e'3”2 — 1) € L'(R?). Moreover, if |ul <M
and BM? < 4, then there exists a constant C = C(M, B) > 0 such that

/Rz K (x)[ul*(f —1)dx < C(M, B).

As a byproduct of the proof of Theorem 1.1 we can prove the next corollary. It will be useful in the applications
presented in the second part of our paper.

Corollary 1.2 Ifu € X, B > 0,q > O and ||u|| < M with BM? < 47, then there exists C = C(8, M, q) > 0
such that

/ K () (e — 1) dx < C(B. M. q)llul***.
TR{Z

When dealing with PDE involving Trudinger—Moser critical growth one of the main difficulties is to handle the
Palais-Smale sequences. For that matter, P.-L. Lions proved in [14] the following improvement of the Trudinger—
Moser inequality: let (u,) be a sequence of functions in WOl 2(9) with || Vu, ||, = 1 such that u,, — u # 0 weakly

in Wol‘z(Q). Then forany 0 < p < 471(1 — ||Vu||§)71 we have

2
sup/ eP'ndx < oo.
neN JQ

It is clear that this result gives more precise information than (1.2) when u,, — u weakly in WOl 2(52) with u # 0.
With the purpose to control the Palais-Smale sequences in our application we prove the following improvement
of the Trudinger—Moser inequality considering our variational setting.
Theorem 1.3 Let (v,) in X with ||v,|| = 1 and suppose that v, — v weakly in X with ||v|| < 1. Then for each
o1 ;
0<p< 471(1 — vl ) , up to a subsequence, it holds
sup/ K (x)v2(e” —1)dx < o0.
neN

As an application of the previous results we study the following semilinear elliptic equation
—div(K (x)Vu) = K(x)f(u) +h in R? (P)

where f has critical exponential growth and the forcing term 4 belongs to the dual of X. Actually, we are able to
show that this space is so big in order to contain any Lebesgue space L” (Rz) for p > 1 (see Remark 2.3).

The above equation is closely related to the study of self-similar solutions for the heat equation as quoted in
the works of Haraux-Weissler [12] and Escobedo-Kavian [8] (see also [6], [11]). In this direction, problem (P)
arises naturally when one seek for solutions of the form

w(t,x) = t_1/<”_l)u(t_1/2x)
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for the evolution equation
o —Aw =" 'o on (0,00) x R?.

More precisely, w(t, x) satisfies the previous equation if and only if  : R*? — R satisfies
1
—Au — E(x -Vu) = u+ lul”"'u, on R?,

which is equivalent to the equation (P) with A = 1/(p — 1), f(u) = Au + |u|”~'u and h = 0.
The role played by the nonhomogeneous term % in producing multiple solutions was investigated in many
works (see [1], [18]). Recently, many authors have been interested in the perturbed problem

—div(K (x)Vu) +cu = [u)”'u + uf in Q,

involving both critical and subcritical Sobolev exponents in bounded and unbounded domains of RN, N > 3. The
case €2 bounded has been widely studied and the exponent p was crucial in the arguments (see [18], [21] and
references therein). If @ = R", this problem has been studied recently by many authors and the nonhomogeneous
term & plays an important role in their analysis (see [1], [7], [13]).

We are interested here in the case that the function f has the maximal growth which allows to deal with (P)
variationally. According to our abstract results, we can use here the same notion of criticality introduced in [4],
[9], namely

(fo) there exists g > 0 such that
fls) {0, if o> a,

lim .
Is|>+oo %S 400, if a < ap.

Perturbed problems involving critical exponential growth in bounded domains of R?> have been studied by
many authors (see [16], [17], [22], [23]). When dealing with problems on the entire space the authors usually use
the inequality (1.3) (see [2], [5], [19] and references therein). Due to the presence of the weight K (x) in Equation
(P) we are not able to use the usual Sobolev spaces. As quoted in [8], the natural space to look for rapid decay
solutions is the space X and this was the main motivation for the establishment of Theorems 1.1 and 1.3.

In order to perform the minimax approach to problem (P) we also need to make some suitable assumptions
on the behavior of f. More precisely, we shall assume the following conditions:

(f) lim £(s)/s = 0;
(f2) there exists 6y > 2 such that

0 < Oy F(s) = eo/S F(0)dt < sf(s), forall seR.
0

Now, we are ready to state our first existence result.

Theorem 1.4 Suppose f satisfies (fo)—(f2). Then there exists 8, > 0 such that, if 0 < ||h||x-1 < &, the
problem (P) has a weak solution u, € X. Moreover, we have that ||uy,|| — 0 as ||h||x-1+ — 0.

In our next result we study the effect of the smallness of / on the existence of multiple solutions for the problem
(P). In this case we need to do some fine estimates which are related with a version of the Strauss Lemma for
radial functions (see Lemma 4.3) and therefore we work in the subspace of the radial functions of X. Actually,
we shall look for solution in X,,4, which is defined as the closure of Cff;ad (Rz) with respect to the norm (1.1).
Here C5. ., (RZ) stands for the subspace of radial functions of C>° (Rz). We will denote by X ;uld the topological
dual space of X, ..

Concerning the nonlinearity f we make the following additional assumptions:

(f3) foreach 6 > 2, there exists Ry > 0 such that

0<6F(s) <sf(s), forall |s|> Ry.
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(fs) there exists By > 0 such that

liminf s .y 4 1 r2 n r
imin > —min—exp|—+—]).
slooo gaos? — 10 ag r>0 r? P 4 256

Our multiplicity result can be stated as follows.

Theorem 1.5 Suppose f satisfies (fo)—(fs). Then there exists 8, > 0 such that, if 0 < Ihllx-1 < 82, then the
problem (P) has at least two weak solutions.

We remark that our first theorem ensures the existence of one weak solution for the model nonlinearity

f(s) = e — 1.
Concerning the second result, it is straightforward to check that
2
e —1)spoy
s = C R
1+s

satisfies (fo)—(f4) with g = 1 and By > 3.

Theorem 1.4 will be proved by a minimization argument. Actually, in this first result we can replace the
condition ( f>) by the natural superlinear assumption that F(s)/s> — 400 as s — +0o (see Remark 3.2). For
the proof of Theorem 1.5 we shall use the Mountain Pass Theorem centered at the local minimum u;,. The main
difficult here is the handling of the Palais-Smale sequence. Since the embedding of X in the Orlicz space L 4 (Rz)

(with the N—function A(z) = e o 1) is not compact, beside the abstracts results of the first of the paper, we
shall perform some careful estimations of the critical level of the functional associated with problem (P).

Hypothesis ( f3), which has already appeared in [16], [25], is essential in order to get some convergence results.
It says that the nonlinearity f satisfies the Ambrosetti-Rabinowitz condition for any 6 > 2. Although this appears
to be very restrictive, the models functions with critical exponential growth satisfies ( f3). Moreover, this condition
is implied by

(};) there exist constants Ry, My > 0 such that
0< F(S) < M()f(S), for all |S| > R(),

which has been used for instance in the papers [9], [10].

Concerning the correct localization of the minimax level we use the technical condition ( f;) and adapt some
calculations performed in [16] by using Green’s functions considered by Moser in [15]. It is worthwhile to mention
that our condition (f4) is more general from the analogous one considered in [16], since here the number 8, may
be finite. Actually, a numerical computation shows that the relation between ¢ and Sy in the condition (fy) is
satisfied if, for instance, ooBy > 9.

The paper is organized as follows. In Section 2 we present the proof of our abstract results for the space X. In
Section 3 we prove our existence result Theorem 1.4 and in the final Section 4 we prove Theorem 1.5.

Throughout the paper we write [ u instead of [y, u(x) dx.

2 Proof of the abstract results

In this section we present the proof of Theorems 1.1 and 1.3. To this end, we first recall that X was defined as the
closure of C2°(R?) with respect to the norm

llull = <f K(X)IWI2>1/2

where K (x) = exp (|x|2 /4). The following result establishes the embedding of X in the weighted Lebesgue
spaces.

Lemma 2.1 The space X is compactly embedded in L (R?) for any p € [2, +00).

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. Forany givenu € C° (Rz) we have that

f\v )2 | /K(x)|Vu|2—{—/V(K(x)l/zuz)V(K(x)l/z).

Integrating by parts we get

/‘V 1/2 | /K(x)|Vu|2—%fK(x)u2 <A9+%|V9|2> 2.1

where 6(x) := |x|?>/4. Since
1 2 Lo
AO(x) + S IVO@)P =1+ glxf > 1
it follows that
/K(x)u2 < 2/K(x)|Vu|2. (2.2)

By density we have the same inequality for any # € X. This establishes the continuous embedding X — Li (Rz).
If p>2andu € X, we can use (2.1) and (2.2) to get

f(|w1<(x>1/2u)|2+1<(x)u2) §/K(x)|Vu|2+%fK(x)u2 < 2|u]?.

Thus we conclude that K%y € H'! (Rz). Hence, we can use (2.1) again to infer that

[ k@ar = [ vk 2ol + 5 [ Keowr

1
= HKI/ZIA”?-I](]RZ) — E/K(_x)|u|2

>Cp (fK(x)P/2|u|P>2/p - %/m)w,

where C, > 0 is related with the embedding H'(R?) < L”(RR?). Since K (x) > 1 and p > 2 we have that
K (x)P/? > K (x). It follows from (2.2) that

C, (/ K(x)|u|”>2/p <C, </ K(x)”/2|u|”>2/p < 2/ K (x)|Vul?, (2.3)

and therefore X — L (R?), for p > 2.

It is proved in [8], Proposition 11] that the embedding X < Lﬁ( (Rz) is compact. For the case p > 2, we
take a sequence (u,) C X such that u, — 0 weakly in X. Fix p > p and consider t € (0, 1) such that p =
(I — 7)2 + zp. Holder’s inequality with exponents 1/(1 — 7) and 1/t provides

J G = [l K
= </ K(x)lunlz)lr ([K(x)|un|ﬁ)r <l P

Up to a subsequence, we have that u, — 0 in L% (R?). The above expression implies that u, — 0in L} (R?). O

Remark 2.2 As a byproduct of the above calculations we see that X < H'! (Rz). Indeed, for any u € X we
infer from (2.2) that

/(IVMI2 +ul?) < /K(X)(IVu|2+ ul?) < 3ul®.

www.mn-journal.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We also quote for future references that, in view of the second inequality (2.3), for any r > 1 there exists C = C(r)
such that

1/r
(/ K(x)’|u|2’> < C/K(x)|w|2, forall u e X. (2.4)

Remark 2.3 Another interesting remark is that X < L” (R2) for any p > 1. Hence, the element % of the dual
of X can belongs to any Lebesgue space. In order to verify the last embedding we notice that, since K > 1, we
have L% (R?) < L”(R?) for p > 2. On the other hand, if u € X then

/lul < (/ 6'x2/4>1/2 (/ K(x)lulz)l/2 < 00,

which shows that X < L'(R?). By using interpolation we conclude that X < L”(R?) also for p > 1.
We are now ready to present the proof of our abstract results.

Proof of Theorem 1.1. Letr; > 1,i =1, 2,be suchthat 1/r; + 1/r, = 1. Holder’s inequality implies

that
[ Kenpe -1 < ( / K(x)’wuﬁ”)w' ( [ - 1>"2)”r2. @.5)

By applying the inequality (1 +7)" > 1 +¢" witht = ¢* — 1 > 0, we obtain
(e =1) < (e —=1), forall r>1,s>0. (2.6)
Using this inequality in (2.5) and recalling (2.4) we get

/K(x)|u|2(eﬂu2 —1) < Cllul? </ (eﬁmﬂ - 1)>l/r2. 2.7)

By choosing r; close to 1, in such way that o := Br,M? < 4m, we obtain

/(eﬂrzuz 1)< / (eﬂrzMz(u/IluH)z _ 1) _ / (e — 1),

with v := u/||u]|. Since [ |Vv|* < [[v[|*> = 1 we have that || Vv]|,2(r2) < 1. Moreover, it follows from (2.2) that
llvll;2r2) < 2. Hence, we can invoke inequality (1.3) to obtain a positive constant C (M, B) such that

f (e —1) < C(M, B).
The results follows from the above estimate and (2.7). O

Proof of Corollary 1.2. Letr; > 1,i =1,2,3, be such that 1/r; +1/r, +1/r3; =1 and gr, > 1.
Holder’s inequality implies that

1/r 1/r3
/K(x)|u|2+q(eﬁu2 _ 1) < </ K(x)r1|u|2r1> ||u||;1‘1/,.2(R2) (/ (eﬂuz _ 1)r3) .

Using the embedding X < L92(R?) and arguing as in the proof of Theorem 1.2 we obtain the desired result. (]

Proof of Theorem 1.3. Givenr > 1 it follows from Holder’s inequality, (2.4) and (2.6) that

/K(X)vﬁ(e””‘z' —1) </K(x)"|vn|2"’)l/r, (/ (e 1))1/"
c(fwri-n)".

IA

IA

where 1/r +1/r = 1.

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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In order to obtain an uniform estimate of the right-hand side above we recall that, if a, b, ¢ > 0, Young’s
inequality implies that

b
a’> = (a — b)> + b* +2¢(a — b)-
&
1
gu+w%m—bf+<b+7>w.
&

Hence, we can use Young’s inequality again to get

/ (erpvi 1) < / (erp(1+82>(v,,_v)2erp<1+1/82)u2 __ i/)
y v
! (146 (0,0)° ! (14176207
<= (eryp v—v)? _ 1) +— (eryp ) 1)
14 14

where y > 1 and 1/y + 1/y’ = 1. The last integral above is finite and therefore it suffices to prove that

sup/ (e””’(“”?z)(”"_”)2 - 1) < o0.
neN

Since v, — v and ||v,|| = 1, we conclude that

. ) , 4m
lim ||v, —v||"=1—|v|* < —.
n—00 p

Thus, we can take 0 < o < 4 and choose r, y close to 1 and ¢ > 0 small in such way that

ryp(l + sz)llv,, —))? <« < 4. 2.8)

We now set u,, := ﬁ and notice that, since f [Vu,|? < |lun||*> = 1 we have that Vi, |l z2(r2) < 1. Moreover,
it follows from (2.2) that |ju,||;2(r2) < 2. Hence, we can invoke inequalities (1.3) and (2.8) to obtain C; > 0,

independent of 7, such that

/ (e"yp(l+82)(l’,x—l1)2 _ 1) — / (eryp(l+82)\\1)n—v\\zll§ _ 1)
S[GW—chh

and the theorem is proved. g

2
[

3 Proof of Theorem 1.4

Let o > ap be given by ( fy) and ¢ > 1. By using the critical growth of f we obtain

f(s)

e oo 1)
This and ( f;) imply that, for any given & > 0, there hold

£ ()] < elsl+eils” (e —1), forall se€R, 3.1
and

W@ﬂg%%mmww“—m forall s e R. (3.2)

Given u € X we can use the above inequality with ¢ = 2 to obtain

/K(x)F(u) < C3/K(x)|u|2+04/K(x)|u|2(e°”‘2 1) < +oo,

www.mn-journal.com © 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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where we have used Lemma 2.1 and Theorem 1.1. Hence, we can use standard calculations to conclude that the
functional

I(u) = %||u||2 —/K(x)F(u) —(h,u), uceX,

is well defined. Moreover, I € C'(X, R) with derivative given by

I'(u)p = f K(x)Vu - Vo - / K(x) £ (u)p — (b @),

and therefore the critical points of I are precisely the weak solutions of the problem (P).

In order to obtain the link structure for the functional I we use the following technical result.

Lemma 3.1 Suppose f satisfies (fo)—(f>). Then there exists 8; > O such that, for each h € X~ with
0 < ||hllx-1 < &1, there hold

(i) there exist y,, pn > 0 such that

I(u) >y, >0, forall uedB,(0).

Furthermore, py, can be chosen such that p, — 0 as ||h||x-1 — O.
(i) there exists e, € X such that

I(ep) < inf I <O.

By, (0

Proof. By using(3.2) withg > 2, Corollary 1.2 and the continuous embedding X < L% (R?) we obtain

\

1(u) > %||u||2 - %/K(x)|u|2 - CS/K(x)|u|2+(‘1_2> (e = 1) — (h, u)

v

1
3 (1 —=cie) lull? = callull® = all 1 llull,

whenever |[ul| < M < (47 /a)/?. Choosing & = 1/(2¢;) we get

1 _
I(u) = [lul (ZIIMII —c3flu " — ||h||xl) :
If we define ¢ (t) := t/4 — c3t7~ !, astraightforward calculation shows that, forany 0 < ||k||y-1 < max,=o ¢(t),
there exists 0 < p;, < (47 /a)'/? such that

LR S
4 h 3P ) s
and therefore

Ph .
I(u) > ?Hh”xfl >0, if |ull = pn.

Moreover, the number p;, can be chosen in such way that p, — 0 as ||| x-1 — O.
In order to verify (ii) we note that, from ( f>), we get

F(s) > cy|s|™ —cs, forall seR. (3.3)
If we take a nonzero function ¢ € C° (Rz) and denote by A the support of ¢, we have for ¢ > 0
o o f
I(tp) < S llel” —cat K(x)lel™ +cslKllLia) + tlallx- el

Hence I(t¢) — —oo as t — oco. Thus, if we set ¢, := t¢ for t > 0 large enough, we conclude that I(e;) <
infueBph(()) I(u)

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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It remains to prove that the infimun of I on B, (0) is negative. For this purpose we denote by v;, the unique
function of X satisfying (in the weak sense)

—div(K (x)Vuv,)=h in RZ%
This function can be obtained by the Riesz Theorem. We have that (h, v;) = |lv,]?
7£(0) = 0, it follows by continuity that there exists 7, > 0 such that

> 0, whenever h # 0. Since

d
El(tvh) = tllva* — / K (x) f(tvp)vn — (b, vp) <O,
forall 0 <t < ;. Hence t — I(tvy) is decreasing in (0, n;,). Since 1(0) = 0, we must have I (tv;) < 0 for all
0 <t < n;, and the result follows. O

Remark 3.2 It is worthwhile to mention that the above lemma remains true if we replace the Ambrosetti-
Rabinowitz condition ( f,) by the following weaker condition

(B) 1im £ _ oo

s—oo g2

Indeed, notice that ( f>) was used only to show that I (t¢) — —oo for some ¢ € X. So, we need only check that
the above condition suffices to get the same result. Given M > 0, it follows from (]/C;) that F(s) > Ms> — Cy,
for any s > 0 and some C); > 0. If we take a nonzero nonnegative function ¢ € C° (Rz) and denote by A the
support of ¢, we have

t2
(1) < 5 (Ilfﬂll2 - 2M/ K(x)¢2> + il Kliziay +2llhllx-llell

Since M > 0 is arbitrary, the result follows.
We are ready to prove our existence result.

Proof of Theorem 1.4. Let p, be given by Lemma 3.1. We can choose ||| x-1 small in such way that
on < (4m/ag)'/?. Let

co:= inf I(u) <O.

llull<pn
By using the Ekeland Variational Principle we obtain a minimizing sequence (u,) C B, (0) such that I (u,) — ¢o
and I'(u,) — 0. Notice that

.. 4
liminf ||u, ||> < ,02 < —.
n— 00 o

We claim that, along a subsequence, u, — u strongly in X. If this is true it follows that I(u) = ¢y < 0 and
therefore u is a (nonzero) weak solution of 7.

It remains to prove the claim. Since (u,) C X is bounded we may suppose that u, — u weakly in X. We set
w, := u, — u and notice that, since w,, — 0 weakly in X, we have that

0,(1) = I'(up)w, = (uy, u, —u) — / K(x) f(un)w, — (h, w,)
(3.4)

= flunl* = fluel® —/K(x)f(un)wn +0u(1).
It suffices to prove that

lim [ K(x)f(uy)w, =O0. 3.5)

n—0o0

If this is true, it follows from (3.4) that |lu,|| — |lu|l. Hence, the weak convergence of (u,) implies that u, — u
strongly in X.
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We now argue along the same lines of the proof of Theorem 1.1 in order to prove (3.5). We first use (3.1) with
q = 3 to get

[ ks,

SS/K(x)|un||wn|+61/K(x)|un|2|wn|(ea“:7 — 1)

< ellunll2llwnll2 + c1Dn, (3.6)

where
D, = / K (x) |, 2w, | (¢ = 1).

Since the embedding X < L% (Rz) is compact, we have that ||w,|» — 0. Hence, it is enough to verify that
D, — 0.Bytakingr; > 1,i = 1,2,3,suchthat1/r; + 1/r, + 1/r; = 1 and r, > 2, we can use Holder inequality

again to get
1/r , RN
D, <e < / K(x>"'|un|2"'> lwallza ) ( / (ew«"un"~<uu/"un">~))
N 1/r3
< C3||Mn||20n(1) (/ (Ear"‘””n||h(“H/””n”)2>> 5

where we have used (2.4), (2.6) and the compactness of X <> L™ (R?). Since |lu,||* — y < 47 /o, we can
choose r3 close to 1 and & > g close to o in such way that arz ||u,||> < 7 < 4. It follows from inequality (1.3)
that the last term into the parenthesis above is bounded. Hence, D,, — 0 and the theorem is proved. O

2
[

4 Proof of Theorem 1.5

In this section we prove our multiplicity result. As quoted in the Introduction, in order to get the correct estimates,
we need now to work with radial functions. We then denote by X, .4 the closure of 2%, (Rz) with respect to the
norm (1.1). A simple inspection of the proofs present in the two last sections show that all the results also hold
if we replace X by X,,4. Thus, we can use the same variational setting earlier presented with the functional /
defined only on the space X,,,. We point out that, in order to simplify the explanation, in the sequel we will write
only X to denote the subspace X, ;.

From now on we will suppose that 0 < ||| x-1 < §;, with §; > O given by Theorem 1.4. We shall denote by
uj, the weak solution provided by that theorem.

The proof we are going to present is based on an indirect application of the Mountain Pass Theorem. There are
two main points: to obtain a local compactness result and making a careful estimate of the minimax level of the
functional /. We state below these two core results.

Proposition 4.1 Suppose f satisfies (f>) and ( f3). The functional I satisfies the (PS)y condition for any

2
d<1(u)+ 2,
o

provided 0 and uy, are the only critical points of I.

Proposition 4.2 Suppose f satisfies (fo)—(f2) and (fs) and let §; > 0 and u;, € X be given by Theorem
1.4. Then there exists 0 < 8, < 8, such that, for all h € X~ such that 0 < ||h||x-1 < &, there exists v € X with
compact support such that

max I (tv) < I(up) + 2—7[ 4.1)

120 ao

The above propositions will be proved in the next two subsections. In what follows, we show how they can be
applied to prove our multiplicity result.

Proof of Theorem 1.5. We shall prove the theorem for §, given by the last proposition. Arguing by
contradiction, we suppose that 0 < ||| x-1 < 8, but the functional I has no critical points other than 0 and u,.
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Let v be given by Proposition 4.2 and denote by A C R? its support. It follows from (3.3) that, for any ¢ > 0,

t2
I(tv) < 3||v||2 —c4t9°f K (x)v|"dx — 5| Al + tl| Al x-1 ][]l
A

Since 6y > 2 we conclude that I (tv) — —oo as t — oo. Hence, I(fyv) < 0 for some 7y > 0 large enough. This
and item (i) of Lemma 3.1 show that I has the Mountain Pass Geometry, and therefore we can define the minimax
level

ey = inf max 1(y (1)),

where I' := {y € C([0, 1], X) : y(0) =0, y(1) = tyv}. The definition of c¢); and (4.1) imply that

2w
ey <max I(tv) < I(up) + —.
>0 o

By Proposition 4.1 the functional I satisfies the Palais-Smale condition at the level c,,. It follows from the
Mountain Pass Theorem that / possesses a critical point uy, € X with I (uy) > 0. Since I(0) = Oand I (u,) <0
we have that u ), & {0, u;,}, which is a contradiction, since we are supposing that the only critical points of I are
0 and u;,. The theorem is proved. U

4.1 The local compactness result

We devote this subsection to the proof of Proposition 4.1. It will be done in several steps and it was inspired by
similar arguments developed in [16]. We start by establishing a variant of a well-known radial lemma of Strauss
[20].

Lemma 4.3 There exists c¢o > 0 such that, for all v € X, there holds
—12, k2 2
[v(x)| < colx|”/“e” 5 |lvll, forall x e R"\{0}.

Proof. It suffices to prove the lemma for v € C2%,,,(R?). Let r = |x| and ¢ : [0, +00) — R be such that
¢(r) = v(|x|). We have that

oy =2 [ " o(s)¢/(5) ds

IA

o0
2/ AT |(p(s)||(p/(s)|e“'2/4s ds

< r_le_’2/4/ (<P(S)2 + </)/(S)2)e“2/4s ds

IA

clr_le_’2/4/ (K(x)|Vv|2 + K (x)v?).

Since X < L% (R?), we get

o(r)? <erle ),
and the lemma follows. g
In order to make the proof of our results more direct and effective, we state a technical lemma.

Lemma 4.4 Suppose G € C(R, R) satisfies

G(s) < c1s4(e‘”2 —1), forall seR,
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with ¢y, a > 0. Then there exists ¢ > 0 such that, for any R > 1 and u € X, there holds

C 202
K(x)G(u) dx < —luf*(e*o™" —1),
‘/Z;R(O)C R ( )

where ¢y > 0 comes from Lemma 4.3.

Proof. Itfollows from the Monotone Convergence Theorem that

< ¢y x)ul* (e — x
[, Kwowdze [ K@i -1

Br(0)¢
Olj .
=c ) ! /B K () d.

By using Lemma 4.3 we can estimate the last integral above as follows

/ K () ul** dx < (collu]l)>** / e T T2 |72 dy
BR(O)"

BR(O)"

o0
< zn(c0||u||)21+4/ s/ 25 ds
R

=2 S A —
(collul) ™ 55

2 Y

< Jj+4
= (collull)= ™,

where we have used that j > 1 and R > 1. The above expression and (4.2) provide

IA

/ K(x)G(u) dx
Br(0)°

27 >, (ac ||u||
4 \&Coireedt )
—eileollul)* Y=
Jj=1

c 201,112
= ) (e 1),

with ¢ := 2mcicj > 0. The proof is complete.

4.2)

O

Lemma 4.5 Suppose f satisfies (f>) and (f3). If (u,) C X is a (PS). sequence of I then, up to a subsequence,

we have that

(i) uy — u weakly in X with I'(u) = 0
(i) lim,— o [ K(x)F(u,) = [ K(x)
(i) Timsupg_ o f5,0) K(x)f(un)u” dx —o.

Proof. Let(u,) C X be such that I'(u,) — 0 and I (u,) — c. Notice that

e+ on(Dllnll + 00 (1) = 1(uy) — 1" (u )ty

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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and therefore it follows from ( f>) that (u,) is bounded in X. Hence, up to a subsequence, u,, — u weakly in X
and u, (x) — u(x) a.e. in R%. Moreover, I'(u,)u, = 0,(1), the above expression, (f>) and the boundedness of
(u,) provide ¢; > 0 such that

[ ks <e. [ K@ (g—tﬂun)un - F(un) <e. (43)

The first estimate above, K > 1, and condition ( f>) again imply that

[ 15wt = [ fn < [ K <o

Thus, it follows from [9, Lemma 2.1] that f(u,) — f(u) in L]

Ioc (Rz). Hence, given ¢ € C° (Rz), we have
that

c,rad

() = (un, @) — / K(x) f(un)p — (h, @).
Since ¢ has compact support [ K (x)f(u,)¢ — [ K(x)f(u)p. Taking the limit in the above expression we
conclude that I'(u)p = 0. By density I'(u) = 0.

Let M > 0 be such that ||u,||, ||u|| < M. Given R, ¢ > 0, we can use (3.2) with ¢ = 4, Lemma 4.4 and the
embedding X < L% (Rz) to get

[ KR < S [ K@+ gl 1) < e+ 2
BR(O)r 2 R R

with ¢, ¢3 > 0 depending only on M. It follows that

lim sup/ K(x)F(u,)dx < ce. (4.4)
R—o0 JBg(0)¢
Moreover, since K (x)F(u) € L'(R?), it holds
lim sup/ K(x)F(u)dx =0. 4.5)
R—o00 JBg(0)¢
Fixing R > 0, we claim that
im [ K(0)F(u,)dx = / K(x)F(u) dx. .6)
1700 J B (0) Br(0)

If this is true we can use the above convergence, (4.4) and (4.5) to get (ii).
We now use ( f3) to prove (4.6) in the following way. Consider 6 > 0 such that (6yc1)/(6 — 6y) < €. If Ryg > 0
is given by (f3) and A, := {|u,| > Ry}, we case use the second inequality in (4.3) and (f>) to obtain

Bocy > /A K(x)(f(un)u, —60F (u,))dx

n

= (9—90)/A K(x)F(un)dx—i—/A K(x)(f(up)u, —0F(uy,))dx,

n

and therefore it follows from ( f3) and the choice of 6 that

2

f K(x)F(uy)dx < 2L _ ¢ @.7)

A, 0 — 0y

Applying Egoroff’s Theorem we found a measurable set A C Bg(0) such that |A| < & and u,(x) — u(x)
uniformly on (Bg(0) \ A). Hence

[, K@) = Fu)a] < [ Koru)as

4.8)
+/A K(x)F(u)dx + 0,(1).
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Given a > o it follows from ( fp) that F(s) < cse®” for all s € R and some ¢4 > 0. Thus, given y > 1, we can
use Holder’s inequality to get

1/y
/ K(x)F(u)dx < Mcs| AV (f e“’/,”2> <csell?, (4.9)
A

with 1/y + 1/y’ = 1. On the other hand, using (4.7), Lebesgue Theorem and the above expression we obtain

/AK(X)F(un)dx < /AMHK(x)F(un)dx+/ K (x)F (uy) dx

AN{Jun|<Ro}

<e+ K(x)F(u)dx 4 0,(1)
AN{lun| <Ry}

<e+cse'” +0,(1).

Since ¢ > 0 is arbitrary, the convergence in (4.6) follows from (4.8), (4.9) and the above inequality.
In order to prove (iii) it suffices to use (3.1) with g = 4 and proceed as in the proof of (4.4). Il

Now we are ready to prove our compactness result.

Proof of Proposition 4.1. Let (u,) C X be such that I'(u,) — Oand I (u,) — d < I(uy) + 27 /.
According to the previous lemma we have that u, — u weakly in X with I'(«) =0 and [ K (x)F(u,) —
J K (x)F (u). Moreover, the weak convergence of (u,) also implies that (h, u,) — (h, u). We shall consider the
two possible cases.

Case 1. u = 0.

In this case, the aforementioned convergence imply that

l||un||2:d+fK(x)F(u)+(h,u)+0n(1).

2
Thus, recalling that u = 0 and I (u;,) < 0, we get
4 47
lim flu,|? = 2d < 21(up) + — < 2.
n— 00 oo @o

Hence, we can argue as in the proof of Theorem 1.4 to conclude that, along a subsequence, u,, — u = 0 strongly
in X.

Case 2. u = uy,.

In this setting we shall verify that

lim [ K(x)f(un)u, = / K(x)f(u)u. (4.10)

n—0o0

If this is true we obtain

0"(1) = I,(un)un = ”un”2 - / K(x)f(un)un - (h’ un)

_ nu,,nZ—/K(x)f(u)u— hou) + on(1)

= [lunlI* = llull® + I'(u)u + 0,(1).

Since I’(u) = 0 we conclude that ||u, || — |lu| and the proposition follows from the weak convergence of u,,.
It remains to check (4.10). In view of item (iii) of the previous lemma and since
limsupg_, o, fBR(O)f K (x)f(u)u = 0, it suffices to prove that, for any R > 0, the following holds:

lim K(x)f(up)u, dx = / K(x)f(u)udx. 4.11)

=00 JBr(0) Bz(0)

In order to check the above convergence we first notice that, as in the first case, we have

ll)ngo llun > =2 <d + / K(x)F(u) + (h, u)) =2(d + dy) > 0, (4.12)
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where dy := [ K (x)F(u) 4 (h, u). We may suppose that [|u,|| # O for all n > n, and therefore is well defined
v, = uy/|lu,||l. The weak convergence of u, and the above expression imply that

uj .
v, =~ v:i= ————0 weaklyin X.

T V2 +dy)
If « > a is such thatd < I(u;) + 27 /a, then

4 /o

1= vf* < =——.
vl 2(d + dy)

Indeed, since
4
2d < 2I(up)+— and 2dy = 2/ K (x)F(up) + 2(h, up)
o
we get
4
2d + 2dy < |lupl® + -

Thus,

2d + 2dy — ||un|? 471 fax

1—|v|* = .
vl 2d+do)  2(d +do)

Using (4.12) we obtain py > 0 such that alu,||* < po < (47)/(1 — [lv]|*). We now choose g > 1 sufficiently
close to 1 in such way that

4

agllu,|* < pog < =

From Theorem 1.3 with p = pyg we conclude that

supf K(x)vﬁ(e‘)”]””"”z”5 - 1) < sup/ K (x)v2(e™ — 1) < o0. (4.13)
neN neN

Up to a subsequence, we have that u,, — u strongly in L?(Bg(0)), and therefore there exists W € L' (Bg(0)) such
that |u, (x)|> < W(x) a.e. on Bg(0). Since K € L>®(Bg(0)), (3.1) implies that

/K(x)f(un)un dx 502/ ‘lf(x)dx—i—cl/ K(x)|u,,|2/"(e“”% — l)dx, (4.14)
A A A

for any measurable subset A C Bg(0). We can use Holder’s inequality and (2.6) in the last integral above to get

/K(x)lun|2/‘1 (e“”'z' —1)

< (/A K(x)dx)l/"’ </A K ()i (e — 1)dx>l/q

1/q
! 2.2
< NualPNK N ( / K(x)vg(eww v 1)> ,

By replacing this inequality in (4.14), using (4.13) and the boundedness of (u,) we conclude that
f K (@) f () dx < e2ll9llsay + e IK A -
A
Since W, K € L'(Bg(0)) and the set A C Bg(0) is arbitrary, we conclude that the first integral above is uniformly
small provided the measure of A is small. Hence, the set {K(x)f(u,)u,} is uniformly integrable. This fact

and a standard application of Egoroff’s Theorem imply that K (x) f (u,)u, — K (x)f(u)u in L'(Bg(0)). The
convergence in (4.11) is proved. O
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4.2 Minimax estimate

In this subsection we prove Proposition 4.2. As in the last subsection we divide the proof in several steps. Firstly
we consider a little modification in the sequence of scaled truncated Green’s functions considered by Moser (see
[15]). More specifically, we define

K(r/n)""Y2(logn)'/?, if |x| <r/n,

M, (x) := (2m)"' K(x)"2 log ()

(logn)'/z’ if r/n<|x|<r,

it x| >r,

’

with r > 0 fixed. Notice that Mn e H! (RZ) and supp(ﬂ,l) =B, (0). Moreover, the following holds:
Lemma 4.6 There exists D = D(r) > 0 and a sequence (d,) C R, which also depends on r, such that

D
logn

~ 2
”Mn” =1+ _diu
with lim,_, » d, logn = 0. In particular,

lim |4, = 1. (4.15)
n— 00

Proof. Weset
A, = B,(0)\ B,,(0)

and notice that V]VI,, is zero outside the set A, and

VM, (x) = —e 7327 logn) '/ (l)CT + %10g(r/|x|)> , x€A,.
X
Hence, we can compute
~ 9 1 1 x>, 1
K(x)|VM,|" = —— — 4+ —1 =1 dx
[ K@ = e [ (i g 08 /) + 102 (715
1 e 3 1
= ogn /rn (; + i_6 log?(r/s) + Eslog(r/s)) ds
logn+ 4+ L -
= ogn o =1~  Yrnd —lrn
logn \ 8" T TSy T et T a2
with
r . r? (2logn n 1 r . r* [8log’n n 4logn n 1
Pl n? n2) T 512 n* n* nt)’
It suffices now to set
2t |
D=—+4+—, d,:=(1 (T, | R 4.16
-+ (1og )" (Tt + ) (4.16)
to get the conclusions of the lemma. g

For the next result we normalize the Green function and consider the function M,, defined by

e

1

M,

Notice that | M, || = 1. Moreover, we have the following:

M, =
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Lemma 4.7 Suppose that (f2), (f3) and (fa) hold. Then there exists n € N such that

max{f —/K(x)F(tMn)} < 2_71 (4.17)

>0 | 2 Qo

Proof. Since M, has compact support we can argue as in the proof of Lemma 3.1 to conclude that the
function

2
an(t) = % — f K(x)F(tM,), >0,

goes to —oo as t — +o00. Hence, it attains its global maximum at a point #, > 0 such that g/ (¢,) = 0, that is,
2 = / K ()i M, f(1,M,) dx. (4.18)
B,(0)
Suppose, by contradiction, that the lemma is false. Then, for any n € N there holds

12 2
n —/K(x)F(tnM,,) >z
2 Ao

and therefore

4
2> forall neN. 4.19)
oo

We claim that (#,) C R is bounded. Indeed, let By > 0 be given by (f4) and 0 < ¢ < ). The condition ( f4)
provides R = R(g) > 0 such that

sf(s) = (Bo—&)exp (aps®), forall |s| > R. (4.20)
The definition of M,, (4.19) and | M, | — 1 imply that, for any large values of , there holds

21
tuM,(x) > o8 | 2081 > R, forall x e B,;,(0).
Qo

It follows from (4.18), (4.20), the above expression, K > 1 and the definition of M, that
t,f = f K(x)[nMnf(tnMn) dx
B,/ (0)
> (Bo—¢€) / exp (oo (1 M,)?) dx
By (0)

logn e=""/(47%)
= (Bo — s)/ exp [ aot? —
BT/H<0) 27[ ||Mn||2

This, (4.15), the equation 1/n*> = exp(—2logn) and a straightforward calculation provide

e,rZ/(4,12)

ty > (Bo — &)7r’ exp (2 (—@tz - 1) logn) : @.21)

IM,||2 4m "

Since exp(x) > x we can invoke Lemma 4.6 and the above expression to conclude that (z,) is bounded.

By going to a subsequence, we may use (4.19) to conclude that > — y > 47 /aq. Since e /(") | M, | o,
we can take the limit in (4.21) to conclude that y > 47w /¢ cannot occur. Hence
., 4m
lim 7; = —. (4.22)
n—o00 o)
By using (4.19) and (4.21) again we get
_9 - s
12> (o — &)mr exp (—” i (| 42, ||* = e=/) logn> : (4.23)
MI'L
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It follows from Lemma 4.6 and L’Hopital rule that
(HMHHZ _ €7r2/<4n2>) logn — (1 _ efrz/(4n2)) logn + D — dn logn =D+ On(1)~

Hence, recalling that || Mn ||2 — 1, we can take the limit in (4.23) and use (4.22) to obtain

4
— > (Bo — &)mr?
oo

e 2P,

Letting & — 0 and using the expression of D = D(r) given in (4.16) we conclude that

5 <4 r2+ r
— €X — — .
%P0 =T3P\ 4 T 256

Since r > 0 is arbitrary, the above expression contradicts (f4) and the lemma is proved. 0
We are ready to finish the paper by presenting the

Proof of Proposition 4.2. Letn € N be given by the above lemma and set v := M,,. Since (h, v) <
|2]| x-1 we can use (4.17) to obtain 0 < 8, < §; such that max,-o I (tv) < 27 /(ap), whenever 0 < ||h] x-1 < 8.
In view of the first item of Lemma 3.1 we have that u;, — 0 as po — 0and p — 0 as ||k x-1 — 0. Thus, taking
8, smaller if necessary, we may suppose that I (u,,) is so close to zero in such way that

2
max [ (rv) < I(up) + il

120 ao

The proposition is proved. O
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