SEMILINEAR ELLIPTIC PROBLEMS INVOLVING
EXPONENTIAL CRITICAL GROWTH IN THE HALF-SPACE

DIEGO D. FELIX, MARCELO F. FURTADO, AND EVERALDO S. MEDEIROS

ABSTRACT. We perform an weighted Sobolev space approach to prove a Trudinger-
Moser type inequality in the upper half-space. As applications, we derive some
existence and multiplicity results for the problem

-2, in R2
—Au+ h(@)|ulT%u = a(z)f(u), inRZ,
‘g—:j +u = 0, on 8]R2+,

under some technical condition on a, b and the the exponential nonlinearity
f. The ideas can also be used to deal with Neumann boundary conditions.

1. INTRODUCTION AND MAIN RESULTS
In the paper [2], Alama-Tarantello considered the indefinite semilinear problem
—Au = pu+a(@)|ulP?u — b(x)|ul?%u, in Q,
u = 0, on 01,

where Q € RY is a bounded domain, 2 < p < ¢ < 2* := 2N/(N — 2) and a, b are
nonnegative weight functions in L!(2). Under suitable conditions on the parameter
1, they proved existence, nonexistence and multiplicity of solutions according to the
behavior of the competing terms a|u|P~2u and b|u|?~2u as determined by suitable
integrability properties of the ratio a?/bP. After this, indefinite elliptic problem has
been studied by many authors in bounded and unbounded domain. We specially
quote the papers Radulescu-Repovs [19] and Chabrowski [6], where it is considered
the semilinear elliptic problem

—Au = Xa(z)ulP%u — b(z)|u|?%u, in Q,
u = 0, on 0,

where 1 < p < 2 < ¢ < 2* and a,b € L*°(Q) are such that essinf,cqa(z) > 0
and essinf,cq b(x) > 0. The authors proved results of existence, nonexistence and
multiplicity of solutions according the range of the parameter .

In this paper, we address the following nonlinear elliptic problem

{—Au+h(x)|u|q_2u = a(z)f(u), inRZ%,

(P) :
oy tu = 0, on 8R2+,
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where 2 < ¢ < o0, R} = {& = (x1,22) € R* 25 > 0} denotes the upper half-
space and v is the unit outward normal vector on the boundary 8R1. The basic
assumptions on the functions appearing in our problem are

(a0) a € C(R2, R, );

(ho) h € C(RZ,Ry);

(fo) f € C(R) is such that, for any a > 0,

f(s)

.12
|s|—o0 ealsl ’

(f1) lims—o f(s5)/s =0;
(f2) there exists p > ¢ such that

0 < uF(s) < f(s)s, Vs#O.

Roughly speaking, the growth condition (fy) says that the problem has subcrit-
ical exponential growth with respect to some kind of Trudinger-Moser inequality.
The main idea is looking for critical points of the associated energy functional

I(u) :== %/ |Vul|? do + 1/ u? dry + }/ h(z)|ul? dz — / a(z)F(u) dz,
R2 2 OR2 q Jr2 R

with F(s) := fos f(t)dt and the domain of I is an appropriated Banach space E9.
Notice that the L%-norm on the boundary does not appear in the definition of I.
Actually, we shall prove that our working space E? is such that the first two terms
in the above expression is exactly a half of the square of the norm, and therefore
the functional behaves like that of the bounded domain case.

In our first result we prove the following:

Theorem 1.1. Suppose (ag), (ho), (fo) — (f2) and ¢ > 2. If

(a1) there exist ¢ > 0 and 8 > 2 such that

a1
a(z) < (

2
W, fO'f’ all$€R+,

then problem (P) has a nonzero weak solution.

Condition (aq) provides compactness for the Sobolev embedding of EY into some
weighted Lebesgue spaces. This is important to recover compactness for the func-
tional I, since we are dealing with a problem in the unbounded domain Rﬁ_. Another
key point is the proof of an appropriated Trudinger-Moser inequality which guar-
antees that u — fRi a(z)F(u) is a well defined C'-functional. Actually, we present

a general abstract framework to deal with problems with Robin (or Neumann)
boundary condition in the upper half-space (see Section 2).

In our second result we suppose that a behaves like (1 + |z|)~2. In this new
setting, we argue as in [2] and recover compactness by assuming an integrability
condition of a special function involving both a and h. More specifically, we prove
the following:

Theorem 1.2. Suppose (ag), (ho), (fo) — (f2) and ¢ > 2. If

(a1) there exists c1 > 0 such that

1
a(z) < (

2.
TW, fO?" all x € R+,
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(h1) the following holds

dz < +00,

(a(x))e/(@=2)
/Ri (h(2))?@2)
then problem (P) has a nonzero weak solution.

As it is natural, if we have symmetry we can obtain more and more solutions.
So, in our last result we obtain multiple solutions for the problem:

Theorem 1.3. Under the same conditions of Theorems 1.1 or 1.2, if f is odd and

(f3) there exist ¢,, > 0 and po > g such that

F(s) 2 cls®, ¥scR,
then problem (P) has infinitely many weak solutions.

The study of elliptic problems involving Robin boundary condition has a wide
literature, see [6, 5, 20] and references therein. Such kind of boundary conditions
arise on some important biological models, see for example [8] for this particular
aspect. Concerning the mathematical point of view, our main motivation comes
from the papers [10, 15], where the authors studied the quasilinear elliptic problem

—div(|[Vu[P=2Vu) = Xa(z)|ulP~?u — b(z)|u|?%u, in Q,
|VulP=2(Vu - v) + h(z)|ulP~2 0, on 99,
for an exterior domain 2. Under certain conditions on the power p,q and the

functions a, b, some results of existence, nonexistence and multiplicity are derived.
It is worthwhile to mention that the Hardy type inequality (see [15, Lemma 1])

/ﬂdax<(] (/ |Vu|pdm+/m|u|de)
o T+ z[)r™" =70\ g e (1+ [a])P ’

for 1 < p < N and some Cy > 0 plays a fundamental role in their approaches.
In order to prove this inequality it was fundamental to assume that there exist
Co, C1 > 0 such that

Co Cl
- <} <
T et =M@ < Ty

Here, we present a new Hardy type inequality (see Lemma 2.4) which allows us to
consider h = 1.

In the aforementioned papers the authors deal only with the Sobolev case N > 3
(in the semilinear case i.e, p = 2). To the best of our knowledge, the borderline
case N = 2 has not been considered, except when f is a pure power. Here, our
main interest is to study problem (P) with the nonlinearity f having exponential
growth. One of the main difficult in our task relies on the fact that we can not use
Schwarz Symmetrization as in [4, 12, 1], since is not possible to perform a reflection
argument because the weight function a is not well defined in the whole space via
the usual reflection. In order to overcome these difficulties we combine ideas of
Kufner-Opic [13] with some arguments of Yang-Zhu [18] and the recent paper by
Do O-Sani-Zhang [9].

We finally mention that, as a byproduct of the abstract framework introduced
here, we are also able to deal with Neumann boundary conditions. More specifically,
if we assume (ag) — (a1) and that the nonlinearity f satisfy the assumptions in
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Theorems 1.1 and 1.3, with some minor modifications we can obtain the same kind
of results for the problem

1
—A P — in R2
u—|—(1+w2)2u a(z)f(u), inR%,
ou
5 = 07 on 8R2+

The paper is organized as follows: in the next section we prove a Hardy type
inequality, we introduce the variational setting to deal with (P) and also prove a
Trudinger-Moser type inequality. In Section 3, as an application of the previous
results, we obtain existence and multiplicity of solutions for problem (P).

2. VARIATIONAL FRAMEWORK

Throughout the paper we denote by C§°(R?) the set all functions with derivatives
of any order and with compact support. If (X, || - ||x) is any normed vector space,
R>0anda € X, then Br(a) :={y € X : [|[y—allx < R} and Bi(a) := X\ Br(a).
When a = 0, we write only Br and B%, respectively. The points x € R? will be
written as x = (21, 29), with 1, xo € R and B} := Bg(0) ﬂRi. Finally, we denote
by C, Ci, Cy, ..., positive constants (possibly different).

Let C§°(R%) be the space of C§°(R?)—functions restricted to R% and define the
weighted Sobolev space E as the completion of C(?C(Ri) with respect to the norm

lul| := VR <|Vu|2+(1f;)2dx>r/2.

+

Given a positive function w € L}OC(Ri) and p > 1, we denote by LP the weighted
Lebesgue space

1/p
LP =PRI, w)=Qu:RE =R : |julz = (/ |u|pw(x)dx> < 400
2

RY

In our first results we establish some embedding results from E into weighted
Lebesgue spaces. We start with following:

Proposition 2.1. The weighted Sobolev embedding E — L1()1+12)*2 18 continuous

forany 2 < p < co. The same holds for the Sobolev trace embedding E — L”(@Ri).

Proof. First notice that, for any 1 < m < N, we can apply the Gagliardo-Nirenberg-
Sobolev inequality and a suitable reflection argument to obtain a constant C =
C(m, N) > 0 such that

(/

where m* := Nm/(N —m). Picking m = 1 and N = 2, we obtain

1/2
(2.1) / |v|da < C/ |Voldz, Vv e C5°(R?).
R2 R2

m/m”*
vm*dx> <C |Vo|™dz, Yve CRY),
Y

N
+
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Given u € C§°(R?), we can use the above inequality with v = (1 + x3)~2u? to

get
1/2
u? u? |u| [ Vul
——dzx < 2C/ ——dx + 20/ ———dx,
</R (14 x2)? ) g2 (14 22)? g2 (1+x2)

2 2 2

+ + +
where we have used (1 + z2)~! < 1, for x5 > 0. Using Young’s inequality in the
last term above we obtain

U4 1/2 'LL2
—d <C Vul? + ——— | dz,
(/ T+ 22 3‘") : / (196t )

2

2
where C := 3C. Hence, we conclude that F — L?1+xz)*2' If 2 < pg < 4, we can
use interpolation to obtain 0 < 6 < 1 such that

U < |ul|? ut7? < Cslull.

o,y <l < Colul

3
(l+z2

v = (1 + z2) ?|ul® and repeating the argument, we get

1/2
6 3 2
/ g} s [ g se [ VL,
k2 (1+22) Rz (1+22) r2 (1+22)

In particular, since 2 < 3 < 4, one has E < L )-2- Thus, applying (2.1) with

< Callull _2+c4<||u||4L4 Ry |Vu|2dm>,
(A+wzg) (1+x3) R2

+

which implies that F <> L?l faa)—2 If 2 < py < 6, we can use interpolation again

to write
4 1-6

: Nl < Cs|ul.
(14ag)—2 (1+x9)—2

Iterating this process with k& = 4,5,..., one has E — L2F ». Hence, given

(14z2)~

p > 2, it is sufficient to choose k > 2 such that 2 < p < 2k and use interpolation as
above to conclude that the embedding F — L’(’1 )2 is continuous.

Now we will prove the trace embedding. In order to do that we compute, for

p > 2 fixed,

too g |ul?
P — _ vl 2R
|u(x1,0)] /0 o ((1 + 552)2) 2

0 ufp=1 |V oo Jypp
——dx +2/ ————dxs.
p/o (I ta)? 277 (4™

Integrating, using Holder’s inequality together and (1 + z2)~! < 1, if 25 > 0, we
obtain

1/2
[ tutwnoede < plalzz ([ vaPas) ez,
IR2. (14ap)—2 R2 (1+zg)—2

+

IN

Since 2(p — 1) > 2, we obtain from the first part of the proof that

[[ul ) < CollulP~Hlull + Crllull” < Cs|lul,

P 2
LP(8R2

which completes the proof of Proposition 2.1. [



6 D. D. FELIX, M. F. FURTADO, AND E. S. MEDEIROS

Remark 2.2. The above embeddings fail if p = oo. In fact, considering the

function u(xy,m3) = (1 + x2)? ln(lfln|:c|) if (x1,22) € B and zero other-

wise, where B = {x = (z1,22) € R2 : |z| < 1}, one can see that u € E but
x2)”

um( (1 +22)72).

In what follows we show that (1 + 22)~2 can de replaced by a large class of
weights. Essentially, it is important the decay rate of the weight at infinity. If it is
suitable, we are also able to obtain compactness properties. This will be useful for
our applications in the next section.

Lemma 2.3. Let w € C’(Rf_,R). Suppose there exists c1 > 0 and 5 > 2 such that
1
(1 +]z])f”

Then the Sobolev embedding E — LP is continuous for any 2 < p < co. Moreover,
the embedding is compact if 5 > 2.

0<w(z) < Vo e R?.

Proof. The first statement is a direct consequence of the inequality (1 + |z|)™# <
(1 + x5)~2 and the embedding E — L? So, we prove only the second
statement.

Suppose that 8 > 2, (ug) C E is such that ur — 0 weakly in E and consider
¢ > 0. From the Sobolev embedding we get ”uk”Lsz < (4. Since g > 2, we

2)72

can choose R > 0 such that (14 x9)?/(1+|z])? < &/(204) for any |z| > R. Hence,

(14x2)—2"

|ukl” uplP (1 +2)? €

©3] (2.2 / 7‘“:/ sy
(2.2) 2\ (1+][z])? w2\pp (1+22)% (14 |z[)” 2

for any £ € N. On the other hand, since the restriction operator u — u is

continuous from E into E(B}) := {U|B+ HEINS E} and the embedding E(B}) —
R
LP(B}, (1 + |z])~P) is compact, along a subsequence we have that

P
lim |uk|

A dr = 0.
koo s (14 |2])P v

Since € > 0 is arbitrary, the above expression and (2.2) imply that, along a subse-
quence, u; — 0 strongly in L(1+\ y-s- 1t follows from (a1) that ug, — 0 strongly in
L? and the lemma is proved. U

A fundamental result in the context of this paper regards on a weighted Hardy-
type inequality. This is the subject of next lemma (see [14] for a similar result in
dimension N > 3).

Lemma 2.4. The following inequality holds

2
/ %dm <4 / |Vu|2dx+/ wldry |, Yu € Cf°(R?).
Rz (1+22) R2 oR2

Proof. If u € C§°(R?) and t € R, we have

2

2
U u uy
bedding2| (2.3 —  ttu,, | dr= 22+ 2t—"2 | da.
embedding (2.3) /]R2+ ((1+x2)+u2> T /]R2+ {(14_332)2—%- Uy, + L+ 22) x
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Since the normal unit vector pointing out of R is (0, —1), we can use the Diver-
gence Theorem to get

2
Uy, 9 Ul u
7dx:—/ udml—/ 7dx+/ ——dx,
/Ri (1+22) oR2. r2 (1+22) 2 (1+22)?
which implies that
2
2/ &dx:/ u72dx—/ u2dx.
r2 (14 22) k2 (L+22) oR2.

Combining the above expression and (2.3), we obtain

2
(2.4) / <u+tux2> dr— A+ Bt+C >0, ViER,
Rz \(1+72)
where
A'—/ ul_dx B '—/ U2dx—/ u? dx C .= de
: ]Ri T2 ’ . ]R2+ (1+z2)2 (’)]Ri 1, . R’ﬁr (1+I2)2 .

It follows from (2.4) that B? — 4AC < 0, and therefore
w2
B?Z<4 / |Vul|?dz / ——dr | .
R2 2 (1+22)

The above inequality and

2 2 u2
B? > (/R ui‘wdx> —2(/{{{1“302)2@) </8R2+u2dx1>

2
imply that
2
/ %dm < 4/ |Vu|*dx + 2/ u? day
2 (1+2) R oRr2
and the result follows. [l

As a consequence of Lemma 2.1 and Lemma 2.4 we have the following result.

Lemma 2.5. The quantity

1/2
lu|lg = / |Vu|2dx+/ u?dxy
R2 OR%

2
defines on E a norm which is equivalent to || - ||.

Proof. 1f u € C§°(R?), it follows from Lemma 2.4 that |ju[|? < 5||ul|%. On the other
hand, since (14 x3)~1 < 1, if 25 > 0, we have that

+o0 o u2
2 _ —_
\u(x170)| - /0 8,172 ((1+$2)2) de

+oo 9 +oo 2
§/ Mdm2+2/ uidx2
o (1+m) o (T+m:)3

+oo ) +oo u2
< Vul* dx +3/ —— dxs.
<[ s [ g
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Integrating this inequality we obtain
2

u(x1,0 2dx S/ Vqum—&—?)/ uidx.
/auai (o, O) de ]Rﬁrl | Rz (1+2)°

Therefore,
2

2 2 u 2
U §2/ Vu dx—|—3/ ———dx < 3||ul|%,
Iy <2 [, 194 o T oo <3l

and the proof is complete. O

Since E is embedded into Lebesgue spaces of arbitrary order, it is natural to ask
if we can obtain embeddings from FE into Orlicz space. In order to give a positive
answer to this question we consider, from now on, the following weight

1

b(z) = (ENEIE

According to Lemma 2.3, the embedding E < L¥ is continuous for any 2 < p < co.
Moreover, we have the following Trudinger-Moser type result:

Proposition 2.6. For any a > 0 we have that (e"‘“2 —-1) e Ll%. Moreover, there
exists ag > 0 such that

L(a,b) := sup /]1{2 b(ac)(e‘““2 — 1)dz < 400,

{ueE: |lullp<1}
for any 0 < a < «q.

To prove our main proposition we will combine the ideas of Kufner-Opic [13]
and Yang-Zhu [18]. First we recall a local estimate concerning the Trudinger-Moser
inequality.

Lemma 2.7. For any R > 0, there exists a constant Ag > 0 such that for any
y € R? and v € Wy*(Br(y)) with IVUllL2(Bry)) <1 we have

/ ((347”’2 —1)dx < A0R2/ |Vo|? d.
Br(y)

Br(y)

Proof. For the proof, we refer the reader to [17, Lemma 4.1] or [18, Lemma 1]. O

Our strategy for proving Proposition 2.6 consists in consider, for any u € F, its
extension to the whole R? defined by

~ u(xy, xa), z9 >0
U(l'l, fEQ) T U(.’El, 7‘%2), xo < 0.

The following holds:

Lemma 2.8. Given R > 1, there exists oy > 0 and A; = A1(R) > 0 such that

sup / b(:zc)(eo‘ﬂ2 —1)dx < Ay,
(ueE: Julls<1} JBg

for any 0 < a < a;.
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Proof. Consider a cut-off function ¢ € C§°(Bzg) such that 0 < ¢ <1, 9o =11in Bp
and ||Vl 1o (B,r) < C1/R for some C; > 0. Note that ¢u € H}(Bsyg) and

/ |V (p)|?dr < 2 </ ©?|Va|*dax +/ |Vg0|262dx)
BZR B2R BZR
12 % 2
<2 |Va|“dr + —5 u’dx
Bar R Bar

2
2 / \Vﬂ|2dx+0fw/ b(z)utdz ),
Bar R? Bar

/ |V(<pu)|2dx§02/ (1Val? + b(e)a?) da,
Bar

Bar

IN

and therefore

with Cy := 2max{1, (3C1)?} > 0. Hence, v := ¢u/\/10Cy € H}(Bag) verifies

1 — —
Hv”HzL?(BzR) < 10 Joe (IVal* + b(z)u?) dx

1/ Va4 Ve < Jul < 1

= u D E— X u

5 Je2 (14 )2 = e ="
<

(1+22)72, if 2.9 > 0. Since b < 1

IN

where we have used ||ul|? < 5||ul|% and b(z)
and ¢ =1 in Bg, we obtain

/ b(z)(e*® —1)dz < / (e®” _ 1) dy < / (e20C22" _ 1) gy
BR BR

Bagr

and we can use Lemma 2.7 to conclude that

b(x)(e*™ —1)dz < Ag(2R)?,
Br

if 0 < & < g :=4w/(10C2). The lemma is proved. O
We now take the control of the integral outside a ball.

Lemma 2.9. There exist ap > 0 and Ay > 0 such that

sup / b(ac)(e"“12 —1)dz < As,
{u€E: ||lullp<1} JBg
foranyr>1and 0 < a < as.
Proof. Given r > 1 and o > r we define the annuli
A ={reBt:|z|<o}={reR?:r<|z| <0}

A trick adaption of Besicovitch covering lemma [11] (see [9, estimate (4.8)])
shows that there exist a sequence of points {zx}r € AJ and a universal constant
6 > 0 such that

(2.5) A cJu? Yo xu @) <0, YreR?
k k

where Ué/z = Biy,|/6(xr) and xy, denotes the function characteristic of Uy :=
By /3(wk).
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In order to estimate the integral of @ in Ag,., we fix 1 < r < ¢ and follows as in
[13] we introduce the set of indices

Kpyi= {keN: U;/ZmBgr;é@}.

It is easy to see that, if U, N BY, # @, then Uy C BE. Moreover, since 1 < r < 3r,
we have that A§,. C A{. Thus
(2.6) A< |J u?c | v BiC B
k€K, o k€K, o
and we obtain
(2.7) b(x)(e®™ —1)dz < Y / b(x) (™™ — 1) da.
A U1/2
37 kEK, & k
Now notice that ) 4
g\xk| <zl < §|x;€\, V& e Uy,

and therefore

(2.8) ! !

— <) ———————,
T+ @3l = "= Tx @/l
For any k € K, , fixed, in view of (2.8) we get

aﬂ2 _ T 1 eaﬂ2 _ T
(2.9) /U;/z )™ = i < /U;/Z( 1)da.

Now, consider a cut-off function ¢ € C§°(Ug) such that 0 < ¢ < 1 in Uy,

o =1in U,i/z and ||[Vog| re@,) < C/|zg| for some constant C' > 0. Note that
ort € HE(Uy) and, by (2.8),

/ IV (rtt)|*da < 2 (/ |90k|2|Vﬂ|2dx+/ |Vg0k|2172da;>
Uk Uk Uy

02
2(/ |Va|?dz + 2/ u2dx)
Uy lzkl? Ju,

2
<2 (/ Val2de + 21T /3] b(m)qux> .
Uy |fEk| Uy

Ve Ug.

IN

Since zj, € AZ, we have that |z| > r > 1. This and the above estimate imply that
/ V(ppa)2dx < Cg/ (IVal* + b(z)a?) dz,
Uk Uk

where C3 := 2max{1,(7C/3)?}. Therefore, the function vy := @i/(v/10C3) €
H}(Uy) and

i

10 Jy,

< 3 (vers s s i <
= u ——— | dr < |ju .

= 5 (14 22)2 - e =

Thus, applying Lemma 2.7 with Br(y) = Uy, and v = v, we get

/ (e“(“”“ﬁ)Q —1)dz < / (61003(‘“}% — 1)dz < 003_2|xk|2/ |V |*da,
UL Uy Uk

k

AN

_ _ 1 _ _
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for any 0 < o < g := 47 /(10C3) and hence

/ (% _ 1) < CO'””””/ (IVal + b(2)a?) de.
[]}i/2 - 10 * 32 U,

k

This, together with (2.7), (2.9) and the fact that s?/(1+4cs)? < 1/c? for any ¢, s > 0
imply that

b(z)(e*™ —1)dx < % > (H(””“'/U (IVal* + b(z)u?) dx

AZ. — 90 N 2/3)|zk|)?
< G Z / (IVal* + b(z)u?) xv, dx
-~ 40 keK, , ' Br o

where we have used (2.6) in the last inequality. It follows from (2.5) that

/ b(z)(e*™ —1)dx < 8% (IVal? + b(z)a?) d.
A3, 40 e

Taking the limit as 0 — +00 and arguing as before we get

/ b(x)(e(“i? —1)dz < 2@ (IVal* + b(z)u*) da < @,
BS,. 40 BenR3 4
for any 0 < o < ag := 47/(10C3). The lemma is proved. O

We are now ready to prove the main result of this subsection.

Proof of Proposition 2.6. For any u € E, we have that

1
/ b(z)(e™ —1)de = - / b(z)(e*® — 1) dz.
R?F 2 R2
Picking r > 1 and setting R := 3r, after splitting the last integral above into Bpr
and B, we can use Lemmas 2.8 and 2.9 to get

A+ A
/ b(x) (e —1)dw < 2122
- 2
2

whenever |lul|g <1 and 0 < o < ap := min{ay, ag}. O

We finish this section by proving, in the trace sense, a Trudinger-Moser type
inequality. It has interest in itself since it can be used ia large class of semilinear
elliptic problems with nonlinear boundary conditions.

Proposition 2.10. Let ag > 0 be given by Proposition 2.6. Then, for any o > 0
and u € E we have that (¢®*" (-0 — 1) € LY(0R%,b(-,0)). Moreover,

L'(a,b) = sup / {b(xl,O)(eauz(ml’O) - 1)} dzry < 400,
{u€eE: ||u||g<1} BRi

for any 0 < a < ag/2.

Proof. Let u € C§°(R?) and notice that

b(acl,O)(ea“Z(“’O) —au?(z1,0) — 1) = — /000 (b(m)(e““2 —au® — 1)) dxs.

Z2
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A straightforward computation shows that
2:52

(b(alc)(eo‘“2 —au? — 1))962 = —W(eo‘“ —au? —1)

+2b(x)au (e‘w2 — 1) Ugy-

Since (e — as? — 1) < (e*” — 1), for any s € R, we obtain

2 2
(e —as® — l)‘ < 2b(x)(e* —1).
‘(1+Wx)ﬂ$|
Let p, m > 2 be such that (1/p) + (1/m) + (1/2) = 1. Using Young’s inequality,
b(xz) <1 and the elementary inequality (e® —1)™ < (e™® —1), for any s > 0, we get

‘b(:c)u(ea“2 — Dug,

< 1 [p(o)lup + bz} — 1)+ b TP

for a.e. z € R? and some constant C; = C1(m,p) > 0. From the estimates above
we conclude that

/ b(ml,O)(ewz(”l’o) —au?(x1,0) — )do; < Cg/ (b(2)[ul? + |Vul?) dx
oR2. R

+Cy [ b(x)(e*™ —1)dz,
]R2
2
with Cy := 2aCy + 2. This and b(x) < 1 imply that

/ b, 0)(e™* @10 _1)day < Cylull%+Cs / (b + () (e — 1)) dir,
ORZ

2
R+

with C3 := max{«, Ca}. Recalling that o < ag/2, we can pick m > 2 such that
am < . If follows from the above expression, the embedding E — L} and
Proposition 2.6 that

/ b1, 0)(e™ 0 — 1) day < CylJul% + Callulll, + L(am,b),
oR2.

whenever u € C§°(R?) is such that |lul|g < 1. A density argument shows that
LY (a,b) < C3 + Cy + L(am,b). O

3. APPLICATIONS

In this section we apply our embedding theorems. We consider the problem
(P) and notice that, since h does not belong to any Lebesgue space, we need to
introduce a suitable subspace of E in order to use variational methods. So, we

consider
FE1:=ueck: /
R

equipped with the norm

2/q
e = ||u||2E+</ h<x>|u|de>
R

h(z)|ulldz < oo} ,

2
+

1/2
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Since one of the terms of the energy functional associated to (P) has the form
J a(z)F(u) and the nonlinearity f can behave like e® at infinity, we need the fol-
lowing Trudinger-Moser type inequality:

Lemma 3.1. Suppose (a1). Then, for any u € E and o > 0, we have that (eo‘“2 —
1) € LL. Moreover, there exists ag > 0 such that

L(a,a) = sup / a(;zc)(eo‘“2 — 1)dz < +o0,
{u€E: |lullp<1} JR3
for any 0 < a < «q.

Proof. The result is a direct consequence of Proposition 2.6 and the inequality
a(z) < c1(1+ |z|)2, where ¢; > 0 comes from (ay). O

Using the above lemma, (fo) — (f1) and Proposition 2.1, we can prove that the
functional I : E9 — R defined by

I(u) := %HuHQE + %/}R? h(z)|u|?dx — /R? a(x)F(u)dx,

+

is well defined, I € C1(EY,R) and
T'w.p) = [ (Vuvedos |
R

oR%
for any ¢ € E?. Thus, weak solutions of (P) are exactly the critical points of I.
We shall prove our existence result as an application of the Mountain Pass The-
orem. So, the first step is to prove the following:

Proposition 3.2. Suppose (f1), (f2), (a1), (h1) and ¢ > 2. Then

(i) there exist p, C > 0 such that Lyp ) 2 C5
(i) there exists e € E with |le| g« > p such that I(e) < 0.

u<pdx1+/ h(m)\u|q_2u<pdx—/ a(x) f(u)pde,
R R?

2
T+

Proof. If ag > 0 is given by Lemma 3.1, we can use (fy) to get

ORI

sl oo [s] (%05 — 1)
Given € > 0, the above expression and (f1) provide C; > 0 such that
3.1 F(s §§82—C’13q+1e’1052—1, Vs eR.

2

It follows from Holder’s inequality that

(3.2) /]R

Since (e —1)2 < (220" — 1) and ||ul|p < ||u]| g, we obtain from Lemma 3.1 a
constant C5 > 0 such that

/}R2 a(glc)(eaou2 —1)%dx < /R

if |ul|%, < (1/2). This, (3.1), (3.2) and Lemma 2.3 imply that

1/2
2 2
a(a:)|u\‘1+l(eaou _ l)daj < Hu”itl_*_lm </2 a(x)(eaou _ 1)2dx> .
a R

2
+ T

a(z) (620‘0'“@(%) — 1> dz < Cy,

2
+

[, a@)F)ds < Caclulfy + Culul
R

+
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for some constants Cs, Cy > 0. Picking e = 1/(4C3), we obtain
Lowa 1 +1
I(w) 2 Zllulls + S llullzy = Callullia,

if |Jul|%, < (1/2). For such u we have that |ul|% < |lul|%. Moreover, since ¢ > 2,
we also have |lul|%, < Cs (HquE + Hu||%q>, for some C5 > 0. Thus, we conclude
h

that
I(u) > Collull%, — Callull%it, Vue EIN B /75(0);

with Cg := Cglmin {4_1,q_1}. The first statement of the lemma is an easy
consequence of the above inequality.
In order to prove (ii) we notice that, by (f2), there exists C7, Cg > 0 such that

F(s) > Cr|s|* —Cs, VseR.

So, given a nonzero function ¢ € E7 with support in the compact set {2, we obtain

2 e
I(te) < Gl + / h(x)\pl*dx — Crt / ali|“dz + Cs[2 al| 1 -

Hence I(ty) — —oo, as t — 400, and it is sufficient to set e := tgp, with tg > 0
large enough. This finishes the proof of the lemma. (I

In the next steps we shall prove a compactness property for the functional I.
First, a compact embedding result for the space E?:

Lemma 3.3. Suppose (a1) and (h1). Then the weighted Sobolev embedding E9 —
L2 is compact.

Proof. Let (ur) C EY be such that ux, — 0 weakly in F4. The Sobolev embedding
provides C' > 0 be such that [lug||3, < C. Hence, using Hélder’s inequality with
h

exponents ¢/2 and ¢/(q — 2) we obtain, for any R > 0,

(a—2)/q
fprmmtinse ([ i)
RZ\B}, - (2D

Given € > 0, we can use the above expression together with the integrability con-
dition of (h1) to choose R > 0 large in such way that

[, a@hufde<,
RI\BE

for any £ € N. On the other hand, as in the proof of Lemma 2.3,

lim a(x)|ug|* dz = 0.

Since € > 0 is arbitrary, the result is proved. ([l

Lemma 3.4. If (uy) C E? is such that u, — u weakly in E1 and I'(uy) — 0, then
I'(u) =0.

Proof. Let ¢ € C5°(R%) and Q C @ its compact support. Since ||ug|lw1.2(q) <
lug]] < C, we may assume that, for any p > 1, u, — u strongly in LP(Q2) and
un(z) — u(z) for a.e. x € Q. Using (fo) and (f1) we can check that f(uy) € L1(Q)
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for any k € N. Moreover, since (I'(ug),ur — 0, as k — 400, we obtain C; > 0
such that

[, funds = ou(1)+ el + el < C.
:

where 0k (1) stands for a quantity approaching zero as k — +oo. It follows from [7,
Lemma 2.1] that f(uz) — f(u), as k — 400, strongly in L'(Q2), and therefore

(3.3) lim f(uk)godx:/ fw)pde.
R R

k— 400

The strong convergence in LI~1(2) provides ¢ € L971(Q) such that |ug(z)| < ¥ (z)
for a.e. x € Q. Thus,

(@) k()] ()] < | (@) ol oo @) 17
The right-hand side above belongs to L!(€) and therefore we infer from the Lebesgue
Theorem that

lim h(x)\uk|q*2uk<pdx:/ h(z)|u|?*up d.
R2

k—+oo R?I— 1
This, (3.3) and the weak convergence of (uy) imply that

0= Jim (I'(w),0) = (I'(w), ), Vio € CF(R2).

By density we conclude that I'(u) = 0. O

We recall that I satisfies the Palais-Smale condition at level ¢ € R if any sequence
(ux) € E? such that I(up) — ¢ and I'(ur) — 0 has a convergent subsequence. In
the next result we show that this is true in our setting.

Proposition 3.5. Suppose (a1) and q > 2. Then I satisfies the Palais-Smale
condition at any level c € R. The same holds if we drop (a1) by both the conditions
(a1) and (hy).

Proof. Let (ug) C E? be such that I(ux) — ¢ and I'(ug) — 0. We claim that (uy)
has a bounded subsequence. Indeed, computing I (uy)— (1/p) (I’ (uk), ug) and using

(f2), we get
11 s (1 1 .
e e < 1 1 ..
(2 u) llur e + <q u) lukllzs < ¢+ o (1) + ok (1)l|ulle

Suppose, by contradiction, that ||ug||g« — 0o as k — oco. Since 2 < g < p, the
above expression implies that

2 llurll7o
(34) lim ||uk?||E' =0, : Ly
krtoo [[ug| pa k—too [[ug| pa

The first equality above combined with the fact that

w3 lesllzy

= ||ukl|ge — o0, as k — oo,
lukllga — |lukllpa

shows that
lulZ

m =
k—+oo ||ugl| g
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Consequently, [|ug|7. — 400 and we can use ¢ > 2 and (3.4) to conclude that
h

2 q
[kl Za lukllZe

lim [jugl|?79—2 =0,
oo || k:“L;?1 HukHEq
which does not make sense. Hence, (uy) has a bounded subsequence. For simplicity,
we write only (ux) to denote this subsequence.

Suppose first that (a;) holds. Then, in view of Lemma 2.3, we may assume that,
for some u € E?,

im ———= =
k=too [|uglpe K

Up — U weakly in F9,
up(z) = u(z) for ae. z € RE,
Up — U strongly in L2.
By the last lemma we have that I'(u) = 0, and therefore
(3.5) ok(1) = (I'(ur) — I'(w), u, — w) = |Jug — ul|f + A(k) — B(k),
where
A(k) = /]Rz h(z) (Jur]?*up — [u|?u) (uy, — u) dz

2
and

B(k) = /R a(@) (F(@,up) — F(,u)) (ux — u) do.
+
We claim that B(k) = ox(1). In fact, we have
[B(k)| < Bi(k) + Ba(k),
with
Bu(k) = / a(2)|f (2, wn) e — uldz,  Ba(k) = / a(2)| (2, w) || — uldz.
R? R?

Let Cy > 0 be such that ||ux||g < C1, for all k£ € N and choose 0 < a < ag/(2C),
where g comes from Lemma 3.1. Using (fo) — (f1) we obtain Cy, C3 > 0 such that
f(z,5)] < Cals| + Ca(e®” —1), VzeR2, seR.

Holder’s inequality and the same argument used in the proof of Lemma 3.2 imply

that
Bi(k) < Collugllrz flur — ull

20| ||2 <u7k)2 1/2
+ Csllur — ul L2 / a(x) (e e\ Tz ) — 1) dx .
R2

+
Since 2allug||% < ap and ur — u strongly in L2 (see Lemma 2.3 ), the above
expression implies that Bi (k) — 0. The same arguments shows that Ba (k) = 0(1).
From the above remarks and (3.5) we infer that

or(1) = lur — ullf + A(k).

We now recall that (|s1]972s1 —|s2|97252) (51 — 82) > Cy|s1 — 82|, for all 51, s5 € R
and some Cy = Cy(q) (see [16, inequality (2.2)]). This and the above equality imply
that

lur = ull + Callur — ul| s < 0k(1)



sym

Adi

’ Alama-Tarantello

Dolcettal

CAO

Cirstea-Radulescu3

Chabrowski
Djairo

Dilon1994

ELLIPTIC PROBLEMS WITH EXPONENTIAL GROWTH ON THE HALF-SPACE 17

and therefore u; — w strongly in E9.
For the case that (a7) and (k1) hold we can argue along the same lines but using
Lemma 3.3 instead of Lemma 2.3. ]

We are ready to prove our existence results.

Proof of Theorems 1.1 and 1.2. By the last proposition the functional I satisfies
the Palais-Smale condition. Hence, it follows from Proposition 3.2 and the classical
Mountain Pass Theorem that there exists ug € E9\ {0} such that I’(ug) = 0. This
function is a nonzero weak solution of (P). O

In order to prove our multiplicity result we shall use the following version of the
symmetric Mountain Pass Theorem.

Theorem 3.6. Let & be a real infinite-dimensional Banach space and T € C1(&, R)
an even functional satisfying the Palais-Smale condition at any level and the fol-
lowing hypotheses:

(Z1) Z(0) = 0 and there are constants p, C > 0 such that Lios,0 2 C;
(L) for any finite dimensional X C X, X N{u € X : Z(u) > 0} is bounded.
Then T has an unbounded sequence of critical values.

We finish the paper proving Theorem 1.3.

Proof of Theorem 1.3. Since f is odd we have that I is even and I(0) = 0. By
Proposition 3.2(i) the functional verifies (Z;). Moreover, by Proposition 3.5, it also
satisfies Palais-Smale.

Let £ C E9 be a finite dimensional subspace and (uy) C E be such that I(u) >
0. Using (f3) and the equivalence of norms in E, we obtain

1 1
0 < I(ux) < S fluxllz + eIz = cuollunlliio

< Cillurl| B + Collurll e — Csllurlz,

for some constants Cy, Co, C3 > 0. Since pg > q > 2, the above expression implies
that (ux) is bounded. Hence, (Z3) holds and Theorem 3.6 provides infinitely many
critical points for I. O
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