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ABSTRACT. We consider the equation

—div(a(z)Vu) = b(z)|u|?2u + c(@)|u|P~2u, u € HE(Q),
where © C R¥ is a bounded smooth domain and N > 4. The functions a,
b and c satisfy some hypotheses which provide a variational structure for the
problem. For 1 < ¢ < 2 < p < 2N/(N — 2) we obtain the existence of two

nonzero solutions if the function b has small Lebesgue norm. In the proofs we
apply minimization arguments and the Mountain Pass Theorem.

1. INTRODUCTION

In this paper we are concerned with the existence of nonnegative solutions for
the elliptic equation

{—div(a(x)Vu) = b(x)|u|7%u + c(x)|u|P?u, x €

(P) u = 0, o9,

where Q is a smooth bounded domain in RN, N >4and 1< ¢ <2< p < 2*:=
2N/(N — 2). The positive weight a : Q — R is such that

(a1) a € HY(Q)NC(Q);

(az) there exists zg € Q such that

a(zo) = ap := min{a(z) : z € Q} > 0.

Denoting by s’ the conjugated exponent of s > 1, the basic assumptions on the
potentials b and ¢ are the following:
(b1) b€ L7(R) for some (p/q) < oq < (2/9)";
(b2) there exists a nonempty open subset Q7 C Q such that b(z) > 0 for a.e.
T € Qg‘;
(c1) ¢ € L>®(Q), with ¢ # 0;
(c2) there exists a nonempty open subset QF C Q such that ¢(z) > 0 for a.e.
x e Qf.

In out first result we consider the subcritical case and prove the following

Theorem 1.1. Suppose that 1 < q < 2 < p < 2% and the potentials a, b and c
satisfy (a1) — (az2), (b1) — (b2) and (c1) — (c2), respectively. Then the problem (P)
has at least two nonnegative nontrivial solutions if |b|Lg(Q) is small.
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In our second result we consider the critical version of (P), namely p = 2*. In
this setting we have some additional difficulties due to the lack of compactness of
the embedding H{(Q) — L2 (). We overcome it with the following technical
assumptions

(a3) there exist k > 2, B > 0 and 6 such that, in a small neighborhood of x,
a(z) = ag + Brlr — zol® 4 0(z)|z — x0|*,

with lim 6(x) = 0;

Tr—rT0o

(c3) there exist v > (N —2)/2 and M, § > 0 such that
el oo (@) — c(x) < Mz — x0]7, for a.e. © € Bs(xo),

and both the potentials b(x) and c(z) are positive a.e. in Bs(zo).

In the main result of this paper we prove the following

Theorem 1.2. Suppose that 1 < g < 2 < p = 2* and the potentials a, b and
¢ satisfy (a1) — (az), (b1), (c1) and (c3). Then the problem (P) has at least two
nonnegative nontrivial solutions if [b| e () is small and k > (N — 2)/2.

In the proof of Theorem 1.1 we apply variational methods. After introducing the
energy functional associated to (P) we prove that, taking the L7s-norm of b smaller
if necessary, it achieves a negative infimum on a small ball centered at the origin.
A second solution is obtained as an application of the Mountain Pass Theorem
centered at the first solution.

Even though the proof of Theorem 1.2 follows the same lines, the arguments are
more involved. Since the range of compactness is affected by the critical growth
of the nonlinearity, we need to use the ideas introduced in [3] as well as some
estimates proved in [9]. The assumption (c3) plays a key role at this point. Actually,
this condition is a version of one which already appeared in [7]. The assumption
k > (N —2)/2 is also important in our trick calculations. Although we do not know
if it is necessary, we would like to cite the paper [8], where the authors considered
an analogous problem in the whole RY, but for the operator u — div(el*I®/4Vu).
In that paper it was also imposed a condition relating « and the dimension N.
In some sense, the notion of critical dimension for the problem is related with the
behaviour of the potential a(x) near its minima .

The starting point of the study of problem (P) is the work of Ambrosetti, Brezis
and Cerami [1], where the authors considered the case a(x) =1, b(x) = A, ¢(z) =1
and proved that, for some \* > 0 the following holds: the problem has two positive
solutions if A € (0, \*), one positive solution if A = A* and no positive solution if
A > X\*. After this work, many results with combined nonlinearities have appeared.
Since it impossible to give a complet list of reference we cite [2, 5, 4, 10, 12, 6, 11,
7, 13] and the references therein.

In [7], among other results, deFigueiredo, Gossez and Ubilla considered the case
that a(x) = 1 and b, ¢ were sign changing potentials. They proved that the problem
has two nonnegative nonzero solution if b has small norm. Concerning the case
a(x) # 1, we cite the paper of Hadiji and Yazidi [9], where they consider p = 2%,
g =2, b(x) = X and ¢(x) = 1. They proved that the existence of positive solutions
is related with the iteration of the parameter A with the first eigenvalue of the
operator —div(a(z)V-) in H}(Q).
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In view of the aforementioned works it is natural to ask if you can extend some of
the results of [1, 6] for the operator div(a(z)V-). The results of this paper provide a
partial answer for this question. Hence, our results can be viewed as a complement
of these two papers.

2. THE SUBCRITICAL CASE

For any 2 < 7 < oo we denote by |u|, the L™-norm of a function u € L™(2). For
€ [2,2%], we consider the constant

(2.1) S = inf {/ |Vul? @ |u|, = 1} < 400

and set S := Sy.. For any measurable function f we write only [ f to indicate
fQ x)dz. Throughout the paper we suppose that a satisfies (a1) — (a2).

Let H be the space H () endowed with the norm [|ul| := ([, |[Vu[?)*/2. Accord-
ing to conditions (a1) — (a2), the quantity ||ul|, := ([ a(z)|Vu|?)1/? is an equivalent
norm in this space. For any u € H, setting u™'(z) := max{u(z),0}, we obtain from

Holder’s inequality
1/0;
(2.2) }/ < b, (/ | ) .
Since 2 < go; < p < 2%, the right-hand side above is finite. Thus, by using some
standard calculations we can show that the functional I : H — R give by

1 1 1
1) = 5 [al)TuP = 2 [ sty - [ ety
2 q p
is well define and I € C'(H,R). Moreover, if u is a critical point of I, then it is a
weak solution of (P). If this is the case we have that 0 = I'(u)u™ = ||u~||?, and

therefore u > 0 in Q. Hence, in order to obtain nonnegative solutions for (P), we
just need to find critical points of I.

We shall obtain our first critical point by applying a minimization procedure, as
showed by the next two lemmas.

Lemma 2.1. Suppose that b satisfies (b1) and |blo, is small enough. Then, there
exist p, o > 0 such that I(u) > o > 0, for any u € H such that ||u]| = p.

Proof. Tt follows from (as), (2.2) and (2.1) that

aq 2 1 q 1
HMZQWM—EWMMM—EMmMﬁ
[ w]l? 2— 2 —p/2 - 2 q/2
> ag g P = el Sl = bl S,

For B := 2(pag)~Y|c|ooSp P/2 the function f:(0,400) — R, given by f(t) :=
1279 — BtP~9 achieves its maximum value at
1/(p—2
- [ 2-q) } /(p—2)
B(p—q)
For M := f(tg) and ||u|| = to, we have that

> 0.

tq I M
> _ tI/2 > L0
I( ) ao 5 {M 40 |b|,,q 4o } Z35 > 0,
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whenever
(2.3) blo, < MqaoS,, /4.
The lemma holds for a :=t§M/4, p := to and |b|,, as above. O

Lemma 2.2. Suppose that b satisfies (b1), (b2) and (2.3). If p > 0 is given by
Lemma 2.1, then
—oo<Ip:= inf I(u)<0
u€B,(0)
is achieved at ug € B,(0) which is a nonnegative solution of (P).

Proof. A straightforward calculation shows that I maps bounded sets into bounded
sets, and therefore [y is finite. Since Q;r has nonempty interior there exists ; > 0
and 1 € Q such that Bs, (21) is contained in the set ;7. Hence, we can take a
nonnegative function ¢ € C§°(Bs, (1)) such that [ b(z)e? > 0. Since ¢ < 2 < p,
we have that
limsupM < ! /b(m)cpq < 0.
t—0+ 14 q

So, for ¢t > 0 small, we have that I(ty) < 0, and therefore Iy < 0.

Let (un) C B,(0) be a minimizing sequence for Iy. By Ekeland’s Variational
Principle we may assume that I(u,) — Iy and I’(u,) — 0. Since (u,) is bounded
and 2 < qafl < 2* we have that, up to a subsequence,

Uy — up weakly in H,
(2.4) Uy, — ug strongly in L9% (Q),

u) (2) = ud (x), Jun(z)| < (z) for ae. x € Q,

n

for some ¢ € L% (©). Young’s inequality provides
1 1 /
b(z)(u,))] < —b(x)7 + —(x)%%, for a.e. z €.
oq o
Since ¢ € L9% () and b € L71(€2), it follows from (2.4) and the Lebesgue theorem
that

tim [ b)) = [ b))

n—roo

We now claim that I’(ug) = 0. Assuming the claim, the above equality and the
weak convergence of (u,) provide

Iy = liminf <I(un) - lI’(un)un>
p

n—oo

it { (32wl + (3 - 1) [er)
> (52 ) ol = 2 [ oteait)? = run) = 1'Cu0) = rluo)

and therefore I(ug) = Iy < 0. By Lemma 2.1, |Jug|| # p. Hence the infimum is
achieved at uy € B,(0). Since I'(ug) = 0, the function ug is nonnegative.
It remains to prove that I'(up) = 0. Let us denote by A the support of ¢ €
C5°(€2). Since o4 > (p/q) =p/(p — q), we can choose gy € (2,p) such that
40 d0
> .
0-9 (0+1)—¢

0q >
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Thus
1 -1 1) — —1
Lya-t _(wtD-g g-1_,
Oq do do do
and there exists 6 > 1 satisfying
1 1 1
—+————+ =1

og  qo/(lg—1) 0

The above inequality implies that w, — uo in L% (£2) and provides 14, such that
[un ()] < g (z) a.e. in Q. By Young’s inequality there is C' > 0 such that

[b(2) (u) T ol < C(Ib(@)|7 + [ty (2)|™ + |@l?),  for ae. z € A.

It follows from the Lebesgue theorem that

lim ([ ba) ()l = / b(a) ()1 .

n—-+oo

An analogous argument holds for [ ¢(z)(u;})" !¢, and therefore we conclude that
0 =limy— 100 I'(un)p = I'(up)p, for all p € C5° (). The result follows by density.
(]

Lemma 2.3. Suppose that b and ¢ satisfy (b1) and (c1) — (c2), respectively, and
let Bs,(z1) C QF. If ug is given by Lemma 2.2 and ¢ € C§°(Bs, (x1)) \ {0} is
nonnegative, then

t_13+moo I(ug + tp) = —o0.

Proof. Since ¢ = 0 outside Bs, (x1) C QF and up > 0 a.e. in £, we can easily
compute

I(up +tp) < O?)+ 07 +0(1) — / c(x)(up + to)Pdx

{c>0}
P
< O*)+0(1) - —/ c(x)pPde.
p Bgl (Il)
Since p > 2, the result follows from the positivity of the last integral above. O

We recall that I € C'(H,R) satisfies the Palais-Smale condition at level d € R
((PS)q for short), if any sequence (u,) C H such that I'(u,) — 0 and I(uy,) — d
has a convergent subsequence.

Lemma 2.4. If 2 < p < 2* then the functional I satisfies the (PS)y condition for
any d € R.

Proof. Let (up) C H be such that I(u,) — d and I'(u,) — 0. We have that

a+ Tl + o0 Z a0 (5= 3 ) ualP = (=2 [y,

q P
Holder’s inequality and the embedding H < L7 () provide C; > 0 such that

1 1 1 1
d + ||un|| + o(1 Za0<———) un2—(———>C’1unq,
l[unl[ 4 o(1) 5 [[n]| i [[un]|
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and therefore (u,) is bounded in H. Up to a subsequence, we have that w, — u
weakly in H and u, — w strongly in L7(Q), for 2 < 7 < 2*. By definition of oy,
there exists 2 < pg < p such that o4 = (po/q)’ = po/(po — q). So

1 1 1 — -1 1
—— S
o polg—1)  po Po Do Po

It follows from Holder’s inequality that
+yg—1 q—1 _
‘/b(x)(un) (un = w)| < [bloy [unlfy " [un — ulp, = o(1),

as n — 400. Since an analogous argument holds for [ c(z)(u} )P~ (u, — u), we

obtain o(1) = I'(up)(un — u) = ||usl|?2 — [Jul|? + o(1). Thus ||u,|* — ||u/|? and it
follows from the weak convergence of (u,,) that, along a subsequence, it converges.

O
Proof of Theorem 1.1. If |bls, is small, we can use Lemma 2.2 to obtain a

nonnegative solution ug such that I'(ug) < 0. For the second one, we take p > 0
and ¢ as in Lemmas 2.1 and 2.3, respectively. Let ty > 0 be such that e := up+top
satisfies I(e) < I(up). If we define

d:= inf I(~(t
inf max (v(1)),

where I' := {v € C([0,1], H) : ~(0) = ug, (1) = e}, by Lemma 2.1 we get
d > o > 0. Morcover, the Mountain Pass Theorem provide (u,) C H such that
I(un) — d and I'(u,) — 0. By Lemma 2.4, along a subsequence, u, — uy in H.
Hence I(uy) = d > 0 and I’(u;) = 0, in such way that we have obtained a second
(nonnegative) solution. ]

3. THE CRITICAL CASE

We deal in this section with the critical case p = 2*. Since (c3) implies (b2)
and (cg), a simple inspection of the proof of Lemma 2.2 shows that it remains true
under the hypotheses of Theorem 1.2. So, hereafter we denote by ugy a solution of
(P) with negative energy. In order to obtain a second solution we need to modify
the argument, since the embedding H < L%’ (Q) is no longer compact. Firstly, we
follow [3] to obtain the following local compactness result.

Lemma 3.1. Ifp = 2* and ug is the only nontrivial critical point I, then I satisfies
(PS)a for

1 (aoS)N/2
d<d =1 —_—
< (uo) + N |C|ézov72)/2

Proof. Let (un) C H be such that I'(u,) — 0 and I(u,) — d. As in the proof of
Lemma 2.4 we can show that it is bounded. Hence, along a subsequence, we have
that u, — u weakly in H and u,, — u strongly in L9%4(Q). Setting v, := u, — u

3



CRITICAL EQUATION WITH COMBINED NONLINEARITIES 7

we can use the last convergence and the Brezies-Lieb lemma to get
of1) = I'unn = et = [ b)) = [ clo)w)*
= lull + el = [ b))+ o)
= [e@t = [ etawh”
= It ol = [ @) +o(1),

As in the proof of Lemma 2.2, we have that I'(u) = 0. Hence, there exists [ > 0,
such that

. 2y +y2*
Jim o2 =1 = i [ ela)(wp)?
If { = 0 then u,, — w strongly in H and we have done. So, we may suppose that
[ > 0. It follows from the definition of S and ag that

2* o |Cg</32* 2
(/ c(w)(v,t)) <= [ @

Taking the limit we obtain

(apS)N/?

On the other hand, arguing as in the beginning of the proof, we obtain
1 1 x
d+o(1) = un) = 1) + glonllE = 7 [ ela)w)? + (1)
Taking the limit again and using (3.1), we get

- 11y, I 1 (apS)VV?
d‘”“”(Tz‘*)“”“”ﬁz““”ﬁdéﬁW'

But we are assuming that the only critical points are v = 0 and u = wug. Since
max{I(0),I(ug)} <0, the above inequality contradicts d < d*. O

We are now ready to present the proof of our main result.

Proof of Theorem 1.2. We know that the problem has a nontrivial solution ug such
that I(ug) < 0. Arguing by contradiction, we suppose that this the only nontrivial
critical point of I. As in the proof of Theorem 1.1, we set e := ug + tve, with t > 0
large in such way that I(e) < I(ug), and define the Mountain Pass level

(32) d:= inf e I(v(1)),

where I' := {y € C([0,1],H) : ~(0) = ug, v(1) = e}. We obtain (u,) C H
satisfying I'(u,) — 0 and I(u,) — d. It follows from Proposition 3.2, which we
state and prove in the sequel, that d < d*. Hence, Lemma 3.1 implies that, along
a subsequence, (u,,) strongly converges to a solution with positive energy. But this
is a contradiction with the assumption that 0 and ug are the only critical points of
1. Hence, we conclude that there exist a nonzero solution u; such that uy # wug.
As before, we have that u; > 0 a.e. in . [l
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We finish the paper proving that the level d defined above is smaller than d*.

Proposition 3.2. Suppose that b and c satisfy (b1), (c1) and (¢3). If N < (2k+2),
then

" 1 (CLQS)N/2
max I (ug + tve) < d* = I(uo) + N o7

for e > 0 small enough. In particular, the minimaz level defined in (3.2) satisfies
d<dr.

Proof. Let 6 > 0 be given by hypothesis (¢3) and consider 1 € C§°(Q) satisfying
Y(x) = 1if x € Byja(xo) and (x) = 0 if 2 € Q\ Bi(xg), where 0 < [ < 6. Given
e > 0, we define

ue(x) ==

¥(z) — and v.(x) == uE(I)
[e+ |z — 20?2 |te ]2
For any € > 0, Lemma 2.3 implies that the function ¢ — I(ug + tv.) achieves its
maximum at t. > 0. It follows from I’ (up)v. = 0 that

t2 1 1
(33) Me = I(UO + tava) = I(UO) + EEHUEHE - EAE - ?DE’
for
Acm [ b [+t g — ]
By (o)
and

D, := / c(x) [(uo + tsvs)2* — ug* — 2*t5ug*_lvs} dz,
Bl(zo)

where we also have used that v. = 0 outside B;(x).
Since ug > 0 a.e. in Bj(zp), we can apply the Mean Value Theorem to obtain
n(x) € [0,1] such that
(uo () + teve(2))? — uo(x)* q(uo(@) +n(2)tove ()7 teve
=z qtsuo(x)qflvs(fl?),

for a.e. © € By(xg). Since b(z) > 0 a.e. in Bj(xg), we get A, > 0.
In order to estimate D., we shall use the following inequality (see [4]): for m,n >
0,s>2and 1 < pu<s—1,

V

(m+n)* >m® +n° +sm* In+smn* !t — Cynfm*H,
for some C,, > 0. If we choose m = ug, n = t.v. and s = 2%, we obtain

2+ 2% oy o 2%—1 2 2% w251, 91 2" —p
(uo +teve)” —ug —2%teuy ~ ve > 12 vI + 270 T ugus — Cpthotiug "

Since ¢(x) > 0 a.e. in Bj(zp), we obtain
D, > / c(x) [tg*v? + 252 Ly T — C#tgvé‘ug*_”} dz.
Bi(zo)

Hence, we can use (3.3) to get

*

t2 tZ t2
me < I(uo) + (= llvella — 5o leloe | + L/ (Iefoo = c(x))vZ da
2 2 %* Bi(wo)
* * t *_
—2 _1/ c(x)ugv? _1dx+CM2—E* clx)ug ~"olde,
Bi(zo0) By (zo)

(3.4)
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where we have used [ ., - v dr = 1.

In what follows we shall suppose that (t.) is bounded. The other case will be
considered later. We compute

t2 2 t2 1 ||U5HJ(ZV
(3.5) max (—llvall ol |oo> T Ng@-or

As proved in the equation (5.10) of [5], the L7-norms of v, are such that
/|v 7 = O(eWE2)/4) - N/(N —2) <o <2%,

as € — 07. Recalling that the functions ug and ¢ are bounded in Bj(zg), we can
choose = (N 4+ 1)/(N — 2) to get

e *_
(3.6) #2—5* c(x)ug Folde = O(eWN D/,
BZ(LE())
In the same way
(3.7) 1 /c(x)uov 1= 40N/,

for some Ag > 0.
On the other hand, a known estimate from the paper of Brezis and Nirenberg
[3] state that, for some A; > 0, there holds

luc|3- = N2A; +0(1).

Thus, we can use the inequality in (¢3) to obtain

* 1 *
L el =@ de = e [ (el = efa)ud de
Bi(zo) Ue Bi(zo)

— Y
< O(EN/2)/ &da@.
Bl(zo) (E+ |I_'IO|2)N

Hence, setting y := (v — x)/+/€, we get
|z — @] -N ly”
POl g = (N2 — 2 _dy
~/Bl(m0) (e + |z — 202V B(/vE0) (L+[yA)N

(v=N)/2 b Nt HE IN+N-—1
< e\ d 7 d
<e WN /0 (1 n T2)N T+ /1 r r

= 0N+ 0(1),

where wy is the area of the unit sphere in RY. All together, the last estimates
provide

(3.8) /B( )(|c|m_c(x))v;dx:o( 34+ 0(e

N
2

).
If we now replace (3.5)-(3.8) in the inequality (3.4), we obtain

1 N
me < I(ugp) + — vl

< T (N-2)/2 + O(g(N—l)/4) + O(EV/Q) + O(EN/2) _ O(E<N—2)/4),
N le|se
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Without loss of generality we may suppose /2 < (N — 1)/4, and therefore the
above expression becomes

me < I(ug) + %7|C||§ﬂg/2 +0(7?) = AgO(eN =2/,
We now recall a key estimate, which is a consequence of (3.13) in [9]:
aoS + O(e), N =4 and k > 2;
a8+ 07, N>5and N <k+2;

(39) ||U€||2 S N-2
apS +O0(e7= [logel), N >5and N=~Fk+2;

apS + O(e%), N>5and N > k+2.

We first consider the last case, that is, N > 5 and N > k + 2. By using the
Mean Value Theorem we have that

o1 = (loe12)Y72 = (a0S)™2 + O(M?).

Hence
1 ((IOS)N/2 k/2 v/2 (N—2)/4
Me SI(UO)+NW+O(E )+ 0("?) = ApO(e )
= d" + 0N (O@EE T ) F 03T ) — Ag)

Since we are supposing that max{vy, k} > (N — 2)/2, the above expression implies
that me < d*, if € > 0 is small enough. The other three cases in (3.9) can be
handled with the same kind of argument. Actually, in all of them that are no extra
restrictions on k.

It remains to consder the case that limsup,._,g+ t- = +00. Recalling that the
support of v, is contained in Bj(x¢) and arguing as in the proof of Lemma 2.3, we
obtain

I t2 2
me < EHUEHa —i—ta/p(:v)(Vuo Vo) — o /B ( )c(gc)vE dz + O(1).
1(To
Since ||v:||? = apS + o(1), Bi(zo) € QF and fBl(Io) v dr = 1, we infer from the
above inequality that m. — —oo as € — 0%. Hence, for € > 0 small, we have that
me < d* and we are done. O

Acknowledgement: The authors would like to thank the referee for his/her useful
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