SOLITON SOLUTIONS FOR A GENERALIZED QUASILINEAR
ELLIPTIC PROBLEM
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ABSTRACT. We establish existence and multiplicity of solutions for the elliptic
quasilinear Schrédinger equation

—div(g® () Vu) + g(w)g' (u)|Vul* + V(z)u = h(z,u), = € RY,
where g is a suitable function, V' is a coercive like potential and the nonlin-

earity h is superlinear at infinity and at the origin. In the proofs, we apply
minimization on the Nehari manifold and Ljusternick-Schnirelman theory.

1. INTRODUCTION

Let us consider the nonlinear Schrodinger equation
10z = —Az + Wi(x)z — Al(|2|)'(|2]*)z — h(x, 2), xRN t>0,

where W € C(RN,R) is a potential, [ € C(RT,R), h € C(RY x R,R) is a given
nonlinearity and we look for solutions z € C(R x R™,C) with finite energy. This
equation has been accepted as a model in physical phenomena depending on the
function [. For instance, if [(t) = 1 we have the classical semilinear Schrédinger
equation [16]. When [(t) = t, the equation arises from fluid mechanics, plasma
physics and dissipative quantum mechanics, see [26, 19, 11, 14]. We also refer to
[15, 4, 13] for further physical applications.

If we are interested in solitary wave solutions, namely solutions with the special
form z(t,x) = exp(—ift)u(zx), with £ € R and u being a real valued function, we
are lead to consider the equation

(1.1) —Au+V(z)u — All(u)]l'(w?)u = h(z,u), xcRY,

with V(z) = W(x)+£. In the simplest case I(t) = 1, we have a semilinear equation
and there exist a lot of papers concerning existence, non-existence, multiplicity and
concentration behavior of solutions (see [28, 7, 5, 17] and its references). In the
superfluid film case, namely [(t) = t*/2 for o > 0, the problem also has been
extensively studied during the last years, see [24, 25, 27, 31, 21, 33].

In order to present the object of study of this paper we notice that, if we set

g(t) = V1 +2(t(82))?,
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then the problem (1.1) can be written as
—div(g*(u)Vu) + g(u)g'(u)|Vul* + V(z)u = h(z,u), xRN,
P { u € HYRY).
It will be considered in a general framework, by assuming that the function g verifies
(g0) g € CY(R,R) is positive, even, non-decreasing in (0, +00) and satisfies

g(t) tg'(t)
0 = lim == € (0, +0), = su <1.
g t—oo ¢ ( ) P te]g g(t)

Notice that this includes the fluid mechanics, plasma physics and dissipative quan-
tum mechanics case g(t) = V1 + 2t2.

In the aforementioned works, different conditions are assumed on the potential
V. We consider here a class which includes the coercive ones. More specifically, we
suppose the following:

(Vo) V € C(RY,R);

(V1) infyepn V(z) = Vo > 0;

(Vz) for all M > 0, there holds

measure ({z € RY : V(z) < M}) < +oo0.

The condition (V2) is satisfied, for example, if lim|;| o V(2) = +00. Actually,

(Va) could be replaced by any other hypotheses Which provides compactness of the

embedding for the set {u € H'(RY) f]RN Ju?dz < +oo} into the Lebesgue

spaces LI(RN), for 2 < ¢ < 2* := 2N/( (see [2] for some weaker conditions).
Formally, the Euler-Lagrange functional associated to (P) is

1 1
I(u) = 5 /]RN g(u)?|Vul>dz + 5 /]RN V(z)u?de — - H(z,u)dz,

with H(z,7) := fo x,t)dt. Tt is well known that I is not well defined in the whole

space Hl(RN) since there exist functions u € H'(R™) such that [y g(u)?|Vu|?dz

is not finite. In the case g(t) = V1 + 2¢2, this difficult was avoided in [6, 20] by
considering a change of variable related with the solutions of the ODE
1
") = ——— in (0, +00), 0) =0,
F) = S, i O04%), S0)
and working in an Orlicz-Sobolev framework. Since our function ¢ is more general
than those of [6, 20], we borrow an idea from [32], which consists in defining G(t) :=

fo 7)dr, notice that G € C*(R,R) is invertible and consider the functional

J(v) := 1/(|Vv|2+V( )G /H z,G!

defined on the Orlicz space

o {v c H'(RY) : /V(:U)[G_l(v)]Q < oo} .

As we shall see in the next section this space has good properties. Moreover, if we
assume the natural conditions

(ho) h € CY(RN x R, R);
(h1) there exists C' > 0 and p € (2,2*) such that

[h(z,6)] < C(t+ 9GP, for all (a,t) € RY xR,
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it can be proved that J € C'(E,R) and that, if v is a sufficiently smooth critical
point of J, then u = G~!(v) is a classical solution of the problem (P). We refer
the reader to [9, 21] for more details concerning the change of variable used here.

We are interested in the case that the function h is superlinear at the origin and
at the infinity. Hence, we define

Hy(z,t) = ——F~ reRY, teR,

and suppose the following:

(h2) limy_o Hg(z,t) = 0, uniformly in = € RY;

(hg) limpy 400 Hg(x,t) = +00, uniformly in z € RV,
Under the monotonicity condition

(hg) for any z € RV, the function H,4(z,-) is decreasing in (—oo,0) and increas-
ing in (0, +00),

we prove the following existence result:

Theorem 1.1. Suppose that g and V' satisfy (go) and (Vo) — (Va), respectively. If
h satisfies (ho) — (ha), then the problem (P) has a ground state solution.

For the classical semilinear case g(t) = 1, the function H,(z,t) turns to be
h(z,t)/t, and therefore the conditions (ha) — (hs) are the usual one for superlinear
problems, see [34]. Concerning (h4), it is a version of the classical monotonicity
condition on the ration h(z,t)/t and is extensively used (in the semilinear case) to
ensure unique projection properties on the Nehari manifold (see [29, 30] for related
results). For quasilinear elliptic problems there exist some related results concerning
on the existence of ground state solutions via the Nehari method. For example,
assuming that g(t) = v/1 + t2, the monotonicity condition given in hypothesis (h4)
is equivalent to assume that h(x,t)/t3 is strictly increasing for ¢t > 0 and strictly
decreasing for ¢ < 0. We refer the reader to the important works [9, 25] where the
authors have used a minimization argument in the Nehari manifold to guarantee
that the problem

—Au— A(u)*u + V(z)u = h(z,u), xcRY,

admits one ground state solution in H'(RY™). In the present work, taking into
account that ¢ is a general function satisfying (go), we employ the Nehari method
to obtain existence of ground states solutions for (P) when the nonlinear term h
interacts with g. Hence, Theorem 1.1 complement and/or extends the aforemen-
tioned works. We emphasize that h is not a powerlike function and g behaves like
t at infinity.

Under our assumptions, we prove that the Nehari manifold

N ={veE\{0}:J(v)v=0}

is a C''-manifold (see Proposition 3.2). In [9], the authors pointed out that it was not
known if AV is regular when the involved functions are only continuous. Although
this result is expected in our differentiable set, it is worthing to notice that we need
to perform hard calculations due to the generality of the function g. Differently from
[25], we deal here with an unbounded potential V', more general functions g and
nonlinearities h which can be non-autonomous and non-homogeneous. Although
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in [8] they also considered nonlinearities without homogeneity, they assumed a
condition which implies

(24+0)H(t) < —=h(t), t>0,

for some 0 > 0, which is an Ambrosetti-Rabinowitz type condition. We prove here
that the natural conditions (hg) — (hy) are sufficient to get the expected existence
result for the superlinear case.

Since we prove regularity for the Nehari manifold, we are able to set our problem
in a Ljusternik-Schnirelmann framework, see [5, 34]. This is a useful tool in order
to find multiplicity of solutions for quasilinear elliptic problems. If Y is a closed
subset of a topological space X, we denote by catx (Y) the Ljusternik-Schnirelmann
category of Y in X, namely the least number of closed and contractible sets in X
which cover Y.

In our second result we consider a singularly perturbed version of the problem
(P), namely

. —e2div(g?(u) V) + 2g(u)g'(u)|Vul2 + V(w)u = h(u), =€ RY,

: ue HY(RN),
with ¢ > 0. As in the first result, we assume that the function h verifies the
autonomous version of the conditions (hg) — (h4). Our aim is to establish, for small
values of € > 0, a relation between the number of solutions of the problem and the
topology of the set

M :={z c RN : V(z) = Vo }.
For our multiplicity result we add two technical conditions:
(V3) there holds
Vo < Voo :=liminf V(z);

|z| =00
(hs) there exist 2 < p; < pa < 2* such that
h'(t) h'(t)
lim ———>—— =0, lim ——————— < +00.
=0 g(t)|G(t)[Pr—2 lt—>+o00 g(t)|G(t)[P2~2

It is important to emphasize that the coercive case Vo, = +00 is allowed. Moreover,
under (V3), the set M is compact. The growth condition (hs) has already appeared
in the semilinear case ¢g(t) = 1 and it provides some kind of splitting result for
Palais-Smale sequences (see Lemma 4.5).

For § > 0, we define the set

M;s = {x ¢ RN : dist(x, M) < 6}
and prove the following multiplicity result:

Theorem 1.2. Suppose that g and V satisfy (go) and (Vo) — (V3), respectively. If
h satisfies (ho) — (hs) then, for any § > 0, there exists €5 > 0 such that, for any
e € (0,e5), the problem (P:) has at least catpr, (M) solutions.

The key ingredient in the proof is obtaining a relationship between the topology
of the set M and that of subsets level of the energy functional. In order to do this,
we need to consider an autonomous version of the problem, namely

—div(g®(v)Vu) + g(v)g'(v)|Vul® + pu = h(v), z €RY,
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for > 0 fixed. We prove (see Theorem 4.2) that, under (ho) — (hs), this problem
has a ground stated solution. Although this is an auxiliary step for the proof
of Theorem 1.2, this result has interest in yourself and complement some of the
aforementioned works.

It is worthwhile to mention the paper [22], where the authors considered a very
general equation which does not permit a change of variables approach. They
used a ¢-Laplacian regularization method to obtain infinitely many solutions by
assuming technical conditions on the gradient of the C!-potential V, that h is odd
and verifies an Ambrosetti-Rabinowitz type condition (see also [23] for a bounded
domain case). Despite the generality of the equation in their paper, we have no
hypotheses on the gradient of V, the function h here is not necessarily odd and we
consider just the natural superlinear condition (hs).

As far we know, there are no multiplicity results for general quasilinear equations
via Ljusternik-Schnirelmann theory. Actually, since we have proved that (ho)— (hy)
are the correct assumptions to guarantee regularity for N, we believe that some
calculations performed here can be useful to extend many results of the semilinear
case for this general setting. The main contribution of the second part of the paper
is providing multiplicity of solutions for a huge class of quasilinear Schrédinger
equations taking into account the fact that g can be general.

We finish this introduction by presenting some examples of functions which sat-
isfy our hypotheses. First we notice that, in some settings, Theorem 1.2 provides
an arbitrarily large number of solutions. Actually, suppose M = {z,, : n > 1}U{x},
where x, — = and x,, # z for infinitely many indices. Then, for any fixed k € N,
it can be proved that catpr, (M) > k, if § > 0 is small. Hence, for £ > 0 small,
we can find at least k solutions for the problem (P:) (see [5] for more details).
Concerning examples for the function h, we first quote h(t) = g(t)|G(t)[P2G(t).
A simples computation shows that it satisfies (hg) — (hy4) for any p € (2,2*). Fur-
thermore, it also verifies (hs) for each 2 < p; < pa < 2* such that p; < p—1 and
p2 > p—1/2. Actually, this can be infered from the limits limy_ G(t)/t* < +00
and lim;—,0 G(t)/t = g(0) > 0 which are consequence of L’Hospital’s rule. Another
example is h(t) = g(t)G(t)In(1 + |¢|), with the extra restriction 2 < p; < 5/2 <
p2 < 2* in (hs). This last assumption makes sense only for N < 10. More generally,
we can consider h(t) = g(t)|G(#)[P2G(t) In(1 + [t|) with p € (2,2%), p1 < p and
p2 >p+1/2.

The paper is organized as follows: in the next section, we present the variational
framework to deal with the problem as well as the main properties of the function
g. In Section 3, we consider the Nehari approach in order to get our main results.
Section 4 is devoted to the autonomous version of (P). In the final section, we
prove our multiplicity result.

2. THE VARIATIONAL FRAMEWORK

Hereafter we write [ w instead of [y u(z)dz and denote by |- ||z» the LP(RY)-
norm, for p > 1.

As quoted in the introduction, the problem (P) is formally the Euler-Lagrange
equation associated with the functional

(2.1) I(u) = %/g(u)Q |Vu|2+%/V(x)u2 f/H(z,u).
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Since it is not well defined in H'(RY), we shall follow [32] and use the change of
variables v := G(u), where the function G is defined as G fo T)dr. We list
in the sequel the main properties of the function G~! whose proof can be found in
[10].

Lemma 2.1. Suppose that g satisfies (go). Then, the function G~1 € C*(R,R)
satisfies the following properties:

(gl) G~ is increasing;
|G | ML for all t € R;

9(0)”
) 1

(93 A g(G TE) T T ge

G ') g(a7l®) .
n <2, for all t #0;

G
G |t|, forall |t] <1,
>
(95) |G~ (>! —{ G=Y )\ /It], for all |t] >1;
~' is concave and, for all s > 1,t € R, there holds

s[GTH)? < [GTH(st)]? < $2[G7H )%
(g97) [G7Y? is convex and, for all s € [0,1], t € R, there holds
SGTHP < [G7H(st)]? < s[GTH)T
Let X be the Hilbert space

X = {u € 'R : /V(m)u2 < oo} ,

endowed with the inner product

92)
)
(ga) 1 < 9l <9 gnd 1<
)
) G

(g6

(u,v) = /(Vu Vo + V(x)uv), for all u,v € X.

It is well known that the embedding X < L4(R") is continuous for ¢ € [2,2*] and
compact for ¢ € [2,2%) (see [12]).
We also define the Orlicz-Sobolev space

B = {v c H\(RY) : /V(z)[G’l(v)]Q < oo}.

Since [G71]? is a convex function, we can argue as in [25, 24] to conclude that E is
a Banach space when endowed with the norm

loll :== |lIVol|lg2 +1v], forallv e E,

ol = jut 2 {1+ [ Voo @2}

By a weak solution of (P) we mean a function u € H*(RY) n L (RY) such
that, for all ¢ € C§°(RY), there holds

/ [02() VuVio + g(u)g’ ()| Vulp + V(z)ug] = / Wz, u)p.

After the change of variables v = G~!(v) in the map given in (2.1), we obtain the
following functional

J(v) ::;/(|W|2+V( /H:cG veEE.

where
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Under the growth conditions (go) and (h1), we have that J € C1(E,R) and its
critical points are weak solutions of the problem
G 'v) _ h(z,G"'(v))
—Av+V(x = : , zeRVN,
WeETe) T 9@ W)
Moreover, if v € ENC?(RY) is a critical point of J, then the function u = G~1(v)
is a classical solution of (P) (see [6]).
We list below the main properties of the space E.

Proposition 2.2. Suppose that V satisfies (Vo) — (Va). Then the space E has the
following properties:

(1) if (vn) C E is such that v, (z) — v(z) a.e. in RN and
Jim (V@G @)P = [v@EtwP,

then

ngr—ir-loolvn _UI - 0;

(2) the embeddings E — DV2(RN), E — HY(RN) and X — E are continuous;
(3) the map v — G~1(v) from E to LY(RY) is continuous for q € [2,2-2*] and
compact for q € [2,2-2%);
(4) if v € E and u = G~ (v), then
lug(u)l| < 4[jv]l;
(5) If v = 0 in DM2(RY) and ([ V(2)[G~(vn)]?) is bounded then, up to a
subsequence, G~ (v,) — 0 strongly in LY(RN) for any 2 < q < 2-2%;
(6) if ve E, then

Il < 2maX{/V(w)[Gl(v)]2, (/V(w)[Gl(v)V)m};

(7) if v e E, then

lo] > imm{ [v@iewr ([ v<x>[G1<v>P>U2};

(8) if v e E, then
1

75 min {[ll, [1o]*} < Q(v) < 16max {{fo]l, [[v]]*},

where

Q) = / (IVol? + V(@)E )?).

Proof. The proof of items (1) — (7) can be found in [10]. For the last item, we take
v € E and consider two cases. If Ju] < |||Vvl||p2, it follows from the definition of
I - || that

(2.2) min{|Jvl], [[v]*} < [lv]]* < 4] Vol3 < 4Q(v).
If Jv] > |||Vvl||z2, we can use (6) to get

ol < 200l < 4max{ [veiewr ([ v<z>[Gl<v>12>1/2}.
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Hence, |[v|| < 4max{Q(v),/Q(v)}. This and (2.2) imply that, for any v € E,
there holds

Qv) = —mm{llvl\ v} -

The proof of the second inequality in (8) can be proved with the same argument.
We omit the details. (|

We finish this section with two technical results.

Lemma 2.3. Suppose that h satisfies (ho), (hs) and (hs). Then, for each z € RV,

the function

h(x,t)G(t)
9(t)

is non-increasing in (—o0,0) and non-decreasing in (0,400). Moreover, for each
x € RN, there holds

(2.3) L(z,t) = —2H(z,t), teR,

(2.4) lim L(z,t) = 4o0.

|t] =00
Proof. Since

0 h(z,t)
2.5 —L G (t
(25) G0 = o { ot
the first statement is a direct consequence of (h4). For the second one, we notice
that

0 H(z,s) _ h(z,8)G(s) — 2H (z,5)g(s) _ g(s) Ll s)
ds G(s)? G(s)3 G(s)3 V77

By fixing 0 < tp < t, we can integrate the last identity over [to,t] to get

H(z,t) H(z, to (s)
G(t)? / G(s)

Since £ is non-decreasing in [to, t], we deduce that

H(x,t) Hx,to) 1
R G(too < / s (@ “( 262 G(m)?)’

from which it follows that
H(x,t) _ H(xz,to) 1
< t)———.
GaE =G @ D560e

By using (hs) and L’Hospital rule we conclude that the left-hand side above goes
to infinity as ¢ — +o00. Hence, lim;_, o L(x,t) = +00. Using a similar argument in
the interval [t, 9] C (—o0,0) we conclude that the same occurs when t — —oco. [

Lemma 2.4. Suppose that h satisfies (ho) and (h1). Then, if (v,) C E is such
that v, — 0 weakly in E, we have that
/H z, G (v, )‘} =0.

lim max
n—-4o0o
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Proof. By (h1) and (hz) , for any e > 0 there exists C; = Cy(g) > 0 such that
(2.6) |h(z,t)| < eg(®)|G@t)| + Crg®)|G@)P~E,  for all (z,t) € (RY,R).
Hence, we can use the embedding E < H'(R"Y), (g2) and (g5) to obtain

‘/%wvn 5/|Un|2+01/|fun|p

Oy + C / (G~ W) + |G~ (wa) ) .

IN

IN

By item (3) of Proposition 2.2 we have that G=*(v,,) — 0 strongly in LZ(RY), for
any g € [2,2-2%). Hence,

][

n—-+o0o

<eCy,

h(z,G" (vn))

and we conclude tat [ W(iz))vn — 0. A similar argument holds for [ H(z, G~ (vy,)).

O

3. EXISTENCE OF SOLUTION VIA THE NEHARI APPROACH

Throughout this section, for any given v € E, we write u := G~(v). We are
going to prove Theorem 1.1 by using minimization over the Nehari manifold. So,
we first define the set

N :={v e E\{0}: J'(v)v = 0}.

Alternatively, if 7 : E — R is given by J(v) := J'(v)v, the set N can be equiva-
lently written as 7 ~1(0) \ {0}. Hence, for any v € N/, there holds
2 G~ (v h(z,G~'(v))

@0 0= [+ [Vt - [ S Esgyt=o

We shall prove that this set is a C'-manifold which has some useful properties.
For this purpose, it is important to consider, for each fixed v € E'\ {0}, the fibering
map

Y(t) == J(tv), t>0,ve E\{0}.

It satisfies the following.

Lemma 3.1. Suppose that h satisfies (ho) — (hs). Then

! !
32 m2® oo g 2O gy, 20

t—0 ¢ t—oo {2 t—oo  t

Proof. Let v € E '\ {0} be fixed and notice that
Yolt) G (tv) h(x, G=1(tv))
(3.3) ———f/nmﬁ+/vu%g vf/ .

t (G=1(tv) tg(G=1(tv))
By using (g4), we get
Gl(ts) ts G l(ts)]* _ 1[G ts)]”
WG G ()9(G (1)) [ ! ] = 2[ t } =0

for any ¢, s # 0. Hence, we infer from (3.3) that

() , [ B G (1)
: 2/ Vol */ 19(G1(tv))
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By using (h2) and the Lebesgue Theorem, we obtain

@G w) B, Gl )
3.4 1 — v =1 =0.
o0 [y~ e eee
Thus, the first limit in (3.2) holds true. We now use (gg) to compute

() 1 H(x, G~ (tv))
(3.5) 2 = 5@(1})*/25—27

for any ¢ > 1. Using (h3) and L'Hospital rule we conclude that lim|g_ 1 % =

+00. By (g3), we have that G~ (tv) — 400, ast — +00, in the set Qf = {z € R :
v(z) > 0}. The same function goes to —oco in the set Q, = {z € RN : v(z) < 0}.
Since v # 0, all these considerations and the Lebesgue Theorem imply that

O [H@G M) [ H@,G M w)

i, [ S5 i [ G e

and therefore the second limit in (3.2) is a consequence of (3.5). For the last one
we notice that, by (g3),

t—o00

. G~ (tv(z)) lv 2 =
A V@) ey V@ =0

a.e. in Qf. By using (g3) again, we can prove that the same occurs on the set
RN\ QF. Tt is sufficient now to take the limit as t — 400 in (3.3) and use the
Lebesgue Theorem. O

We present below the main properties of the set A/. They are well known in the
semilinear case g(t) = 1 (see [34] for instance).

Proposition 3.2. Suppose that h satisfies (hg) — (ha). Then
(N1) for any v € E\ {0}, there exists a unique t, > 0 such that t,v € N. In
particular, N is non-empty;
(N3) there exists p > 0 such that

vl = p,  for allv e N;

(N3) the set N is a C*-manifold;
(Ny) if v e N s a critical point of J constrained to N, then J'(v) = 0;
(N5) if ve N, then

max J(tv) = J(v);

>0

(Ne) if (vn) C N is such that ||vy|| — +oo, then J(v,) — +o0.

Proof. Let v € E\{0} be fixed. A simple calculation shows that tv € N if, and
only if, v/ (t) = 0. Taking into account the first and third limit in (3.2) and the
continuity of ~,, we obtain ¢, > 0 such that t,v € N.

In order to prove the uniqueness of ¢,,, we first notice that +/ (¢t) = 0 is equivalent
to

u(t) = / (O ) — V(@)(a,£)) o* = / Vo2,

with
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So, it is sufficiency to prove that the above equation has at most one solution in
(0, +00).

For each z € QF := {z € RN : v(z) # 0} we set s := G~!(tv). Since s has the
same sign of v(x), we can use (h4) to conclude that

d B d h(xz,s) \ ds
@0 = (Gew) @

_ (. d h(z,s) v(x)
- (%9@0@)gw1@mm»>Q

for any ¢ € (0,400) and for a.e. x € QF. Analogously, we can use (g4) to obtain
d d v(x)
il 1) =
i’ (%G ) s

B {1 S"wéf}Mngam»

( ) v(@)
(s )20( )/ 9(G~(tv(x)))
for any t € (0,+00) and for a.e. x € QF. Since v # 0, the set QF has positive
measure. Hence, the above estimates imply that the function k,(¢) is increasing in
(0, +00). So, the equation k,(t) = [ |Vv|? has at most one solution in this set and
the proof of (IVy) is concluded

It follows from (3.1) and (g4) that

(3.6) %Q(v) = %/(|V1}|2 + V(z)u?) < /ﬁh(x,u)v.

Given ¢ > 0, it follows from (hq) and (hs) that, for some C7 = Ci(g) > 0, there
holds

<0,

|h(z,t)] < eg(t)|G(t)| + Crg®)|G@#)|* 7Y, for all (z,t) € RN x R.

Hence, picking e = V{/4, we obtain

! VO 2% -1

Since v = G(u), we can use V(x) > Vj, the embedding E — D2(RY) and (3.6),
to write

1 1 «
5Q) < 7Q() + Callel*

for some C > 0. This and item (8) of Proposition 2.2 provides

1 . 1 .
716 ol 0]*} < QW) < Cafjulf?

If follows that statement (N2) holds for

1 1/(2—-2%)
pi=min< 1, (m> > 0.

For proving (N3) we take v € E and notice that, by (3.1), we have that

T ()p=J"v)(v,¢) + J (v)p, forall g€ E.
Picking ¢ = v, we obtain
(3.7) T (v)v =J"(v)(v,v),
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A direct computation gives

J" (W) () = /V¢~V¢+/V(w> (Q(i)2 - %) o

+/ (g(iﬁh/(x’“) + g;%h(%uo P,

for any ¢, ¢ € E. Picking ¢ = ¢ = v and using (3.1) and (3.7), we get
(3.8) J (v)v = /V(x)Fl(v) + /Fg(v)

with

and

(Y o, 1 g'(w) >
g(u)Qh (x, u)v” + g(u)h(ac, w)v + POE h(z, u)v”.

We claim that max{I';(v),Ts(v)} < 0. If this is true, we infer from (3.8) that
J'(v)v <0, for all v € M. Recalling that N'= J~1({0}) \ {0} and the elements of
N are far way the origin, we can use the Implicit Function Theorem to conclude
that A is a C'-manifold, which is exactly the statement (N3).

Before presenting the proof of the above claim let us suppose that v € N is a
critical point of J constrained to N. Then it follows that J'(v) = A\J’(v), for some
Lagrange Multiplier A € R. Thus, we have that

Jw) = J () =\T"(v)v.
Since J(v) = 0 and J’(v)v < 0, we have that A = 0, that is, J'(v) = 0 as stated in
(Na).
In what follows we prove that max{I';(v),T2(v)} < 0. By using (g4), we get
1 5 1 1 1 U
——v° < —=vg9(GT (v))GT(v) = ——w.
g = gl O =y

Since ¢'(t)t > 0 for any ¢t € R, the above expression provides I'; (v) < 0. In order
to estimate I'z(v) we notice that hypothesis (h4) implies that

n(x,t) > <gg/((;)) + %) h(z,t),

for all z € RY and ¢ # 0. Thus, recalling that G(u) = v, we obtain
/ h A O
Iy(v) < — <9 (u) + g(u)> (z,u)vg 4 (9c,u)1hL g'(u) (x’u)UQ.

FQ('U) = -

gu)  G(u)) g(u)? g(u) g(u)?
_ h(z,u) )2 h(m,u)vz
= Tgwew” e 0T

This establishes (Ny).

For proving (N5) we notice that, by the first limit in (3.2), the function ~,(t) is
increasing near the origin. Since 7, (0) = 0 and the second limit in (3.2) imply that
Yo(t) = —00, as t — 400, we conclude that the function v, (¢) attains its maximum
value at some t, > 0. Since 7, (¢,) = 0, we have that t,v € N'. The uniqueness of
projection given by (N7) implies that ¢, = 1 and therefore (N5) holds.

Now we shall prove that .J is coercive on the Nehari manifold N. Suppose, by
contradiction, that there exist (v,) € N such that |[v,|| = 400, but J(v,) < Ci,
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for some Cy > 0. If we take K > 0 free for now and define w,, : we can use

" Toall?

the above inequality and (N5) to get
1
(3.9) 5 / (|VKwn|2 + V(x)[Gil(Kwn)]Q) — /H(x,Gil(Kwn)) < (.

Since (w,,) is bounded in E and E < D12(RY) we have that, up to a subsequence,
wy, — w weakly in DL2(RV).
If w =0, it follows from the property (8) of Proposition 2.2 that

/V(z)[G’l(Kwn)]Q < Q(Kwy) < 16max{||Kwy||, || Kwn|*)} = 16K.

Hence, by (5) of Proposition 2.2, we conclude that G~ (w,,) — 0 strongly in LI(RY)
for any ¢ € [2,2-2%). In particular, there exists hy, € LY(RY) such that, for a.e.
r € RN, |G~ H(wn(2))| < hy(x) and G~ (w,(z)) — 0. Tt follows from (h1) and the
Lebesgue Theorem that [ H(z, G™'(Kwy)) — 0. Hence, we infer from (3.9), that

Qluwn) = / (IVEwal? + V(@)[6 (Kwn)P) < Cs,

for some Cy > 0, independent of n and K. Using (8) of Proposition 2.2 again we
deduce that

L 2
= < <
6= 16 min{|| Kwy, ||, | Kw,||*} < Q(wy,) < Co,

which does not make sense, since K > 0 is arbitrary.

We shall prove that w # 0 also provides a contradiction. Since |v,(z)| — 400
a.e. for x € QF 1= {x € RV : w(x) # 0}, it follows from Fatou’s Lemma, (g3) and
Lemma 2.3 that

(3.10) lim inf /Qi Lz, G vy)) > /Q liminf £(z, G~ (v,)) = o0.

n—+0o li; n—oo
On the other hand, by (g4), we have that
G O _ G —1 2
< < [GT(t)]7, forall t+#0.
2> Sgcy) =4
Thus, recalling that J(v,) < C1, using (3.1) and [,(x t) > 0, we obtain

o> %/<|an|2+v( )g(c(;; > /Hz G (vn))
(e Ggl( GG 1<vn>>i2H(z, Gl(vn)))

(3.11)

(G‘l(vn))
= /E z,G Hv,)) > = Lz, G (vy)).
057
The above expression contradicts (3.10) and therefore the proof is finished. O

We devote the rest of this section to the proof of our existence theorem. The
main idea is to consider the minimization problem

(3.12) co = inf J(U).
We notice that, if v € N, it follows from (3.11) and Lemma 2.3 that
1



14 M.F. FURTADO, E.D. SILVA, AND M.L. SILVA

Hence, the number ¢ is well defined. We shall prove that it is attained at N by a
nonzero solution of (P).

Proof of Theorem 1.1. Let (v,) C N be such that J(v,) — ¢o. By (IVg), we may
assume that, up to a subsequence, v, — v weakly in E. Since v,, € N’ we can use
(g4) to obtain

U,

Lot < [19ualt+ [V S0, _ [ MG )
0 < [+ Vi) e = [ 2REss

If v = 0, we infer from Lemma 2.4 that Q(v,) — 0 and therefore, by item (8) of
Proposition 2.2, we would have ||v,,|| — 0, contradicting (N3). This shows v # 0 and
therefore there exists ¢, > 0 such that vy := t,v € N. By using (g7) we conclude
that @ : F — R is convex. Thus, the functional J is weakly lower semicontinuous
and it follows that

co < J(vg) = J(tyw) < linrgigf J(tyvy) < liminf J(v,) = ¢p.

n—r oo

Hence, J(vg) = c¢o. Arguing as in the proof of (N;) we can conclude that vg is
a critical point of I constrained to A. Thus, vop € N is a solution of (P). The
theorem is now proved.
4. THE AUTONOMOUS PROBLEM
For each i1 > 0, we consider in this section the problem
(AP.) —div(g?(v)Vu) + g(v)g'(v)|Vul® + pu = h(v), = € RV,
g u e HY(RN),

where the autonomous function h verifies (ho) — (hs).
We denote by H,, the space H'(R") endowed with the norm

1/2
ot = ([0 ) L vem,

It can be proved that, for the constant potential V (x) = p, the Orlicz space defined
in Section 2 is equal to H'(R™). Moreover, if we define the Orlicz norm by

o1 _
lelow = 1ellia+ nt £ {1+m 6=} ve

convergence in the norms |- ||z, and [|- ||, are equivalent. More precisely, we have
the following:

Proposition 4.1. If

Q,(v) ;:/(|W|2+u[c;*1(v)]2), ve H,

then

1 .
(4.1) 17¢ mindllvlo,, [0l5,} < Qulv) < 16max{|[v]o,, [lv]3,}
and

comin{|[vllo,. [lv][5,} < [lvl, < c2max{l|v]o,. V)3, },

for some constants c1,co > 0.
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Proof. We just prove the second statement, since the first one follows as in Propo-

sition 2.2. For v € HY(RY), it follows from (g5) and the Gagliardo-Nirenberg
inequality that, for constants C; > 0, there holds

/1)2 < G%(l)g/lm[c1(0)]2+cl/|v>1[(;1(v)2]2*

02/[0‘1(v)]2 +C (/ ’%W 2>2*/2

Cs [ 1671w + Call[9ell3:

IN

IN

Thus,
ollF, < 1Vl +u02/[G’l(v)]QJrquIIIWIII%*z < Cymax{Qu(v), Qu(v)* /*}.
On the other hand, using property (g2) we obtain

ol = 1VolllZ. +ug(0)2/[G_1(v)12 > min{1, g(0)*}Q(v).
All together, the above inequalities and (4.1) prove the result. O

We consider the functional I, : H,, — R given by

1) = [IVoP+ 5 [l 0 - [ HG ),

As before, if v € H,NC?(RY) is a critical point of I,,, then the function u = G=1(v)
is a classical solution of (AP,).
The main result of this section if the following.

Theorem 4.2. Suppose that g satisfies (go) and (h) satisfies (ho) — (hs). Then,
for any p > 0, the autonomous problem (AP,) has a ground state solution.

In order to prove this result we define
(4.2) M, = {ve H\{0}: I (v)v = 0},
Arguing as in the Section 3 we can check that M,, is a C'-manifold verifying
properties analogous to (N7) — (N5). Hence, it is well defined the number

my, = inf I,(v) >0.

ueEM,,

The property (Ng) also holds, but we need a different proof since we lost the
compact embeddings.

Proposition 4.3. The functional I, is coercive in M,,.

Proof. Let (v,) C M, be such that ||v,||, — oo and suppose, by contradiction,
that I,,(v,) < C, for some C' > 0. We set wy, := vp/|vn||n, and claim that, for
some sequence (y,) C RY and constants r, n > 0, there holds

(4.3) hrninf/ lw,|* > 7.
BT(yn)

n——+o0o

Indeed, if this is not true, it follows from a result due to Lions [18, Lemma I.1] that
wy, — 0 in LP(RY), where p € (2,2*) comes from the condition (hy). Since M,
satisfies a property analogous to (Ns), we have that I,,(v,) > I, (tvy,), for all ¢ > 0.
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Hence, if we consider M > 1, we get Cy > I,(v,) > I,,(M||v,|~'v,) and therefore
we can use (ge), the definition of @, ||w,| m, =1 and (4.1) to obtain

1
c;, > 5/(|VM’U)"|2+,LLG Mwn /H Mwn))
M 2
(4.4) > (IVw, > + G~ (wy,)? H(G™H(Muw,))

> / H(G™ (Mw,)).

The strong convergence of (w,) in LP(RY) and the same argument of the proof
of Lemma 2.4 provide [ H(G™'(Mw,)) — 0. Taking the limit in (4.4), we obtain
M < 32C, which is absurd since M > 1 is arbitrary.

By (4.3), if we set Wy (z) := wp (2 + yn), there exists w € H), such that @, — w0
weakly in H,, @, — @ in L} (RY) and w,(z) — w(z) a.e. in RY. Moreover, by
(4.3) and the local convergence in L*(RY), we have that @ # 0. It follows from
(94) that

1 1 _ 1 1~
€1 (o)~ 3o = 5 [ LG o) = 5 [ 267 @),
where U, (2) 1= V(T + yn) = Wn(x)||vn|m,. We have that [v,(z)| — oo for a.e.

r € Qg = {2 € RN : |@o(x)| # 0}. Since this set has positive Lebesgue measure,
we can use Fatou’s Lemma and Lemma 2.3 to conclude that

Cy > 1/hmlnfﬁ(G (Un)) = +o0,

which does not make sense. This contradiction finishes the proof. O
The following compactness result is a the keystone for the proof of Theorem 4.2.

Proposition 4.4. Let (w,) € M, be such that I,,(w,) — m, and w, — w weakly
in Hy,. Then there exists (y,) C RY such that W, = wp(- +yn) — W € M,
with I,(w) = m,. Moreover, if w # 0, then (y,) can be taken identically zero and
therefore w, — w in H,.

Before proving this result we shall show how it can produce a solution for the
autonomous problem.

Proof of Theorem 4.2. Let (w,) C M, be such that I,(w,) — m,. According
to the last proposition, up to translations, this sequence converges to w, € M,
such that I,,(w,) = m,. It follows from (NNy) that this function is a ground state
solution of (AP,). O

We devote the rest of this section for the proof of Proposition 4.4. We need two
technical results. The fist one is a sort of the classical Lions result and the second
one is (weak) version of the well known Splitting Lemma.

Lemma 4.5. Suppose that (v,) C H, is such that I (vy)v, — 0 and v, — 0
weakly in H,,. If v, / 0 strongly in H,, then there exist a sequence (y,) C RY and
constants r,n > 0 such that

hrninf/ v |2 > .



SOLITON SOLUTIONS FOR A GENERALIZED QUASILINEAR ELLIPTIC PROBLEM 17

Proof. Indeed, if the conclusion does not hold, we have that v, — 0 in LP(R") and
—1
therefore we can argue as in the proof of Lemma 2.4 to get [ %% — 0.

Hence, it follows from (3.11) that

h(G_l(Un))U _ oo |2 G_l(vn) v
°“”+/Q@r%%»" ‘./W"*+“/g@*wm>"

1V
—
4
S
£
[\V]
_l’_
N =
—
9
=
s
e

where o, (1) stands for a quantity approaching zero as n — +oo0. Thus, Q,(v,) — 0
and we infer from Proposition 4.1 that ||v, ||z, — 0, contrary to the hypothesis. [

Lemma 4.6. Suppose that (w,) C H, is a Palais-Smale sequence of I,, such that
wy, — w weakly in H,. Then, for z, := w, —w, there holds

I(zn) = Iu(wy) — I, (w) + 0,(1)

and
I (2n)2n = 1, (wn)w, — I, (w)w 4 0, (1).

Proof. Given § > 0, it follows from (h5) that, for some Cs > 0 there holds

(4.5) [0/ (6)] < 3g(1)|G(H)[P* 2 + Csg(1)|G (1) P22,
and
(4.6) |h(8)] < dp1|G ()P~ + Copa|G(t)[P2,

for all t € R. For ¢t > 0, we can use (go) to get

t p1—1 t pa—1
0 9(7) 0 9(7)
) Cs
< —|G@)P + —=|G(t)|P>.
GO + 16
Since G is odd, we have the same inequality for ¢ < 0. Hence, we obtain
1 Cs
H(G7YH))| < —t|Pr + —=|¢|P2, forallt e R.
@ (W) < st + sl

Thus, arguing as in the proof of [1, Lemma 3.1], we can check that

lim [ [H(G (20)) — H(G (wy)) + HG  (w))] =0.

n—-+o0o

Since [G™']? is convex, the same holds for the function @, defined in Proposition
4.1. We can use the above equality to obtain

Lu(20) = Lu(wa) = L(w) + 0,(1).

For the second statement we need to estimate the derivative of the function

hG~1 (1))
t)i=———— 2t teR.
0= g
If we set s := G~1(t), a straightforward computation provides
!/ /
W), b)),

f/(t) g(s) -

2 ogls) g(s)®
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and therefore we can use (go) and ( 4) to obtain

ron = el e 22)
< jG |V')+ﬁgww
[t] R (G1(t)) 9 »
9(0) ‘ g(G—1(t)) ’ + g(o)|h(G ®)l-

This and (4.5)-(4.6) provides
If/ ()] < c16]tPr~ + coCs[tP2~t,  for all t € R,
with ¢; := (14 2p1)g(0)~! and cg := (1 + 2p2)g(0) L. Using this estimate and the

argument of [1, Lemma 3.1], we get
WG (zn) MG H(wn)) h(G™H(w))
9(G=*(zn))

wn [
Since
0<Q,(v)v <Quv), forallve H,

and @, is convex, we can use (4.7) to conclude that
’ o /
Iu(zn)zn = Iu(wn)wn - Iu(w)w + on(1).
This ends the proof. O

Proof of Proposition 4.4. Thanks to the Ekeland’s Variational Principle we may
assume that I} (w,) — 0. Since w, — w in Lj, (RY) for any 2 < ¢ < 2%, we can
easily conclude that I}, (w) = 0 and w, (z) = w(z) for a.e. x € RY.

We shall prove that, if w # 0, the proposition holds for the null sequence y,, = 0.

First notice that w € M, and

) = 1w) = 3wy = 3 [ fu (167w - ) + i )]

where £ was defined in (2.3). It follows from (g4) and Lemma 2.3 that the term
into the brackets above is non-negative. Hence, we can use Fatou’s lemma to get

L(w) < liggf%/ {u (G‘l(wn)2 - %wn) + E(G‘l(wn))}

N

. 1
hgr_l}gf (Iu(wn) — 2lﬂ(wn)wn) = hnrr_igfl (wn) = my,
and therefore we conclude that I,,(w) = m,,.

In order to get the strong converge we suppose, by contradiction, that (z,) :=
(wp, — w) is such that z, 4 0. We obtain from Lemma 4.5 a sequence (y,,) C RY
and constants r, n > 0 such that

1iminf/ |zn]? > 1.
neo B (yn)

Setting z, := zn(- + y»), we have that z, — Z weakly in H,,. The above inequality
and the local convergence of (z,) in L7 (RY) implies that [, ©) |Z(x)|?dz > 0. On

loc
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the other hand, from Lemma 4.6 we conclude that ,,(2,) — 0 and I},(2n)2, — 0.
Thus,

1 1
oAﬁ:@@J—JﬂM%z—/) L(G (2n(@ + ya)))da.
2 2 JB,(0)
Taking the limit we obtain [, © L(G71(2))dx < 0 which is absurd, since £(t) > 0
for any t # 0, G™! is increasing and the set {# € B,.(0) : Z(x) # 0} has positive
Lebesgue measure. This contradiction shows that w, — w in H,,.

It remains to consider the case w = 0. If w, 4 0, by using Lemma 4.5 again,
we obtain (y,) C RY and constants 7, n > 0 such that

hrninf/ lwn|* > .

n—-+o0o Br(yn)

If we set Wy, := wy (- + yn), we have that the I,,(w,) — m, and w, — w weakly in
H,,, with fBT(O) |w|?dz > 1 > 0. Since w # 0, we can argue as in the first part of
the proof to conclude that w, — w strongly in H,,. This finishes the proof. O

5. MULTIPLICITY OF SOLUTIONS

In this section we prove our multiplicity result. We first notice that the problem
(P:) is equivalent to

B) —div(g*(u)Vu) + g(u)g'(u)|Vu|? + V(ez)u = h(u), € RV,
) ue HY(RN)
We devote the rest of this section for the proof of the following:

Theorem 5.1. Suppose that V and g satisfy (Vo) — (V3) and (go), respectively.
Suppose also that h satisfies (ho) — (hs). Then there exists €* > 0 such that, for

any € € (0,e*), the problem (P:) has at least cat(M) nonzero solutions

The variational framework to deal with this problem is analogous to that used
for the problem (P). Actually, we consider

E. = {v c H'(RY): /V(EJC)[G_l(U)]2 < oo}

endowed with the norm

[vlle = [I[Vollze +v]e
where

el _

loloi=jut ¢ 14 [ VienlG o).
The associated functional
1 1
Je(v) := 5 / |Vu|? — 5 /V(sx)[Gil(v)]2 - /H(Gil(v)), v e F,
belongs to C!(E.,R) and its critical points provide solutions to (P.). If we define
N :={veE.:J.(v)v=0},

we can use the former arguments to show that A has properties analogous to
(N1) = (Ne)-

In the proof of Theorem 5.1 we shall apply the following abstract result for
Cl-manifolds (see [34, Theorem 5.19]).
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Theorem 5.2. Let 1) be a C'-functional defined on a C'-manifold V. If ¢ is
bounded from below and satisfies the Palais-Smale condition, then v has at least
cat (V) distinct critical points.

It is easy to prove that J. is bounded from below on N.. Moreover, thanks
to condition (V3), we can also check that this functional satisfies the Palais-Smale
condition. The difficult part is to relate the category of the set M with that of N..
The following result, whose proof is similar to that present in [3, Lemma 4.3], will
be used.

Lemma 5.3. Let A, BT, B~ be closed sets with B~ C BT. Let 3 : A — BT,
®: B~ — A be two continuous maps such that 8 o ® is homotopical equivalent to
the embedding v : B~ — BT. Then cat(A) > catp+(B™).

In what follows we construct the maps ® and /.

5.1. The map ®.. Let w € My, be a ground state solution of the problem (APy; )
given by Theorem 4.2 and take £ > 0 such that fBg/z(o) w(r)?dx > 0. We consider

a smooth cut-off function n € C*°(R™, [0, 1]) such that n(s) =1if 0 < s < ¢/2 and
n(s) =0if s > £ For each € > 0 and y € M we define

o) = e~ ol (2.

We recall that M = {z € RV : V(x) = V} and define ®. : M — N by setting

D, (y) = ts\Ile,ya

where t. > 0 is the unique number such that ¢t.¥., € N.. This function is well
defined due to (Ny).

Lemma 5.4. We have that
lim Jo(®:(y)) = my,,

e—0t

uniformly for y € M.

Proof. Suppose, by contradiction, that the lemma is false. Then there exist vo > 0,
(yn) € M and g, — 0T such that

(5.1) | e (P, (Yn)) — mvgy| > 0.

For simplicity, we write only ®,, ¥, and ¢, to denote ®., (yn), ¥e, 4, and t.,,
respectively.

We claim that, for some subsequence, t,, — tg > 0. Assume that this is true and
set Wy (2) == n(lenz|)w(z2). Since t, ¥, € N, , we can use the change of variables
EnZ 1= €T — Yp to write

/RN |V (tn@n(2)]*dz + /RN Vienz +4n) a1 an )

_ WG~ (tnDn(2))) P
7/RN g(G‘l(tn@n(z)))(tn n(2))dz.

Since @, (z) — w(z) for a.e. z € RNy, — y € M and tg > 0, we can take the limit
in the above expression and use the Lebesgue Theorem to conclude that tow € My, .
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But, by (N7), the projection on My, is unique, and therefore we obtain to = 1.
Thus, taking the limit at the equality

2

Ta@e,n)) = % [ 19n(enshu() e
by [ Vet )G e nllensl ()
]RN

- H(G™ (te,n(lenz)w(2)))dz,

RN

we conclude that J., (P, (yn)) — Iy, (w) = my,, which contradicts (5.1).

It remains to check the claim. We first prove that (¢,,) C R is bounded. Suppose,
by contradiction, that for some subsequence (still denote (¢,,)) we have that |t,,| —
+oo. Since the map s+ h(s)/(g(s)G(s)) is non-negative, for n large there holds

WG (1,0,)) WG (1,0,) )
/ (G110, ) / S () GG (1)) )
/ WG (1)) Poteytds
G ()G ()]

Y

Bs/2(0)

Now notice that the set Q := {z € RY : w(z) # 0} N Bs/2(0) has positive measure.
Moreover, by (g3), we have that |G~ (t,w(z))| — +o0, for a.e. z € Q. So, we can
use Fatou’s Lemma to conclude that

1 h(G=1(t, 1))
52 liminf [ =2 (ta ) = oo,
02 W | @) =
On the other hand, since we may suppose that ¢, > 1, it follows from (3.11) and
the Lebesgue Theorem that

WG (1, ,))
| ey v

2 . G (1, 0,)
fn / VOl [ V) gy o)

where
A, ::/|v\11n|2 V()G (W],

By the Lebesgue Theorem we have that A, — Qv,(w) > 0. Hence, we can use
Fatou’s Lemma to obtain

minf L [ MG (0 0)
Quite) 2 imint i [ ey )
which contradicts (5.2).

Since we have proved that (t,) is bounded we may suppose that ¢, — to > 0. Tt
remains to discard the possibility to = 0. Suppose, by contradiction, that tg = 0.
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Then, we may suppose that ¢, <1 and it follows from (g7), (3.11) and (2.6) that

t2
R

< 1t,21/|V\Ifn|2+1/V(snaa)[G*l(ztnxlfn)]2

< /|Vt v, + /V Ent ((ttq\/p)))(wn)
B “t, )

- / (0, >>“ n¥n)

<

“2/ el i, [

Dividing the above expression by t2, taking the limit as n — +o0o and using the
Lebesgue Theorem we obtain 0 < Qy, (w) < 2e fw2, for any £ > 0, which does not
make sense. Hence, ¢y > 0 and the proof is concluded. 0

5.2. The map (.. Given § > 0, we consider the set
M; = {x € RN : dist(z, M) < 6}.

We may assume that ¢ in chosen in such way that Ms and M are homotopically
equivalent. Moreover, we can pick p > 0 such that Ms C B,(0). Let y : RV — RN
be defined as x(x) := x if |z| < p, x(x) := pz/|x| if |z| > p. Finally, consider the
baricenter map 3. : V. — RY given by

[ x(ex)v?(z)dz
[ (z)dx
Since M C B,(0), we can use the definition of y and the Lebesgue Theorem to

conclude that

(5.3) lim B.(®:(y)) =y, uniformly for y € M.
e—=0+t

Be(v) :=

The following compactness result is the key stone to prove that the range of the
map [ is near to the set M.

Proposition 5.5. Let (¢,) C (0,+00) and (v,) C N, be such that €, — 0 and
Je, () = my,. Then there exists a sequence (y,) C RY such that v, == v, (- + Un)
has a convergent subsequence in H*(RY). Furthermore, up to a subsequence, y, =
Enln —> Yy € M.

Proof. We first prove that (||v,]ls,,) C R is bounded. Indeed, suppose by contra-
diction that this is not the case. Let w, := v, /||v,]s, and notice that, arguing as
in the proof of item (8) of Proposition 2.2, we have that

/(Ian|2 + V(en)[G™ (wn)]?) < 16 max{|lwnlle,,, [wal?, } = 16

and therefore

Jrw < e [ vewic walde s [ o

{lwn|<1} {lwnl21}

*

dx

IA
=

)

| —
—=|
=

_|_
Q
VRS
—
<
S
s
N
A
2
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for some C7, C2 > 0. Hence, the sequence (w,) is bounded in H'(RM) and we
may assume that w, — w weakly in H*(RY) and w, () — w(x) for a.e. z € RV,
Suppose that there exists (z,) C RY and r, 7 > 0 such that

(5.4) 1iminf/ lwn > >1>0
n—-+o0o Br(zn)
Then we may assume that @, (z) := w,(x + z,) is such that @, — @ weakly in

Hl(RN), with @ # 0. But
1 1 .
my, +on(1) = Je, (vn) — 5‘];77,(””)”” > ) /E(G71 (Wn(2)[[vnlle,))-

Since the set {x € RY : @(z) # 0} has positive Lebesgue measure, we can use (g3),
Lemma 2.3 and Fatou’s Lemma to get

| 1~
my, 2 limint 5 [ LG @0 (@)alle,) =+

which is absurd. Hence, (5.4) does not occur and therefore we have that w, — 0 in
LP(RM),2 < p < 2*. Thus, for any K > 1, we have that [ H(G~'(Kw,)) — 0 and
we can use (Ns), (ge) and the same argument of the proof of item (8) of Proposition
2.2 to get

K

llvnlle,

my, + on(1) Je, (Un) > Je, ( ’Un) = J., (Kwy,)

_ %ﬁ/wwf+%/w%ww*ummf+%@

Y

%(/Wmﬁ+w%mw*wJﬁ+mﬂ)

2 \ 16 32

Since K > 1 is arbitrary, we obtain a contradiction taking n — +4oco.
Since (||vn|le,) C R is bounded, we obtain C3 > 0 verifying

/ (IVonl* + V(en2)[G™ (va)]*) < 16 max{fJonlle, . lvall2, } < Cs.

K /1 . K
> 5 (g mintionlec funl2,}) +0,(0) = 35 + on(0)

As in the beginning of the proof, this implies that (v,) is bounded in H'(R¥Y).
Again, we cannot have v, — 0 in LP(RY), and therefore there exist (7,,) C R and
constants r, n > 0 verifying

1iminf/ [vn]? > 1.
"0 B (Fn)

Setting ¥y, := vy, (- + ¥n) We may assume that v, — ¥ # 0 weakly in H*(RY). Let
tn > 0 be such that w,, = t,v, € My,. After a change of variable, it is easy to see
that

my, < Iy, (wn) = Iv, (tavn) < Je, (tnvn) < Je, (0n),
and therefore

nli}ngo Iy, (wy) = my,.

Since the sequence (||vn| g1 ®yy) is far away from zero, the above limit and
Proposition 4.3 imply that ¢, — tp > 0. Recalling that the manifold My, verifies
(N3), we conclude that ¢y > 0. Hence, w, — w := tg0 # 0 weakly in H*(RY).
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According to Proposition 4.4 the sequence (w,,) strongly converges in H*(RY) and
therefore v,, — v in H'(R™).

It remains to prove that (y,) := (en¥n) — y is such that V(y) = V. We
first prove that (y,) C RY is bounded. Suppose by contradiction that, along a
subsequence, |y,| — 400 and first assume that V(x) — +oo, as |z| — +o0. Since
(vn) C N, is bounded, we can use (3.11) and (2.6) to obtain Cy > 0 such that

Ve miet@E < 2 [k 4V Tt

h(G~ (vn))
= 2 / =y, < Cy,
g(G (o)) "7

where z = 2 + ¥,. On the other hand, since V (e, + y,) — +oo for all z € RY
and v, — v # 0, we can use Fatou’s lemma to obtain

IN

1irninf/V(Enxern)[Gfl(ﬁn)]2 = +o00,

n—-+o0o

which is a contradiction. In the case Vo < 400, we can use (V3) and the strong
convergence of (wy,), to get

5 [19uP 45 [velewp - [HG
it (5 [ (90 + Ve + )67 wn)l?) = [ G w))
_ hm1nf<1/(|V(t )2 4 V(en2) |G (bon)] /H (b )>.

n—-+oo

A

my,

IN

It follows that

my, <liminf Je, (tpon) = liminf J;, (va) = my,,

which does not make sense.

Since (y,) is bounded, we may assume that y, — y. If y € M, then V(y) > Vp
and we can use €, — 0 and the same argument above to get a contradiction. The
proposition is proved. 0

Following [5], we introduce the set
Yo i={ve N : J(u) <my, + f(e)},

where f : RT — RT is such that f(g) — 0 as e — 0%. Given y € M, we can use
Lemma 5.4 to conclude that f(e) := |J-(P:(y)) — my,| is such that f(e) — 0 as
€ — 0F. Thus, ®.(y) € X and therefore Y. # & for any € > 0 small.

Lemma 5.6. For any § > 0 we have that
lim sup dist(Be(v), Ms) = 0.

e—0t VEY,
Proof. Let (¢,) C R™ be such that €, — 0. By definition there exists (v,) C 3¢,
such that
dist(5., (vn), Ms) = sup dist(Se, (v), Ms) + o, (1).

u€le,,
Thus, it sufficient to find a sequence (y,) C My such that

(5.5) |Be,. (vn) = ynl = on(1).
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In order to obtain such sequence, we notice that (u,) C ¥, C N, , and we can
use (Ns) to get

my, < max Iy, (tvn) < maxJe, (ton) = Je, (vn) < 1y, + f(2n),
from which follows that J., (v,) — my,. Thus, we may invoke Proposition 5.5 to

obtain a sequence (7,) C RY such that (y,,) := (£,9n) C Mjs for n sufficiently large.
Hence,

fRN [X(Enz + yn) - yn]ﬁn(Z)de
n + —
Jon Un(2)%dz
and it follows from the strong convergence of v, that (5.5) holds. O

ﬁan ('Un) =Y

We are now ready to present the proof of Theorem 5.1

Proof of Theorem 5.1. Let § > 0 be such that Ms and M are homotopically
equivalent. We can use (5.3), Lemmas 5.4 and 5.6, and argue as in [5, Section 6] to
obtain £* > 0 such that, for any € € (0,¢5), the diagram

JVEEND SN YN

is well defined and (. o @, is homotopical equivalent to the embedding ¢ : M — Mj.
In view of item (3) of Proposition 2.2 and the proof of (Ny4), we can use a standard
argument to check that .J. restricted to N verifies the Palais-Smale condition.
Thus, we can use Theorem 5.2 and Lemma 5.3 to obtain at least cataz, (M) critical
points of J; restricted to M. By (INy), each of these critical points is a non-zero
solution of (P.). The theorem is proved. O
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