POSITIVE AND NODAL SOLUTIONS FOR A NONLINEAR
SCHRODINGER-POISSON SYSTEM WITH SIGN-CHANGING
POTENTIALS

ALEX M. BATISTA AND MARCELO F. FURTADO

ABSTRACT. We use a variational approach to deal with the system
—Au+ V(z)u+ K(x)pu = a(z)|uP 1y, —A¢ = K (z)u?, z €R3,

whith 3 < p < 5. Under some mild conditions on the sign-changing potentials
V and a we obtain two nonzero solutions. One of them is nonnegative and the
other one changes sign.

1. INTRODUCTION

In this paper we look for minimal solutions for the system
—Au+V(z)u+ K(z)pu = a(z)|ulPtu, in R3,
—A¢ = K(x)u?, in R3,

where 3 < p < 5 and the potentials V', K and a satisfy some mild conditions. As
quoted by Benci and Fortunato in [4, 5], this system works as a model describing
solitary waves for the nonlinear stationary Schrédinger equation interacting with
the electrostatic field and also in semiconductor theory, nonlinear optics and plasma
physics.

In the recent years, many researches focused on existence, nonexistence, multi-
plicity and concentration of solutions for the above problem. In [10], the authors
obtained a radial solution for constant positive potentials and 3 < p < 5. In [11],
the same result was proved for 3 < p < 5. In [22], the authors presented existence
and nonexistece results also for the radial case and a larger spectrum of the power
p. The nonradial case was treated in [7] for V' = 1. In that paper it is allowed
that a changes sign with an integrability condition for the functin a(x) — as and
some other technical conditions. In [27], the author considered V' = 1 but a being
a sign-changing function with both the positive and negative part unbounded. We
also quote the paper [9], where the author considered V' = K = 1, a changing sign
and add a term Ag(x)u on the right-hand of the equation. With some conditions
on the parameter \ they obtained the existence of two positive solutions. We also
mention the paper [15], which seems to be the first one to consider the potential K
not constant.

In the aforementioned works the authors obtained nonnegative solutions. There
are only a few works concerning sign-changing solutions. In [17], the authors con-
sidered constant positive potentials and obtained, for each k € N, a nodal solutions
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having exactly k — 1 nodal domains (see also [14] for a dynamical approach and a
less restricve condition on the growth of the nonlinearity). Nonradial nodal solu-
tions in the semiclassical limit were obtained in [16]. In [24], the authors considered
V not constant and obtained a nodal solution. Recently, the authors in [2] (see also
[1]) obtained a nodal solution with V' not constant but positive and an asymptotic
condition similar to (V7). We emphasize that, in all these previous works, it was
supposed that K and a are constant and positive.

As we pointed out, in many papers the potentials has been supposed constant,
radial or positive. The main objective of this paper is to complement all these
works. In our first result, we look for nontrivial solution in the case that V' and «a
can be nonconstant, nonradial and indefinite in sign. More specifically, if we denote
V() :== max{—V(x),0} and

$ i= inf { | Vull3a(ge); u € D2R?), [lul o) = 1},

we assume the following conditions.
(Vo) V= € L3%(R3) and [y, |V~ (2)]3/2dx < S3/%
(V1) there exist v > 0 and Cy > 0 such that

V(z) < Ve — Cye 17l for ae. 2 € R?,

where

(ag) a € L>=(R3);
(ay1) there exist @ > 0 and C, > 0 such that

a(x) > aoo — Coe 7l for ae. z € R,

where

(oo := lim a(z) > 0.
|z|—+o00

Concerning the potential K, we have a basic assumption of regularity which
enable us to deal with a scalar problem. Actually, if K € L?(R3), for each u €
W12(R3), the equation

—A¢ = K(z)u?, inR3?,
has a unique weak solution ¢ = ¢,, € DV2(R?). We can prove that system (1.1) is
equivalent to the scalar equation
(P) —Au+V(z)u + K(z)py(v)u = a(z)|ulP~tu, in R3,
u € WH2(R3).
Hence, we shall suppose that
(Ko) K € L*(R%);
(K1) there exist & > 0 and Cx > 0 such that

0<K(x) < Cre ®*l for ae. x € RE.

The equation in (P) is the Euler-Lagrange equation of the energy functional
I:W12(R3) — R given by
1

1 1
_ 1 2 2 L 2. p+1
I(u) 5 /]RS (|Vu| +V(z)u )dx+4 » K(2)py(v)u’dx ) a(z)|u|P™ dx,
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We say that a solution u is a ground state solution if it has minimal energy I(u)
among all the nonzero solutions. The first result of this paper can be stated as
follows.

Theorem 1.1. Suppose that 3 < p < 5 and the potentials satisfy (Vo) — (V1),
(ag) — (a1) and (Ko) — (K1). If

v <min{f,a}, 0<(pP+1)vVVee and «a<2yVy,
then the problem (P) has a nonnegative ground state solution.

In the proof we apply variational methods. Although this is rather standard we
need to overcome the lack of compactness of the embedding of W?(R3) into the
Lebesgue spaces. This is done by using some comparison arguments of the minimax
level of the energy functional and that of the limit problem. In the calculations, the
restrictions on the size of the parameters play an important role. Another difficult
relies on the fact the potentials V' and a can change sign. In this way, some known
arguments of unique projection in the Nehari manifold do not hold here. Theorem
1 complements the results of [10, 11, 22, 7, 27] and improves that of [13], since we
have here weaker conditions on the parameters ~, 6 and «.

In our second result we obtain the existence of nodal solution with a stronger
condition on the parameter a. More specifically, we shall prove the following theo-
rem.

Theorem 1.2. Suppose that 3 < p < 5 and the potentials satisfy (Vo) — (V1),
(0,0) — (al) and (Ko) — (Kl) If

v <min{f,a}, 0<(p+1)\/Vee and «a <V,
then the problem (P) has a nodal minimal solution.

Although the proof follows the same lines of those presented in the first theorem,
the calculations here are more involved. Actually, in some results on nodal solutions,
the authors tried to minimize the energy functional restricted to some set which
contains all the nodal solutions. Recalling that the map u + u™ is not differentiable,
we conclude that the same holds for this set. Since for any nodal solution of (P)
we have that I'(ut)ut < 0, the usual set {u € WH2(R?) : I'(u®)u® = 0} is not a
good choice for minimization set. Hence, we follow [1], by using {u € W12(R?) :
I'(u)u™ = 0= I'(u)u"}. Again, we need to make some trick calculations since the
potentials V' and a can change sign. The (stronger) condition on the exponent « is
of technical nature and appears when we try to correct localize the minimax level
of the energy functional in order to get compactness. Theorem 2 complements the
results of [17, 14, 23, 24, 2].

We finaly mention the papers [20, 8, 26] where variants of our problem are
considered with some of the potentials changing sign. In all those results, there is
no information about the sign of the solution. However, our results are in some
sense related (an not comparable) with those.

The paper is organized in the following way: in the next section, after presenting
the abstract framework, we prove the existence of the nonnegative solution. In
Section 3 we obtained nodal solutions for an auxiliary problem and in the final
Section 4 we prove Theorem 1.2.
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2. THE POSITIVE SOLUTION

We first establish the variational framework to deal with the problem (P). For
any 2 < q < oo, we denote by ||ul|, the L%norm of a function u € L(R?). For
saving notation, we write only [ to denote [p, u(z)dz. We also denote u™(z) :=
max{u(x),0} and v~ (x) := max{—u(z),0}.

If we set
X = {u € WhH2(R3) . /V(:I:)u2 < oo},

according to [12, Lemma 2.1], the quadratic form u +— [(|Vu|* + VT (z)u?) defines
a norm in X, which is equivalent to the usual norm of W12(R3). Moreover, we can
use Holder’s inequality to obtain

2.1) J V@ <V lagalal < STVl [ 1Vl

and therefore we conclude that the norm

o= ([ 9 + V)

is well defined and is equivalent to || - |ly1.2(r3).

Since K € L%(R3), a straightforward application of the Lax-Milgram Theorem
implies that, for any given v € W12(R?), there exists a unique ¢ = ¢, € D*?(R?)
which weakly solves —A¢ = K (z)u? in R3. Recalling the expression of the Green
function of the Laplacian we obtain

1 [ Ky
2.9 L) = — [ 2w,
(2.2) Pul@) = o~ Ml
We can construct the application ¢ : W2(R3) — DL2?(R3) which associates, for

each u € W12(R3), the function ¢, defined above. We collect below some properties
of the map ¢ (see [7, Lemma 2.1] and [13, Lemma 2.2]).

Lemma 2.1. For any u € X there holds
(1) ¢u(z) >0 for a.e. x € R3;
(2) 1w = t2¢y, for any t > 0;
(3) there exists ¢1 > 0 such that f |V, |? < cl||u||§;
(4) If up — u weakly in X, then

h_}m K(x) /K )bu(
and
im [ K (@), @une = / K@éu(e)up, Ve X.

The main interest in the map ¢ comes from the fact that it enables us dealing
with system (S) as a single equation. Actually, it can be proved that (u,¢,) €
WL2(R3) x DH2(R3) is a solution of (S) if, and only if, it is a weak solution of the
nonlocal problem (P) quoted in the introduction. Its equation has a variational
structure and its energy functional is I : X — R given by

1) =5 [ (VP +V@@llP) + § [ K@ouo)? = — [a@lt.
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In view of (2.1), we can prove that I € C'(X,R) and

I'(w)e = (u,¢)x + / K(2)puup — / a(@)uf g, Yo X.

Hence, the critical points of I are precisely the weak solutions of (P).

Since our potentials can be nonradial, it is necessary to overcome the lack of
compactness of the embedding of X into the Lebesgue spaces. Thus, we are going
to consider the limit problem

(Pxo) —Au+ Voou = aso|ulP"tu, x€R3,
with associated energy functional I, : X — R given by
1 1
Io(u) = 3 /(|Vu|2 + Voou?) — P} oo |ufPT.

Its Nehari manifold is
N = {u € X\{0}; I, (w)u = 0}
and the following result can be found in [6].
Proposition 2.2. The problem (P,) has a positive radial solution w € WH2(IR3)

such that
I =Mme = Inf I (u).
(W) =Moo = inf Ioo(u)

Moreover, for any 0 < § < \/Vu, there exists C = C(d) > 0 such that
w(z) < Ce %l vz eR3

In order to obtain our first solution, we are going to minimize the functional I
restricted to its Nehari manifold

N = {u e X\{0} : I'(w)u = o}.

We present in the sequel some important properties of this set. They are standard
when the potential a is positive. In our case, even the potential being indefinite,
we take advantage of the positivy of the aymptotic limit aq.

Lemma 2.3. The following hold
(1) N is non-empty and it is a C*-manifold;
(2) for any u € N, we have that I(u) = maxy>o I (tu);
(3) we have that

m:= inf T(u) > 0.
ueN

Proof. Let w be the solution given by Proposition 2.2, z,, := (0,0,n) € R* and
(2.3) wi(z) 1= w(x + xy), Vz e R

If follows from (a1 ), the Lebesgue Theorem and the change of variables z — (x+x,)
that

(2.4) lim [ a(x)w,|P™ = /aoo|w|p+1dac > 0.

n—00

Hence, for n large, [ a(z)|w, [P > 0. Since 3 < p < 5, a simple calculation shows
that the function ¢ — I(tw,) achieves its global maximum in some ¢, > 0 such
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that I'(t,wn)(tnws) = 0, that is, t,w, € N # 0. Since [ K(z)¢,(x)u? > 0 and
(p+1) > 2, it is easy to obtain ¢; > 0 such that

(2.5) ul| >e1 >0, YueN.

Hence, if define J(u) := I'(u)u, we can use item 1 of Lemma 2.1 and 3 < p < 5 to
obtain, for any u € NV,

(2.6) J'(uw)u < (2= (p+1))|lull* <0,

and therefore we can use the Implicit Function Theorem to guarantee the regularity
of N. In the last inequality above, we have used K, ¢, > 0 and 3 < p < 5.

If w € N we have that [|u]|? + [ K(z)¢y(z)u? = [ a(z)[u/PT > 0 and therefore
the second statement can be proved in a standard way. For the last one, it is
sufficient to notice that

(2.7) ) = I) =~ > (5= — )l

and use (2.5). The lemma is proved. O
We present below a key estimate for the proof of Theorem 1.1.
Proposition 2.4. We have that m < mee.

Proof. For w,, defined in (2.3), we can use (2.4) to conclude that the number ¢,
appearing in the proof of Lemma 2.3 is such that t,w, € N for any n > ng. Since
lwnlle = llwlle, it follows from item 3 of Lemma 2.1 that

/K(w)qﬁwn (@)wn < lbw, 6l Kll2llwnl§ < c2ll Kll2]lwlls,

for some ¢y > 0. This and I’ (t,wy, )taw, = 0 imply that
0 <t 2 Jwnll® + co|| K |a]|w|l§ — tﬁ_g/a($)|wn|p+lv

from which it follows that (¢,,) is bounded. Hence, we may assume that t,, — t¢ > 0.
By (2.5) and (V}), we have that
0 <er <thflwnl? = th([lwl]? +on(1)),

and therefore tg > 0.
The definition of I and I, imply that

t2 t4 tp+1
2. <7 =1 > Vo + K+ A
(2.8) m < I(tawn) Oo(tnwn)+2Vn+4 n+p+1 n
for
Vo= [V Vel K= [ Ko,
and

A= [ (1 = @)

Claim: There exists C' > 0 such that
(2.9) Vo< —Ce™ ™ K,<Ce " A, <Ce
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If this is true, since Ioo (thwn) = Too (trw) < Ino(w) = Moo, the above inequalities
and (2.8) provide

2 —n 1 tgz (yv—a)n tﬁfl (v=0)n
mgmooJrC'tne'Y *54’167 +m€’y .

Recalling that ¢, — to > 0 and v < min{«, 0}, we see that the expression into the
brackets above is negative for n large.

It remains to verify the claim. Since n — |z| < |z — x|, we can use (K1) and
Holder’s inequality to get

5/6
(210) K, < /K(z)(bwn(x)wz < CKeianH(bwnHS (/ ea¢6/5|96|le/5>

Since a < 24/V,,, we can use Proposition 2.2 to guarantee that the last integral
above is finite. Moreover, by the embedding D'2(R3) < LS(R?) and item 3 of
Lemma 2.1, we have that (¢, ) is bounded in L°(R?®). The inequality for K,
follows from the above considerations.

An analogous argument and 6 < (p + 1)y/V provides

A, <O, /6—9‘1—“‘&“ < C’ae_en/e‘g‘m‘wp""l =Ce .
Since |z + x| < |z| + n, we have that
Vo < —Cv/e_”l“”_”v"‘w2 < —Cve_"’"/e_”l””lw2
and the proof is finished. O

We are ready to prove our first result.

Proof of Theorem 1.1. The Ekeland Variational Principle provides (u,) C A such
that I(u,) — m and ||I'(un),,. || — 0. Using (2.6), we can prove that I'(u,) — 0, in
such way that (u,) is a Palais-Smale sequence of I. A standard procedure proves
that this sequence is bounded. Hence, along a subsequence, we have that u, — u
weakly in X. Morevoer, it follows from item 4 of Lemma 2.1 that I'(u) = 0.

Suppose, by contradiction, that v = 0. Then, u, — 0 in L; (RY) for any
s € [2,2%). Thus, we can use (V1), (a1), (K1) and the same calculation performed
in (2.10) to obtain

(2.11) /a(x)|un|p+1 = /aoo|un|p+1 + 0, (1), /K(x)gbunui =0, (1),

ol = [ 1902 4 Vet ) =l + 00 1)
Thus, recalling that I’ (u,)u, = 0, we get
(2.12) [unl = /aoolunlf”1 + on(1).

Let t, > 0 be such that t,u, € Ns. By using that u, € A, (2.5) and the
first equality in (2.11), we conclude that [ a(z)|u, [P > ¢y > 0. Hence, the above
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equality implies that ¢,, — 1 as n — 4o0. It follows that

1
Too (tpttn) = Io (tnuy) — —IC/)O tntn) (tnty
(tnun) (tnun) ] (tntn)(tntn)

1 1 1 1
= (5 - =) hull? = (5 = =7 ) lunll? + 0n(1)
p+1 2 p+1

1
= I(un) — mll(un)un +on(1) = I(un) + on(1),
and therefore

Moo < Loo(tntin) = I(un) + 0n(1) = m + 0,(1).

Taking the limit into the above expression we obtain mq, < m, which contradicts
Proposition 2.4. Thus, we have that u # 0.

We have proved that u € A is a nonzero critical point. Hence, we can use item
4 of Lemma 2.1 to obtain

o< I - = (5 - o )l - (- ) [ K@

A

1
< liminf <I(un) - —I’(un)un) =m,
n—-+4o00 P+ 1
from which it follows that I(u) = m.
Considering @ = |u|, we can use (2.2) to see that ¢, = ¢z. Hence, an easy

computation shows that w € N and I(u) = I(u) = m. It follows from the Lagrange
Multiplier Theorem that I'(w) = A\J'(u), for some A € R. This implies that 0 =
I'(@)u = A\J'(w)u. By (2.6), J'(w)u < 0, and therefore A\ = 0. We conclude that
u > 0 is a non negative solution of the problem (P). Since I(@) = m, it is a ground
state solution. The theorem is proved. O

Remark 2.5. If u is the non negative solution given by Theorem 1.1, we can use
(K1) to conclude that

—Au+V(x)u < alx)|al?, Vz € R3,

in the weak sense. Arguing as in [18, Theorem 1.11], we can prove that u(x) — 0
as |x| = +oo. Hence, as in the proof of [19, Theorem 3.1], we can verify that, for
any 0 > 0, there exists C = C(8) > 0, such that

(2.13) a(x) < Ce®l*l vz eR3

3. THE AUXILIARY PROBLEM

In this section we prove an auxiliary result which will be useful in the proof of
the second theorem. We start by noticing that the nodal solutions of the problem
(P) belongs to the set

NE = {u eEN:ut 20, I'(uut =0= I/(u)uf}.

For R > 0, we consider
NE = N0 HY(Bg(0)).

We state in the sequel the main result of this section.
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Proposition 3.1. For any R > 0, the infimum

+ .
mp = inf I(u
Ri= bl (u)

is achieved at some ur € Nz such that I'(ug)p =, for any ¢ € H}(Bg(0)).
In order to prove the above result we shall adapt some arguments from [3, 1].

Lemma 3.2. Let u € N5 and define
h¥(t,s) :== I(tut + su™), Vt, s > 0.
Then h* attains its mazimum at the point (1,1) € R?.

Proof. Since I'(u)u® = 0, we have that

[+ [ K@) = [a@lup > o
and therefore \(t,sl)i\glJroo h¥(t,s) = —oo, from which it follows that the maximum is
attained at some point (fo, s9) € [0, +00) X [0, +00).
Claim 1: we have that sg, tg > 0

Indeed, suppose by contradiction that so = 0. In this case, since h*(0,0) = 0
and p > 3, we have that ¢, > 0. Moreover, since [ a(z)(u™)P*' > 0, we obtain
I(su™) >0, for small s > 0. By using [ ¢+ (@)(u™)? = [ ¢ (x)(uT)?, we get

242
B (t0,0) = I(tou") < L(tou™) + Isu™) + 3 [ K@) (@)(u ) = h*(to, ),

which does not make sense. A similar argument shows that ¢y > 0.

Claim 2: we have that s, to € (0, 1]

We just prove that ¢ty < 1, since the argument for the other inequality is analo-
gous. Recalling that the partial derivatives of I(tu™ + su™) vanishes at (to, so), we
obtain

Blut P+ 1) [ K(@)ous )+

+S(2Jt%/K(x)¢u7(ac)(u+)2 :tg+1/a(x)(u+)p+1.

If we suppose that sg < tg, the equality above and ¢, = ¢+ + ¢, imply that
G+ [ K@) 247 [ oy,

From this and I’(u)ut = 0, we obtain

(t52 — Dlut? > (5~ - 1) / alz) (uh )P,

and therefore tyg < 1. For the case tg < sg it is sufficient to use

Bl + st / K(2)u- (2)(u )+

+s%t3/K(m)q§u+ (z)(u™)? = sgﬂ/a(x)(u_)p"’l

and argue as above.
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Claim 3: h* does not attain its maximum in (0,1]*\ {(1,1)}

Since h(tg,so) = I(tou™ + sou™) — —I’(tou + sou”)(tou™ + sou~), we have
that
u 1 1 _
(o, 50) = (5 - 1) IR+ Bl

(i - zﬁ) {t3/¢u+( +s0/¢u u”)? +2s§t8/q§u7 (m)(u+)2},
= ¢+ (x

where we also have used ¢,,- (x)(u™ Y(u™)?. If sg < Lorty < 1, it follows
from the above equality that

h*(to,s0) < I(u™ +u~) — I'(um +u)(ut +u”) =h"(1,1),

p+1
which is absurd. O

Lemma 3.3. For any R > 0, there exists up € Nz such that I(ug) = m%.

Proof. Let (u,) C Ng be such that I(u,) — m¥. By (2.7), (u,) is bounded,
and therefore, up to a subsequence, there exists u € H}(Bg(0)) such that u, — u
weakly in H}(Bgr(0)), un, — u strongly in LPTY(Bg(0)) and u,(z) — (z) a.e. in
Bpr(0). Arguing as in the proof of (2.5) we obtain p > 0 such that

[ a@liEptas =P [ K@, @) e > [ =
Br(0) Br(0)

Hence, taking the limit, we conclude that an(o) a(x)|u®|PH1dx > p > 0. Following
the same lines of Claim 1 on the proof of Lemma 3.2, we can verify that h* attains
its maximum at some point (t,, s, ) € R? such that ¢,, s, > 0. Thus
0 0
ahu( us Su) =0= %hu(tu; S’u.)7
which is equivalent to ug := (t,u™ + s,u~) € Ni. Hence, we can use the above
convergences, item 4 of Lemma 2.1 and Lemma 3.2 to conclude that
mp < I(tyu™ + s,u™) < lHminf I(t,u) + s,u;,)
n— o0
< liminf A" (t,, Sy)
n— oo
. . Uy T . . 4
< hnrggfh (1,1) = hnrggfl(un) =my.

The lemma is proved. O
We are ready to prove the main result of this section.

Proof of Proposition 3.1. For R > 0, let ur be given by the last lemma. It suffices
to check tat I'(ur)p = 0 for any ¢ € Hi(Bgr(0)). Arguing by contradiction, we
suppose that this is not true. Then there exists §, A > 0 such that [|[I'(v)]| > A
whenever |[v — ug|| < 3d. If we consider

g(t,s) = tu} + sup,

for s, t > 0, it follows from Lemma 3.2 that, for some open set D C R? containing
(1,1), there holds

e +
(3.1) p = (trgggDI( g(t,s)) <mp.
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For e < min{(m3% — p)/2,0\/8} and S = Bs(ug), [25, Lemma 2.3] provides a
deformation n € C([0,1] x H}(Br(0)), H}(Br(0))) such that
(a) n(1,u) = u, if u ¢ I~ mE — 2e,mE + 2],
(b) n(1,I™x+ N S) C I,
(©) 1(n(1,u)) < I(u), for any u € H}(Br(0))
If we define h(t,s) :=n(1,g(t,s)), it follows from Lemma 3.2, (¢) and (b) that
+
(3.2) (tI,Isl)aEXD I(h(t,s)) < mg.

Consider the maps
Uit s) = (I'(g(t 8))up, I'(9(t, 8))ug)
U(t,s) = (t7I'(h(t,s))h(t,s)", s7 I (A(t, $))h(t.5)7),
and notice that, since urp € /\/‘1%, we have that ¢(t,s) = (0,0) if, and only if,
(t,s) = (1,1). Hence, a straightforward computation provides deg(«, D, (0,0)) =
sgndet’(1,1) = 1. On the other hand, since p < (m3 — 2¢), it follows from (3.1)
and (a) that h = Id on 9D, in such way that deg(¥, D, (0,0)) = 1. Thus, there

exists (t,s) € D such that h(t,s) € N, which contradicts (3.2) and finishes the
proof. O

4. THE NODAL SOLUTION

In this section we prove our second theorem by showing that the
m* = inf I(u)
ueENE
is achieved. This will be done as a limit process on the solutions obtained in the
last section.

Lemma 4.1. We have that
li 5 =m".
ol i = m
Proof. Given ¢ > 0 we consider u. € N'* such that I(u.) < m* +¢. We have
that, for some Ry > 0 large enough, uZ # 0 in Bg,(0). We now take R > 4R,
consider a cutoff function £ € C§°(R?) such that £z = 1 in Bg4(0) and (g = 0

in R?\ B3gr/4(0), and define the function
Ue, r(x) 1= Er(z)ue(z).
Since

li SplPtde = Pt >0
pim BR(O)a(z)Iug,RI v = [ a(@)lu;] ;

we have that fBR(O) a(x)|u§R|p+1dz > 0, for R > 0 large enough. As in the proof
of Lemma 3.2, we can obtain tg, sg € (0,+00) such that (tgul , + sru_ ) € Nz
Thus, since u. € N+, we get
my; < I(tpul g+ spugp) = I(tpud + spus) + or(1)
< I(ue) + or(1) < m* + e+ op(1),
where or(1) denotes a quantity approaching zero as R — +oo. Since ¢ > 0 is

arbitrary, we conclude that

lim sup mﬁ < m=.
R—+o00
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Since N Ij{ C N, the result follows from the above inequality. O

The key estimate for the proof of Theorem 1.2 is the following.
Proposition 4.2. We have that
mi <m -+ Meo.

Proof. Let u the solution given by Theorem 1.1. For any n € N and (¢, s) € [1,2]?
we define, for z € R3,

)

U (x) = tu(z) — swp(x),
where w,, was defined in (2.3). We claim that there exists ng € N such that, for
any n > ng and (s,t) € [3,2]?,
I(y) <m+ muo.

In order to prove the claim we first notice that, for some C' > 0, there holds

(4.1) [ K@@ <t [ K@ouond +cemom,

for any n > ng and (t,s) € [%,2]?. Indeed, since @, w € X are non negative, we

have that ’
[ E@ou, @ < [ Ki@ou, @ni 4 [ K@), (@)
By (2.9),
K= [ K@, @)} < cre™,

for some ¢; > 0. Fubini’s Theorem and the same argument used to get the above
inequality provide

[ K@ @ = [ K@)ou@)st < caemem.

The estimate (4.1) is a consequence of the above inequalities and the equality

¢wn S ¢tﬂ + (bswn-
We infer from (4.1) that

52 sptl
(42) I("/’n) S I(tﬂ’) =+ Ioo(swn) + _Vn + —An - Dn - En + Ceioma
2 p+1
with
D, = ts/(Va -Vw, + V(z)uw,),
E, =—— [ a(x ( WP — [Pt — |sw, p+1).
] (@) [¥n] [t |swn|
and A,, and V,,, defined in the proof of Proposition 2.4, verifying
Vi < —cre™ 7, A, < cre .

By Remark 2.5, we have that |a(x)| < Ce™#I*| for some v < pu < /Va. Hence,
we can use [13, Proposition 3.2] to get

|E,| < 02/ (|tﬁ|pswn + |swn|ptﬁ) < cge M,
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for n large. Moreover, using that @ is a solution of (P) and condition (K7), we
obtain

|D,| = ts

/a(x)|ﬂ|p71ﬁwn - /K(z)(bﬁ(z)ﬂwn <cge M 4 cpem MM
Since
I(ta) < I(a) = m, I (swp) = I(sw) < Too(w) = Mo,
all the above inequalities can be replaced in (4.2) to provide

I(n) <m—+me +e 7" {—63 + eV 4 cgelviIn 4 046(7%”)"}

Taking n large, the claim follows from v < min{a, 0, uu}.
In view of the claim, to obtain the inequality m* < m + m., it is sufficient to
obtain (to,s) € [%,2]? such that tg — sow, € Nt. With this purpose, we define

2
hE(t, s,n) == I' (1 — swy ) (tT — swy)T.
By using 3 <p <5, I'’(a)ut = 0 and a straightforward calculation, we get
h*t(1/2,0,n) > 0, h*(2,0,n) < 0.

Moreover, since w, — 0 weakly in X and w is a solution of the limit problem, we
can use (a1), (V1) and item 4 of Lemma 2.1 to conclude that

127 [+ V@) - (127 [ afapantt

h=(0,1/2,n)

= (/27— (1/27) / (IVwl? + Vaew?) + 0n(1),

and therefore, for n large, we have that h=(0,1/2,n) > 0. The same argument
provides h~(2,0,n) < 0. It follows from Miranda Theorem [21] that, for some
(to, s0) € [%, 2]2, there holds h*(tg, s0,n) = 0, for n large. But this is equivalent to
(toﬂ — Sown) e NE. O

Inspired by [2], we can use all the above results to prove our second theorem as
follows.

Proof of Theorem 1.2. For each n € N, let u, € NI be the function given by
Proposition 3.1 with R = n. Since N C N we can check that (u,) is bounded.
Hence, we may suppose that u,, — u weakly in X. In view of Proposition 3.1, we
have that u is a critical point of I. We shall prove that u* # 0.

Suppose, by contradiction, that u™ = 0. Let a, b € R defined as

a:= lim {I(u:{)wLE/K(z)(bun(x)(u:{f}v

n—-+oo

vim tim {100) 4 [ K@ @002}

n—-+oo

Since I(u,) = m;-, a simple calculation, Lemma 4.1 and Proposition 4.2 provide
(4.3) a+b= lim I(u,) =m% <m+me.
n—-+o0o

Let ¢, > 0 be such that t,u, € N, that is,

(4.4) |2 = 2! / oo ()P
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We claim that ¢, — 1. Indeed, arguing as in the proof of Lemma 3.3, we obtain
) [a@ir = i 2
for some p > 0. Since I’ (uy)u;” = 0, we have that
[P+ [ K@, @l = [ oGty

Since (u;") weakly converges to zero, we can use (K;) and Holder’s inequality to
conclude that [ K(z)¢y, (z)(u;7)* — 0. Thus, it follows from (Vi), (a1) and (4.5)
that

1 = [ auf* + on(1) 2 o+ oa(1)

This and (4.4) imply that ¢, — 1 as n — +oo. Thus, as in the proof of Theorem
1.1, we can verify that I (tput) = I(u)}) 4+ 0,(1). Hence,

Moo < Ino(tnut) = I(u)) + 0,(1) < /K )2 +o0,(1) = a.

and it follows from (4.3) that b < m.
On the other hand, if we consider s, > 0 such that s,u, € N, we have that

(4.6) 0=1"(up)u, =1I'(u, )u, + /K(ac)qbu; (z)(u)?
This implies that I’(u;, )u;, < 0. Thus, s, <1 and we get

mo < I(nuy) = Lonty) — ——I'(s0u;)(snu7)

p+1
= (5l (5 o)t [ K@, @
< Tug) = = ) )
This and (4.6) provide
mo< 1)+ ]ﬁ K@), ()12
< /K uy )? = b+ on(1),
and we conclude that m < b. This contradiction shows that v # 0. Similarly,
' \ieol.lave obtained a nodal solution u of the problem. It verifies,
m* < I(u) = I(u) — ﬁ]’(u)u
- (G-Il + (G- 577) [ K@oute
< lilni}igf {I(un) — ﬁ['(un)un} =m*,

and therefore I(u) = m*. The theorem is proved. O
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