ON A WEIGHTED TRACE EMBEDDING AND APPLICATIONS
TO CRITICAL BOUNDARY PROBLEMS

LUCAS C.F. FERREIRA, MARCELO F. FURTADO, EVERALDO S. MEDEIROS,
AND JOAO PABLO P. DA SILVA

ABSTRACT. We prove a weighted Sobolev trace embedding in the upper half-
space and give its best constant. This embedding can be employed to study a
number of critical boundary problems. In this direction, we obtain existence
and nonexistence results for a class of semilinear elliptic equations with nonlin-
ear boundary conditions involving critical growth. These equations are closely
related to the study of self-similar solutions for nonlinear reaction-diffusion
equations.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we show a weighted Sobolev trace embedding and also present its
best constant. As a consequence, we obtain existence and nonexistence results for
semilinear elliptic equations in the upper half-space with nonlinear critical boundary
conditions.

Before stating the embedding, let us set some notation. Consider N > 3 and
RY = {z = (21,22,...,2n) € RN : 2y > 0}. If we denote by C°(RY) the space
of infinitely differentiable functions with compact support in Rf , we can define
D}(’Q (RY) as being the closure of C2°(RY) with respect to the norm

1/2

(1.1) ul| = /RN K(@)|Vulde |

where K (z) := exp(|z|?/4). For simplicity, we denote this space by X and define,
for any 2 < s < 2* :=2N/(N — 2), the weighted Lebesgue space

Ly (RY) := que LS (RY) « |Ju$ = /RN K(z)|ul*dx < o0
T

In [12, Lemma 2.2] it was proved that the embedding D}f(Rf) — L5 (RY) is
continuous for s € [2,2*] and compact for s € [2,2*).

Concerning the trace embedding, we recall that 2, := 2(N —1)/(N — 2) is the
critical exponent of the trace Sobolev embedding D*?(RY) — L2+(RV~1). As
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proved by P.L. Lions [22], its best constant S is achieved and

[ IVePda
. RY N —2 _
(1.2) Sy = inf + = ]1\,/£1¥ 1),

peD12(RY )\ {0} (/ \wQ*dx’)z/z* )
RN-1

where oy _1 is the volume of the (N — 1) dimensional sphere. The extremal func-
tions, found independently by Escobar [10] and Beckner [5], are given by

/ A(N-2)/2
Us(-T 7-75N) = H{L"|2—|—(:17N—|—E)2}(N72)/2’
for any ¢ > 0 and 2’ := (x1,29,...,2x_1) € RV~! where we identify the boundary

of the upper half-space 8]Rf with RV-1,

A natural question is whether we have trace embeddings from X into the space
L3 (RN=1). By performing an interpolation approach in fractional Sobolev space,
a partial answer was presented in [12, Lemma 2.4], where it was proved that this
embedding holds for any 2 < s < 2,. In the first result of this paper we prove the
following:

Theorem 1.1. The Sobolev trace embedding D}(’Z(Rf) — L5 (RN=1) is continuous
for s € [2,2,] and compact for s € [2,2,). Moreover, if s = 2., the best constant of
this embedding is given by

/ K(2)|Ve|*dz
RN
SK = +

inf = So.
eeD*(RY)\{0} ( K(z',0)|¢ 2/24

RN-1

2*dx’>

The above result extends that of [12], since we now cover the natural range for
the trace embedding by considering also the critical case s = 2,. Moreover, the
proof presented here is different (and simpler) from the original one. Theorem
1.1 also complements previous weighted embedding results which can be found,
for instance, in [1, 13, 14, 21, 23, 4, 17] and references therein. For example, the
growth of our weight K is not of log or polynomial type neither belongs to the
Muckenhoupt class A,..

The critical trace embedding in Theorem 1.1 can be employed to study a number
of semilinear equations with nonlinear boundary conditions with critical growth. In
this direction, we show existence and nonexistence of solutions for the problem

) —Au—3(z-Vu) = Au+[u* "2u, inREY,
% = |ul*2u, on RV-1,

where v is the unit outer normal on the boundary of the upper half-space.

Before presenting our results we connect the above problem with the functional
space X. As observed by Escobedo and Kavian in [11], since the exponential-type
weight K (z) = exp(|z|?/4) verifies VK () = $zK (z), the first equation in (P) can
be written as

—div(K (z)Vu) = \K (z)u + K (z)[u[* ~u in RY.
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Thus, X is the natural space to treat problem (P). The embedding result of
Theorem 1.1 shows that the energy functional

. 1
2 - 2—/ K(z',0)|u
« JRN-1

belongs to C!(X,R) and its critical points are weak solutions of (P).

The starting point of our variational approach is to establish the natural range for
the parameter A in order to obtain a solution. By adapting some known arguments
we are able to get a Pohozaev identity and a Hardy-type inequality for the problem
(P) and, by combining these two results, we have the following:

Theorem 1.2. If u € C*(RY) N X is a nonzero solution of (P), then A > (N/4).
Moreover, if u € X is a positive solution of (P), then A < (N/2).

Q*dxl

1 A 1
U = 5”“”2 - 5”“”3 - 27““

Closely related to problem (P) is the study of self-similar solutions for the
reaction-diffusion problem

13 v —Av = |v[¥2p, in RY x (0, +00),
. v = Ju*~2, on RN~ x (0,+00).

More precisely, it is well-known that the problem (1.3) satisfies a scale invariance
property and if we look for self-similar solutions of problem (1.3), namely solutions
with the special form

v(z,t) = tfj‘u(tfl/zx), zeRY, t>0,

then the profile u satisfies the problem (P) with A = (N —2)/4. For further details
and results about nonlinear boundary parabolic problems and self-similarity, we
refer the reader to [15, 16, 25, 19, 2]. Since A < (N/4), as a direct consequence of
Theorem 1.2 we obtain a nonexistence result of self-similar solutions for (1.3):

Corollary 1.3. The problem (1.3) does not have self-similar solutions with profile
belonging to X.

At this point it is important to emphasize the difference between the above
result and its subcritical counterpart, namely problem (1.3) with the terms |v|>” ~2v
and |v]|?*~2v replaced by |v|?"%v and |v[P~2v, respectively, where 2 < g < 2* and
2 < p < 2,. In this case, it was proved in [12] that the problem has infinitely many
self-similar solutions whenever the parameter A belongs to R\ X, where ¥ is an
enumerable set which is connected with the eigenvalues of the linearized problem
and can be viewed as a nonresonant set for the subcritical problem. Also in the
subcritical case, the authors in [12] proved that the stationary problem (P) has
a positive solution for A < (N/2). Again, the critical case is more delicate, since
we do not have compact embeddings. However, we are able to obtain an existence
result if A is near the first eigenvalue of the linearized problem. More specifically,
we shall prove the following:

Theorem 1.4. If N > 3, then there exists 6 > 0 such that problem (P) has a
positive solution if (N/2) —§ < XA < (N/2).

For the proof we first obtain a local compactness result for the energy functional.
Afterwards, in the main step, we use the first eigenfunction of the linearized problem
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to show that the Mountain Pass level of the functional belongs to the compactness
range. At this point we use the fact that A is near (N/2).

In our last result we analyze the effect of the absence of the power-type reaction
term inside the domain. Actually, we remove this term and consider the following
critical problem

% —Au—3(z-Vu) = M\, in RY,
gu = |uf*~2u, onRN7L

The subcritical version of the above problem was considered in [12], where the
authors obtained a positive solution for A < (N/2) and N > 3. Here, due to
the criticality of (}5), we obtain a result in higher dimensions and with stronger
restrictions on the parameter A. More specifically, we prove the following:

Theorem 1.5. If N > 7, then problem (]5) has a positive solution if

/\N._4+ 3 <AL 5

In the proof, we follow the ideas introduced by Brezis and Nirenberg in [7].
As before, the main point is to show that the Mountain Pass level of the energy
functional belongs to the range where the Palais-Smale condition holds. This is done
by performing some carefull estimates on the asymptotic behavior of a suitable cut
of the function U.. The restrictions on dimension and the lower bound for A\ are of
technical nature. Unfortunately, we do not know what happens if 3 < N < 6 or
even if N > 7 and (N/4) < X < A%

In what follows we quote some papers which deal with critical nonlinear boundary
conditions. The results are not comparable with ours but present some similar
features. Consider the existence of solution for

0
—Au = f(z,u), in Q, a—u = g(z,u), on 09, u >0, in €,
v
where Q C RY is a bounded domain. In the case that € is a ball, the authors in [24]
obtained one solution for f(z,u) =u® ', g(x,u) = —u® ' — h(x,u), with § > 0

and the subcritical function h verifying some technical conditions on h'(z,0) (see
also [9] for some results in the case that g(z,u) < 0). In [8], the author supposed
that f(z,u) = a(z)u® !, g(z,u) = f(x)u*>~"! and obtained solution in the case
that the points of maximum of the potentials are related with the set where the
median curvature of the boundary is positive. He also proved that the problem
has no solution if o, 3 > 0. In [27], the authors consider f(z,u) = u(u® ~2 — 1),
g(x,u) = pu?~1 and use the fibering method to obtain two solutions for small
p > 0. For unbounded domains, we can cite [18], where it is assumed that 2 is
the complementary of a set with compact boundary, f(z,u) = u? 1 and g(z,u) =
—a(x)u — B(z)u® ! + pp(z)u”, with 0 < r < 1 and B > 0. The author obtained
the existence of one solution for small & > 0.

The paper is structured as follows: in the next section we prove Theorem 1.1.
The third section is devoted to the nonexistence results. Theorems 1.4 and 1.5 are
proved in Sections 4 and 5, respectively.

2. THE TRACE EMBEDDING

In this section we present the proof of Theorem 1.1. For this purpose, we need
some notation which will be used throughout the paper. We recall that X denotes
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the closure of C2° (@) with respect to the norm
1/2
Jull = </ K(a:)|Vu|2dx>
Y

Ly (RY) = {u € L*(RY) : /RN K(z)|ul*dx < oo} )

and

for any s € [2,2*]. We also use the following notation

1/s 1/s
ful, = (/ |u|5dm> C lulle = (/ K(x)uwdx)
RY RY

+

1/2,
lule, = </ K(:E’,O)|u(x’,0)|2*d:17’> .
]RN—l

In order to be more concise, we write only [ f to denote f]RN f(z)dz. The points
+

and

r € RY will be written as x = (2/,xy), with 2/ = (z1,...,2xy_1) € RY~1 and
zny € R.

Proof of Theorem 1.1. Let p > 0 and ¢, € COO(@, [0,1]) be such that ¢, =1 in
B,5(0) NRY and ¢, = 0 in RY \ B,(0). For any ¢ > 0, we set ¢ := ¢,U. and
notice that, since U, is a minimizer of Sy, then

[1vedr
2/2,
</ |§De 2*d33/>
]RN—l

as € = 07. Thus, if K, := K(p,0,---,0), we can use K(z) > 1 and K(z) < K, in
the support of . to get

& g 7o
<K, ¥ — K, S0 + o(c).

leel 2/2.
ez, (/ |905 2*dx/>
RN—l

Taking the limit as p — 07 and € — 07, we obtain Sk < Sp.

Given u € Cé’o(@), let b,> 0 be such that u(z’,zx) = 0 whenever 2|z'| > b
or 2xx > b. If we set Q := {2’ € RN~1: |2/| < b}, we conclude that the support
of u is contained in Q x [0,b]. Moreover K/2u € C° (@) and a straightforward
computation provides

(2.1) / V(K () 2u) 2 = / K(2)|Vul? + B,

with

=S50+ o(e),

B = /Ob/ﬂv (K(x)1/2u2> v (K(g;)l/?) do'dzy.
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We claim that B < 0 for all u € C’SO(@) If this is true, we can (2.1), Fatou’s
lemma and a density argument to conclude that

(2.2) /|v z)2u)? < /K )Vul?,  Vue D (RY),

and therefore K1/2u € DV2(RY) for any u € ’D}(Q(Rf). Since K (z) > 1, it follows

from the definition of Sy that
2/2,
% (/ <K<w’,0>1/2|u>2*d””’>
RN-1

/lv 1/2 |
2/2.
So (/ K(x’,0)|u|2*da:’> .
RN—1
Hence, we can use (2.2) to obtain

Jr@va = s ([ Kol

This inequality proves the continuous trace embedding D}f(Rf ) — L% (RN
and that Sg > Sy. Since we already know that Sx < Sy, we conclude that
Sk =Sp.

It remains to prove that B < 0. For this purpose, for ' € RN =1 we set

A(r') = /Ob (K(m)l/2u2)m (K(m)1/2>m dzy,

where f, = %, for any f € C>(RY). It follows from the Divergence Theorem
that

Y

v

2/2,
2*dx’> . VueDZRY).

B = / / 3;/ 1/2 2) -V (K(x)l/Q) d'dxy + | A(z')da'

Q Q
= 7/ / K(z)Y?u? A, <K(:z:)1/2) dx'dx N +/ A(z")dz'.
0 JQ Q

/|2

Ay (K(m)l/Q) - (N;l + '”iﬁ ) K(z) >0,

it is sufficient to check that A(z’) < 0, for any 2’ € RV~ By integrating the
equality

Since

2
(K (@)!*u®) oy (K ()" )0y + (i " m) K(@he® = § (oxv?K (@),

N

over the interval [0, b], and recalling that u(z’,b) = 0, we obtain

b /1 2 1 b
A+ [ (34 5) K@ntday =1 [ (aniK(@),, doy =0,
0 16 4 Jo o

and therefore A(z’) < 0. This finishes the proof of the claim.
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We now prove the continuity of the trace embedding for s = 2. Given u €
C(RY), we can use the Fubini Theorem to get

@t / e

- K(2,0)u(z',0)2dz.

RN-1

Hence, recalling that zy > 0 in RY and —2ab < a® + b%, we obtain

K(a',0)|u?de’ = - %K(x)ut/zmx)uuw

/K(x)u2 +/K(m)u2
cl/K )| Vul? + /K )| Vul?,

where ¢; > 0 comes from the embedding DY Q(RN ) = L3(RY). It follows that

RN-1

/ K(a',0)|ul2da’ < (cl+1)/K(x)|Vu|2, Vu € O (RY).
RN-1

The same inequality holds in D} 2(RN ) by density, and therefore we have proved
the continuous embedding D}{Q (RY) < L% (RV~1!). The embedding for s € (2,2,)

easily follows by interpolation. The compactness can be proved as in [12, Lemma
2.4] and we will omit the details here. O

3. THE NONEXISTENCE RESULT

In this section we prove our nonexistence result for problem (P). We first recall
a basic result about the linear problem associated to (P) (see [12]). The first
eigenfunction ¢ of the linear problem

(3.1) —Au—%(aqu):)\u, zeRY, %:0, z € ORY,

can be chosen positive and the first eigenvalue A; is characterized by

K(m)|Vu|2
(3.2) AL = N inf
2 wex\{o} /K

In the sequel we use a truncation argument (see [20]) in order to obtain a Po-
hozaev type result for problem (P).

Proposition 3.1 (Pohozaev Identity). Ifu € C*(RY)NX is a solution of problem

(P), then
. N
N 2R (A - ) ul2
RN—I 4

Z */RNA lu(z’,0) 2*dx’> = (AN|U|§/(x.vu)2>.

(3.3) |Vul2 — |u

and
(3.4)
N

-2
5 (19 =

DO | =
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Proof. Let ¢ € C*°(R,[0,1]) be such that ¢ =1 in (—o0,1], » =0 in [4, +00) and
|| 0o < M. If we set ¢p(x) := ¢(|x|?/k?), it follows from the Divergence Theorem
that

- [

/u(V¢k~Vu) +/¢k|w|2 —/R]H ¢ku%dx’

2 / 2 a /
ﬁ/gﬁ (ZL) (x - Vu)u+/¢k|Vu|2 - /]RN_1 Qﬁkua—:jdx.

By using the boundary condition and the boundedness of ¢’ we get

65— [@asu= [ova - [ o

as k — 4o0.
For any s € [2,2*], it follows from the Fubini Theorem together with the Diver-
gence Theorem and the Fundamental Theorem of Calculus that

/div(¢k\u|sz) = / / divy (¢ |ul®z)dx' dz 5
0o JeN-1

[ [Tl endn e’ =0
RN—I 0
Since div(¢r|ul*z) = Nog|ul® + |ul*(z- Vi) + sdr|u[*">u(z - Vu), we conclude that

(3.6) /¢k|u|s_2u(x V) = —g /¢k|u\s +o(1),

as k — +oo. For proving (3.3) it is sufficient to multiply the first equation in (P)
by ¢ru, integrate both sides over RY, use (3.5) and (3.6), take k — +o0 and apply
the Lebesgue Theorem.

We now proceed with the proof of the second statement. A direct computation
yields

Zeda’ + O(k™?),

N -2
2
with Fy := (z - Vu)Vu and F, := z|Vu|?/2. Notice that

/div(d)kFl) = /OOO /]RN?1 divw/((bk(x . VU)VI/u)dx’dZ'N

o (x - Vu)Au = ¢pdiv (Fy — Fp) + d)k|Vu|2,

+/ / (Pr(x - VUu)ugy ), de'dey
0o Jry-1

= —/ or(x' - Vpru)uy ,, da’
RN-1

2,—2 /

udx'.

B / k(2" Voru)|u
RN-1
The same argument used in (3.6) gives
N -1
[atonr) = -2 [ guful-as’ + o)
2 RN-1

as k — 4o00. Moreover, since [ div(¢,F>) = 0, we conclude that

/le ((bk(Fl — FQ)) = /RN—l ¢k($/ . Vm/u)\u|2*_2u d(El + O(].)
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Recalling that ¢rdiv(F;) = div(¢rF;) — Vi - F;, we can use the above expression,
the definition of ¢y, the boundedness of |¢'|~ and the Lebesgue Theorem to obtain

/(;Skdiv(Fl — ) :—N_l/ brlu
RN—l

Zeda’ + o(1),

2,

as k — +o0. For proving (3.4) it is sufficient to multiply the first equation in (P) by
¢r(z- Vu), integrate both sides over RY, use (3.6), the above equality, let & — +oo
and apply the Lebesgue Theorem. (I

Remark 3.2. If u is a solution of problem (P), we can use (3.3) and (3.4) to get

/(x Vu)? =2 ()\ + W) Jul2.

In particular, problem (P) does not have solution for any A < X := (N/4) —(N?/8).

We now establish a Hardy-type inequality which will play an important role in
the proof of Theorem 1.2.

Proposition 3.3 (Hardy Inequality). If N > 3 then, for any u € X, there holds

(3.7) /u </x Vu)2

Proof. Suppose first that u € C°(RY). Since div(u?z) = 2u(z - Vu) + Nu?, we
can use the Fubini and Divergence Theorem to get

O:%/div(u%):/u(x.vu)_i_%/uz.
g/U2§/|u‘|($‘VU)|S (/u2>1/2 (/(x.vu)2>1/2,

and the inequality follows.

For the general case we consider (u,) C X such that |lu, —u|| — 0. Since
K(2)|Vu,|> = K(2)|Vul* in L'(RY), there exists g € L'(RY) such that, up
to a subsequence, K(z)|Vu,(z)| < g(z) a.e. in RY. Thus, |z - Vu,(z)? <
|z]2g(x)K (z) ! a.e. in RY. This last function is integrable and therefore we can
use the Lebesgue Theorem to obtain the desired inequality by approximation. [

Hence

We finish this section proving our nonexistence result.

Proof of Theorem 1.2. If we multiply (3.3) by (N —2)/2 and add it to (3.4) we

obtain
/(m Vu)? =2 </\ + N(N8_2)> ful2.

This, together with the Hardy inequality (3.7), gives
N? N(N -2

Hence, if u # 0, we have that A > (/N/4) and this proves the first statement of
Theorem 1.2.
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For the second one, we first notice that the first equation in (3.1) can be written
as —div(K (z)Vu) = AK(z)u. Thus, if ¢1 > 0 is a A\j-eigenfunction of this linear
problem, then it is a critical point of the functional

1 A1
J) = 5l0l? = Ll ve X,

For the same reason, the solution u of the problem (P) is a critical point of
1 A 1 « 1
1®) = 5ol = Sl = ol - o-lel, ve X,
The equality 0 = J'(p1)u = I} (u)e1 can be rewritten as
(A — )\)/K(x)utpl = /K(a?)uQ*_ltpl —|—/ K(z',0)u® oy da’.
RN-1

Since 1 > 0 we conclude that, if u > 0 is nonzero, then A < A; = N/2. O

4. PROOF OF THEOREM 1.4

In this section we prove Theorem 1.4. Besides the Sobolev constant Sy defined
in (1.2), we also consider

K(x)|Vel?

- i)?fo 77
peX\{0} (/K(ZL’)|§0|2*)

which is positive due to the embedding X — L%; (Rf ). For obtaining a nonzero
solution for the problem (P) we consider the energy functional I : X — R given
by

S

0,

1 A 1
1w = s llull® = 5l - o lu*

« 1 9
5 — Z'“ﬂi’
where u™ (z) := max{u(z),0}. Set

Y= {(oz,ﬁ) €0, +0):a+p>0,a+8> max{Sozz/T,Soﬁz/z*}}
and the minimax level

1 1 1 1
* .= mi \\ = - - — - . )
c mln{ (o, B) (2 2*>a+<2 2*>B (a,ﬁ)62}>0
In order to verify that ¢* > 0 we take (o, ) € X arbitrary. If 5 < «, then
Sa2/? < + 8 < 2« and therefore o > (S/2)N/2. Thus
1 « 1 /85\ V2
v > — > — > — | = .
(@.8)2o5la+f 235 238 (2>

If a < B3, an analogous computation yelds 3 > (Sp/2)¥~!, and therefore

3 1 /S \ V!
U > > - (=2 )
(@B 255 2 95 | 3
It follows that ¢* > 0.

The next result is a version of a convergence result due to Brezis and Lieb.
Although we believe it is not essentially new, we were not able to locate a precise
reference and therefore we present a proof for completeness (borrowed from [6]).
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Lemma 4.1. If (u,) C X is such that u, — u weakly in X then, up to a subse-
quence,
5 = (un —u)*

2+ lut )3+ o(1)

[yt
and
lu 157 =1 (wn —w) 157 +lut 15 +o(1).

Proof. From the weak convergence and the compact embeddings we conclude that
(u) is bounded in X and, up to a subsequence, u,(z) — u(z) for a.e. z € RY.
Setting F(s) := (s+)2* and using the Mean Value Theorem, we get

|[F(s +1t) = F(s)| = |F'(s + 66)t] < 2% + 0t 7Ht| < eas* [t + ealt*,

for all s, ¢t € R, where 6 € [0,1] and ¢1, ¢3 > 0. Given € > 0, we can use Young’s
inequality to obtain A. > 0 such that

(4.1) |F(s+1t)— F(s)| <el|s|* + At|*, Vs, teR.
We now consider the functions ¢,,, ¥, . defined by
On(z) == |F(up) — Fup, —u) — F(u)|, ¥ne(x):= (gbn —elup, —u
Using (4.1) with s = u, — u and t = u, we obtain

Pn () < [F(u)| + €luy — u|2* +A5|u|2*

from which it follows that

2*>+

'l/}n,s(x) < (]- + A€)|u\2*

Since ¥, (z) — 0 for a.e. z € ]R_IX, we can use Leguesgue Theorem to conclude
that [ K (), — 0, as n — +oo. Thus,

limsup/K(m)gbn < limsup/K(x) (’z,/}n,s + €|y — u|2*) < ecs.
n—+oo n—-+oo

Since € > 0 is arbitrary the first statement of the lemma is proved. The argument
for the second one is analogous, since we also have suitable trace embeddings and
the required compactness properties. (I

In the next result we present the relation between ¢* and the range of compact-
ness for the energy functional I.

Proposition 4.2. Suppose that 0 < XA < (N/2). If (u,) C X is such that I} (u,) —
0 and Ix(un) — ¢ < c*, then (uy,) has a convergent subsequence in X.

Proof. Since
1 1 1 A

et o(1) + oDl = () = T = (5= 5 ) (1= 5 )
as n — 400, we conclude that (u,,) is bounded in X. Hence, up to a subsequence,
u, — u weakly in X and u,(z) — u(z) for a.e. z € RY. Let s :=2*/(2* — 1) and
s’ = 2* its conjugated exponent. Since the sequence g, () := K(z)"/*(u})? ~! is
bounded in L? (Rf ), it follows from the pointwise convergence of (u,) that g, —
K3 (ut)? =1 weakly in L*(RY). Since K/*'¢ € L*' (RY), for any ¢ € C2(RY),
we get
tin [ K@)l o= [ K@@ e, Ve e o@D

n—-+o0o
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An analogous sargument gives

lim K(2',0)(u})* toda' = K(2',0)(ut)* toda'.
n—+00 JpN-1 RN-1
The above equalities and I} (u,) — 0 imply that o(1) = I} (u, ) — I (u)p = 0, for
all p € C(RY), and therefore I} (u) = 0. In particular, I{(u)u = 0 and we have
that

1 1 1 . 1 1
B = 1)~ i = (5 = 50 ) eI+ (5 - 5 )1 o0

We now set v, := (u, — u) and notice that, by going consecutively to subse-
quences, we may assume that are well defined

2% [ +q12
2% 6* nEIJIrlooIUnIZ:,

L 9 . +
o= tim ol o= T[]

and that v,, — 0 strongly in L%(Rf) We shall prove that o = 0.
First notice that the weak convergence in the Hilbert space X implies that

= ull* = lunl|* = 20un, w)x + lJull® = funl® = [l + o(1),

where (-, -) x stands for the inner product in X. Moreover, from the classical Brezis-
Lieb Lemma (see [26, Lemma 1.32]), we also have that

[un = ull3 = llunll3 = llull3 + o(1).
Hence, we can use the above equalities, Lemma 4.1 and I(u) > 0 to obtain
1 A 1 - 1
o) = glhunlP - hual — (Gt + 31uf13:)
= Ix(vn) + Ix(u) +0(1)

1 A 1 x 1
> ol = ol + (I + e 13 ) +ol0),

as n — +o0o. It follows that

1 1 1
4.2 > —a— | — —B].
(4.2 ez ga-(g1+50)
Arguing as above, we can prove that

lonll* = Mlvall3 = o 13- = 1ot 12: = I (vn)vn = I3 (un)un — Iy (w)u+o(1) = o(1),

and therefore, taking the limit and recalling that ||v,||2 — 0, we obtain

(4.3) a=(y+8).

Suppose, by contradiction, that o > 0. Since by definition o > S72/2" and
a > SpB?/?+, we can use the above inequality to conclude that (v, 3) € . Thus,
(4.2) and (4.3) imply that

c*é‘l’(%ﬁ)@i)er@;*)ﬂéc,

which contradicts ¢ < ¢*. Hence, a = 0 and the proof is finished. (]
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Proof of Theorem 1.4. Suppose that A < (N/2). By (3.2) and the embeddings of
the space X we can obtain ¢, ca > 0 such that

1 A
nw =[5 (1-5) -
= [5(1- 1) - el
Hence, there exist 1, p > 0 such that Iy(u) > n, whenever |lu]| = p. A direct
computation shows that I(tu) — —oo, as ¢ — +o0, for any positive function
u € X. So, we obtain from the Mountain Pass Theorem [3] (see also the last part
of the proof of [26, Theorem 4.2]) a sequence (u,) C X such that I} (u,) — 0 and

2" -2

el 2**2} lul?2,  VueX.

I (uy,) — ¢\ := inf I t)),

A(n) = € i= Inf max 1) (7(t)
where I' := { € C([0,1], X) : v(0) =0, Ix(y(1)) < 0}.

Notice that, if u™ # 0, then I (tu) — —o0, as t — +o00 and therefore I\ (tou) < 0

for ¢ty > 0 large. Using the path v, (t) := t{ou, we obtain

< <

ex < max L(u(t)) < max I (tu)
and therefore

ey <cy:= inf  max Iy(tu).
ueX,ut#0 t>0 ( )

We claim that ¢y < ¢* for any A < A1 close to A;. If this is true, it follows from
Proposition 4.2 that, along a subsequence, u,, — wu strongly in X. Since I is of
class C! we have that I)(u) = ¢y > 0 and I{(u) = 0, that is, u is a nonzero solution
of (P). By using the definition of A; in (3.2) and setting u~ := ut — u, we can
compute

_ _ _ A=\ _
0= fy(uu =~ Al < (252 ) o
Since A < (N/2) = A1, we conclude that v~ = 0, that is, u > 0 a.e. in RY. We can
now use the Maximum Principle to conclude that v > 0 a.e. in Rf .
In order to prove the claim, let ¢; > 0 be a positive A\j-eigenfunction of the
linear problem (3.1) and notice that, for some ¢) > 0, there holds

(4.4) ex < I(tapr) = rgagh(tgpl).
A direct computation gives
(4.5) Dyt3 = 5NN g g gD/ N2 g
with
Dx:=lledl* = Algalls, A= leull3.  B:=leuls:
Setting sy 1= ti/(N_Q) we can rewrite (4.5) as As3 +Bsy—D) = 0, and consequently
tQ/(N_Q) _ —B 4+ B2+ 4AD,
A B 24 '

Since [|¢1]]? = Ai|l¢1]|3, we have that lim, - Dy =0, from which it follows that
lim/\_»\l— tyx = 0. Hence, recalling that ¢* > 0 and

1
L(typ1) = I,\(t)\@l)—ﬁff\(h@l)(t/\@l)
1 .«
= —t¥A+——t*B
N A +2(N—1) AT
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we infer from (4.4) that ¢y < ¢*, for any A sufficiently close to A;. This finishes the
proof. O

5. PROOF OF THEOREM 1.5

This section is devoted to the proof of Theorem 1.5. Notice that the energy
functional associated to problem (P) is

1 A 1
W = 5l = Sl - et 13, Vuex.

As in the last section, we first prove a local compactness result for the functional 7.
The critical level is now related with the best constant Sy of the trace embedding
defined in (1.2), as we can see by the result below:

Proposition 5.1. Suppose that 0 < A < (N/2). If (u,) C X is such that I} (u,) —
0 and Ix(uy) — ¢ with
1

2(N — 1)

then (u,) has a convergent subsequence in X.

— N—-1
c<cy = SO s

Proof. Arguing as in the proof of Proposition 4.2 we can prove that (u,) C X is
bounded. Also, by passing to a subquence, we may assume that u, — u weakly in
X, I (u) = 0 and I(u) > 0. Moreover, if we set v, := u,, — u, we can define

T 2 — T +9 2«
ai= lm fou? = Ll

and we shall prove that o = 0. As in the proof of Proposition 4.2, we have that

1 A 1
I(un =) = Slloall* = Slvalls = 5l 157 = In(wn) = Ia(w) + o(1),

as n — +o00. Since I (u) > 0, we can take the limit to conclude that

Moreover, taking the limit in
lonll® = Alloall3 = 1o 15 = I (va)vn = Iy (un)up — Iy (u)u + o(1) = o(1),

we obtain that o = 8, and therefore

(5.1) %N1Da=<;—i)a§&

On the other hand, letting n — +o00 in the inequality Solv; |3, < |lv,]|?, we obtain
Spa?/? < a.

Suppose, by contradiction, that a > 0. Then the above expression implies that
a > S8 ~! and we can use (5.1) to conclude that
1 1
<
2(N -1) ~2(N-1)

which is a contradiction. Hence, o = 0 and the proof is complete. (]

N-1
S a<c,
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We are ready to present the proof of Theorem 1.5.

Proof of Theorem 1.5. If 0 < A < (N/2), we can argue as in the proof of Theorem
1.4 to obtain a sequence (u,) C X such that I§(u,) — 0 and I(u,) — ¢\, where
this last number is the Mountain Pass level which, as before, satisfies

cx <cy = inf  max I, (tu).
wEX, ut£0 t>0

Let cg, Ay > 0 as in the statement of Proposition 5.1 and Theorem 1.5, respectively.
We claim that

(5.2) ey < co, whenever Ay < A < (N/2).

Since the proof of this fact is rather long, we will postpone it for the end of the
paper. Assuming the claim, we can argue as in the proof of Theorem 1.4 to obtain
the desired solution. |

We devote the rest of the paper to prove that (5.2) holds. Let ¢ € C>(RY, [0,1])
be such that ¢ =1 in B1(0) NRY and ¢ =0 in RY \ By(0). Define the function
ue(x) = K(2) "¢ (x)U(2),

with
c(N—2)/2

[P+ (o + 2P0 D72
The definition of ¢y and a straightforward computation show that
N-1
1 (|ue|2—)\||ua||§>
2(N—1) Jucl5.

Hence, the statement (5.2) is a direct consequence of the above inequality and the
following result:

Proposition 5.2. If N > 7 and Xy < A < (N/2), then
uel® = Auell3

IUEI%*

UE(.T/,SIJN) =

< =
cy < r&agcb\(tug)

< SO?

for any £ > 0 sufficiently small.

For the proof we need some preliminary results. We first set

2/2.
Ay ::/|VU5‘2, By = </ |Us Ldﬂjl)
]RN—l

and recall that, for any a, b > 0, the Beta function is defined as

[ee] Tafl
(5.3) B(a,b) ::/0 (7dr.

r+ 1)etd

Lemma 5.3. Suppose that N > 7. Ase — 0, we have that
lucl® = An + O(") + %,

where

= P [ (M) s e (YY)
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Proof. By using the definition of ¢ and U, we can easily compute

[r@iwer = | [|v¢|2U3+2¢Ua<v¢-VUg>—;wf(x-w)}

1 1
+ [ @ - [ @ vo) + 5 [ lau
Moreover

/‘V¢‘2U2 _ €N72 / |V¢|2 _ O(€N72)
: [l2'” + (z +€)?]V =2 ’
{1<]2]<2}

as € — 07. Since similar computations hold for the other terms into the brackets
above, we conclude that

1 1
64) Juel? =0+ [ V0P - 5 [0V + 5 [ SlaPU2,

We shall estimate each of the integrals on the right-hand side above. For the
first one, we notice that

oU, T;
= —(N —2)e(N-2)/2 : i =1,2,...,(N—-1
oz, )e [P+ (on + )22 T { )
and
U, _ (xn +e)
e _ N —29 (N-2)/2 .
ooy~ T Gk PP

Thus, using that ¢?|VU.|? = (¢? — 1)|VU.|? + |VU,|?, we obtain

2 2 — (¢2 — 1) 2
{lz|>1}

and therefore
(5.5) /¢2|VU5|2 =0(eN7?) +/|VU€\2.

By using the same trick calculation, we get
[evavuy = o)+ v v

= o - (vopee [ e

/|2

_ N—=2\ (AT _ oy N—2 |2'|> + 2% + exn
= O(e )— (N —2) /[|x’|2—|—(ajN—|—€)2]N_1

& (|o/ /=P + (en /) + (an/2))

— O(eN2) — (N — 2)eN-2 /
The change of variables x — (x/¢) gives
/gbZUE(x VU.) = O(=N-2) — (N — 2)52/
and therefore

(5.6) —%/¢2U5(x~VUS) :O(EN_Q)-FEQ(

e2(N=1) [|a/ /e + (zn /e + 1)2]N_1-

|2'|? + 2% + N
[P+ (o + D77

N—2)/ |22 + 2% + N
2 (l2']> + (an + 12N
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Arguing as above, we can compute the last term as follows

2 2
2012772 _ _N—2 (¢ _1)|$| / 2772
Jortvz = [ o g e + [l

Since N > 7, the first integral on the righ-hand side above is O(1) as ¢ — 0%.
Thus,

|z

[P+ (an + 2P

_ N—2 4 |$‘2
= o e | P+ (en + A2

[z = o pen

and we infer that
1 2012772 _ 4
o [ #Puz o,

By replacing the above expression, (5.6) and (5.5) in (5.4) and using the definition
of Ay, we obtain

2 (N —2)

(57) Juell? = Ay + O(e") + &=

[C1n + CoN],

with
c :/ 2|2 . .:/ zn(zy + 1)
B e O N LR CONE S D R

We now proceed with the computation of the two integrals above. For the first
one, we use the Fubini Theorem, the change of variables 2’ — M“f —7 and polar
coordinates to get

C = /OO/ ' dx’ dx
BTy S [P (e + NI TN

[ee) 112
_ 1)2-2(N=1)+(N-1) 4 / I
U (ex +1) N g [P+ v

ON_2 o p2pN-2 ON_2 > rN
= / dr = / dr.
(N=4) )y (r2+1)N? (N—=4) Jo (r2+1)N-1

The change of variables r2 — r in the last integral above gives

ON—2 oo p(N=1)/2 ON_2 N+1 N-3
ClNZ — d7‘= B y ,
: 2N —4) Jo (r+1)N-1 2(N —4) 2 2

according to the definition of the function B in (5.3).
The computation of Cy y follows the same lines:

~ rn(en +1) ,
C = di'd
=N /0 /]RN—I Hx’|2 + (:L'N + ]_)2]N71 €T ATN
b 1
1-2(N—-1)+(N-1) I
|:/O IN(IN+1) de:| |:/]RN1 [x/|2+1]N_1dI:|

/Oox (xn + 1)V Pday| o /OOTNZdT
| enlen N|oN=2 | e N
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By making the changes of variables (zx + 1) + xx and r? — 7 in the first and
second integral above, respectively, we get

ON—2 T(N_3)/2

Con = 2(N—4)(N—3)/0 CESIEand

s (T ).

where we have used (5.3) again. The statement of the lemma is a consequence of

(5.7) and the values of C; x and Cs y just calculated. O
Lemma 5.4. Suppose that N > 7. As e — 0, we have that
lucl3 = 0(N2) +an,  lucld = BY/? = 2Dy + o(e?),
where
ON—2 N—-1 N-3 ON—2 N+1 N-3
= B D = B .
INT N —a) < 2 2 > N RN - 2) ( 2 2 >

Proof. For the proof we argue as in the former lemma. Notice that
1
K 2 _ 2072 _ (N2 N72/
/ ()] ue| /¢ e (e )+e [[2/]2 4 (zn + )2V -2

and therefore

1
2 _ N-2 2
|ucllz = O(e )te /[|x’|2—|—(mN—|—1)2]N_2.

If we call C5 y the integral above, we can use (5.3) to get

- 1
C - de'd
o /0 /RNA [|']2 + (zn + 1))V -2 T AT N

0 N3 0 ,rN—2
_ —-N+
= [/0 (wn +1) dwN] JNfz/O S ek

_ oN s /oo F(N=3)/2 "
) Jo

2(N — 4 r+1)N-2
 oN-2 N-1 N-3
 2(N —4) 2 72 ’

which proves the first part of the lemma.
For the second statement, we notice that

K(x'. 0)Y/(2=N) 42«
/ K(gc',O)\uE 2o dy’ = 5N—1/ (2',0) b i
RN-1 RN-1 [‘l’l‘2+g2]N—l

K(m’ O)l/(Q—N)
— N-1 N-1 ) ’
= 0" Y +e / Ty ®

RN -1
= O@EN"H+ /

K (ex!,0)1/=N)

i S e/ A——;
N PP e

Since K () = exp(|z|?/4), we get

||
/ K(Ex/70)1/(2_N)d / / ‘U |2 d /+/ |:eXp (_524(;}72)) B 1:| d /
— T _di = _|*rdx x
ry-1 (|22 + 1]N_1 RN-1 RN-1 [|']2 + I}N_l
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and therefore we can use N > 7, the definition of By and Taylor’s formula to get

C
lucl3: = BY? = 2 0 + 0,

4(N - 2)
where
‘x/|2 , /00 TQTN_Q
C = ———————dz = opn_ ——d
4,N /RN*1 [[=/]2 + V-1 T =ON-2 , (P2t 1)N-1 T
ON—2 r(N-1)/2 ON—2 N+1 N-3
= d’l" = B 9 .
2 (r+1)N-1 2 2 2
The result follows from the above expressions. ([l

Now we turn to prove Proposition 5.2.

Proof of Proposition 5.2. We start by using the second statement of Lemma 5.4
and the Mean Value Theorem to get

2/2.
lul3, = (BY/*—2Dy +o(2))
2 —14(2/24)
= Bn+o B2+ 0(2)] [—£2Dy + o(c2)]

2 _
= BN7522—B§3 2*)/QDJ\/Jro(s2),

as € — 0T, from which it follows that
1 1 2

Wols ~ By TR B DN e,
el2, *

Thus, if we set

2 _
BN = ?ANBNQ/Q*DNa

we can use the expression of |u, |222, Lemma 5.3 and some computations to get, for
N >1,
2 2 A - A
[Jue || 2||Ua\|2 _Av (VN ay + By +0(1)) _
lucls. By By
Since Axy/Bny = Sy (see for instance [10]), we conclude that the left-hand side
above is smaller than S if € > 0 is sufficiently small and A satisfies

A> Ay o= I O
aN N
In view of the definition of A}, in the statement of Theorem 1.5, it remains to
show that

N (N -4
5.8 Ay =— .
(5.8) N= + 3
In order to do this, we first recall that the Beta function can be written as
T'(a)l'(b
(5.9) B(a,b) = SOLO)

I'(a+b)’
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where
+oo
I'(a) ::/ r*~ e "dr, a >0,
0
is the Gamma function. For simplicity, we denote

N -1
ro=r (35,
2

Since I'(a) = (a — 1)T'(a — 1), we have that

(5.10) F(N;l) _ (N2_1)1“0, P(N2—3>: (N2_3)F0'
This, the definition of vy in Lemma 5.3 and (5.9), give
ovo(N=2) [TEFIIEES) - 1 PEFHIEE)
w 4(N —4) L(N —1) (N-3) TI(N-1) '
on—2(N —2) (N-1) 2 5 1 5
4(NN71)F(N71) { 2 (N3)F0+(N3)Fo]

and therefore
on-—2N(N-2) T}
4N -3)(N-4)I(N-1)
On the other hand, from Lemma 5.4, (5.9), (5.10) and T'(N —1) = (N —2)['(N —
2), we get

IN =

(5.11) oo _on-a TOGEHT(YE)  ona(N-2) T3
) NTN=4) T(N-2 = (N-3)(N—-4)I'(N-1)
Thus,
v N
(5.12) ﬁ -

We now compute the other term of Ay, namely Sy/ay. First notice that,
arguing as in Lemma 5.3, we get

2 2 1
Ay = /|VUE| :(N_Q) /[\x’\2+(xN+1)2]N*1

= (N -2)? UO+OO(xN - 1)N+1de] [/RN mdx'}

O'N72(N*2) /oo r(N73)/2
2 o (r+1)N-1

dr

and therefore

_UN,Q(N—2) N—-1 N-1
An = 5 B 53 .

The same argument gives
y -1 1 -1
B*Q* 2 _ / U 2*d / — / d /
N (Rwl'A ) s I+ 11
2 1
on-2 B (%5, 55)
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Now, using the value of Dy given in Lemma 5.4, (5.9) and (5.10), we obtain

ON—2 B(N+1 N—3>: O'N_Q(N—l) F%
8

Dy =3 =9 2 0 2 (N=2)(N-3)I(N-1)’

Hence,
on_a(N—2) T2
8(N—3) T(N-1)
and therefore we can recall the value of a in (5.11) to get
fn _owa(N-2) T3 (N-3)(N-4)T(N-1)
ay  8(N—=3) I(N-1) oyo(N—2) T2

2 _
2—ANBN2*/2DN =

that is,
Ay (N—4)
anN - 8 ’
The equation (5.8) is a consequence of the above equality and (5.12). The theorem
is proved. O
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