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Abstract. We deal with the equation
—(1 +/ |Vu\2dm> Au+V(z)u=a(x)|ul’'u zecR?
R3

with p € (3,5). Under some conditions on the sign-changing potentials
V and a we obain a nonnegative ground state solution. In the radial
case we also obtain a nodal solution.
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1. Introduction

We consider a version of the equation
f(oz + [3/ |Vu|2dx)Au +V(z)u = f(z,u), z¢cR3,
RN

with o, 8 € R, V and f satisfying some suitable conditions. Due to the
presence of the term fRN |Vu|?dz the equation is not a pointwise identity
and therefore the problem is called nonlocal. The main interest in this kind
of operator relies on the fact that it arises in the following physical context:
if we set V = 0 and replace the entire space by Q C R, then we get the
problem

—(a + B/Q |Vu|2dx)Au = flz,u), 2 €Q, uec HQ), (1.1)
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which is related to the stationary analogue of the equation

2 2
o (s [ oo

proposed by Kirchoff in [12]. This is an extension of the classical d’Alembert
wave equation which considers the effects of the changes on the length of the
string during vibrations. Actually, in the physical model, the parameters has
the following meaning: L is the length of the string, h is the area of cross-
section, F is the Young modulus of the material, p is the mass density and
P, is the initial tension. After J.L.Lions [14] presented an abstract functional
analysis framework to the evolution equation related with (1.1), these kind
of problem has been extensively studied (see [1, 5, 3, 13, 4] and references
there in).

In this paper we assume, with no loss of generality, that « = 8 =1 and
consider the problem

:O’

—(1 +/ |Vu|2dm) Au+V(z)u = a(@)|ulP 'y = eR3, (P)
R3

with p € (3,5). In order to present the assumptions on the potentials we set
V= (z) := max{—V(x), 0},

§ = inf { | Vul3a sy u € DY), [lull oy = 1},

and assume the following conditions:

(Vo) V € L, .(R?) for some t > 3/2;

(Vl) V- e L3/2(R3) and ||V7HL3/2(]R3) <S5
(Va) there are constants cy, p > 0 such that

Viz) < Ve — cve M7l for ae. x € R?,

with
Voo := lim V(z) >

|| =00
(ag) a € L>®(R3)
(a1) there are constants c¢,, 7 > 0 such that
a(x) > aoo — coe Pl for ae. z € R?,
with

(oo := lim a(z) > 0.
|z]—+o00

The equation in (P) is the Euler-Lagrange equation of the functional
I: Hl(R?’) — R given by
u? 1 p+1
I(u) = |\VUHL2(R3)+ V dx+f||Vu||L2 S (x)|u| dzx.

We say that a solution u is a ground state solution if it has mmlmal energy
between all the non zero solutions.
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As we shall see, it is important to consider the limit problem associated
with (P), namely

— (14 190l sy ) At Vo = acelu?~'u,  z € R,
Arguing as in [4], we can prove that it has a positive ground state solution

w € HY(R3) (see Lemma 2.1 in Section 2). Thus, if we set

n = (1 vel3)

we can state our first result in the following way.

Theorem 1.1. Suppose that p € (3,5) and the potentials V and a satisfy
(Vo) = (V2) and (ao) — (ar). If
VVs(p+1)
h* ’
then the problem (P) has a nonnegative ground state solution.

H<y< (1.2)

In our second result we look for a nodal solution. The main inspiration
is the paper [16], where the authors obtained a sign changing solution for
the local case 5 = 0, under conditions analogous to those of Theorem 1.1.
Unfortunately, in the nonlocal case we are not able to use the decay estimates
of the potentials to localize the minimax level of the functional in the correct
compactness range. So, we shall restrict our attention to radial functions and
prove the following:

Theorem 1.2. Suppose that p € (3,5) and the potentials V and a are radial
and satisfy (V1) and (ao). If
(V2) Voo = lim V(z) > 0;

|| =400
(@1) @ = lim a(x) >0,

|z| =400
then the problem (P) has a sign-changing radial solution. This solution has
small energy in the class of sign-changing radial solutions.

In the proof we apply variational methods. Although this is rather
standard we need to overcome the lack of compactness of H'(R?) into the
Lebesgue spaces. This is done by using some comparison arguments of the
minimax level of I and the minimax level of the limit problem. Another dif-
ficult in our proof relies on the fact that the potential a changes sign. Hence,
it is not true that any u € H(R?®)\ {0} can be projected in the Nehari
manifold. For proving the second theorem we follow [2], by using the set
{u € HY(R?) : I'(u)u™ = 0 = I'(u)u~}. Since it is not a smooth manifold,
we need to do some trick calculations for obtaining minimize sequences. Al-
though the second theorem holds for radial potentials the other assumptions
are very weak.

The case a = 1 and p € (3,5) was treated in [13], where the authors
obtained a positive ground state solution. Also for positive potentials, the
authors in [11] obtained some multiplicity and concentration results for (P).
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In [9], the authors obtained existence and multiplicity of solutions for an
equation with potentials vanishing at infinity. In [8], the authors considered
the symmetric case for a sign-changing radial potential V. We finnaly quote
the recent paper [6], where a Schrodinger-Poisson system is considered un-
der conditions closely related to that of Theorem 1.1. Actually, it is proved
there that the positive solution has exponential decay and therefore a second
(nodal) solution is obtained under almost the same conditions. Here, we are
not able to prove that the positive solution decays exponentially and there-
fore we use a slight different argument in the space of radial functions. In this
setting we do not need to control the decay rate of the potentials. The main
results of this paper can be viewed as a nonlocal version of those proved in
[10, 16] and complement the aforementioned works.

The paper has two more sections. In the first one we prove Theorem 1.1
and in the other we present the proof of Theorem 1.2.

2. The nonnegative solution

For any 2 < ¢ < oo, we denote by ||u||, the L%norm of a function u € LI(R?).

For saving notation, we write only [ u to denote fR3 u(z)dz. Throughout this

section we suppose that the conditions (V) — (V2) and (ag) — (a1) hold.
We first consider the limit problem

(Px) — (1 + HVUH%) Au+ Voou = agoulP"tu, x€R3,

whose energy functional is I, : H*(R?) — R given by

1 1 1
Too(u) i= 5l + 190l = = /aoo|u|p+1)

2 = / (IVul? + Vau?).
Its Nehari manifold is

Noo = {u e HE®R3\{0} : I’ (w)u = o}
and we can define the ground state level by setting

o = Inf I(u).
e = BT

with

Lemma 2.1. The problem (Py) has a nonnegative ground state solution w €
HY(R3) verifying
Io(w) =me = ngclw(tw).
Moreover, if we set
2\ /2
pei= (14 IVel)
we can obtain, for any 0 < 6 < \/V, a constant ¢ := ¢(d) > 0 such that

lw(z)| < ce w1zl vy e R3.
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Proof. The existence of the solution w € H!(R?) as well as the alternative
characterization of m is proved in [11]. In order to obtain the decay rate,
we set v(z) := w(xh*) and notice that

(1)? (acoleo(ah®) P w(@h) = Vaw(zh"))
1+ [IVw|3 ’
and therefore, by the definition of h*, we get

—AU: xER:g,

— AV + Voov = aoo|v|P o, x € R3.

As proved in the paper [7], for any 0 < § < v/Vi, there exists ¢ := ¢(d) > 0
such that [v(x)| < ce™®#l, z € R3 and therefore the result follows from the
definition of v. |

We now come back to the problem (P). From now on, we shall assume
that the relation (1.2) holds with the number A* given by the previous lemma.
We denote by X the space H!(R?) endowed with the norm

1/2
= (nwn% -/ v<x>u2) uex.

In view of (V4) — (V2), the above norm is equivalent to the usual norm of
H(R3) (see [10]). The energy functional associated to the problem (P) is

1 1
I(u) = S lull* + £ [Vullz - /a(ff)\UIp“, ueX.

Lemma 2.2. If a satisfies (a1), then the set
N = {u € X\{0} : I'(w)u = O}
is a C'-manifold. Moreover,

m := inf I(u) > 0.
ueN

Proof. For each n € N, consider wy,(z) := w(z + x,) where w € X is given
by Lemma 2.1 and z,, := (0,0,n). By (a1), we have that [ a(x)|w,|P™ —
[ @oo|w|PT > 0. Hence, for any n > ng, we have that

/a(m)|wn|erl > 0.

For this values of n, the function f,(t) := I(twy), t > 0, is positive near the
origin and goes to —oo as ¢ — +o00. So, f, achieves its maximum value at
t, > 0. Since f/ (t,) = 0 we conclude that t,w, € N and therefore A is non
empty.

By the Sobolev embedding and (ag) we have |[ul|? < [a(z)u[P™ <
c1|lul|P*, for any w € N and some some ¢; > 0. Since (p+ 1) > 2, we obtain
p > 0 such that

lull> > p, YueN. (2.1)
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If we define J : X — R by J(u) := I'(u)u, we can use u € N, a simple
computation and (p + 1) > 4 to get

J@u=(2=@+D)lul?+ (4= @+ D)Vl <0 (22)
This, (2.1) and the Implicit Function Theorem imply that A is a C'-manifold.
Finally, if u € N, we have that
1 1 1
I(u) = I(u) — ——T' >(7—7) 2 2.3
(1) = 1)~ @ = (5 - )l (2.3
and it follows from (2.1) that m > 0. The lemma is proved. O

Proposition 2.3. If V and a satisfy (V2) and (a1), respectively, then
m < Meo-

Proof. Let w,, and t, as in the proof of Lemma 2.2. Since t,,w, € N, we can
use (V2) and (aq) to write

2 (ol + on(0) + 19l = 272 ([l ™ +0,00))

where 0,,(1) stands for a quantity approaching zero as n — +o0. By the
above expression (t,) is bounded. Hence, we may assume that t, — ¢y > 0.
By (2.1),
0<p < ftawnl® =, (W]l + o0n(1))
and therefore tg > 0.
We now notice that

t2 t:D-l-lA
<Itnn:-[ootnn in - ")
m < I(tpwn) (w)+2V+p+1

with

v, ::/(V(x)—voo)wg, A, ::/(am—a(x))|wn|p+l.

We claim that, for some constants ci, co > 0, there hold
Vo < —cre™#7, A, < coe™ M, (2.4)

If this is true, we have that

-1
m < Io(tnwn) + t2eHn —lcl + t C2€(u—7)n )
B " 2 p+1

Since p < 7 and t,, — to > 0, we obtain ng € N such that m < I (t,wy), for
n > ng. It follows from Lemma 2.1 that

m < Ing(tpwn) = Loo(tnw) < Iglgg{]oo(tw) = I (w) = meo

and we have done.
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It remains to prove (2.4). Since |x — z,| < |z| + n, we infer from (V3)
that

Ve < fcv/ef”‘zlwi = —c‘//ef“‘”gﬂg"‘w2

< —cve*“"/e*“‘Ile = —cre M,

For the second inequality we pick § € (;Zl , \/VOO) and obtain, from Lemma
2.1, ¢ = ¢(d) > 0 such that

lw(z)] < ce w7 Ve R,

Hence, recalling that n — |z| < |z — x|, it follows from (a;) and the former
argument that

Ap = ca/e*ﬂff\‘wn‘erl <c- Ca677”/e(7*%)\z|.

d(p+1)

Since v < =55, the last integral above is finite and the proof is finished. O

Lemma 2.4. There exists a bounded sequence (u,) C N such that
I(uy,) — m, I'(uy) — 0.
Moreover, u, — ug weakly in X with I' (ug) = 0.
Proof. The Ekeland Variational Principle provides (u,) C N and (\,) C R
such that
I(uy) — m, I'(up) + And’ (up) — 0,
with J(u) = I’(u)u. Using (2.2) and a standard argument we can show that

An, — 0, and therefore I'(u,) — 0. Moreover, by (2.3), we have that (uy,) is
bounded and therefore we may assume that, for some ug € X, there holds

u, — ug, weakly in X and D'?(R?), [V, |3 — A2, (2.5)
with A € R. Hence, we can easily conclude that ug weakly satisfies
—(1 + A2>Au0 + V(2)uo = a(z)|uolPuo, x € RE. (2.6)

If wg = 0 the lemma is proved. So, we may assume that ug Z 0 and we
shall prove that A? = ||Vug||3. First notice that ||Vug||3 < liminf, o ||[Vu, |3 =
A2, Suppose, by contradiction, that ||[Vug||3 < A2. Since ug satisfies (2.6) we
have that

[ a@luol* = fuolP + [Vual 4 > o

Hence, there exists tg > 0 such that tgug € N. Thus, by using (2.6) and
[Vuol|3 < A%, we obtain
1 1
tolluoll® + tol Vuollz = 5 (lluoll® + A2 Vuoll3) > 6™ (Iluoll® + 2(|Vuoll3) ,
and therefore
(8= 65" ) huoll® + (t — £ ) IVuolld > 0.
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Since (p + 1) > 4 we infer that ¢y € (0,1) and we can use (2.5) to get

1
< I(t — ———TI'"(toug)t
m < I(touo) P+l (touo)touo

11 , /11 y

< (5= 5ap) ol + (3 = 555 I1Vwoll

11 | s (2.7)
st (3t + ()i
= oo { 2 " pr il (g = ) IVl
1
= lim inf {I(un) - I'(un)un} =m,
n—-+4oo P+ 1

which is a contradiction. Hence, A% = ||Vug||3 and it follows from (2.6) that
I'(up) = 0. O

We are ready to prove our first theorem.

Proof of Theorem 1.1. Let (u,) C N be the sequence given by Lemma 2.4
and wug its weak limit. Suppose, by contradiction, that uyg = 0. Given ¢ > 0,
we can use (V2) to obtain R > 0 such that

/ (V(2) - Voo Ju2da| < eljunll. (2.8)
R3\Br(0)
Moreover, by using (V) and Holder’s inequality, we get
[ @) = Vil 1V = Vil acollaalia 0
Br(0)

Since t > 3/2, we have that 2¢' € (2,6). Thus, we can use the compact em-
bedding HL(Bg(0)) — L' (Bg(0)) to conclude that the right-hand side
above goes to zero. This, (2.8) and the boundedness of (u,) imply that
JV(z)u? = [ VoouZ 4+ 0,(1). Since a € L>(R?), a similar argument holds for
[ a(z)|u, [P, and therefore

ltll? = lnll? + 0n(1), / a(2)un P = / Goclin?T + 0n(1). (2.9)
Since u,, € N, it follows that
lun2 + [V = / ooltinl?™ + 0(1).

So, if we consider t,, > 0 such that t,u, € N, we can argue as in the proof
of Lemma 2.4 to get

(12 = e ) funll? + (8 = 4241) [Vl = 0n(1).

The first equality in (2.9) together with (2.1) provide ||u,|« > p1 > 0, for n
large. Hence, the above expression implies that ¢, — 1.
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Now, using the boundedness of (u,) and (2.9) again, we obtain

1
c>o<Iootnn_7II tnntnn
Moe < Loo(tntin) = = I (bntin) (tnin)

1 1 1 1

= (2 = )2 |, | (7_7)1&4 e
(5= 5og) bl + (3 = o og ) eall Vol
1 1 , /1 1 4

=\ - —= n - - = . 1 n nl
(5= o)l + (3 = 55g) IVl + o)

1

= I(uy) — ——1I"(un)un + 0n(1).

(1n) = g ()i + 00 (1)

Taking the limit we conclude that my, < m, which contradicts Proposition
2.3. Hence, ug # 0 is a non zero solution of the problem (P). The same trick
used in (2.7) shows that I(up) = m, that is, ug is a ground state solution.
By setting v := |ug|, we can easily conclude that I(v) = I(ug) = m
and v € N. Hence I'(v) = A\J'(v), for some A € R. Since I'(v)v = 0 and
J'(v)v < 0, it follows that A = 0. Thus, v € X is a non negative ground state
solution of (P). O

3. The nodal solution

In this section we obtain a sign changing solutions for the problem (P). We
shall assume (V1), (agp) and denote u™(x) := max{u(z),0} and u™(z) :=
max{—u(x),0}. Differently from the previous section we are going to work
in a space of radial functions. So, we set

Xpad = X N{u € HY(R?) : u(z) = u(|z|) for a.e. v € R®}

and denote by I the same functional of the last section but now constrained
to X,qq- We also define the following set

NE = {u € Xpgqg : ut,u” 20, I'(u)u™ =0= I’(u)u_}.

Although it is not a differentiable manifold, we can obtain a nodal solution
along a minimizing process. We first prove a version of Lemma 2.2 for this
new set.

Lemma 3.1. Suppose that a satisfies (a1). Then, the set N* is non empty
and

m* = inf I'(u) > 0.
NE
Proof. By (a1), we can obtain R > 0 such that a(z) > ax/2 > 0, for a.e.

x € R?/Bg(0). Hence, picking u € X4 with support contained in R?/Bg(0)
and u® # 0, we have that

/(Jb(ac)\ujﬂp‘"1 > 0.



10 A .M. Batista and M.F. Furtado

Let hy : RT x RT — R be defined as hy(t,s) := [(tu™ — su™), that is,

£ +12 CANTT R +112 o1 2 2\’
hult,s) = w12 + 5 a2 4 5 (2190712 + 29| 2)

2 b (3.1)
- @t = 2 e
Since (p + 1) > 4, we have that
|(t,£i)I|Ii>oo hy(t,s) = —c0.

Hence, h,, attains its maximum value at some point (,,s,) € R2.

We claim that t,,, s, > 0. Indeed, suppose by contradiction that s, = 0.
Hence, (t,,0) is the maximum point of h,,. Picking s > 0 small in such way
that I(su™) > 0, we obtain from (3.1) that

t22
Pu(tu,0) = I(tuu™) < I(tau™) + I(su™) + "2 [Vt |39 [ = hutus ),

which is a contradiction. The proof that s, > 0 is analogous.
Since t,, s, > 0 we have that

Ohy,
W(tu, sq) =I'(tyu™ —s,u™)ut =0
and oh
8—“(%, sy) = —I'(ty,ut — s, u”)u” =0,
S
which imply (t,ut — s,u™) € N'*, proving the first statement of the lemma.
The second one is an easy consequence of N'* C NV and (2.1). a

Lemma 3.2. Suppose that a satisfies (a1). Then, for anyu € N*, the function
hy : RT x RY — R defined in (3.1) attains its (strict) global mazimum value
at (1,1).

Proof. Since I'(u)u* = 0, we have that [a(z)|u*[P*! > 0. Thus, arguing
as in the proof of Lemma 3.1, we conclude that h, has a maximum point
(tu, su) such that ¢,, s, > 0.

We claim that t,,s, < 1. For the proof, we first consider the case
Sy < t,,. Recalling that %Lt“(tu, 84) =0, we get

tﬁ“/a(ﬂﬂ)ltﬁlf"+1 = talut | + Gl Vut]y + s Vet 3] Ve |3

IN

tllut | + el Vut |3 + Gl Va3 Ve~ 3.
On the other hand, since u € N'*, we have that
/a(w)|u+|erl = a2+ [Vt |l + [Vt 3 Va3

and therefore

(12 — e ) 12 + (8 — e ) 19t 13 + (e — e ) IVat [31Vu 3 > 0.
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Since (p + 1) > 4 we infer from the above expression that t, < 1. The
case t, < s, is analogous. Moreover, by using = (t,,s,) = 0 and the same
argument we can prove that s, < 1.

Now, since

as

ho(ty, su) = I(tyu® — s,u™) — ——I'(t,u™ — s,u™ ) (tut — suu™),

p+1
we have that

1 1
huttues) = (5 = 7 ) (B + s 2)+

1 1 _ _
(3 557 {4171 + Va4 2220V ur B ).

If min{t,, s.} < 1, then hy(ty, su) < hy(1,1), which does not make sense.
Hence, t, = s, = 1. Finally, the same calculation performed above shows
that this maximum point is strict. 0O

Lemma 3.3. There exists uy € N* such that I(u;) = m®.

Proof. Let (u,) C N* be such that I(u,) — m*. By (2.3), (u,) is bounded
and we may assume that

ui—\ui

Since I'(uy)ur = 0, we have that
a1+ (191?90 2) 19k | = [ atolud P

As in the proof of (2.1) we can obtain p; > 0 such that |[ut||?> > p;. Thus,
the above equality implies that [ a( z)|ut|Ptt > p;. Taking the limit and
recalling that X, is compactly embedded in LPTL(R3) we get

/a(ac)|ui|p+1 >p1 > 0.

The above inequality and the same argument used in the proof of Lemma
3.1 provides (t,,s,) € R? such that u; := (t,ut — s,u”) € N*. By using
Lemma 3.2, the weak convergence in (3.2) and the compact embedding again
we obtain

weakly in X,.qq. (3.2)

m* < I(u) < liminf I(tyul — syuy)

= liminf by, (ty, Su)
n—oo

< liminf by, (1,1) = liminf I (u,) = m™.

n—oo n—oo
The lemma is proved. o

We present now the proof of our second theorem.

Proof of Theorem 1.2. By the previous lemma, there exists u; € N+ such
that I(u;) = m* > 0. Since u; clearly changes sign, it is sufficient to prove
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that I'(u;) = 0. Suppose, by contradiction, that this is not the case. Then,

there exist 0, A > 0 such that ||I'(v)|| > A whenever ||v — uy| < 3. Setting

g(t,s) := tu] — suy, we can use Lemma 3.2 to obtain D C R? such that

(1,1) € D and

= I(g(t,s)) = hy, (t,5) < m*. 3.3

o= max Ig(t;s)) = max hu(ts)<m (3-3)

For ¢ < min{(m* — «)/2,\5/8} and S := Bj(u,), it follows from [15,
Lemma 2.3] that there exists n € C([0,1] X X,qd, Xraq) verifying

(i) n(1,u) = u, if u g I~ (Im* — 2e,m* + 2¢]);
(il) p(1, 1™+ N S) c 1™ ==
(iii) I(n(1,u)) < I(u), for any u € X,qq-

By Lemma 3.2, (ii) and (iii) it follows that

max I(n(1.g(t.5))) < m*. (3.4)
We define
U(t,s) = (I'(g(t, s))uf, I'(g(t, s))uy) (3.5)
and

W(t,s) o= (T (f(t, ) f (8, 9) 5T T (f(E ) f(E5)7), (3.6)
where f(t,s) :=n(1,g(t,s)). Since u; € N*, then (¢, s) = 0 if, and only if,
(t,s) = (1,1) € D. Thus, it follows from the definition of the Brouwer degree
that

deg(1, D,0) = sgndet ¢’ (1,1).
A direct computation shows that det¢’(1,1) = (a;;) with

a1 = [ut|* + 3|Vt |z + |V |31Vt —p/a(a?)|u+|p+1

azz = —[lu”|* = 3| Vu~ |3 — [|[Vu~ |3 Vut|3 er/fl(%)\u_lp+1
and
a12 =2|Vu~[3[|[Vut |3, a2 = —2||Vu |3 VuT]3.
Since u € N'*, we have that
w1 = 2Vl - -1 [a@lat P

< 9 (Wné -/ a<x>|u+|p+1>

< 2(—|lut? = Ve 3 Vut]3)

< a1

An analogous argument shows that as o > a1 2. Hence, det ¢/(1,1) = a1 102 2—
a12a2,1 < 0 and we conclude that

deg(v, D,0) = —1.
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The choice of € > 0, (3.3) and (i) imply that ¢ = f on 9D. It follows from
(3.5) and (3.6) that ¢» = ¥ on 0D and

deg(\Ij7D7O) = deg(/lz[}aDaO) =-L

Hence, there exists (¢, s) € D such that f(¢,s) € NF, which contradicts (3.4).
Thus, I'(u1) = 0 and the theorem is proved. O
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