EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A
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ABSTRACT. We consider the system

—m (Jul?) Au = AFu(z,u,v)+ 2%Gu(u,v),in Q,
—L(lv1?) Av = AFy(z,u,v) + %Gv(u, v),in Q,
u,v € HY(),
where @ C RN, N > 3, is a bounded smooth domain, || - || = [, |V - |*dz,

A > 0 is a parameter, the functions m and [ are positive and increasing, the
function F' is superlinear both at origin and at infinity, the function G is 2*-
homogeneous. In our first result, we obtain a nonzero nonnegative solution for
large values of A. We also prove that, for any k € N, there exists A}, > 0 such
that the problem has at least k pairs of nonzero solutions if A > Ay.

1. INTRODUCTION

Given a bounded smooth domain 2 C RY and a positive function m, the Kirch-
hoff equation

—-m (/ |Vu|2dz> Au = g(z,u), in Q, u =0, on 0L,
Q

has its origin in the theory of nonlinear vibration. For instance, in the case m(t) =
a+bt, with a, b > 0, it comes from the following model for the modified d’Alembert
wave equation
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proposed by Kirchhoff in [I2]. Its main feature is to consider the effects of the
changes on the length of the string during vibrations. The parameters have the
following meaning: L is the length of the string, h is the area of cross-section, F
is the Young modulus of the material, p is the mass density and Py is the initial
tension. Nonlocal problems also appear in other fields as, for example, biological
systems where u describes a process which depends on the average of itself (for
instance, population density). We refer the reader to |4} [I5] [14] and their references
for more examples on the physical motivation of this problem.
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In this paper, we are interested in the nonlocal system

—m ([o|Vul?dz) Au = AF,(z,u,v) + 5Gu(u,v) inQ,
(Sx) ([ |Vv]2da) Av = AF,(z,u,v) + 5-Gy(u,v) in Q,
u,v € HE(Q),

where Q@ ¢ RN, N > 3, is a bounded smooth domain, A > 0 is a parameter,
2* ;= 2N/(N — 2) and the functions m, [ satisfy

(mo) m : [0, 4+00] — R is continuous, nondecreasing in [0, o,,] and m(0) > 0;
(Ip) 1:[0,400] = R is continuous, nondecreasing in [0, oy] and [(0) > 0.

We are denoting by F,, and F), the partial derivatives with respect to the sec-
ond and third variable, respectively, of the nonlinearity F : Q x R? — R. The
assumptions on F' are:

(Fo) F € CH(Q x R% R);
(F1) there exists g € (2,2*) such that
L VEG2)]
|z|—o0 ‘Z|q71
(Fy) there exists 6 € (2,2*) such that
0<O0F(x,2) <z-VF(z,2), VzecR?

where 21 - 72 denotes the inner product of 21, 22 € R?;
(F3) there holds

=0, uniformly in €;

V@)
|2|—=0 |z
(Fy) Fu(2,0,t) =0, F,(x,s,0) =0, for any (s,t) € R2.

Setting R := {(s,t) € R* : s > 0, ¢ > 0}, the hypotheses for G : R? — R are
the following:

(Go) G € C1(R? R) is 2*-homogeneous, that is,
G(os,ot) = UQ*G(S,t), Yo >0, (s,t) € R%

(G1) G(s,t) >0, for any (s,t) € R: \ {(0,0)};
(G3) one of the conditions below holds:
(a) Gu(07 1) =0, Gv(l’o) =0,
(b) G4(0,1) >0, G,(1,0) > 0.
From now on, we denote by H the Hilbert space Hg(Q2) x H}(Q) endowed with
the norm

=0, uniformly in €;

1/2

o= | [ (9P + [90P) @z

For each component of the vector (u,v), we also denote || - || = ([, |V |2)1/2.

We say that a solution (u,v) € H of the system (S)) is nonnegative if each
component is a nonnegative function. In our first, result we obtain the existence of
such kind of solution if A is large:

Theorem 1.1. Suppose that m, I, F and G satisfy (mo), (lo), (Fo) — (F4) and
(Go) — (G2). Then there exists X* > 0 such that, for any A > \*, problem (S)) has
a nonzero nonnegative solution (ux,vx) € H such that ||(ux,va)|]| = 0 as A — +o0.
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In the proof, we apply the Moutain Pass Theorem. The technical conditions
(Fy), (G1) — (G2) are used only to verify that the critical points of the energy func-
tional associated with (Sy) have nonnegative components (see [19]). For dimensions
N > 4, the critical exponent 2* is smaller than or equal to 4, and therefore the
integral [, G(u,v)dz does not dominate the fourth-order term which comes from
the nonlocal part of the system. In order to overcome this difficulty, we follow the
procedure introduced in [I]. It consists in dealing with a truncated problem and,
after solving it, verify that the obtained solutions have small norm and therefore
solve the original problem.

In our second result, we replace the conditions (Fy), (G1), (G2) by the following:

(F5) F(z,-) is even;
(é\l) G(s,t) > 0, for any (s,t) € R?;
(G3) @ is even.

We prove the following:

Theorem 1.2. Suppose that m, I, F and G satisfy (mo), (lo), (Fo) — (F3), (F5),
(Go), (G1), (G3). Then, for any k € N, there exists A\, > 0 such that problem (S))
has k pairs of nonzero solutions for any A > Aj,.

Under conditions (F5) and (G3), the energy functional is even. Hence, we are
able to apply the Symmetric Mountain Pass Theorem to get multiple solutions.
Differently from Theorem we have no information about the sign of such solu-
tions.

As far as we know, the first paper dealing with Kirchhoff type equation via
variational methods was [I]. By assuming some technical conditions on m and
the nonlinearity, they obtained a solution for the scalar version of the problem
(S)). Since then, there is a vast literature concerning existence, nonexistence,
multiplicity and concentration behavior of solutions for nonlocal problems. We just
quote [10, I8, [T, 17, 22] for subcritical problems and [9 [7, 20, [I3] for the critical
ones. The main results of this paper extend and complement that of [6, [8, 5] [B] in
several senses: we consider system of equations, we deal with different functions and
higher dimensions and we prove a multiplicity result. Moreover, differently from
the aforementioned works, our hypotheses on m and [ are only near the origin.

Before finishing the introduction we present some examples. Given | > 0, we set

k
Py(s,t) := as|' + at]' + Y bals|™ [¢]*,
i=1
with «;,8; > 1, a; + 8; = [ and a1, as, b; € R. The following functions and your
combinations, with appropriated choices of the constants, verify our assumptions
on the critical homogeneous nonlinearity G:

G(s,t) = Py-(s,t), G(s,t) = /Pra(s,t), G(s,t)= W,

with 7 > 0. Although the same prototype can be used for F', with 2* replaced by
qo verifying 2 < qg < g < 2*, we notice that F' can also be nonhomogeneous.

The rest of this paper is organized as follows: in the next section, we present
the variational setting to deal with (Sy). Section 3 is devoted to the proof of local
compactness condition for the energy functional. We prove our main theorems in
Sections 4 and 5.
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2. VARIATIONAL SETTING AND TECHNICAL RESULTS

In what follows we write [, u instead of [, u(x)dz. We denote by [ull, the
LP(Q)-norm of a function u € LP(Q), for any 1 < p < co. Throughout the paper
we shall assume that conditions (mqg), (lo), (Fo) — (F3) and (Go) hold. We write
on(1) to denote a quantity approaching zero as n — +00.

Let 6 > 2 be given by (F»). Using conditions (mg) and (ly), we can find sq €
(0,0.,) and s; € (0,0;) such that, for

(2.1) a :=m(sg), b:=1(s1),
there hold
0 0

(2.2) m(0) <a< im(O), 1(0) <b< 51(0).
Define the functions mg, I, € C(RT,R*") by

m(s), if0<s< s, I(s), if0<s<sy,

me(s) := . lp(s) == .
a, if s > sg, b, if s > s,

and consider from now on the modified problem
—mg(ul?)Au = AF,(z,u,v) + 5=Gu(u,v),in Q,
(3’;) —Ip(||lv]]?)Av AFy(z,u,v) + 5= Gy(u,v),in Q,
u,v € HHQ).

Since in our first result we are looking for nonnegative solutions, without loss of

generality we may suppose that
23) Fu(z,s,t)=0, ifze, s<0,teR,
2.3

Fy(x,s,t)=0, ifzeQ, seR, t<0.

By (F}), the above assumptions do not affect the continuity of F,, and F,,. Moreover,
by using (Fp), (F1) and (F3), we obtain after integration

|F(z,2)] < §|z|2 +O2|7, VYzeQ, zeR?

and therefore the functional (u,v) — [, F(x,u,v) is well defined. Moreover, by
using (F}) again, we can check that it belongs to C*(H,R).

Lemma 2.1. Suppose that G satisfies (Go). Then there exists G € C'(R2,RY)
such that G satisfies (Go) — (G1) and G = G in RT x R*. Moreover, if (G2)(b)
holds, then

{ Gu(s,t) >0
Go(s,t) >0

, ifs<0,teR,
, ifseR t<O0.

Proof. Since G is 2*-homogeneous, its gradient is (2* — 1)-homogeneous and, for
any (s,t) € R?, there hold

(2.4) (s,t) - VG(s,t) = 2*G(s,t),
and

(2.5) |G(s,0)| < Ma(|s|* + |t*),
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where Mg := max{G(s,t) : s,t € R, |s|>" + [t|* = 1}. Hence, we can check that

the lemma holds for the function

_ G(st,th), if (G2)(a) holds,

(2.6) G(s,t) =
G(sT,tT) — (s7,t7) - VG(sT,tT), if (G2)(b) holds,

defined for (s,t) € R?. We omit the details. O

We are ready to introduce the energy functional associated with the modified
problem, namely I, » : H — R given by

1 1
gMa(Hu||2) + §Lb(||v|\2) — )\/ Z,u,v) / G U, v)
Q

with My(s) = [, ma(t)dt and Ly(s) := [; lp(t)dt. It is standard to check that
Ia b € C ( )

In order to snrnphfy the notation, in the next two sections, we are going to write
G to denote the function G given by the last lemma. Since G satisfies (Go) — (G1)
this can be done without loss of generality. Moreover, we have the following:

Iayw\(u, ’U) =

Lemma 2.2. Suppose that (u,v) € H is such that I}, \(u,v) = 0, [lu] < so and
[|v]| < s1, where s, s1 come from (2.1). Then (u,v) is a nonnegative solution of
problem (S).

Proof. Tt is clear that (u, v) is a weak solution of the modified problem (Sy). If (u, v)
is nonnegative then, since ||u|| < so and ||v|| < s1, it follows from the definition
of m, and I, that m,(||ul|?) = m(||ul|?) and I,(|[v||?) = I(]|u/|?). Hence, (u,v) is a
nonnegative solution of (.Sy).

In order to check that (u,v) is nonnegative, we first notice that, by ,

/(u*,O) -VF(z,u,v) = / u” Fy(z,u,v)de +/ u” Fy(z,u,v)dx =0,
Q {u>0} {u<0}
where u™ () := max{u(z),0} and u~ := u* —u. Moreover, if J(u,v) := [, G(
and (G2)(a) holds, it follows from ([2.6) that
(). 00) = [ Gt o) = [ wGuodn =0,
Q {u<0}

since G, (0,1) = 0. If (G2)(b) holds, we can argue as above and use Lemma [2.1] to
get

(J'(u,v), (u™,0)) = / u” Gy(u,v)dx >0,

{u<0}

and therefore (J'(u,v), (u™,0)) > 0, whenever (G3) holds.
The above considerations together with (I}, , \ (u,v), (u™,0)) = 0 imply that

0 < —ma(llul?) /Q Vu P,

and therefore we conclude that u > 0 a.e. in 2. Repeating the argument and using
(o pa(u,v),(0,07)) =0, we also get v > 0 a.e. in . O
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We present now some technical results. Following [19], we introduce the number
LT+ [90P)
(u,0)eH\{(0,0)} (fQ G(u, v))2/2*

We denote by C(€) the set of all continuos functions u :  — R endowed with the
norm ||ull¢) = max, g [u(z)| and by M(Q) its dual, namely the set of Radon
measures. The next result is a variant of the classical concentration-compactness
lemma of Lions [I6, Lemma 1.1]. It was inspired by an earlier version presented
in [I9, Lemma 6] and its proof can de done with natural changes in the arguments
presented in this last paper.

Sq =

Lemma 2.3. Suppose that ((un,vy)) C H is such that

(Un, vp) — (u,v), weakly in H,
(|Vun|? + [V, |?) = ¢, in the weak-" topology o(M(Q),C(Q)),
G(up,vn) = v, in the weak-" topology o(M(Q),C(Q)),

where ¢, v € M(Q) are nonnegative bounded measures over ). Then there exist an
enumerable set J, which can be empty, a family of distinct points (z;);cs C 2, and
(vj)jer, (¢)jes C (0,+00) such that

(a) v=G(u,v) + Zl/jézj,
JjeJ
(b) €= ([Vul2 + [Vo2) + 3 G,
jeJ
where &, indicates the Dirac mass at ©. Moreover, for any j € J, we have that
2/2*
SGVj/ S CJ
We prove in the sequel that, for some special sequences, the set J is finite.

Lemma 2.4. Let (z,) C H be as in Lemma and suppose that I,  \(2n) — 0,
as n — 0o. Then J has a finite number of elements. Moreover,

(2.7) v; > (min{m(0),1(0)}Sc)N*, Vje

Proof. Let ¢ € Cg°(RN,[0,1]) be such that ¢ = 1 in By,2(0) and ¢ = 0 in RN \
B1(0). Suppose that J # @, fix j € J and define ¢.(z) := ¢((x — x;)/e), for € > 0.
Since (¢e2,) C H is bounded, we have that (I, \(2n), (¢c2n)) = 0,(1). This and

(2.4) provide

0nD) = ma(llunl?) (An,a+ / |Vun|2¢5)
(2. T (ol (Bn,s+ / |vfun2¢>s)

~ [ 0:Glunson) = [ ez TF(z20).
Q Q
where

Ap e = /un(Vun Vo), Bpe:= /vn(an Vo).
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Since F' has subcritical growth, we can use Sobolev embeddings and Lebesgue
Theorem to get

lim (pezn) - VF(,2n) = /Q(gbsz) -VF(z,z),

n—-+oo Q

where z = (u,v) is the weak limit of (z,) in H. Recalling that m,(s) > m(0) and
Iy(s) > 1(0), we can use (2.8) and Lemma[2.3|to get

(2.9) min{m(0),1(0)} (An,€+Bn,5+ /Q de dc) < /Q 6. dv+\ /Q (622)-VF(z, 2).

We claim that

(2.10) lim limsup 4,, . = 0, lim lim sup By, . = 0.

e=0 nooo e=0 nooo

If this is true, we can take the limit as n — 400, ¢ = 0 in (2.9)) and use Lebesgue
Theorem to conclude that

min{m(0), 1(0)}¢; < v;.
Recalling that SGu?/Q* < ¢j, we obtain

min{m(0), 1(0)}Ser>’* < min{m(0),1(0)}¢; < vj,

N

and therefore v; > [min{m(0),1(0)}S¢|*. Hence,

v(@) 2 vy 2 (min{m(0),1(0)}56)"?
jeJ jeJ

and we infer from v(£2) < 400 that J is finite.
In order to prove (2.10), we first use Holder’s inequality to compute

1/2
] < /Q |un|wn|v¢g|sc( /Q |un|2|v¢52> .

Since u,, — u strongly in L?(f2), the change of variables y := (z — z;)/e and the
Sobolev embedding provide

1/2
limsup |4, < C’(/ |u|2|V¢5|2>
Q

n—oQ

1/2
- g(N—”/?C(/ IU(y6+wj)l2|V¢(y)l2dy> )
{lyl<e}

and the first result follows from N > 3. The proof for B,, . is analogous. O

3. THE PALAIS-SMALE CONDITION

Given a functional I € C1(H,R) and ¢ € R, we say that I satisfies the Palais-
Smale condition at level ¢ ((PS). for short) if any sequence (z,) C H such that

lim I(z,) =c¢, lim I'(z,) =0,
n—-+00 n——+0o

has a convergent subsequence. We devote this section to the proof of the following
local compactness result:



8 M.F. FURTADO, L.D. OLIVEIRA, AND J.P.P. SILVA
Proposition 3.1. If

i 11 _
c* = (0 — 2*> (min{m(0),1(0)}S¢g )N/2
then I, » satisfies (PS). for any ¢ < c*.

Proof. Let (z,) C H be such that I pa(zn) = 0and Iopa(zn) — ¢ < c*. We first
notice that, by (mg), (lo), (F2), (2.4) and ( -, there exists C7 > 0 such that

1
¢+ on(1)llznll + 04 (1) Lopa(2n) = 5([;,;)7)\(2”), Zn)

1 1
> CMu(lunl®) + 3 Zo(ol)
) lnll? = S0l ]
0 0
1 1 1 1
> — N 2 - _ 2.
> (Qm(()) 6a> [ +<21(0) 9b> lval
> Ozl

and therefore (z,) is bounded in H.

Let J be given by Lemma We claim that J = @. Indeed, suppose by
contradiction that there exists j € J and consider ¢. as in the proof of Lemma[2.4]
The boudedness of (z,), (F2), (2.2), (2.4), ¢ < 1, and the same argument used
above provide

> (;—)/Gun,vnﬂ—on(l)z (—)/cﬁa (s 0n) + 0n(1).

Taking the limit and using , we obtain

e (- 21) (min{m(0), 10)}Se) /2 = ¢*,

contrary to ¢ < c*.
Since J is empty, we infer from Lemma [2.3] that

n—+oo

lim G (Un, Un) / G(u,v)

Up to a subsequence, we have that

(Un, V) — (u,v) weakly in H,

Uy, —> U, Vp =V, strongly in L*(Q), 2 < s < 2%,

up () = u(x), vy(z) = v(z), a.e inQ,

max{|un ()|, |vn(2)|} < gs(z), a.e. in £,
with g5 € L*(Q), 2 < s < 2*. By using (Fp), (F1), (F3) and the strong convergence
in L*(Q)) we get

lim Zn - VF(x, 2) = / z-VF(x,z),
n—-+oo Q Q

where z = (u,v). This and (I} ;, \(2n), 2n) — 0 provide

)l a2 P + o lon ) oa ) = A [ 2 VPG 2) + [ Gl
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On the other hand, since (I}, , \(2n),2) — 0, there holds

a

(32 ma(lun]?) /Q (Tt - V1) + By (o) /Q (Vo - Vo) = AL + A2 + 0,(1),

where

1
Al = )\/ 2-VF(z,2,), AZ:= = | (w,v) - VG(up,vy).
0 2" Ja

Again, Lebesgue Theorem implies that

lim z-VF(m,zn)z/z-VF(x,z).
Q

n—-+oo Q

Furthermore, since the partial derivatives of G are (2* — 1)-homogeneous, it follows

from (2.5) that

/ |G, vq) [/
Q

IN

.o . . 2% /2% —1
MEED [ (a2 o)
Q

02/ (lnl®” + 1o}
Q

and therefore (G, (t,,v,,)) is bounded in L2/(2"=1(Q). The pointwise convergence
of (u,) and (v,) imply that G(u,,v,) — G(u,v) weakly in L> /2 ~D(Q). Since
u€ (Lz*/y’l((l))/ = L? (Q2), we obtain

IN

lim uGu(un,vn):/uGu(um).
Q

n—-+oo Q

Analogously, [, vGy(un,vn) — [ vGy(u,v), as n — +o00. The above considera-
tions and ([2.4)) prove that

lim (u,v) - VG(tp,vn) = /

n—-4oo Q Q
If we define

(u,v) - VG(u,v) = 2* /Q G(u,v).

ap = lim |, a1 = lim v,
n— oo n— oo

we can take the limit in (3.2]) and use the continuity of m, and I, to get
ma(@d)ul + bl = A [ 2 VF@.2)+ [ Gluw)
Q Q

This and (3.1)) imply that
ma(ag)og + lh(af)ai = ma(ag)||ull? + (o) |Jv]|*.
From the weak convergence of (v,), we know that ||v]|? < o2. Hence,

ma(ag)ag +lh(ad)ai = ma(ag)ull® + (o) [v]* < ma(ad)|ull® + Ib(af)ad,

that is
ma(ag)ag < ma(ag)lull?.

Since mq(ad) > 0, this implies that o < [Ju]|?> < o, and therefore ||u,| — ap. It
follows from the weak convergence of (u,) that u, — u strongly in HZ(£2). In the
same way, v, — v strongly in H{ (). This concludes the proof. (I
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4. PROOF OF THEOREM [I.1]

We start by checking that I, p x satisfies the geometric conditions of the Mountain
Pass Theorem.

Lemma 4.1. Suppose that G satisfies (G1). Then,
(i) there eizst p >0, a > 0 such that

Inpa(u,v) >a>0, V(u,v)e HNIB,0);
(ii) there exists e € H, independent of A > 0, such that I, x(e) < 0.
Proof. For any given € > 0, we can use (Fp), (F1) and (F3) to get
F(z,s,t) < §(|3|2 + ) +C(Jt7+ |s|9), VxeQ, (s,t) € R

Picking € > 0 small, we can use the above inequality, (mqg), (lo) and . ) to get

Lapa(u,v) =2 1 m(0)ul® + ( vl = */(IU\2+IU\ )

—C’l)\/ |u|q—|—|v|q ——/Guv

> [(w,0)[1? (C2 = ACs]|(u, v) |72 = Cs|(u, v)

Since ¢ € (2,2%), it is sufficient to choose p > 0 sufficiently small to obtain (i).
In order to prove (ii), we consider ug € Hg(Q) such that |Jug|| = 1 and ug > 0.
By (F3), we have that F' > 0, and therefore

2"72) .

t*
Loy a(tug, tug)) < at? + bt — 2—*/ G(ug, uo).
Q
It follows from (G1) that fQ G(ug, ug) > 0. Thus, I, x(tug, tug) = —oo ast — +00
and (ii) holds for e = ¢, (ug, up), with ¢, > 0 sufficiently large. O
In view of the above result we obtain a sequence (z,) C H such that
Ia,b,)\(zn) —7 Ca,b,\» I{;,b,k(zn) — 0,

where

= inf 1,
Cab) : erelrtren[g% ap A ((t)) >0,

and
I = {y € C(10,1], H) : 7(0) = 0 and Lopa(+(1)) < 0}.

Lemma 4.2. The minimaz level defined above satisfies

lim cqp\ =0
A—00

Proof. Let ug € Hg(2) be such that |Jug|| = 1 and ug > 0. For zg := (ug,up), we
set ¢(t) 1= I, p 2 (t20), that is,

() i= Loy (t20) = %Ma(tQ)—s—%Lb(tZ) —)\/QF(;U,tzo) - Zé/ﬂc(tzo).

Clearly I, 4,1 (0) = 0. Moreover, from the proof of Lemmald.1|we get Io.x(pzo/|z0|) >
0 and I, 4,2 (tz0) < 0, for any ¢ > 0 large. Thus, there exists ¢) > 0 such that

Iy a(trzo) = I?Zagi Iob.2(%0).
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We claim that ¢y — 0 as A — +oo. Indeed, since ¢’ ()t = 0, we get

(4.1) 3 (ma(t3) + (£3)) ZA/Q(L‘AZO)'VF(%I‘/AZO)ﬂLti*/QG(uO,uo)

and it follows from (F3), (Go) and the definition of m, and [ that

tiuQ/ G(ug,up) < a—+b,
Q

which implies that (¢)) is bounded. Let (A\,) C R be such that A\, — 400 and
suppose that

t*:= lim ¢y, >0.

n— oo

Since

lim (trz0) - VF(x,trz0) = / (t*z0) - VF(x,t"2p),
A—+o0 0 Q

we infer from (4.1) that ¢* = 0.
We now consider the path v.(t) = te, ¢ € [0, 1], where e € H comes from Lemma
[41l Notice that

1 1
0 < capr < max I(7.(t)) = I(trzo) < fMa(ti) + be(ti).
t€[0,1] 2 2

Taking A — +oo and recalling that ¢ty — 0, we conclude that cq ., —+ 0 ]

We are ready to prove our existence theorem.

Proof of Theorem[I.1. By the previous lemma there exists Ao > 0 such that

1 1
Capr < (e - 2) (min{m(0),1(0)}Sc)™?, YA > Xo.
For each A > )¢, we can use Proposition [3.1] and the Mountain Pass Theorem to
obtain z) = (ux,vx) € H such that I, x(2x) = cap,x > 0 and I(’Lb’)\(z)\) =0, that
is, z) is a nonnegative solution of the modified problem (5’;) According to Lemma
it remains to check that, if X is large, then ||u|| < s¢ and ||v|| < s1. Arguing by
contradiction, suppose that there exists a sequence (A,) C R such that A, — 400
and the respective solutions zy, = (uy,, vy, ) verifies [uy, || > so or |lva, || > s1. By

using (F), (2.4) and (G1) we obtain

1
Capr, = Ia,m(uxnawn)—g(fé,b,xn(zxn)vzx,)

(;m(O) _ Z) 2+ (;I(O) + Z) &2,

which contradicts ¢, p,x, — 0. Hence, there exists A* > 0 such that, for any A > \*,
the solution (uy,vy) obtained above satisfies the problem (S ). The same argument
shows that ||(ux,, v, )|l = 0 as A, = +o00 and the theorem is proved. O

Y
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5. PROOF OF THEOREM

In this final section we prove our multiplicity result. Beside the basic assumptions
(mo), (lo), (Fo) — (F3) and (Go), we shall suppose in this section that (F5), (G1)
and (G3) hold. As before, the weak solutions of the problem are critical points of

1 1 1
Tapa(u,v) = S Ma(|lull®) + S Lo(lol®) = X [ Flz,u,0) = o | Glu,0).
2 2 0 2+ Jq
In order to obtain the critical points we shall apply the following version of the
Symmetric Mountain Pass Theorem (see [2] 21]).

Theorem 5.1. Let E =V ® W be a real Banach space with dimV < oco. Suppose
that I € CY(E,R) is an even functional satisfying I(0) =0 and
(I) there exist p, « > 0 such that

inf I(u) > «;
u€dB,(0)NW

(I2) there exists a subspace V C E with dimV < dimV < oo such that, for
some M >0

max I (u) < M;
u€\7

(I3) I satisfies the (PS). for any c € (0, M).
Them I possesses at least (dimf} — dim V) pairs of nonzero critical points.

The same argument used in the proof of Proposition provides the local com-
pactness result below:

Proposition 5.2. If

. . (m(0 a @ b
Cy 1= mln{c , (é) — 9) s2, <(2) _ 9) 5%}’
then I, satisfies (PS). for any ¢ < c,.

We prove below the geometric condition (I3).

Proposition 5.3. Suppose that G satisfies (61\1) Then, for each k € N and M, >
0, there exist \* > 0 with the following property: for any A > \* we can find a
subspace V) C H such that dim V;} = k and

sup I, pa(2) < M,.
zEV,;‘

Proof. Let ¢ € C§°(B1(0)) and fix {x1,..., 2, C Q and 6 > 0 in such way that,
fori, j € I:={1,...,m}, Bs(z;) C Q and Bs(x;) N Bs(x;) = @, if i # j. For each
i €1, weset ¢0(x) := ¢((x —x;)/) and use the change of variables y := (v —2;)/§
to compute

N
wp Lete—amr [ Ve

I ( / |«><(m—xi>/a>|9)2/0 ( / 6N|sa<y>9dy)

that is
2
(5.1) As = §IN=2—(2N/5)] ||<P||2.
el

2/6°
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Since R™ has finite dimension, there exists d; = d;(k, ) such that

k k 0/2
(5.2) > lyil® > da (Z Iyi2> , V(Y1 ym) R
=1 i=1

Set
Vk,5 = Span{(w(lsa 0)7 SERE) ((pi7 0)}7

and consider u = Zle il € Vi,s. By using (5.1)), (5.2]) and the fact that the
support of the functions ga? are disjoints, we obtain

k ]
= il de
/Q Bs(z1)U--UBs () ; '
& L 0/2
653 S gl 2 dy (zwnz)
=1 =1

A 0/2
= (ZA51|WP?||2> — dad"ull’,
=1

where dy := d1||¢|*[l¢ll;? > 0 and

0
=—(N-2-2)2
vy ( N>2>07

Integrating the inequality in (F») we get
F((E,S,O)Zd3|8|9—d4, V((E,S)GQXR,
and therefore can use (5.3) to get, for any z = (u,0) € Vi s,

B(; Z;

m
Loa() < uf? =23 / F(a,u,0) da
2 i=1 (1)
< Sl — Adadsd7Jull” — AdakS Vo,

where wy is the volume of the unitary ball. Hence, for some positive constants
ds = ds(k,0), dg = dg(k, N) we have that

(54)  Ioga(z) < %||UH2 — X587 [[u]® + AdgdN, ¥z = (u,0) € Vis.

Since 6 < 2*, we have that v < N and therefore we can pick vg € (v, N) and
consider the function

hs(t) == %ﬂ —dgdO - dgsTOTN >0,

which attains its maximun value at ts5 := [a(d59)_157_'y‘)}1/(0—2). This and v €
(v, N) imply that hs(ts) — 0 as § — 0. So, there exists §* = §*(k,0, N,a) > 0
such that

M,
maxh(;(t) < 7, Vo e (0,5*]

t>0
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We now set A} := (6*)~7". Let A > A and define the k-dimensional subspace
Vk)‘ = Vis, for 6 = A1/ Since 570 = \ > Af = (6%)77°, we obtain § < 6*.
Hence, for any z = (u,0) € V;}, we can use (5.4) and the above inequality to get
M,

2 )

Topa(2) < g||u||2 — 677056 [[ul]” + 677N < max hs (1) <
and we have done. O

Proof of Theorem[1.4 Given k € N, we are intending to apply Theorem with
W = H. The condition (I;) can be proved as in Lemma If we consider M, < c.
as in the statement of Proposition [5.2] it remains to obtain a subspace of dimension
k such that (I2) holds. However, this condition is always true for the subspace Vk’\
given in Proposition provide we consider A > A}. Since I, ;2 (0) = 0 and the
functional is even, the hypotheses of Theorem [5.1] are satisfied and therefore, for
each A > Af, there exist k pairs of nonzero solutions for the modified problem (3‘;)

Let z = (u,v) € H be one of the solutions obtained above. Since I, 2 (z) <

M, < c,, we can use the definition of c,, (Fy), (2.4) and (é\l) to get

1 a 1 1 a
(300~ ) I0lP < Tupalo) = §{an(0)2) <M. <o < (Gme0) - )

from which it follows that ||u|| < sg. The same argument provides ||v]| < s; and
therefore, as in the proof of Lemma [2.2] we conclude that z is a nonzero solution
of (S)\) O
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