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Abstract  We consider the semilinear problem

—Au — %(m SVu) = AMf(u), z€R?
where A is a positive parameter and f has exponential critical growth. We first establish the existence
of a non-zero weak solution. Then, by assuming that f is odd, we prove that the number of solutions

increases when the parameter A becomes large. In the proofs we apply variational methods in a suitable
weighted Sobolev space consisting of functions with rapid decay at infinity.
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1. Introduction

In this paper we consider the semilinear elliptic eigenvalue problem
—Au—3(z-Vu) = Af(u), z€R? (Py)

where A > 0 is a parameter and f is a continuous function satisfying some suitable
conditions. We shall look for solutions in a weighted Sobolev space of functions having a
rapid decay at infinity.

As quoted by Haraux and Weissler [10] and Escobedo and Kavian [8], the above
equation is closely related to the study of self-similar solutions for the heat equation.
More specifically, if we consider the evolution equation

ug — Au = |[ulP"'u  on (0,00) x RY

and we seek solutions of the form wu(t,z) = t~1/P=Dy(t=1/22), a straightforward calcu-
lation shows that w: RN — R needs to satisfy

1
—Aw — 1(z-Vw) = v + |w[P"lw on R,
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For higher dimensions, N > 3, there are some results concerning the above equation
and its variants obtained by replacing the right-hand side of the equality by more general
nonlinearities g(w) (see [3,5,8,9,13,14] and references therein). In a large class of such
results the authors used variational techniques in such a way that the range of the power
p is limited from above by the critical Sobolev exponent 2N/(N — 2).

In dimension 2 the role of the critical exponent is played by the limiting exponent «ag
for the Trudinger-Moser inequality in H!(R?), which is g = 47. Here we are interested
in the case in which the function f has the maximal growth, which allows us to deal with
(Py) variationally. More precisely, in dimension 2 the maximal growth is related to the
so-called Trudinger—Moser inequality, namely,

2
sup / e da < C(a)
”“HH[I)(Q)gl 0

for all @ < 47 and 2 C R? bounded. Motivated by this inequality, in [1,6] the authors
introduced the following notion of criticality in dimension 2: we say that f: R — R has
exponential critical growth if there exists ag > 0 such that

lim f(s) _ {O if o > ay,

; . (1.1)
|s| =400 €%F +oo  if a < ag.

We assume throughout this paper that the nonlinearity f is continuous and satisfies this

growth condition.

Problems involving critical exponential growth in bounded domains 2 C R? have been
studied by many authors (see [6,7,15,16] and references therein). When dealing with
problems on the entire space we need a version of the Trudinger—-Moser inequality for
unbounded domains. It asserts that

sup / (e —1)dz < C(a)
R

Hu||H1(R2)<1

for all a < 47 (see [4,17] and references therein).
Since we intend to apply variational methods, we first observe that (Py) can be rewrit-
ten in a divergence form. Indeed, if we set

k(z) := exp (Z), r € RY
a direct calculation shows that (Py) is equivalent to
—div(k(z)Vu) = Me(z) f(u), z € R% (1.2)

Due to the presence of the weight k(z) we are not able to use the usual Sobolev spaces. As
quoted in [8], the natural space to look for rapid decay solutions is the space X defined
as the closure of C>_,(R?) with respect to the norm

c,rad
1/2
| = (/ k(a:)|Vu|2dx> .
RQ
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As we will see, the space X is compactly immersed into the Lebesgue spaces with weight
k. Furthermore, with the aid of the Trudinger—Moser inequality, we prove that the embed-
ding of X into the Orlicz space L4(R?), where A is the N-function A(t) = o _ 1 s
continuous, although it is not compact.

In order to perform our minimax approach we need to impose some suitable assump-
tions on the behaviour of f. More precisely, we shall assume the following conditions:

(f1) f(s) = o(s) as s = 0,

(f2) there exists # > 2 such that

0 < OF(s) ::a/sf(t)dtg sf(s) forall s € R,
0

(f3) the following limit holds:
f(s)s

lim = +400.
|s|—+o0 F(S)

In our first result we establish the existence of a non-trivial weak solution for problem
(Py) when A > 0 is arbitrary. More precisely, we have the following theorem.

Theorem 1.1. Suppose that f satisfies (f1)—(fs) and

(f4) there exists 3y > 0 such that

.. . f(s)s 4 (1 r2 ot
timinf 2202 > 5> Zmind exp (S 2 )ir > 08,
llsr‘n_:go pr: Bo > on min § 5 exp | + 556 r>0

Then, for any A > 0, problem (Py) has at least one non-zero weak solution.

We remark that our first theorem can be applied for the model nonlinearity

82
f(s) = %, seR.
Indeed, this function satisfies conditions (f1)—(f4) for ap =1 and A3y > 3.

In the proof of Theorem 1.1 we shall use the mountain pass theorem. After having
established all the properties of the space X we need to overcome the difficulty of dealing
with the unboundedness of the domain. Actually, this implies some problems in handling
with Palais-Smale sequences. Since the embedding of X in the Orlicz space L 4(R?) is not
compact, we need to prove some technical convergence results as well as perform some
careful estimates of the minimax level of the associated functional. We also emphasize
the necessity of establishing a version of a convergence result due to Lions [11] for our
variational setting (see Lemma 2.6).

Condition (f3), which essentially has already appeared in [15,19], is crucial in order to
get some of the required convergence results. Although it appears to be quite restrictive,
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the model functions with critical exponential growth satisfy (f3). Moreover, this condition
is implied by

(J%) there exist constants Ry, My > 0 such that

0 < F(s) < Myf(s) foralll|s| > Ry,

which has been used in many papers (see [1,6,7], for instance).

Concerning the correct localization of the minimax level, we use the technical condition
(f4) and adapt some ideas presented in [15] by performing some careful estimates of a
slight modification of the Green functions considered by Moser [12]. It is worthwhile
mentioning that our condition (fy) is more general than the analogous one considered
in [15], since here the number 3y may be finite. Actually, a numerical computation shows
that the relation between ag and 5y in condition (f4) is satisfied if AapBy > 9.

In our last result we introduce more symmetry into the problem and show that the
value of the parameter A > 0 affects the number of solutions.

Theorem 1.2. Suppose that the odd function f satisfies (f1)—(f3) and
(fs) there are pg, sop > 0 and 0y > 2 such that

F(s) > po|s|®  for all |s| < so.

Then, for any given m € N, there exists A,, > 0 such that problem (P)) has at least m
pairs of non-zero weak solutions provided that A > A,,.

The proof of this last theorem will be done as a byproduct of the compactness condition
established in the proof of Theorem 1.1 and an application of the symmetric mountain
pass theorem. Notice that, in this symmetric setting, we replace the condition at infinity
(f4) by (f5), which provides the control of F' at the origin. As far as we know, there are
no multiplicity results concerning problems like (Py) when the nonlinearity has critical
growth.

The paper is organized as follows. In § 2 we present some useful inequalities concerning
the space X. In §3 we establish the variational setting of our problem and prove a local
compactness result for the associated functional. The main results are proved in §4.

2. Some properties of the space X

In this section we present some technical results. Throughout the paper we write [u
instead of [, u(z) dx.
We recall that X denotes the Hilbert space obtained as the completion of Cgfad(RQ)

with respect to the norm
1/2
Julli= ([ rva?)

which is induced by the inner product

(u, v) 1= /k;(q;)(Vu V).
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For each p > 2 we also consider the weighted Lebesgue space LP(R? k) of all radial
functions u: R? — R such that

full = (| k<x>|u|p)1/p <.

Lemma 2.1. The space X is compactly embedded into LP(R?, k) for any p € [2, +00).

Proof. For any given u € C27,4 (R?) we have that

J19@@ 0P = [ @ val® + [ Vi@ 2@
Integrating by parts we get
/nuu@”? /k |vm2—f/% V(A0 + LV, (2.1)

where 0(z) := |z|?/4. Since

Af(z) + 2VO())P =1+ L|z? > 1

/u@ﬁgz/umwm% (2.2)

By density, we have the same inequality for any w € X. This establishes the continuous
embedding X — L*(R?, k).
If p>2and u € X, we can use (2.1) and (2.2) to get

JU9m@ 20 + ke)) < [ k@I TuP+ § [k < 2l
Thus, we conclude that k'/?u € H'(R?). Hence, we can use (2.1) again to infer that

[r@ivap > [ 1@ 0P+ 5 [ Kol

_onl/2 2 1 2
= Ik 2l ooy = / k)l

af | k(w)p/ﬂuf’f/p -3 [ K@l

where C,, > 0 is related to the embedding H'(R?) < LP(R?). Since k(z) > 1 and p > 2,
we have that k(z)P/? > k(). It follows from (2.2) that

af | k<w>|u|p)2/p <o/ k(w)p/2|u|p)2/p <2 [k, @3

and therefore X < LP(R? k) for p > 2.

it follows that
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It was proved in [8, Proposition 11] that the embedding X < L?(R? k) is compact.
For the p > 2 case, we take a sequence (u,) C X such that u,, — 0 weakly in X. Fix
p > p and consider 7 € (0,1) such that p = (1 — 7)2 + 7p. Holder’s inequality with
exponents 1/(1 — 7) and 1/7 provides

/ k(@) un]? = / k(@) | 072 () |

<(/ k<m>|un|2)1_7( [k}

< cllunl3 7.

Up to a subsequence, we have that u, — 0 in L?(R? k). The above expression implies
that u,, — 0 in LP(R? k). O

Remark 2.2. As a byproduct of the above calculations we see that X < H'(R?).
Indeed, for any u € X, it holds that

[k +10P) < [ K@V +u) < clul?.

We also quote for future reference that, in view of the second inequality of (2.3), for any
r > 1 there exists C' = C(r) such that

(/k(m)r|u|2r>1/r < C’/k(:ﬂ)\Vu|2 for all u € X. (2.4)

We shall need the following variant of a well-known radial lemma of Strauss [18].

Lemma 2.3. There exists ¢y > 0 such that, for all v € X, it holds that
lv(z)| < colz| /2717 /8||v||  for all z € R2\ {0}.

Proof. It suffices to prove the lemma for v € CZ%, 4(R?). Let 7 = || and ¢: [0, +00) —
R be such that ¢(r) = v(|]z|). We have that

o =2 [ elo)p'(s)ds
oo 2 9
<2 e el o)l s ds
T

<o [ o s ds

Since X — L*(R? k), we get
p(r)® <er”te M,

and the lemma follows. (I
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In order to make the proof of our results more direct and effective, we state a technical
lemma.

Lemma 2.4. Suppose that G € C(R,R) satisfies
G(s) <cisi(e™’ —1) forall s € R,

with c¢1,« > 0. Then there exists ¢ > 0 such that, for any R > 1 and v € X, it holds that
/ k(@) Glu) do < lufl* (el — 1),
Br(0)° R

where ¢y > 0 comes from Lemma 2.3.

Proof. It follows from the monotone convergence theorem that

/ k(z)G(u) dz < 01/ k() ul* (e = 1) dz
Br(0)c B

J .
= O‘—'/ () |u| ¥ da. (2.5)
J: JBRr(0)¢

j=1
By using Lemma 2.3 we can estimate the last integral above as

[ k@i < el [ 02
Br(0)° Br(0)°

oo
<27r(co||u|\)2j+4/ s 25ds
R

a1
=2 2T
leollull

where we have used that j > 1 and R > 1. The above expression and (2.5) provide

()’

4!

27 4 =
< —
[, HeGa < Fatalul)' Y

j=1

c
= g lull* (e 1)
with ¢ := 2meicd > 0, and this completes the proof. O

We now recall the Trudinger—Moser inequality for the whole space R2, the proof of
which can be found, for instance, in [4,17].

Lemma 2.5 (Trudinger—Moser inequality). If « > 0 and v € H'(R?), then
(e*”” —1) € L'(R?). Moreover, if | V|| 22y < 1, [[v]|12@2) < M < oo and a < 4, then
there exists a constant C = C (M, o) such that

/(eav2 ~ 1) < (M, a), (2.6)
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In what follows we establish a version of a result due to Lions (see [11, Theorem 1.6])
for the whole space R? and considering our functional space.

Lemma 2.6. Let (v,) in X with ||v,|| = 1 and suppose that v,, — v weakly in X with
|lv|| < 1. Then for each 0 < p < 4m(1 — ||v||?)~!, up to a subsequence, we have that

sup /(ep“i —1) < 0.

neN
Proof. We first notice that, if a,b,e > 0, Young’s inequality implies that

b
a®> = (a—b)* +b* + 2¢(a — b)-
5

< (14 (a—0)? +c<1 + 612>b2.

Hence, we can use Young’s inequality again to get

/ (@ —1) < / (ep<1+52><vnv)"’epuﬂ/szw _ 1 1/)
vy

<L [lemwartw—? _qy 4 L [(@reasyene gy
~ ,y ’y/ b)

where v > 1 and 1/v+4 1/’ = 1. Since the last integral above is finite, it suffices to prove
that

sup/(e"m(l'*'g)(”"_”)2 —1) < 0.
neN

Since v, — v and |lv,|| = 1, we conclude that

4

lim [, — o2 =1— |[o] < —=.
n—oo p
Thus, we can take 0 < a < 4w and choose v > 1 and € > 0 small in such a way that
vp(1 + )]s — v||? < a < 4m. (2.7)
We now set u,, := (v, — v)/||v, — v and notice that, since [ |Vu,|* < [|un||* = 1, we

have that ||V, | z2®2) < 1. Moreover, it follows from (2.2) that [Ju,[|2(r2) < 2. Hence,
we can invoke Lemma 2.5 and (2.7) to obtain a positive constant C' (M, ) such that

/ (P(+D)wam0) _ 1y / (1D loa—v]ud _ )

and the lemma is proved. (Il
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3. A local compactness condition

Let @ > g and let ¢ > 1. By using the critical growth of f we obtain

f(s)
—— " =0.
sl oo [s]7—1 (e — 1)
This and (f;) imply that, for any given € > 0, it holds that
max{|f(s)s|,|F(s)|} < es® + cl|s|q(eo‘S2 —1) forall s eR. (3.1)

Given u € X we can set ¢ = 2 to obtain
/k(m)F(u) < cz/ki(x)|u|2 4 03/k(x)|u|2(ea“2 ).
If we apply the inequality (14+¢)" > 1+¢" witht =e®* —1 > 0, we get
(e =1)"< (e =1) forallr>1, s>0. (3.2)

It follows from Holder’s inequality that

[z < ( freme) ( fer )
<ol [ —n)"

< Ho00,

2

where we have used (2.4) and Lemma 2.5 to conclude that the last term is finite.
All together the above estimates imply that the functional

Ly(u) = Luf® - /\/k;(x)F(u), wex,
is well defined. Standard calculations show that Iy € C'(X,R) with derivative given by

If\(u)ga:/k(z)Vu-ch—A/k(x)f(u)«p for all u,p € X,

and therefore the critical points of I, are precisely the weak solutions of (1.2).

Remark 3.1. Since the value of A > 0 is not relevant in Theorem 1.1, we shall assume,
until §4.2, that A = 1. To simplify notation we write simply I to denote I;.

We devote the rest of this section to the proof of a compactness condition for the
functional I. We follow here some arguments developed in [15]. First, we recall that
(un) C X is said to be a (PS). sequence (where ‘PS’ stands for ‘Palais—Smale’) for the
functional T if I(u,) — ¢ and I'(u,) — 0. We say that I satisfies the (PS). condition if
any (PS). sequence has a convergent subsequence.
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Lemma 3.2. Suppose that f satisfies (f2) and (fs). If (u,) C X is a (PS). sequence
for I, then, up to a subsequence, we have that

(i) up — w weakly in X with I'(u) =0,

(ii) lim [ k(z)F(u,) = /k(x)F(u),

n—o0
(iii) limsup/ E(x) f(un)u, = 0.
R—oo JBR(0)°

Proof. Let (u,) C X be such that I'(u,) — 0 and I(u,) — c. By using (f2) and a
standard argument we can check that (u,) is bounded in X. Hence, up to a subsequence,
up, — u weakly in X and u,(z) — u(z) almost everywhere (a.e.) in R2. Recalling that
I'(up)uy, = 0,(1), using the above expression, (f) and the boundedness of (u,), we
obtain ¢; > 0 such that

[r@ e [K@(Gfuun - Fe)) <a. @3)

The first estimate above, k(z) > 1 and condition (f2) again imply that

J 17l = [ fwnun < [ k@) fun)un < e

Thus, it follows from a convergence result due to de Figueiredo et al. (see [6, Lemma 2.1])
that f(u,) — f(u) in L{ _(R?). Hence, given ¢ € C2°_,(R?), we can take the limit in

loc c,rad

I'(un)e to conclude that I'(u)e = 0. By density, I'(u) = 0.
Let M > 0 be such that [|u,], [|[u]] < M. Given R,e > 0, we can use (3.1) with ¢ = 4,
Lemma 2.4 and the embedding X < L?(R? k) to get

/‘ kwwmm<E/Mwmf+fwmwwﬁww—n<@mfi
Br(0)° 2 R R

with ¢z, c3 > 0 depending only on M. It follows that

lim sup/ kE(x)F(un) < cae. (3.4)
Br(0)¢

R—o00

Moreover, since k(x)F(u) € L'(R?), it holds that

R—o0

lim sup/ k(x)F(u) = 0. (3.5)
Br(0)°
For any fixed R > 0 we claim that

Jim k(2) P (un) dz = / k(2) P (u) da. (3.6)

"0 JBr(0) Br(0)

If this is true, we can use the above convergence, (3.4) and (3.5) to get (ii).
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In order to prove (3.6) we first notice that, by (f3), we can obtain 6y, Rg > 0 such
that 0pF'(s) < f(s)s for any |s| > Ry. Moreover, we can suppose that 6y also satisfies
(0c1)/(0g — 0) < e. If Ay, := {|un| = Ro}, we can use the second inequality in (3.3) and
(f2) to obtain

bey > /A k(@) (f (Y1t — OF ()
— (6 — e)/A k;(x)F(un)dx—i—/A () (F ()t — B0 () doz,

and therefore it follows that

/ k(2) P(un) do < 29 < ¢, (3.7)
An o — 0

Applying Egoroff’s theorem we obtain a measurable set A C Bgr(0) such that |A| < e
and u, () — u(z) uniformly on Br(0) \ A. Hence,

‘ /BR(O) k(z)(F(up) — F(u)) dz

</Ak(:c)F(un)d:v+/Ak:(x)F(u)dat+on(1). (3.8)

Given « > «p, it follows from the growth condition of f that F(s) < e for all s € R
and some ¢4 > 0. Thus, given v > 1, we can use Holder’s inequality to get

1/~
/ k(z)F(u)dz < Mlc4|A|1/7</eM U) < cset/? (3.9)
A

with 1/9 4+ 1/4" = 1. On the other hand, using (3.7), Lebesgue’s theorem and the above
expression, we obtain

/Ak(x)F(un) dz < ~/Ar7An, k(x)F(up) dx—i—/Aﬁ{un<R9} k(x)F(up)dz

< 5+/ k(z)F(u)dz + 0,(1)
An{|un|<Ro}
<e+esel/7 4 o0n(1).

Since € > 0 is arbitrary, the convergence in (3.6) follows from (3.8), (3.9) and the above
inequality.

In order to prove (iii) it suffices to use the estimate for | f(s)s| in (3.1) with ¢ = 4 and
proceed as in the proof of (3.4). O

Now we are ready to prove our compactness result.

Proposition 3.3. Suppose that f satisfies (f2) and (fs). Then the functional I satisfies
the (PS)q condition for any 0 < d < (2m)/ay.
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Proof. Let (u,) C X be such that I'(u,) — 0 and I(u,) — d < 27/ag. According
to the previous lemma we have that u,, — u weakly in X, with I'(u) = 0, and moreover
J k(x)F(u,) — [ k(z)F(u). We shall consider two possible cases.

Case 1 (u = 0). In this case we have that [ k(z)F(u) =0, and therefore

lim [ |? = 2<d+/k(x)F(u)> —9d< 3T

Qo

Since I’ (up)uy = 0, (1), in order to prove that u, — 0 it is enough to check that

lim [ k(x)f(un)u, = 0.

n—oo

By using (3.1) with ¢ = 3, we get

9
< Sllunl3 + e1D,

[ st

where

Dyi= [ K@)lua Pl - 1),

Since the embedding X < L?(R?, k) is compact, we have that ||u,||2 — 0. Hence, it is
enough to verify that D,, — 0. By taking r; > 1,4 =1,2,3, such that 1/r1+1/ro+1/r3 =
1 and r9 > 2, we can use Holder’s inequality to get

1/T1 5 R 1/T3
D <02</k(x)”un|2”> ||Un||Lr2(R2)(/(emllunll (/] 1))

1/T3

< CSun||20n(1)</(earsIun|2(un/|un|)2 _ 1)) , (3.10)

where we have used (2.4), (3.2) and the compactness of X — L"(R?). Since |lu,|?* —
v < 47/ap, we can choose r3 close to 1 and a > ap close to «ap in such a way that
ryalju,||? < 4 < 4w, It follows from Lemma 2.5 that the last term in the parentheses in
(3.10) is bounded. Hence, D,, — 0 and the proposition is proved in the first case.

Case 2 (u # 0). We are going to verify that

n— oo

lim [ k(x)f(un)un, = /k(w)f(u)u (3.11)
If this is true, we obtain

(1) = ') = | = [ k) () + 0, (1)
= llual® = llull® + I' (w)u + 0a(1).

Since I’(u) = 0, we conclude that ||u,| — ||u|| and the proposition follows from the weak
convergence of u,,.
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It remains to check (3.11). In view of item (iii) of the previous lemma, and since
limsupp_, fBR(O)C k(z) f(u)u = 0, we need only verify that, for any R > 0, the following
holds: '

Jim k() f (Y1t dar = / k() f(u)u dz. (3.12)

" JBr(0) Br(0)

With this aim we first notice that, as in the first case, we have
ILm Jun|? = 2(d + / k(x)F(u)) =2(d+dy) >0, (3.13)

where do := [ k(z)F(u). We may suppose that ||u,|| # 0 for all n > ng, and therefore
U i= Uy /||un|| is well defined. The weak convergence of (u,,) and (3.13) imply that

Up — V1= v weakly in X.
2(d+ dp)
It follows from (f2) that I(u) > 0. Thus, we can take o > ag such that d < I(u) + 27 /a.

Hence,
4/

2(d + do)
and we can use (3.13) to obtain py > 0 such that of|u,||* < po < (47)/(1 — [|v||?). We
now choose ¢ > 1 sufficiently close to 1 in such way that

1—|vl* <

9 4
aqllun|® <p < T o’
with p = pog. It follows from Lemma 2.6 that
2,2 2
sup/(eaq”“"” vn—1) < sup/(ep”n —1)=¢4 < c0.
neN neN

Up to a subsequence, we have that u, — u strongly in L*(Br(0)) for any s > 1. Hence,
there exists ¥, € L'(Bg(0)) such that |u,(x)|® < ¥s(x) a.e. in Bg(0). Hence, by using
that k € L (BRr(0)), (3.1) with ¢ = 1, Hélder’s inequality and the above expression, for
any measurable subset A C Br(0), we get

, 1/q’ ) 1/q
/k(x)f(un)un dz < 65/ |y, |2 dx—|—66</ [tn |9 da:) </(e°‘“" — 1) dx)
A A A A
1/q ) 1/q
< C5/ WQ dx—'—C'?(/ Wq/ dx) (/(eaq|un| Un 1))
A A
1/q’
<C5/W2dx—|—08</wq/dx> .
A A

Since ¥y € L'(Bg(0)) and the set A C Bgr(0) is arbitrary, we conclude that the first
integral above is uniformly small provided that the measure of A is small. Hence, the set
{k(x) f(un)un} is uniformly integrable, and Vitali’s theorem implies that k() f(u,)u, —
k(z)f(u)u in L*'(Bg(0)). This establishes (3.12) and concludes the proof. O
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4. Proof of the main results

We start this section with the following technical result.

Lemma 4.1. Ifue X, 3> 0, ¢ > 0 and ||ul]| < M with 3M? < 47, then there exists
C =C(8,M,q) > 0 such that

[ @l =1 < e

Proof. Let r; > 1, i = 1,2,3, be such that 1/ry + 1/ro + 1/r3 = 1 and gro > 2.
Hoélder’s inequality implies that

) 5 9 1/7’1 5 1/7“3
/k(l‘)|u| JFQ(eBU — 1) < (/k(x)”‘1|u ”‘1) ||u||%q7,2(R2)(/(eﬁ’U« _ 1)T3> .

Using the embedding X — L972(R?), (2.4) and (3.2) we get

t/umWPﬂwmf—n<cmmm%ﬂ(/@mw2—njﬁ5 (41)

By choosing 73 close to 1, we can suppose that o := Br3M? < 4w. Thus,

/(eﬁrsuZ _ 1) < /(eﬁr3M2(u/||UH)2 _ 1) — /(eav2 o 1)’

with v := u/||u||. Arguing as in the proof of Lemma 2.6, we obtain C'(M, ) > 0 such
that

/WMﬁ*UéﬂMﬁ)
This and (4.1) conclude the proof. |

4.1. Proof of Theorem 1.1

In this section we prove our existence result. Since we have already proved a local
compactness result, the key point is the correct localization of the mountain pass level.
This will be done using the following result, the proof of which will be postponed to the
last section of the paper.

Proposition 4.2. Suppose that f satisfies (f2) and (fs). Then there exists v € X
with compact support such that
s
I(t —. 4.2
max (tv) < a0 (4.2)

If we assume the above proposition, we can prove Theorem 1.1 as follows: by using
(3.1) with ¢ > 2, Lemma 4.1 and (2.2), we obtain

€ — au?
1) > Bl = 5 [ kil —er [ @02 e - 1)

> 11— eo)Jull® — eallu]”, (43)
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with c¢1,co,c3 > 0. Since ¢ > 2 and € > 0 is arbitrary, it is standard to obtain «, p > 0
such that

I(u) > a>0 forallue dB,(0).

Moreover, from (f2) we obtain ¢4, ¢5 > 0 such that
F(s) > cy4ls|® —cs forall s € R. (4.4)

If v is given by Proposition 4.2 and A C R? is its support, it follows from the above
inequality that, for any t > 0,

t2
() < 5 ol —c4t9/ k()0 de — cs|A|.
A

Since 0 > 2, we conclude that I(tv) — —oo as t — oco. Hence, I(tov) < 0 for some tg > 0
large enough.

The above calculations show that I has the mountain pass geometry, and therefore we
can define the minimax level

= inf 1
= Ry 10

where I' := {y € C([0,1],X): v(0) = 0, v(1) = tov}. The definition of c); and (4.2)
imply that

2w
cy < maxI(tv) < —.
M= 550 () ap

It follows from Proposition 3.3 and the mountain pass theorem that I has a non-zero
critical point, and the theorem is proved. O

4.2. Proof of Theorem 1.2

In order to prove our multiplicity result we shall use the following version of the
symmetric mountain pass theorem (see [2]).

Theorem 4.3. Let E be a real Banach space, and let J € C'(E,R) be an even
functional satistying J(0) = 0 and

(J1) there are constants p,a > 0 such that J|sp,0) > a;

(J2) there is A > 0 and a finite-dimensional subspace V' of E such that

max J(u) < A.
ueV

If the functional J satisfies the (PS)q condition for 0 < d < A, then it possesses at least
dim V' pairs of non-zero critical points.
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Given m € N, we are going to apply this abstract result with £ = X and J = I, and

V= span{¢n,...,m},

where {1;}7; C C§°(R?) is a collection of smooth functions with disjoint supports.

We notice that, for any A > 0, all the results proved in the last sections for the
functional I = I also hold for I. Thus, arguing as in the proof of Theorem 1.1 we can
easily check that the even functional I satisfies (J1). By using the local condition (f5)
and (f3) we can obtain p > 0 such that

F(s) > pls|? for all s € R.

Since V is finite dimensional, all the norms in these spaces are equivalent. This fact and
the above inequality yield, for any u € V,

In(u) < gllull® = Acyllul ™,

where ¢,, > 0 depends only on m. If we consider the maximum value of the map
t — (1/2)t2 — Aept? on [0, 4+00), the above expression, fy > 2 and a straightforward
calculation imply that

1 1 \¥/(00=2) 1 \Po/(60=2)
max I (u) < 4, := {2( ) _ Cm< ) })\2/(2—90)7

ucV 006m 90 Cm

and therefore I, verifies (J2). Since 2/(2—60p) < 0, we have that limy_, o, A,, = 0. Hence,
there exists A,, > 0 such that A4,, < (27)/«ag for any A > A,,. In view of Proposition 3.3,
for any A > A, we can apply Theorem 4.3 to obtain m pairs of non-zero critical points
of Iy. This finishes the proof. O

4.3. Proof of Proposition 4.2

We devote this section to the proof of Proposition 4.2 by supposing, once again, that
A =1 and I = I;. The general case follows from obvious modifications.

We consider a small modification to the sequence of scaled truncated Green functions
considered by Moser (see [12]). More specifically, we define for n > 1,

P\L/2
k(n) logn if |z] < r/n,
_ 1
Mo (z) = ——o _ r\
(z) V2 logn k(z) 1/2 log (|9:|> if r/n < lz| <,

0 if |z| >,

with 7 > 0 fixed. Notice that M, € H'(R?) and supp(M,) = B,(0). Moreover, the
following lemma holds.
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Lemma 4.4. There exist D = D(r) > 0 and a sequence (d,,) C R, which also depends
on r, such that

Mn 2 = - Un,
212 = 1 o
with lim,, .. d, logn = 0. In particular,
i |37, = 1. (4.5)

Proof. We set
A, = B.(0)\ Br/n(O)

and notice that V.M n 18 zero outside the set A,,, and
VM, (z) = —e_|x|2/8(27rlogn)_1/2<| E + jzlog r/|x|)) x € Ap.

Hence, we can compute

1 =P s 1
[ et 27rlogn/ <|x|2+ T log?(r/lal) + 3 log(r/la) ) d

_ ! T1+fm@m Lslog(r/s) ) ds
1Ogn//n< >

1 r? rd
=—|1 e 7_Frn _F'r‘n
logn( ogn+ 8 +512 ol ' ’2>

with

r2 (2logn 1 rt [(8log’n 4logn 1
Frn =S\ — 5 | Frn = i e E
ol 8 < w2 n2) 2 512( nt A T n4>

D-—ﬁ+i dy == (logn) " (Iyn + I j2) (4.6)
= ] 5127 n ‘= (l0g 7N rn,l rn,2)s .
we get the conclusions of the lemma. O

We now normalize the Green function and consider the function M,, defined by

M,
([ M|

n ‘=

Since ||M,,|| = 1, Proposition 4.2 is a direct consequence of the following lemma.

Lemma 4.5. Suppose that f satisfies (fy) and (fy). Then there exists n € N such
that

t>0

max{t; - /k(x)F(tMn)} < (4.7)
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Proof. Since M, has compact support, we can argue as in the proof of Theorem 1.1
to conclude that the function

an(t) =5~ [ K@P@M), t>0

goes to —oo as t — +oco. Hence, it attains its global maximum at a point ¢,, > 0 such
that g/, (t,) = 0, that is,

2 = / E(x)t, My, f(t, M,) dz. (4.8)
B;(0)
Suppose, by contradiction, that the lemma is false. Then for any n € N it holds that
t2 27
= — k F tnMn 2 )
2= [ b@F() > 2
and therefore A
ti > il for all n € N. (4.9)
Qg

We claim that (t,) C R is bounded. Indeed, let 5y > 0 be given by (f4) and let
0 < e < Bp. Condition (f4) provides R = R(g) > 0 such that

sf(s) = (Bo — ) exp(ags®) for all |s| > R. (4.10)

The definition of M,,, (4.9) and || M,| — 1 imply that, for any large values of n, it holds

that
21
ta M, (2) > eTQ/S\/m >R forall z € B,,,(0).
Qo

It follows from (4.8), (4.10), the above expression, k(x) > 1 and the definition of M,, that

2 > / E(x)t, M, f(t,M,) dz
BT/W,(O)

2@r@é(ﬁ@%%%ﬁm
r/n

logn e~/ (4n?)
= (6o — 8)/ exp <a0ti — | dz
B,/ (0) 2 || M2

This, (4.5), the equation 1/n? = exp(—2logn) and direct calculation provide

e7r2/(4n2)

t2 > (Bp — e)mr? exp (2(~
! [V |2

Qo
Eti — 1) logn). (4.11)

Since exp(s) = s, we can invoke Lemma 4.4 and the above expression to conclude that
(tn) is bounded.
By going to a subsequence, we may use (4.9) to get t2 — v > 47 /ag. Since

R LA RN
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we can take the limit in (4.11) to conclude that v > 47 /ag cannot occur. Hence,

47

lim t2 = (4.12)
n—oo ao
By using (4.9) and (4.11) again, we get
2 > (B — e)mr? exp <|| 7 E (|01, [ = e/ 4% log n) (4.13)
n

It follows from Lemma 4.4 and L’Hopital’s rule that
(”MnHQ _ e_rz/(4n2)) logn = (1 _ e_r2/(4n2)> logn+ D —d,logn =D + 0n<1)~
Hence, recalling that | M, > = 1, we can take the limit in (4.13) and use (4.12) to obtain

4
> (B —e)mr2e2P,
ag

Letting ¢ — 0 and using the expression of D = D(r) given in (4.6), we conclude that

r

4 T2 4
< —= — 4+ — .
a0/ r?eXp(4+256)

Since r > 0 is arbitrary, the above expression contradicts (f4) and the lemma is proved.
O

Acknowledgements. The authors were partly supported by CNPQ/Brazil.

References

1. ADIMURTHI, Existence of positive solutions of the semilinear Dirichlet problem with crit-
ical growth for the n-Laplacian, Annali Scuola Norm. Sup. Pisa 17 (1990), 393-413.

2. A. AMBROSETTI AND P. H. RABINOWITZ, Dual variational methods in critical point
theory and applications, J. Funct. Analysis 14 (1973), 349-381.

3. F. V. ATKINSON AND L. A. PELETIER, Sur les solutions radiales de I’équation Au + %x
Vu+ 3Au+ |ufP"'u =0, C. R. Acad. Sci. Paris Sér. I 302 (1986), 99-101.

4. D. M. Cao0, Nontrivial solution of semilinear elliptic equation with critical exponent in
R?, Commun. PDEs 17 (1992), 407-435.

5.  F. CATRINA, M. FURTADO AND M. MONTENEGRO, Positive solutions for nonlinear elliptic
equations with fast increasing weights, Proc. R. Soc. Edinb. A 137(6) (2007), 1157-1178.

6. D. G. DE FIGUEIREDO, O. H. MIYAGAKI AND B. RuF, Elliptic equations in R? with
nonlinearities in the critical growth range, Calc. Var. PDEs 4 (1995), 139-153.

7. D. G. bE FIGUEIREDO, J. M. Do O AND B. RUF, On an inequality by N. Trudinger and
J. Moser and related elliptic equations, Commun. Pure Appl. Math. 55 (2002), 135-152.

8. M. ESCOBEDO AND O. KAVIAN, Variational problems related to self-similar solutions of
the heat equation, Nonlin. Analysis 11(10) (1987), 1103-1133.

9. M. FurrAaDO, O. H. MIYAGAKI AND J. P. DA SILVA, On a class of nonlinear elliptic
equations with fast increasing weight and critical growth, J. Diff. Eqns 249(5) (2010),
1035-1055.



126

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

M. F. Furtado, E. S. Medeiros and U. B. Severo

A. HARAUX AND F. B. WEISSLER, Nonuniqueness for a semilinear initial value problem,
Indiana Univ. Math. J. 31(2) (1982), 167-189.

P. L. Lions, The concentration-compactness principle in the calculus of variations, Part
I, Rev. Mat. Ibero. 1 (1985), 145-201.

J. MOSER, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20
(1985), 185-201.

Y. NAITO, Self-similar solutions for a semilinear heat equation with critical Sobolev expo-
nent, Indiana Univ. Math. J. 57 (2008), 1283-1315.

Y. NaIiTo AND T. Suzuki, Radial symmetry of self-similar solutions for semilinear heat
equations, J. Diff. Eqns 163 (2000), 407-428.

J. C. N. PApua, E. A. B. SiLvA AND S. H. M. SOARES, Positive solutions of critical
semilinear problems involving a sublinear term on the origin, Indiana Univ. Math. J.
55(3) (2006), 1091-1111.

S. PRASHANTH AND K. SREENADH, Multiplicity of solutions to a nonhomogeneous elliptic
equation in R?, Diff. Integ. Eqns 18(6) (2005), 681-698.

B. RUF, A sharp Trudinger—Moser type inequality for unbounded domains in R?, J. Funct.
Analysis 219(2) (2005), 340-367.

W. STrAUSS, Existence of solitary waves in higher dimensions, Commun. Math. Phys.
55(2) (1977), 149-162.

7. ZHANG, M. CALANCHI AND B. RUF, Elliptic equations in R? with one-sided exponential
growth, Commun. Contemp. Math. 6(6) (2004), 947-971.



