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1 Introduction and main results

In the first part of this paper we consider the nonlinear problem

vy —Av =0, inRY x (0,+00),

. (1.1)
5 = |’U|p_2’l}7 on GRJX X (07+OO>,

where N > 3,2 < p < 2, := 2(N —1)/(N — 2) and 2* denotes the partial outward
normal derivative. Along all the paper the points x € R will be written as z = (2/, zy),
with 2/ € RV~ The upper half-space is defined as RY = {(2/,zy) : 2y > 0)}, and we
identify ORY ~ RV-1,

In the last two decades, the problem (1.1) (and its variations) has been studied by
many authors in bounded domains €2 or in the half-space Rﬂ\:; see, e.g., |5, 35, 33, 4, 23]
and references therein. In these works, the reader can find several types of existence,
uniqueness, blow-up or asymptotic behavior results in LP-spaces for time-dependent
solutions via parabolic approaches.

Here we are interested in another type of solutions and approach. We focus in self-
similar solutions and investigate existence, multiplicity and positivity of solutions for
(1.1) (and the second problem (1.6) below) via a variational approach for elliptic PDEs.
In the forward case, self-similar solutions have the special form

v(z,t) =t u(t™ %), (1.2)
for p =1/(2(p — 2)) > 0. A simple calculation shows that v is a solution for (1.1), if
and only if, the profile u verifies

1 N
—Au—i(x-Vu):,uu, in RY,

@
ov

(P)

= |ulP~?u, on RV-1,

Besides providing qualitative properties like global existence, blow-up and asymptotic
behavior (see e.g. [21, 25, 22]), self-similar solutions (or self-similar variables) are im-
portant because they preserve the PDE scaling and so carry simultaneously information
about small and large scale behaviors.

Let us remark that, from a viewpoint of elliptic PDEs, the study of (P) has an
interest of its own. In fact, the problem (P) is a counterpart in RY, with nonlinear

boundary conditions, of the following PDE defined in the whole space
Lu = —Au—%(w-Vu):)\u—l—f(u), r € RY, (1.3)
which is connected to self-similar solutions for
vy — Av = f(v) in RY x (0, 00), (1.4)
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when A = 1/(p —2) and e.g. f(v) = £|v[P"%v. In |21], Haraux and Weissler considered
f(v) = |[v|P~2v for 2+ 2/N < p < 2* := 2N/(N — 2). By using ODE techniques they
obtained existence of radial solutions for (1.3) according to the value of A\ (see also
[6, 31, 38]). Still using ODE techniques, Brezis, Peletier and Terman [9] constructed a
very singular solution for (1.4) with f(v) = —|v[P"%v and 1 < p < 2+ 2/N by obtaining
radial solutions for (1.3) with the decay |z|*® ® u(z) — 0 at infinity and «/(0) = 0
(see also [17]). An extension of this result for f(z,v) = —|z|” [vo[P"2v can be found in
[37]. For u(0) > 0, ¢/(0) = 0 and f(v) = |v|P"2v, Naito |28] obtained multiplicity of
positive radial solutions for (1.3) depending on the size of lim,_,o, 7% ®~2u(r) > 0.

In [10], Escobedo and Kavian presented a variational approach to deal with the
operator L. They considered a weighted Sobolev space and obtained some existence
and multiplicity results for the same kind of nonlinearity f used in [21], and also for
the critical case p = 2*. The uniqueness of positive solutions given in [10] (in that
weighted space) was proved by Naito and Suzuki [29] for 2 + 2/N < p < 2*. Thanks
to the variational structure, it is possible to consider other variations of f (see [30, 16]
and references therein). We also quote the paper of Escobedo and Zuazua [11], where
a fixed point approach was used to treat a convection term on the nonlinearity. The
problem (1.4) with v(z,0) = |z| %% and f(v) = |[v|P~2v was studied by Galaktionov
and Vazquez [18] who conjectured the existence of exactly two positive solutions for
2+ 2/N < p < 2 After, Naito [27] considered (1.4) with the homogeneous initial
data v(z,0) = a(z/|z]) |z P, where @ £ 0 and 0 < a € L=(S¥1), and gave a
partially positive answer for that conjecture by studying solutions of (1.3) with the
additional condition |z|**~? u(|z|w) — a(w) as |z| — oo for a.e. w € SN~! (see also
[36, 26]). Another approach for looking for self-similar solutions, which goes back to
Giga and Miyakawa [19], is to prove the well-posedness of the parabolic PDE (1.4)

—2/(p—2)

in scaling invariant spaces that contain the data v(z,0) = a(z/ |x|) |z where

a € L®(SN1) (see also [12]).
In order to deal with the operator £ in the half-space, we first introduce the correct
framework. Following [10], we take the exponential-type weight

) - s ()

and, using VK = 2K, notice that the first equation in (P) becomes
—div(K (2)Vu) = pK (z)u in RY.

Thus, as in the whole space case, the problem has a variational structure and we can
define the space DR (RY) as being the closure of C°(RY) with respect to the norm

1/2
_ 2
||U||D}<*2(R§) = (/IM K(x)|Vul d:v) )

We are going to show (see Section 2) that this space has good properties of em-
beddings in weighted Lebesgue spaces, including compact trace ones. It will allow to
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control the nonlinear boundary term in (P). Hence, using Critical Point Theory we are
able to prove the following result.

Theorem 1.1. If 2 < p < 2, and p < (N/2), then the problem (P) has a positive
solution.

Recalling that self-similar solutions of (1.1) are obtained when = 1/(2(p —2)), we
can apply the above theorem to obtain the following existence result.

Corollary 1.2. The problem (1.1) has a positive self-similar solutions provided

TR Gl (1.5)
N SPSAN oy '
In the proof of Theorem 1.1 we use the classical Mountain Pass Theorem. We do

not know if the number N/2 is optimal to the existence of positive solution for (P). It
is the first eigenvalue of the associated linear problem (see Section 2). In some sense,
this first eigenvalue plays the same role of that in the problem settled in the whole RY
(see [10, Theorem 0.14]).

It is worthwhile to mention that the embedding results proved in [10] seem not to
be suffice to deal with the problem (P). Even the variational arguments performed
there do not work here. Actually, in order to correctly establish our framework, we
need to obtain some weighted embeddings which are proved by adapting some classical
techniques of Sobolev spaces and using an interpolation argument (see Lemmas 2.2
and 2.4 for details). These embeddings, specially the trace one, could be applied to
other kinds of problems in half-spaces. They complement previous weighted embedding
results which can be found, for instance, in [2, 14, 15, 24, 32, 3, 20] and references
therein. For example, the growth of our weight K (x) is not of log or polynomial type.
Indeed, it does not belong to the Muckenhoupt class A,.

In the second part of the paper we consider (P) with an additional power-type
reaction term inside the domain

1
—Au — 3 (z-Vu) = pu+ [ulf%u, in RY,

%
ov

(P)

= |ulP~2u on RN-1
|ulP~*u, :

for 2 < p < 2, and 2 < ¢ < 2*. For ¢ = (2p — 2), considering v(z,t) = t Hu(t~/z)

with pu = qu27 the problem (P) provides self-similar solutions for

1 —
2(p-2)
v — Av = [v]7 2y, in RY x (0,400),

o (1.6)

5 |v|P~2w, on RY=1 x (0, 4+00),
v

which is doubly nonlinear with a reaction term inside the domain and another one
acting on the boundary. As well as (1.1), the problem (1.6) has been object of interest
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in the PDEs literature (see e.g. |5, 35, 4]). Thanks to the extra term |u|?"?u and the
symmetry of the problem, we are able to obtain multiple self-similar solutions. Actually,
we complement the multiplicity results in [10, 38] by proving the following theorem.

Theorem 1.3. Suppose that 2 < p < 2, and 2 < q < 2*. Then there exists a countable

set T' C R such that the problem (P) has infinitely many solutions provided p ¢ T.

Consequently, for 2 < p < 2, and q = (2p —2) such that m ¢ T, we obtain infinitely

many self-similar solutions for (1.0).

In the proof of Theorem 1.3 we apply a variant of the Symmetric Mountain Pass
Theorem. We notice that, as in Theorem 1.1, the range of applicability for the parame-
ter u is related with the eigenvalues of the linear problem. Even the nonlinearity being
superlinear, it seems that there exists some resonant effect when we take the number
i in the set I'. The restriction appears when we try to prove that almost critical point
sequences are bounded. It could be interesting to study how we can recover compact-
ness in the case p € T'. Also, we point out that the condition ¢ = (2p — 2) (necessary
to self-similarity) maps injectively the boundary subcritical range (2,2,) onto the in-
side one (2,2*). This provides a link between self-similarity, variational methods and
compactness in problems with multiple nonlinearities.

We notice that we do not have information about the sign of the solutions given by
Theorem 1.3. It is natural to ask if you can argue as in the first part of the paper and
obtain positive solutions. In our last result, we shall present a positive answer to this
question.

Theorem 1.4. If 2 < p < 2,,2 < q < 2" and pp < (N/2), then the problem (P) has
a positive solution. In particular, the problem (1.0) has a positive self-similar solution
whenQ—i—% <p<2and qg=(2p—2).

As commented before, the existence of self-similar solutions provides some qual-
itative properties for PDEs. For instance, concerning non-uniqueness, we have the
following: the critical L"-space for the problems (1.1) and (1.6) is that with index
ro = % = N(p—-2) = M < 2*. The solutions u of (P) and (P) belong to
H}(RY) C Li(RY) with 2 < 7 < 2%, and then u € L (RY) c L"(RY) for all
1 < r < 2% In view of Corollary 1.2 and Theorem 1.4, for 1 < r < ry, we obtain
that v(x,t) =t #u(t~Y2z) € BC([0,T); L"(RY)) is positive with

o, )l = £ T2 |Jul,, — 0, as t — 07,

where BC(I; X) stands for bounded continuous functions from I to X. Since vy = 0 also
is solution, we obtain non-uniqueness of non-negative solutions in BC([0,T); L"(RY))
for the problems (1.1) and (1.6). In fact, allowing solutions change their signs, for
2 < p <2, with 2(p1_2) ¢ I, one obtains infinitely many solutions in BC([0,T); L"(RY))
for (1.6).




We finally mention that, fixed 7" > 0, one can replace ¢t by (T —t) in (1.2) and
consider the backward self-similar solution

v(z,t) = (T —t) P u((T —t)"%z), forall 0 < t < T.
Then v is a solution of the first equation in (1.1) if and only if u satisfies
1
—Au + 5(91: -Vu) — pu =0, in RY. (1.7)
If this is the case for u € L™(RY) with ro < r < 2%, it follows that v(z,¢) € C([0,T); L"(RY))

and X N
Jo( )l = (T = )" *5

ul|; . =00, ast =17,

which shows existence of L7-solutions that blow-up. The equation in (1.7) can be
written as B _
—div(K (z)Vu) = —pK(z)u, in RY,

where K (z) = exp(—|z|2/4). Unfortunately, the calculations performed here are not
enough to consider this case, since this weight strongly decay to zero at infinity. For
the one dimensional case of (1.7), we refer to [13, pg.202|.

The paper is organized as follows. Section 2 is devoted to establish the variational
framework and prove the trace type embeddings involving weighted Sobolev spaces.
The analysis of the problem (P) is performed in Section 3. The last section is devoted
to the problem (P).

2 The variational setting

For any Q € RY we denote by Dg*(Q) the closure of C2°(Q) with respect to the

norm
1/2
oy = ([ Kwa)

For s > 2, we also denote by L3 (€2) the weighted Lebesgue space

L5(Q) = {u € L*(Q) : /QK(Q;)de < oo} .

Analogously, Hi () stands for the Sobolev space H'(Q) with weight K (z).
When Q = RY, we have the following embedding result proved by Escobedo and
Kavian |10].

Lemma 2.1. There holds D;*(RY) < L5 (RN) for any 2 < s < 2*. Moreover, the
embedding is compact if 2 < s < 2*.



For save notation we denote D}f(Rf) by X and || - ”D}(’Q(Q) by [|-]|. In order to prove

our embedding results, we define an extension of the function u € X to the whole R
by setting

u(z', xy), if xy >0,
u(x xy) = / ) _ (2.1)
—2u(z', —2xyN) + 3u(z’, —zy), if xy <0,

for each z = (21, 7,...,2x) = (2/,2x) € RY. Notice that, if zy > 0, then Viu(z) =
Vu(x). On the other hand, if 2 < 0, we have that

—2u,, (', —2xN) 4 3u,, (), —xy), f1<i<N-—1,
i (o 2n) = { ( N) ( ) (2.2)

4Uxi($,,—2$]v) - 3Uxi(x/,—x]v)’ 1fZ — N’
which shows that the extension (2.1) preserves C'-regularity.

Lemma 2.2. The embedding X — L3 (RY) is continuous for any s € [2,2*]. Moreover,
the embedding is compact if s € [2,2%).

Proof. Given u € X, we first prove that u € D}(’z (RY). Indeed, we have that

K(x)\vay2dx:/ K(x)\vu|2+/ K ()|Va|2dz,
RY RY

RN

where RY = {(2/,zx) : xx < 0}. According to (2.2), we can estimate the last integral
in the following way

RN

N
K(z)|Vil2dr < ¢; {2/ W2 (2, =2z y)e e day
- RN ‘

+Z/ .T —.TN m /4d$dIN}

Since the weight exp(|z|?/4) is radial, the change of variables (2/,zy) — (2/, —zy) in
the last integral provides

N
K(2)|Val*dr < ¢ {Z/ ui (o, —2£L‘N)€|I|2/4d$,dl‘]v
=1 YRY

]RN

+ K(x)]Vu]de}

N
R+

The weight is also increasing in the radial direction, and therefore

/ui(m’,—2xN)e|m|2/4dx'dacNS/ w2 (z, —2an )el@ =2 A gyt
RNV RV
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The changing (2/,zn) — (2’, —2xy) and the above inequalities imply that

K(2)|Valdz < ¢ / K (2)|Vaul2dz, (2.3)
=Y

RN

and therefore 7 € DR (RN).
Using (2.3) and Lemma 2.1 we get, for any s € [2,27],

K(m)|u|sdx§/ K(:E)|u|5dx§c3/ K(m)|Vu|2dx§c4/ K(z)|Vul|*dz,
RN RN N

N
RY RY

and therefore the embedding X — L3 (RY) is continuous.
Let 2 < s < 2* and take 6 € (0,1) such that s =20 + 2*(1 — #). Holder’s inequality
provides

K(z)|u|’dx = K(2)?|u|? K (2) 0 |u|* =D dz
RY RY

-0

< ( |u|2dx> (/ K(z)|ul* dx) :
RN
Hence, we have that
20/s *
lll gy < lull 73 Gau luall 0

The above inequality shows that, in order to prove the compactness part of the lemma,
it is sufficient to consider the case s = 2.

If (u,) C X is bounded, then (@,) is bounded in D*(RN). It follows from Lemma
2.1 that, along a subsequence, @, — @ strongly in L% (R"™). If we denote by u the
restriction of @ to RY we get

K(z)|u, — ul*dz < K(z)|a, —a|*dx — 0,
RY RN

as n — +o00. Hence, the embedding of X into L% (RY') is compact.
]

Remark 2.3. As a byproduct of the above proof, we obtain the following: there exists
c1,co > 0 such that,
] g @y < enllull g ®Y) = callull,

for any u € X.

In our next result we prove a trace embedding result for the space X = D (RY).

Lemma 2.4. We have the compact embedding X < LI(RY™') for any 2 < q <
2(N —1)/(N —2).



Proof. Given u € X, we have that u € H'(RY), since K(z) > 1. Arguing as in
the proof of the previous lemma, we can conclude that u € H'(R”), and therefore u
belongs to the fractional Sobolev space H*(R") for any 0 < s < 1 (see [1, Theorem
7.63]). According to [1, Theorem 7.58], the space H*(RY) embeds in L(RV~!) whenever
2<t<q"(s) =2(N —1)/(N —2s). If we choose s sufficiently close to 1, we have that
2 < q < q*(s), and therefore we obtain H*(RY) — L4(RN-1).

We now set, v := wexp(|z|?/(4q)). Since u = @ in {xy = 0}, we have that

ullzs @y-1y = [[@llzs @y-1) = [0l La@n-1) < N|0]| sy

The interpolation inequality presented in [8, Theorem 6.4.5] provides ¢; > 0 such that

el ey < exllollin g 1Lty (2.4)

In what follows we shall estimate the two norms on the right-hand side above. A direct
computation provides

Vo = exp(|z[2/(4q)) (va + u2ﬁ>
q
for a.e. x € RY. Hence, recalling that 2¢ > 4, we get

2
Vo2 < coexp(|z|?/(29)) (|VU|2+%>

< o (]Vu]zexp(\xP/él) -

Since we also have [o(z)|* < |u(x)|? exp(|z|*/4), almost everywhere in RY, we conclude

that
|| 2
o exp(|z[*/(4q)) LQ(RN)}- (2.5)

1] vy < c3 {||u||H}<(RN) +
For the last norm in (2.5) we have that

2]

ity exp(lof*/(40) !

L2(RN) 4¢? Jry

o) = Lo oxp (5 = ) I

Since ¢ > 2, the function a belongs to L>(R"). Thus, we infer from (2.5) and (2.6)
that

a(z)K (z)|uf*dz, (2.6)

where

9001y < e { Nallmgam) + Il g )} < calltllmg ). (27)

By arguing as above we also conclude that
10l 2y < esllall 2 oy (2.8)
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These two last inequalities, (2.4) and Remark 2.3 imply that
Jullp2 -1y < colltll ) < crllul].

Hence, we have the continuous embedding X < L% (RV-1).

In order to prove the compactness of the embedding we take a bounded sequence
(u,) € X. Then (@,) is bounded in Dg*(RY) and therefore, by Lemma 2.1, along a
subsequence %, — u strongly in L% (RY). If we call u the restriction of % to the set
RY, we can use (2.7), (2.8) and (2.1) to get

[t — wllLg wr-1) < cslltin — Ul 3 @) lltn — EHE(S(RN)-

But Lemma 2.1 implies that [ || g1 vy and |- ||,D}<,2(RN) are equivalent. Hence, it follows

from the above inequality and the strong convergence in L% (RY) that u,, — u strongly
in L% (RY™1), as required.
n

We finish this section with some important remarks concerning the linear problem
associated to (P), namely the eigenvalue problem

—div(K(2)Vu) = AK (z)u, in RY,

LP
% =0, on RV, e
v

Since the constant functions do not belong to X, any eigenvalue is positive. The weak
formulation of (P) reads as

K(z)(Vu-Vv)dr = A K(x)uvdz.
RY RY

Hence, A > 0 is an eigenvalue if, and only if, A~ is an eigenvalue of the bounded linear
operator T : X — X given by

(Tu,v) = K(z)uvdz, Yu,veX.
RY

Invoking Lemma 2.2 we have that 1" is an compact operator, and therefore it follows
from the spectral theory of compact operators that this problem has a sequence of
eigenvalues (\;) ey such that

D<A <A< <)<

with Aliin Aj = 400. Moreover, we have the following characterization
Jj——4o0

2
fRf K(2)|Vu|*dx

! ueg?\{(]} fRﬁ K(z)udz

(2.9)

N
2
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Actually, the second equality in (2.9) follows from the spectral theory of compact op-
erator in Hilbert spaces, while the first one will be proved in the sequel.

Let ¢; be an eigenfunction of (LP) associated to A;, and denote by ¢ € HL(RY)
its extension given by ¢ = ¢ in RY, and ¢ (2, zn) = p1(2/, —zy) if 2y < 0. Since the
weight K is radial, changing variables we get

/ K@)\ViPde = [ K@)|VeoiPde + / K(2)|Ver(a!, —zy)|2dz
RN Rﬁ RN
= 9 K(a:)|V901|2dx,
RY

with an analogous equality holding for the integral [y K (x)1*dz. Tt is proved in [10,
Proposition 2.3| that the first eigenvalue of the linear PDE in (LP) settled in RY is
equal to N/2. Hence, using the characterization of first eigenvalue, we obtain

N < Jon K(2)|VPde fM K(z)|Vi[*dz N
27 fav K(x)y2dz fRf K(z)Q2de "

and therefore N/2 < A;. On the other hand, the first eigenfunction of the problem
in the whole space RN is e~1**/4. Since it is radial, we can use a similar argument to
obtain the reverse inequality N/2 > \;.

3 The problem (P)

In this section we present the proof of the existence results for our first problem.
Recall the notations X = D*(RY) and || - || = [|[[p12my, - We call u € X a weak
K Ry DLARY)

solution of the problem (P) if

K(z)(Vu-Vv) —pu K(z)uv = K(z',0)|ulP2uv, Vv e X.

N N N—
RY RY RN-1

With this definition, the critical points of the energy functional I : X — R given by

1
1) =5 | K(@)|VulPdr - g K(z)u?ds — - K(z',0)(ut)Pda’,
RY RY P Jry-1

with u™(x) := max{u(z),0}, are weak solutions of (P).

Since we are intending to use Critical Point Theory, we need to prove some com-
pactness properties for the functional I. We recall that (u,) C X is a Cerami sequence
at level ¢ € R, if

) = e () o1 + ) = 0. (3.1)

We say that [ satisfies the Cerami condition at level ¢ € R if any such sequence has a
convergent subsequence.

11



Lemma 3.1. If u < (N/2), then the functional I satisfies the Cerami condition at any
level.

Proof. Suppose that (u,) C X verifies (3.1). A simple computation provides

1 1 1
c+o(l) =1I(u,) — 5['(un)un = (5 - Z_?) [Erng p (RN-1)

and therefore [[u;|[1» @nv-1y < My, for some M; >0

Suppose, by contradiction, that ||u,|| — +o0o. Setting v,, := u,/||u,|| we may assume
that, for some function v € X, there hold v,, — v weakly in X and v,, = v strongly in
L (RY).

For any ¢ € X, we have that

1
T I'(up)p = K(x)(Vvu, - Ve)dr — i K(z)v,pdz
Unp, ]Rf

1
— ——C,, (3.2)
RY ||
where

C, = K(2',0)(u )P pda'.
RN-1
The boundedness of (||u,|| 2w~

) and Holder’s inequality imply that C,, is bounded
Hence, taking the limit in (3.2) we conclude that

K(z)(Vv-Ve)dr = p K(z)vpdr,
RY RY

for any ¢ € X. Since u < (N/2) =
therefore v = 0.

A1, the number p is not an eigenvalue of (LP), and
On the other hand,

/ —
- ||un||2] (un)un =1- M||UTZHL2

RY) ~ 2||u 70 -1y
[ |

Since v, — 0 in L% (RY) and the last term above also goes to zero, we obtain a
contradiction taking n — +o00. Hence, the sequence (u,,) is bounded in X

Since (uy,) is bounded in X, up to a subsequence, u,, — u weakly in X. Thus

o(1) = I'(un) (un — ) = lun|* = [Jul® — pAn — By + o(1),
with

(3.3)
A, = K(x)un(

N
R+

up, —u)dr, B, := N K(2',0)(u!)* " (u, — u)da'.
RN-1

By Lemma 2.4 we have that, up to a subsequence, u,, — u strongly in L5 (RY=1). Thus
we can use Holder’s inequality to get

|B,| < K(2',0)P= /Py, [P K (2, 0) Y7 |u,, — u|da’
RN-1
< ‘|unHL§<(RN*1)Hun - UHL@(RNfl)a
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and therefore B, — 0. Lemma 2.2 and an easier argument provide A,, — 0. Hence, we
infer from (3.3) that |lu,||*> — ||u|/*>. This is equivalent to u, — u strongly in X and
the lemma is proved.

We finish this section with the proof of our first main result.

Proof of Theorem 1.1. We first check that I satisfies the Mountain Pass Geometry,
namely

(i) there exist «, p > 0 such that I(u) > « for any ||u|| = p, and
(ii) there exist e € X such that ||e|| > p and I(e) < 0.

Indeed, it follows from Lemma 2.4 that [[ul|rs @x-1) < c1fuf| for some ¢; > 0 and
any u € X. Hence, using (2.9) and arguing as in the proof of Lemma 3.1, we get

1 IU“+ 2 P P 2—p

I(u) > 5 (1= 5= ) lull® = edllul” = [[ull” (Bollul*™ — 1) ,
2 A1

for By := (A — p)/(2A1) > 0. Thus, item (i) holds for p := [(1 + ¢1)/Bo]"/?*7) and

a = pP. For any u € X such that ||u™|[1» @nv-1) # 0 we have that

(R L
1(tw) = S ll® = iyl Zaguy, = lag v,

Since p > 2 we conclude that I(tu) — —oo as t — +oo. Hence, we can set e := tu,
with ¢ large, to get (ii).

Since u < (N/2) the functional I satisfies the Cerami condition at any level. Hence,
it follows from the Mountain Pass Theorem that I possesses a critical point u € X'\ {0}.
As quoted before, u is a weak solution of (P), and therefore it remains to show that it
is positive.

If we set u™ (z) := max{—u(x),0}, we have that

+

0= I =+ [ RCCRES (1 - ’;—) P

Hence u > 0 a.e. in RY. Tt follows from the Maximum Principle that v > 0 in RY.

~

4 The problem (P)

In order to obtain multiple solutions for (13) we change the definition of the func-
tional I, by setting

1 o 1

1 p
() i= Gl = Sl ) = Slul sy = el g

13



We shall verify that it possesses infinitely many critical points.
If > A\, we take j € N in such way that A\; < u < Aj41, and set

V :=span{y1,...,¥;}, W .= VL,

where ¢y, is a normalized A\j-eigenfunction of the linear problem (LP). If u < A\ we
just define V := {0} and W := X.

Lemma 4.1. There hold

(i) there are constants p, a > 0 such that I|sp,o)nw > a, and

(ii) for each finite dimensional subspace X C X, there is an R = R(X) such that
I <0 on X\ Bg(0).

Proof. We first recall that, in view of the variational characterization of the eigenvalue
Aj+1, we have that

Il > Ao /N K(x)yuld, YueWw.
R+

Hence, we can proceed as in the proof of Theorem 1.1 to get

1 ph 2
Iu) =2 5 | 1= 5— ) lull” —allul]” —clu]?,  YueW

2 Aj+1
If we set o := (Ajy1 — p')/(2Aj41) > 0, 6 := max{p,q} > 2 and ¢35 := 1 + ¢ > 0, we
obtain

I(u) > [[ul*Bollull* —cs),  YueWnBi0),
and therefore the item (i) holds for p := min{[(1 + ¢3)/50]"/*~?, 1} and a := p’.
The verification of (ii) is easy. Indeed, suppose that X is a finite dimensional

subspace of X. Since all norms in X are equivalent, we can argue as above to get

1 ~
I(u) < §||U||2—C4||U||q, VueX.

Thus, I(u) — —oo as ||lul| = oo, u € X, and (i) follows.

In what follows we prove our multiplicity result.

Proof of Theorem 1.5. Arguing along the same lines of the proof of Lemma 3.1, we can
check that I satisfies the Cerami condition if p is not an eigenvalue of (LP). Indeed,
with the same notation of that proof, we see that this fact enable us to conclude that
the weak limit of the normalization of the Cerami sequence is zero. Thus, it suffices

14



to repeat the argument recalling that, by Lemma 2.2, the embedding X — L% (RY) is
compact.

We have that I satisfies the Cerami condition, is even and I(0) = 0. Hence, in
view of the geometric conditions given by Lemma 1.1, we may invoke the Symmetric
Mountain Pass Theorem [341, Theorem 9.12] (see [7] for the deformation lemma with
Cerami instead of Palais-Smale condition) to obtain infinitely many critical points for
1. This concludes the proof.

Proof of Theorem 1./. Arguing as in the above proof, we can check that the functional

1

1 2 Hy2 +1p
U= §HUH - 5”“”@(@) — —flu ]

1
LE(RN-1) ™ EH?ﬁHqL

e (RY)

satisfies all the hypotheses of the Mountain Pass Theorem. The positivity of the ob-
tained critical point can be proved as in Theorem 1.1.
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