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Abstract

We prove the existence of two solutions for some elliptic equations with
combined indefinite nonlinearities on the boundary. The main novelty is to
consider variational methods together with a suitable split of the Sobolev
space Wh2(Q).
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1 Introduction

Since the work of Steklov [25], the semilinear problem

ou

Au =0, in £, 8777

= g(z,u), on 09,

has been extensively studied with many different type of perturbations g(x,u) ap-
pearing on the boundary of the open set Q C RY. For linear function g, it comes
from physics, with the function u being the steady state temperature on {2 such
that the flux on the boundary is proportional to the temperature. The Steklov was
introduced in [25] where was considered a linear problem on the boundary. It is also
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important in conductivity and harmonic analysis [8] and some problems in con-
formal geometry [11]. There are many papers considering nonlinear perturbations
on the boundary (see [5,9,12,18,21-24], for instance).
In the first part of the paper we suppose that the function g(z,u) presents
a competition between a concave and a convex term. More specifically, we shall
study
Au =0, in Q,
ou
an

where Q ¢ RY, N > 3, is a bounded smooth domain, x> 0,1 < ¢ <2 <p <
2, =2(N —1)/(N — 2) and the potentials a, b verify

(1.1)

= a(z)|ulP"u + pb(x)|u|""*u,  on 09,

(ap) a € L*°(09) and a(z) doy # 0;
0
(a1) there exists a non-empty set AT C 9Q open in 9N such that a(x) > 0 for
a.e. z € AT

(bo) b e L*(09Q) and / b(z) do, < 0;
o0
(by) there exists a non-empty set Bt C 9Q open in 9Q such that b(z) > 0 for
a.e. z € BT.

In our first result, we obtain multiple positive solutions for small values of .
More specifically, we prove the following.

Theorem 1.1 If1 < q¢ <2 < p < 2, and the potentials a and b satisfy (ag), (a1),
(bo) and (b1), then there exists u* > 0 such that the problem (1.1) admits at least
two positive solutions if u is small.

Since the pioneer work of Ambrosetti, Brezis and Cerami [3], elliptic problems
with concave-convex terms have been widely studied. It is impossible to give a
complete list of references and therefore we quote the papers [1,2,4, 14, 16, 20],
where the authors presented some related results for indefinite potentials.

In our proof, we use variational methods, by looking for critical points of the
energy functional associated to (1.1). After obtaining a first solution with a mini-
mization argument, we use a version of the Mountain Pass Theorem to get another
solution. Although the main steps of the proof are standard, the calculation here
becomes more involved since the first equation of the problem does not involve
the operator —A + Id. Hence, the quadratic part of the energy functional, namely
Jo |Vu|?dz, is not a norm in the natural space W?(Q). In order to overcome
this difficulty we follow [6], by making an appropriate decomposition of the space
Wh2(Q).

{p1}
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In our second result we consider a different type of competition on the bound-
ary. Actually, we replace the superlinear term in (1.1) by a function f(z,u) and
consider the problem

Au =0, in Q,
ou

on

= f(z,u) + pb(z)|ul""%u,  on 09, (12) {p2}

where Q ¢ RY, N > 3, is a bounded smooth domain, > 0, 1 < ¢ < 2 and the
function f € C(9Q x R,R) has subcritical growth, that is,

(f) there exist Cy, Cy > 0 and p € (2,2, — 1) such that
|f(z,8)] < C1+ Cols|P™t, Vaeco,scR.

We are interested in the case that f is asymptotically linear at the origin and at the
infinity. Since we shall consider some weighted eigenvalue problems, we introduce
the set

ke L7(09), for some o0 > N — 1,
F=qk:Q—=R: )

kT #0, [ook(z)do, #0
where kT (x) := max{k(z),0}.
Setting F(z,s) := [ f(«,t)dt, we suppose that

(fo) there exists Ky € F such that

2F
lim ﬂ = Ko(z), uniformly for z € 9Q;

s—0t 82
(foo) there exists koo € F such that

lim G

s——+oo S

= koo(x), uniformly for z € 9Q.

For any k € F, we can prove (see Section 2) that the eigenvalue problem

0
Au =0, in , au _ Ak(x)u, on 0L,
v
has a sequence of eigenvalues (\;(k));en such that A\;(k) — oo as j — co. With
this notation, we can state our second result in the following way

{t2}
Theorem 1.2 Suppose that b satisfies (by) — (b1) and f satisfies (f), (foo) and

(fo) with [, Ko(x)do, < 0. Assume also that
)\1(1(500) <l< )\1(K0) and /\](koo) <1< >\j+1(koo)a

for some j > 1. Then the problem (1.2) admits at least two nonzero solutions for
any p > 0 small enough.



Although we can guarantee that one of the above solutions is positive, we
do not have information about the sign of the second one. However, if we suppose
that f is odd in the second variable, we can obtain two positive solutions as in
Theorem 1.1 (see Remark 4.1). The condition \;(ks) < 1 < Ajy1(kso) is a sort
of nonressonance condition. It is used only to show that the energy functional has
some compactness properties (see Proposition 4.2).

In the proof we follow the same lines of Theorem 1.1. Again, we need to
consider some trick decomposition of the space W12(Q2). In the asymptotically
linear case, the eigenvalue problems associated to the asymptotic limits Ky and
koo play an important rule in this feature.

Semilinear elliptic problems with concave-convex or asymptotically terms
have been considered during the last years(see [2,15,19], for instance). Usually,
they are treated under Dirichlet boundary conditions. In this case, the map u
Jo IVul?dz defines a norm in the working space Wy(€2). The same does not oc-
cur in problems (1.1) and (1.2), since the natural space to look for solutions is
Wh2(Q). For semilinear elliptic problems with nonlinear terms on the boundary
we refer the reader to [4,5,10,15,21,22]. In all these works the left hand side of
the equation treated provides the norm u — [,(|Vul? + ¢(z)u?)dz in W2(Q),
since they considered c¢(z) > ¢g > 0 a.e. in . The main feature of this paper is to
consider the extremal case ¢ = 0. Hence, our results complement and/or general-
ize the aforementioned works. In particular, Theorem 1.1 complements the results
of [15,19] and Theorem 1.2 is closely related to [2,4].

The paper is organized as follows: in the next section we give some pre-
liminaries results and present the abstract framework to deal with our problems.
Section 3 is devoted to the proof of Theorem 1.1 and in the final Section 4 we
prove Theorem 1.2.

2 Preliminary results

In this section we present the variational framework to deal with our problems.
The main difficulty is that its linear part induces the term fQ |Vul?dx in the
associated functional. Since we are going to work with the space W12(€), this
term is not a norm and therefore some of the usual arguments do not hold. In
order to overcome this problem we adapt some ideas from [6] (see also [10]).

Here and throughout this work C,C4,Cs, ..., are positive constants. The
element of area in the integrals over 99 is denoted by do,, and the norm in L5(2)
by || - ||s- For any s > 1, we denote by s’ its conjugated exponent. We recall the
set F defined in the introduction

ke L?(09), for some 0 > N — 1,
k20, [, k(z)do, #0 '

The next two results are versions of analogous results presented in [6].

f:{k:Q%R:



{aux}
Lemma 2.1 Let k € F and define

Xy = {u c Wh?(Q) : kE(x)udo, = O} . (2.1) {zx}

o
Then

(i) the Poincaré inequality holds in the subspace Xy, that is, for some C > 0 we
have that
Jull < C|[Vulls,  Vue Xg;

(ii) for anyu € W2(Q) there is (a unique) t,, € R such that ut = (u—t,) € X,
and therefore WH2(Q) = (1) ® Xy,. Moreover, the expression

((tu +ub), (ty +05)) =ty b, + / (Vut - Vot)de, (2.2) {pii}
Q

defines an inner product in W12(Q) with associated norm equivalent to the

usual one.

Proof. Suppose, by contradition, that there exists (u,) C Xj such that ||u,||2 >
n||Vuy 2. If we define v, := wy, /||un |2, we have that [|v,]2 = 1 and |[Vo,|2 < 1/n.
Hence, (v,,) is bounded in W2(). Since 0 > (N — 1) > 2(N —1)/N = (2.)’, up
to a subsequence, v,, — v strongly in L?(99) and L"'(ﬁﬂ). Thus,

/89 k(x)(v, —v) doy

and therefore [[v]ly = 1 and [, k(z)vdo, = 0.
Since g% — 0 in L%(Q), for any ¢ € C§°(9) we get

de ov . vy,
d = — d = — 1 d == U.
/Q“axi v /aniw v rHHEoo Q 83:1»50 z=0

Hence, v € W12(Q2) has null weak derivate and, for some C € R, v(z) = C a.e.
in Q. This, [,,k(z)vdo, = 0 and [, k(z)do, # 0 imply that v = 0, which
contradicts ||v]l2 = 1. This proves the first item.

For item (ii) we take u € W12(Q) and set

1

ty = /k(MD/QQ k(x)udoy.
r9)

A straightforward calculation shows that u™ = u — ¢, € Xj. Using (i), we can
prove that (2.2) defines an inner product in W12(Q2). If we denote by || - || the
norm induced by this inner product we have that, for any u € W2(Q),

< kllze eyllon = vllLor a0)

ul3n = /Q (IVaf? + u?) dx < 262]0) + /Q (Va2 + 2(ut)?) de < Cllul?.



for some C' > 0 independent of u. Using this inequality and item (i) again we can
prove that (W12(Q),| - ||) is a Banach space. Hence, it follows from the Open
Maping Theorem (see [7, Corollary 2.8]) that | - || is equivalent to || - ||y1.2. O

We present below a technical result which will be useful to control the be-
haviour of the energy functional near the origin. We borrow some ideas from [10].

Lemma 2.2 Let k and X, as in the statement of Lemma 2.1. If (ap) and (by)
hold, then there exist n > 0 such that, for any u = t, +u’, with t, € (1) =R and
ut € Xk, we have that

b(x)do,, whenever |Vu'|y < nlt.|.
o0

tu|?
/ D) by + |7 dor, < 1
89 2

Proof. Arguing by contradiction, we suppose that there exists a sequence (u,,) € H
such that ([, [Vu;|? dx)l/2 < |tu, |/n and

Lo|a
b(x)|tw, + u,ﬂqdom > M
a0 a0

b(x)doy, (2.3)

where u,, = t,, +u}, t,, € R and ul € Xj. If we set w,, := u;-/t,, , we conclude
that fQ |Vw,|?dx — 0. Since Poincare’s inequality holds in Xp, see Lemma 2.1,
we get w, — 0 in Xj. Moreover, the continuous embedding X} C L7(0S2) shows
that w, — 0 in LI(9Q) and w, — 0 a. e. in INQ. Dividing the inequality in (2.3)
by |tu, |9, we obtain

1
/ b(x)|1 4+ wy|?Tdo, > 7/ b(x) doy.
00 2 Jog

Taking the limit and using Lebesgue Theorem we conclude that [, b(z)do, > 0,
which contradicts (bg). This completes the proof. O

Remark 2.1 A simple inspection of the proofs show that the two lemmas above
remain true if we discard the hypothesis on k™ and suppose only that k € L°(9Q)
for some o > N — 1.

For any k € F, let us consider the eigenvalue problem

Au =0, in Q,

ou (24)
o Me(x)u, on O

Since k € L°(9Q) with o > (N — 1), we can use Holder’s inequality and the spec-
tral theory of compact operators to obtain an unbounded sequence of eigenvalues
(A;(k))jen such that A;(k) — oo as j — co. Notice that A\g(k) = 0 is an eigenvalue

{tech}
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of (2.4) associated with the constant eigenfunctions. Since (1)* = X}, we have
the following characterization

M(k) = inf {/ \vu|2dx,/ k;(a;)uzdagg:l} > 0.
veXr Lo E19)

Indeed, if we take (u,) C Xj such that [, k(z)uido, =1 and |[[Vu,|2 —
A1(k), we can use Lemma 2.1 to conclude that (u,) is bounded. Hence, up to a
subsequence, u, — u weakly in W2(Q). Since ¢ > N — 1, we can prove that
u € Xi, \ {0} and [, k(2)u®do, = 1. Recalling that v — ([, [Vo|* dz)'/? defines
a norm in Xy, we can use a standard argument to show that A;(k) is achieved by
the function u. Since u # 0 and X}, does not contain constant function we conclude
that Ai(k) > 0, as claimed.

Many other properties of the first eigenvalue could be proved depending on
the sign of |, o F(x)do,. We omit more details since just the above consideration
is enough to our purposes. We refer the reader to [13,26] for a full description of
the first positive eigenvalue of a related eigenvalue problem.

3 The concave-convex case

In this section we consider the concave-convex case, proving that problem (1.1)
admits two positive solutions. Along all this section we consider the function k of
the previous section as being k = 1. With this choice, the set X; defined in (2.1) is
the subspace of the functions with zero average in 2. More specifically, we denote
by H the space W12(Q2) with the following decomposition

H={1)o X, <1>@{UEW1’2(Q):/QQudU$O}.

Hence, any element v € H can be (uniquely) written as u = t,, + ut, with t, € R
and vt € X;. In H, we consider the norm

ltw +u™ [ = /82 + Va3,

which is equivalent to the usual norm of W2() (see Lemma 2.1).
The energy functional associated with the problem (1.1) is

1 1
J(u) = 5/9 |Vul? dz — 1;/630 a(z)|ulP do, — %/89 b(x)|u|?doy, u e H.

A straightforward calculation show that J € C'(H,R) and its critical points are
weak solutions of (1.1).

We are going to obtain the solution by looking for the critical points f J. We
first verify that the functional admits the Mountain Pass geometry.



{mountain}
Lemma 3.1 Suppose that (ag), (a1) and (bo) hold. Then there exists p* > 0 such

that, for any p € (0, u*), we have the following

(1) there exist oy, 7, > 0 such that
J(u) > oy, Vue H, [Jul| =ry;
(ii) there exists e € HY(Q), independent of ju, such that
J(e) <0, llel] > rp.

Proof. Let n be given by Lemma 2.2 and consider u = t,, + u*, with ¢, € R and
u’ € X;. We split the proof in two distinct cases.

Case 1: ||Vut|l2 < nltal.
In this case, since ||[u|? = 2 + ||[Vut||3 = r?, we have that

ty > 1/ 1+ 702 (3.1) {13}

Hence, it follows from Lemma 2.2 that

1 1
f/ |VuJ‘|2d:z:—f/ a(x)\uwdax—ﬂum/ b(z) do,
2 Jo P Joq 2q o0

~Crlull = Sttt [ ) don,
q o0

J(u)

Y

Y

for some C7 > 0, where we have used the trace embedding W12(Q) C LP(99) in
the last inequality. Since [, b(x)do, < 0, we can use (3.1) to get

J(u) > r? (=CirP™7 + puCs)
with Cy := — [, b(x) do,/(2q(1 + n*)¥/?) > 0. Thus, if rP~7 < (uC3)/(2C}), we
have that
J(u) > gCQTq, (3.2) {1111}

for any u € H such that |Vul|z < nlt,| and |jul| < 7. It is important to notice
that the above inequality is verified for any pu > 0.

Case 2: |Vut|a > nlt|.

In this case, for v := /1 + n~2, we have that

[ull® < A2 Va3 (33) {14}



Hence
< Csllu|* < Cay?||Vut ||

/ b(x)|ul? doy,
19)

and we can use (3.3) to get
1 ,UC'g,
J) = S[Vurll3 - Cillul” - quHVuLHg
1 — ,LLC3 —
> vt {1 corivut g - Ko vt g2l

It follows that, for some constants Cy, C5 > 0 which are independent of u > 0, we
have that

1 _ _
J(u) > 5||VuL||§{1—05||VuL||§ 2~ pCyl|vut§ (34) {calor}

We now set 71 := (4C5)"/(2=P) and notice that, if ||ul| = 1, then |[Vu*|s <
71, and therefore Cs||VuL |52 < 1/4. Moreover, since (3.3) implies that || VuL|s >
1/~ > 0, there exists p* > 0 such that pCy||VuL||2™* < 1/4, for any p € (0, u*).
Then, we can use (3.4) to deduce that
1 1 n?
J > 2|V 112 > 2 - T
(1) = IV = glhl® = s

for any pu € (0,u*), |lul| = r1 and ||[Vut||2 > n|t,|. This and (3.2) show that the
first statement of the lemma holds if we set

. C 1/(p—a -
Ty = mln{ (/;Cf) ,(4C5)Y/ 2 p)}

7"%>O7

and

H N 2/(2—p)
O[/_L = Imin {5027"’3, m(405) p }
For the proof of (ii) we consider a positive smooth function ¢; : 9Q — R with
support contained in the set AT given by condition (a1). According to [7, page
315], there exists an extension ¢ € H such that ¢; = ¢|aq. We have that

2 p q
T(te) < %kug _ i/ a(@)e? dow — "2 [ b(2)p? doy.
P Ja+ q Ja+

Since the first integral above is positive and ¢ < 2 < p, we get

lim sup &p@ < ,l/ a(z)¢? do, < 0,
A+

t—o0 p

and the second item follows for e := t¢, with ¢ > 0 large enough. [J

We prove in the sequel that J admits at least one critical point with negative
energy.



Proposition 3.1 Suppose that (ao), (a1), (bo) and (b1) holds and let p*, r, be
given by Lemma 3.1. If p € (0, u*), then

¢y:= inf J(u) <0
u€B;, (0)

is achieved at some positive function u, € By, (0). In particular, J'(u,) = 0.

Proof. We first prove that ¢, < 0. For this purpose we pick ¢, : 92 — R a positive
smooth function with support contained in the set BT given by condition (b;). If
we denote by v its extension to the whole set ), we can argue as in the proof of
item (ii) of Lemma 3.1 to obtain

liming 20 < _# / b(z)y? do, < 0.

t—0+  t4 q Jp+
For ¢t > 0 small, we have that |[t¢)|| < r,. This and the above inequality prove that
c, < 0.

We now consider (u,) C B, (0) such that J(u,) — ¢,. Up to a subsequence,

we have that u,, — u, weakly in W2(Q), u, — u,, strongly in L?(2) and L*(99),
for any 1 < s < 2,, and up,(z) = u,(x) a.e. in Q. Hence, we have that

/ a(x)|un|P doy, — / a(z)|u,|P doy
a0 a0
and
b(a:)|un|qdax—>/ b(@)|uy|? o
o0 o0

Moreover, since the norm is weakly semicontinuous, we can use the strong conver-
gence in L?(Q) to get

/|Vuu|2dx§1iminf/ |V, |? da.
Q n—+oo [o

All together, the above expressions provide
< T _
J(u,) < lnlggg J(un) =c¢, <0,

and therefore ¢, is attained at u,,. Since J(uy) = J(Ju,|), we may suppose that the
sequence (u,,) verifies u, > 0, and therefore the pointwise convergence provides
u, > 0 a.e. in Q. Moreover, since J(u,) < 0 and item (i) of Lemma 3.1 imply that
that |lu,|| < 7., we have that u, is a nonnegative critical point of J. Using classical
results of elliptic regularity we obtain that u, € W2P(Q) for any 1 < p < oo
(see [17, Corolary 9.25]). It follows from Harnack’s inequality that u, > 0 a.e. in
Q and we are done. [J

We now prove that J verifies a classical compactness condition. The main
novelty here is to ensure the compactness using the decomposition of the space
W12(Q) presented in the last section.

10
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Proposition 3.2 Suppose that (ag) and (by) hold. If ¢ € R and (u,) C H is such

that
J(upn) = ¢ and (1 + |Juy|)||J (un)|| = 0,

as n — +oo, then (u,) has a convergent subsequence.

Proof. We first show that (u,) has a bounded subsequence. Suppose, by contra-

diction, that ||u,|| — +oo and define define w,, := u,/||un||. Up to a subsequence,

wy, — w weakly in H, w, — w strongly in LP(9Q) and L?(9N), for some w € H.
Computing J(uy,) — (1/2)J' (uy)un, we obtain

1 1 1 1
- — = a(x)|u, P do, = - — = b(x)|uy|?doy + ¢+ o, (1),
(5-3) [ aw w(-3) [ sl 1)

where 0,,(1) denotes a quantity going to zero as n — oo. Thus,
[ a@unpdo, <yt Calfunl
oQ

holds for some C; > 0. Recalling that J(u,) = ¢+ 0,(1), we obtain

1 1
7/\Vun|2da: - f/ a(m)|un|pd0$+ﬁ/ b(@)|un| dos + ¢ + on(1)
2 Ja P Joa q Joo

< Co+ Coffun ||

and therefore
/ [Vw,|? dz < 0,(1) 4 CsJu,[|772.
Q

Since ¢ < 2, we get ||Vw,||2 — 0. Hence, if we write w,, = t,,, +w;-, with ¢,,, € R
and w;- € X1, we conclude that w;- — 0 in X;. It follows that the sequence (t,,,)
is bounded, and therefore, up to a subsequence, t,,, — t,, € R which satisfies

ol = [l = lleoll = Jim flua]| = 1.

We conclude that w,, = 1 strongly in H.
On the other hand, the equality ||u,||*™PJ’ (un )tw, = 0, (1) provides

1 _
< 1 [ @l do +0,(0).

/ a(x) |wn|p_2wntw" do,
o0

Since p > ¢ and w, — 1, the right-hand side above goes to zero. Thus, it follows
from the Lebesgue Theorem that

0= lim a(x)|wn [P 2 wpty, do, = / a(z)doy,
o0

n—o0 o0

11



which contradicts (ag). This contradiction proves that (u,) is bounded.
Up to a subsequence, we have that u, — u weakly in WH2(Q), u, — u
strongly in LP(092) and L%(N2), for some u € H. Hence,

lim a(x)|un P2 up (up —u)do, = 0= lim b(x)|un | 2un (1, — u) doy,
n—oo [90 n=oo J o0

and therefore
on(1) = J (t) (i, — 1) = / Vi, - Yt — 1) dz + on (1),
Q

and we obtain Vu, — Vu in (L2(Q))". Since u,, — u strongly in L?(£2), we have
that u,, — u strongly in W12(Q). By Lemma 2.1, || - || is equivalent to the usual
norm of W12(Q2) and therefore we conclude that u,, — u strongly in H. OJ

We are ready to prove our first theorem.

Proof of Theorem 1.1. Let pu* > 0 be given in Lemma 3.1. In view of Proposition
3.1 the problem has a positive solution w, such that J(u,) < 0. We shall obtain
the second solution as an application of a variant of the Mountain Pass Theorem
presented by Beresticky, Capuzzo-Dolcetta and Nirenberg in [6].

According to Propositions 3.1 and 3.2 the functional J admits the Mountain
Pass geometry and satisfies the Cerami condition. If we define p : H(Q) — H* ()
by p(u) = |u|, we easily see that J(p(u)) = J(u) for any u € H'(Q). Then,
applying [6, Theorem 10], we guarantee the existence of u € p(H!(f2)) such that
J(u) > 0 and J'(u) = 0. In particular, the last assertion give us a nonzero critical
point u € H such that v > 0 a.e. in ). As before, this critical point is positive a.e.
in Q and the theorem is proved. (]

4 The asymptotically linear case

In this section we prove Theorem 1.2. From now on, we shall consider a differ-
ent splitting of the space W12(Q). Actually, considering the function Koq € F
given by condition (fy), we denote by H the space W12(£2) with the following
decomposition

H=1®Xgk =1 {v c Wh?(Q) - Ky(z)vdo, = O} .

[219]

Recalling the results of Lemma 2.1, from now on we write u = t,, +u’, with t, € R
and ut € Xg,. As before, the norm of such element is |Jul| = \/#2 + ||[Vul|3.
The energy functional associated to the problem (1.2) is J : H — R given by

1
J(u) == f/ |Vu|2dx7/ F(:c,u)dax—ﬁ/ b(x)|ul?doy,
2 Ja 00 q Joo

12



where F(z,s) = f; f(x,t)dt. Condition (f) imply that J € C'(H,R) and the
critical points of J are weak solutions of (1.2).
In what follows we prove a version of Lemma 3.1 for this new functional.
{mountain2}

Lemma 4.1 Suppose that (bo), (f), (feo) and (fo) hold with [, Ko(z)do, < 0.
If
)\1(](300) <1l< )\1(K0),

then there exists p* > 0 such that, for any p € (0, u*), we have the following

(i) there are oy, v, > 0 such that
J(u) > oy, Vue H, |lu|| =ru;
(ii) there exists e € H(Q), independent of u, such that
J(e) <0, lell > 7u.

Proof. We first notice that, for any given & > 0, it follows from (f) and (fp) that,
for some C, > 0 there holds

Ko(z) +¢)s* + C.|s|P, for ae. x € 0Q,Vs € R. (4.1) {go}

As before, we consider 7 given by Lemma 2.2, take u = t, + v € H and
consider two cases.

Case 1: [|[Vut|z < nty|.

In this case, we can use (4.1) and Lemma 2.2 to get

T(u) > =Ch|lulP — Lt )0 / b(z) do, + T (u) (4.2) {pequit}
2q a0
where

1 1
() ::fuvulug—f/ Ko(x)(tﬁuﬂ?d%—f/ w2 do,.
2 2 Jaa 2 Joa

Recalling that [, Ko(z)t,u"do, = 0, we can use the definition of Ai(Ko) to
obtain

1
Ko(x tu—i—uleawgti Ko(x)doy + ———
. o(z)( ) . o(x) (Ko

Since 2ab < (a?+b?), the trace embedding H < L?(99) and Poincare’s inequality
provide

IV 3.

/ W2 do, §2/ (£2 + (b)) doy < Co(t2 + [Vut|2).
o0 o
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All together, the above inequalities imply that

2
T (u) > % <1 — % —5C’3> |[Vut|? - ; </ Ko(z)do, +603> (4.3)  {go2}

Since A1 (Ko) > 1 and [, Ko(x)do, < 0, we can choose € > 0 small in such way
that J(u) > 0. Thus, it follows from (4.2) and the same argument used in Case 1
of Lemma 3.1 that the inequality (3.2) holds for the new functional J.

Case 2: |[Vut|z > n|ty|.
In this case we start by picking € > 0 in such way that the last term into the

parenthesis in (4.3) is negative and the first one is equal to Cy > 0. Arguing as
above, using (4.1), (bo) and the trace embedding we obtain

Ju) > @nvuwg—cl/ \uv)d%—ﬁ/ b(z)|u|? do,
2 Gle) q Joq
Cs||Vut |13 — Cs|lullP — pCrllul|?.

V

Recalling that, by (3.3), |lu/|? < (14 172)||Vut||3, we obtain
J(w) 2 Vet |3 {Cs = Coll Va1 = uCr [Vt 1§7}

with all the constants independent of y. Now, we can argue as in the proof of
Lemma 3.1 to conclude that item (i) holds.

For proving (ii), we first notice that, for any given € > 0, we can use (f)
and (fo) to obtain C. > 0 such that

F(x,8) > ~(koo(2) —€)s*> — C., for a.e. x € 9Q,Vs € R.

If we take ¢1 € X \ {0} such that (see Section 2)

Ay =0, in Q, % = At (koo ) kiso ()1, on O,

it follows from the above inequality for F' that

J(tgy) < 7/ V1|2 x——/ ) —¢) ¢ do, — uCst? + Co.
Since A1(koo) [ [VO1[?dz = [, koo(2)¢F dog, we can use the above expression
and the trace embedding H < L? (89) to get

J(t1)

1 2 —2 -2
< — - _ q .
2 <3 <1 )\1([600) + 5010) /Q |V¢>1\ dx ,LLCgt + Cot
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If we choose € > 0 small, we conclude that

J(t
lim sup @ <0
t—+o0

and therefore item (ii) holds for e := t¢q, with ¢ > 0 large enough. O

Now we shall ensure that J has a critical point with negative energy using
the behavior of f at the origin.

Proposition 4.1 Suppose that (fo), (f), (bo) and (b1) hold and let p*, r,, be given
by Lemma 4.1. If p € (0, u*), then

¢, = inf J(u) <0
u€Br, (0)

is achieved at some positive function u, € By, (0). In particular, J'(u,) = 0.

Proof. Given e > 0, it follows from (f) and (fy) that, for some C. > 0 there holds
1
F(x,s) > i(KO(x) —)s? — C,|s|P, forae. x € INVseR.

Let ¥ : 02 — R be a positive smooth function with support contained in the set
BT given by condition (b1). If we denote by 1) its extension to the whole set Q we
can use the above inequality to get

J(t) < ;(/Q VY[ di /mmo(x)—ewdox)

q
o [ wrdo, — P [ byt do,.
o q Jp+

Since ¢ < 2 < p, we infer that

= 7/ b(x)y? do, < 0,
B+

and therefore ¢, < 0. Now we can use (fy) and the same argument of Proposition
3.1 to conclude the proof. We omit the details. [

Proposition 4.2 Suppose that (by), (f), (feo) hold and, for some j € N, we have
that
)\j(koo) <1l< )\j+1(koo)~ (44)

If c e R and (uy,) C H is such that
J(un) = ¢ and (1+ [[unl)]J" (un)l] = 0, (4.5)

as n — +oo, then (uy) has a convergent subsequence.
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Proof. As quoted before, the usual norm of W12(€) is equivalent to that induced
by the inner product (2.2) for any function k verifying the hypotheses of Lemma
2.1. Hence, the sequence (u,) C (1) @ Xj_ satisfies the same conditions on (4.5)
with the norm induced by this former decomposition. Moreover, it is sufficient to
prove the result with this new norm. Along all this proof we shall write v = t,+u"’,
with t,, € R and ut € X__, that is, we use the decomposition (1) & Xj__.

We start by claiming that (u,) has a bounded subsequence. Indeed, suppose
by contradiction that ||u,| — +oo. If we set v, := uy/||un| we may suppose that,
up to a subsequence,

Vp, — Voo, weakly in (1) ® Xj__,
Un(x) = voo(x), for a.e. in x € €,
(%) = Voo (7) (4.6)
Vp, — Voo, strongly in L°(09), 2 < s < 2,
|on(2)] < hs(x), for ae. x € 09,
for some vo € (1) ® Xj,__ and hy € L*(0Q), with 2 < s < 2,.
For any ¢ € (1) ® X,__, we have that
[z, un
on() = T wn)eflunl) = [ (Von-Fopaz— [ LD o,

unu|2—q/aQ b(x)|vn| " do.
Since lim 4| o0 f(2,5)/5 = koo () for any € 2, we can use (fo) and the Lebesgue
theorem to get
f(@,un)
oN Un
Hence, taking the limit into (4.7), using ¢ < 2, (4.6), (f) and Lebesgue Theorem
again we conclude that

vppdo, = 0,(1).

[ Voo = [ ha(apdn,  YeeloXi. (s
Q o9

Picking ¢ = 1, recalling that [,, koo (2)v3 dop = 0 and [, koo (x) doy < 0, we
conclude that ¢, = 0, and therefore v, = v € Xj_. Since J' (uy, ) (un/|un||?) =
0, (1), we can proceed as above to conclude that [, [Vo,[? dz — [, koo (2)v2, doy.
On the other hand, recalling that vo, € Xj__, we conclude that ¢,, — 0. Thus,

1= lim {(t2 —|—/|Vun|2dx) —tgn} = [ koo(z)v: doy,

n—-4oo 90

and therefore v,, Z 0. This and (4.8) show that v, an eigenfunction of the problem
(2.4), with k = koo. But this contradicts (4.4). Thus, we conclude that (u,) is
bounded.
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Since all the nonlinear terms in the functional J has subcritical growth, we
can use a standard procedure to conclude that, for some subsequence, Vu,, — Vu
in (L2(©2))". The result easily follows from this fact. [J

We are ready to finish the paper proving our second theorem.

Proof of Theorem 1.2. Arguing as in the proof of the first theorem we obtain a
positive solution by minimizing the functional J. The existence of the second solu-
tion is a consequence of all the above auxiliary results and the classical Mountain
Pass Theorem. [

Remark 4.1 We notice that, in the last proof, we cannot guarantee that the second
solution 1is positive. However, if f is odd in the second wvariable, we have that
J(u) = J(|u]). Therefore, the same argument of Theorem 1.1 applies and we can
obtain a positive mountain pass solution.
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