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ABSTRACT. In this work, we investigate the existence of solution for the quasi-
linear elliptic equation

—Ayu—Aqu= f(u) in RV,
where 1 < ¢ < N and the nonlinearity f has exponential critical growth in the
Trudinger-Moser sense. In order to obtain the solution, we use a variational

approach based on a new Trudinger-Moser type inequality which is proved
here.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we aim to investigate the existence of solution for the nonlinear
elliptic equation of (N, g)-Laplacian type

(P) ~Ayu—Agu= f(u) in RY,

where Aj,u = div (|[Vu[™"?Vu) stands for the usual m-Laplacian, 1 < ¢ < N
and the nonlinearity f : R — R is a continuous function satisfying some growth
conditions that we will present later.

Before stating our first main result, we need to establish some notations. For
each 1 < r < N, we denote by D*"(RY) the closure of C§°(RY) with respect to

the norm
1/r
||uHDl,T(RN) = (/ |Vu|rdac> .
RN

In order to consider the two operators in the left-hand side of (P), we shall look
for solutions in the space EV'¢ defined as the completion of C§°(RY) with respect

to the norm
N/q 1/N
lullors == (/ |Vu|Ndx+</ |w|qu) > ,
RN RN

where 1 < ¢ < N.
By using the Gagliardo-Nirenberg inequality and interpolation, we will verify
that the embedding EN¢ < L"(R™) is continuous, for any r > ¢* := Nq/(N — q).
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This suggests that £V¢ can be embedded into Orlicz spaces. To be more precise,
we define the Young function by
a|S‘N/(N71) o] O[J NJ/(N*l)
D, j,(s) =e - Z —'|5| , sER,
§=0
where o« > 0 and

jo = {WXV_I)szf{jeN:sz\jv_l)}.

In our first main result, we prove the following Trudinger-Moser type result:

Theorem 1.1. Suppose that 1 < ¢ < N. Then, for each o > 0 and u € EN9, the
function ®, j, (u) belongs to LY(RN). Moreover, if wy_1 stands for the measure of
the unit sphere in RN, then

L(a, N,q) := sup / D, j, (u)dx < 4o0.
ucENa, Jlull g, <1 JRN
forany 0 < a < ay = Nw]lv/gf_l), Finally, if o« > ay, then L(a, N, q) = +oo.

The first results concerning Trudinger-Moser type inequalities have appeared in
the papers of Yudovich, Moser, Trudinger [29, 22, 28], for the bounded domain
case. Similar results for unbounded domains have been established by Cao [12]
and Ruf [25] in R?, and by do O [14], Adachi and Tanaka [1], Li and Ruf [20], in
higher dimensions. The proof presented here follows some ideas from the papers
[12, 14, 25]. We finnaly notice that, in the planar case N = 2, we are able to prove
that L(4m,2,q) < 400 (see Remark 2.2). For other related results, see for instance
[2, 11, 17, 21] and references therein.

With Theorem 1.1 in hands, we can consider nonlinearities f which behave like
ealsl ™MD at infinity. More specifically, we shall assume that
(fo) f:R — R is continuous and there exists ay > 0 such that

lim \f(5)|7 :{ 0 %f a > ag,
|s|—+oo eals|N/N=D +oo if  a < ap;
(f1) there exists v > max{N, ¢*} such that f(s) = o(|s|?~1), as s — 0;
(f2) there exists p > + such that

0 < uF(s):= /Osf(t)dtgsf(s), for all s € R;

(f3) there exist &€ > 0 and v > 7 such that
F(s) > ¢s”, forall s e (0,1].
Our existence result for equation (P) can be stated as follows:
Theorem 1.2. Assume that 1 < ¢ < N and (fo) — (f2) hold. Then there exists

&o > 0 sufficiently large such that, if (f3) is satisfied with & > &y, then equation (P)
has a nonzero weak solution.

In order to put our result into perspective, we stress that a great amount of works
have been done on quasilinear equations involving the (p, ¢)-laplacian problems of
the form

(1.1) —Apu — Agu+ a(x)|ulP2u + b(@)|u|??u = f(u) in RY.
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They were motivated by a wide variety of problems that arises in several branches
of mathematics physics and geometry. We refer to [3, 5, 7, 15, 16, 18] for recent
results and more references.

As mentioned in [13], problem (1.1) comes from a general reaction-diffusion equa-
tion

up = div(D(u)Vu) + C(z,u), D(u) = |VulP~2 + |Vu|??

which has a wide spectrum of applications in physics and related sciences such
as biophysics, plasma physics, solid state physics, and chemical reaction design.
In such applications, u represents a concentration, div(D(u)Vu) is the diffusion
generated by the diffusion coefficient D(u) and the reaction term C(z,u) relates
to source and loss processes. Usually, in chemical and biological applications, the
reaction term C(z,u) is a polynomial of « with variable coefficients.

In the recent paper [24], motivated by a first approximation of the Born-Infeld

equation
—div <W> = f(u) in RV,

V1—=072|Vul?

which appears in the study of electromagnetism (see [9, 10]), the authors have
considered problem (1.1) in the zero mass case, namely, a =b=0for 1 <g<p <
N. We also refer to [7] for some related results.

The main contribution of this paper is the study of the zero-mass version of (1.1)
in the borderline situation p = N. We are going to use classical Moutain Pass The-
orem to obtain the desired solution. Although this variational approach is by now
standard, the main difficulties here are the correct setting of the functional space
as well as the proof of appropriated Trudinger-Moser type inequalities. Actually,
the abstract results proved for the space E™V¢ can be used in a large spectrum of
variations of equation (P), depending on the shape of the right-hand side of the
equation.

The remainder of the paper is structured as follows: In Section 2, we present
and prove all the abstract setting to deal with the space EN'?. After that, we prove
Theorem 1.2 in Section 3.

2. A TRUDINGER-MOSER TYPE INEQUALITY

In this section, we prove a new Trudinger-Moser type inequality for the space
EN:4. For any R > 0, we denote by Bg the open ball {x € RY : |z| < R} and we
use C,Cp,Cq,... to denote (possibly different) positive constants. Finally ||u]
stands for the norm of a function u € L"(RY),

We state in the sequel a known embedding result from the space EP'? into
Lebesgue space (see [24, Theorem 2.1]). For completeness, we provide a simpli-
fied proof.

LT

Proposition 2.1. The Sobolev embedding EP*? < L"(RN) is continuous for any

e l¢",p*], if 1<qg<p<N,
l¢",0), if 1<qg<p=N.
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Furthermore, the embedding E¥:% := {u € EP% : u is radial} — L"(RY) is compact
for any

. (¢",p"), if 1<qg<p<N,
,
(¢*,00), if 1<qg<p=N.

Proof. If 1 < ¢ < p < N, the first result easily follows from the Gagliardo-
Nirenberg-Sobolev inequality and interpolation. If 1 < ¢ < p = N, we pick
r € [¢*,00) and choose ¢ < s < N such that s* = Ns/(N —s) > r. Since
1/N < 1/s < 1/q, there exists 6 € (0, 1) such that

1 1 1
-=(1-0)-+6—.
S ( )q+ N

By Hoélder’s inequality
/ |Vu|®dx = / (V|1 =9%|Vu|% da
RN RN

s(1-0)/q 0s/N
< (/ |Vu|qd33) </ |Vu|Ndx>
RN RN

1—6 5 5
< a3 ull v = Nl

and therefore the embedding EN:4 < D%$(RN) < L (RYN) is continuous. Since
EN4 < DLI(RN) < L4 (RY) and ¢* < r < s*, we conclude by interpolation that
the embedding EN'¢ — L"(RY) is continuous.

We deal now with the compactness of E?% < L"(RV). Let (u,) C EP4 be such
that u, — 0 weakly in E?’?. For any R > 0, we see that (u,) C W'%(Bg) and
hence u,, — 0 in L"(B,) by the compact embedding W'9(Bg) < L"(Bg). On the
other hand, by the result proved in [27, Lemma 1], there exists C = C(N,q) > 0
such that,

lu(z)] < Cla|~N=9/9||Vul|pa, for a.e. z #0.
for any u € D24 (RYN). Hence, by using that EPY C DM4(RN) and r > ¢*, for

rad a rad
every given € > 0 we obtain R > 0 large in such a way that

/ | :/ 7= |7 dt
RN\ Bg RN\Bgr

< CIR—“"—q*)(N—q)/q||Vun||;;q*/ lun | dx
RN Br

< Coel|Vug || zq,

where we used the embedding Dgfl(]RN ) < L7 (RN). The result follows from the
boundedness of (u,,) in EP1. O

We are ready to prove our first main result.

Proof of Theorem 1.1. Let a € (0,ay), u € EN? and denotes by u* the Schwarz
symmetrization u. We know that u* is radial and non-increasing. Moreover (see

[19]),
/ \Vu*\Nde/ |Vu|N dz, / |Vu*|qu§/ |Vu|lde,
RN RN RN RN
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and

/ q)a,jo(u*)dx:/ Do j, (u)da.
RN RN

Hence, we can assume that v is radial and non-increasing. By Proposition 2.1 and
interpolation, we can also guarantee that u € W4~ (Bg). Thus, by using that u
is radial and the classical Sobolev embedding theorem, we may assume that u is
continuous, in such away that

v:=u—u(R) € Wy (Bg).

We can use the limit
(14 1)V
lm ———Fr— =
totoo  tN/(N-1)

to obtain tg = to(e) > 0 such that

L

(14 )N N1 < (14 )tV IN=D v > ¢,

where € > 0 satisfies
(2.1) a(l+e¢) < ay.
By continuity,

(14NN < (1 4 )V/N-D 4 C(e), Vit >0,
for some C(g) > 0. By using this inequality, we deduce that
gy OO S (o) )
< (L+e)o(@) N+ O(e)Ju(R) YD

Thus, for each a > 0, it follows from the classical Trudinger-Moser inequality (see
[22, 28]) that

N/(N-1)
/ @ado(u)dIS/ eclul dx
BR BR

< eCEu(®)N/ D / e ()N
Br

If ||u||g~v.e < 1, one deduce that

/ Vol N da :/ Yl Vdz < | Ve < 1.
Br Br

Hence, we can use (2.2) again, (2.1) and the classical Trudinger-Moser inequality
to obtain C7 = C1(R) > 0 such that

N/(N—-1)
/ @a’jo(u)dxg/ el dx
Br Br

< eaC(s)w(R)\N/(N*”/ e(+e)afo Y/ =D g 1,
Br

which implies that

(2.3) sup / D, j, (w)dx < Ch.
Br

ucENq, [ull pnv,q <1
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On the other hand,

(2.4) / By j, (u)dx = Z ‘i/ | NI/ (N=D) g
RN\Bpg =7 J! RN\Bpg

Recalling that u € LY (RY), we can use the result proved in [8, Lemma A.IV] to
obtain Cy 4 > 0 such that

(2.5) u(z)| < C gla| N0
We have that

> i ,
D, = = Ni/(N=1) dp —
=5 ol v

Jj=Jo

ul| e+, for any x # 0.

SO [l g
~J JRrR

N N
J=jo \Br

Consequently, since Nj/(N — 1) > ¢* for any j > jo,

C_q* Oéj Ni — *
D‘<_27*E — (Callu|| pa= )N 1)/ ul? dz
J ||U q ]| ( 2” HL ) RN\BR‘ |

La* j=jo

1Y
o [a(Calull o)™V

<"y

J=Jjo

J! ’
where Cy := R~N/9"Cy ,. Thus, by using (2.4) and Proposition 2.1, we get

N/(N-1) N/(N-1)

< Oye(Callullpro)

)

[ usliie £ 07 )
RN\Bg

with C3 = C3(N, g, R) > 0. This expression and (2.3) imply that

/(N—1)
L(a7N7Q)§Cl+036aCéV o < H-00.

It remains to be proved that L(a, N,q) = +o0 if @ > apy. In order to do that,
we are going to use the so-called Moser’s sequence (see e.g., [22]), given by

(logn)™=/N it Ja| <1/n,

1 log(1/]z|) .
M, (z) = if 1/n<|z| <1,
wjlv/ivl (logn)t/N / =
0 if |z| >1,

for each n € N. One can easily check that M, € C5°(Bg) C EN'9 and a straight-
forward computation shows that

1 1
VM, |Ndx = ! istlds = L(10 s) =1
- . N 1 g )

logn /i, s ogn 1/n
and
1 1—q/N
WN-1 1 Ny Wy_1 N—q|*
Vandx:—/ —s" T ds = s 9
/]RN | | w?v/ivl (logn)a/N Jim 8 (logn)a/N (N — q) 1/n

I = S PR T RS
" logm)M (N —q) "~ nNe) T
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N/q
IMnllgfv(,iV”:(/ IVMn|Ndx+</ |VMn|qu> )
RN RN

Hence
1/(N—-1)

1/(N-1)
:<1+D£LV/Q> =: F,.
Setting M,, := M, /|| M, || p~.a, we see that M,, € EN:9 and || M,,||gv.a = 1. Since
v L1y _ | M ()| YY) logn
|Mn($)|N/(N D= — = — , forxe By,
IMalIpasa ™" ey VR,

we have that

™ — v — — 1/(N—-1
/ QO BT, [N/ VD >/ AN NN 0 B el >/ e
(2.6) B Bi/n Bi/n

WN— - 1/(N—1)
_ XN lTLF" tajwy 'y 7N.
N

But a > ay implies that a/w]l\,/g’*l) = N + ¢, for some § > 0. Hence,
1/(N-1)
o 1= (14 D2"7) 5
F' <y —N=N =) N1
W1 (1+D£[/q> (1+D,]1V/q)

Since 0 < ¢ < N implies that D,, — 0, as n — +o00, we conclude that the
exponent on the last term of (2.6) is positive when n is large. Thus,

lim L R R
n—-+oo B
On the other hand,
Jjo—1

~ J B ) ) )
/ (I)Ot’jo(Mn)de' + Z &'/ |Mn|NJ/(N_1)d.T :/ ea|Mn|N/(N l)dx.
B j=0 J: B By

Since the embedding W, N(By) < L™(By) is continuous for any r > 1, it follows

that
Jjo—1

J . ,
LY AT,
—0 ) B

and therefore

ngr}}oo RN (I)QJO (Mn)dl' 2 nEIJIrloo B (I)o‘vjo (Mn)d‘r = +o09,
which concludes the proof. O

Remark 2.2. When N = 2, we car argue as in [25] to prove that

L(4m,2,q) = sup / Doy jo (u)dz < +o00.
Br

lull p2.q <1

Indeed, let u € E*>9 and R > 0. As in the proof of Theorem 1.1, we can assume
that w is radial and nonincreasing. The function v(z) = u(x) — u(R) belongs to
v € HY(BRr) and Young’s inequality provides

u® = 0?4 2vu(R) + v*(R) < [1+u*(R)] v* + 1+ v*(R) = w? + 1 + v*(R),
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in Bg, where w := (1+ UZ(R))I/QU € HE(BRr). If |ull gz« <1, it follows from the
definition of the norm in E*9, (2.5) and the embedding D“9(R?) — L4 (R?), that

/BR Vwl?dz = (1+ u2(R)) /BR \Vul?dz < (1 + u?(R)) (1 - ||Vu||2Lq(R2))
<1 — |[Vull7agey + C*R™/T |} 4- gy
< 1= |[Vul|Za@e) + C1R™7 | Vull7q g2,
or some C7; > 0. e now fir > 0 such that C1R™ T < to conclude that
f C, > 0. W fir R > 0 such that C;yR2/4 1 lude th

|Vwl||r2(py) < 1. Hence, we can use the classical Trudinger-Moser inequality to
get

/ @47‘_,],0 (u)dl‘ S/ e4ﬂu2dx S e4ﬂ(1+u2(R))/ e4ﬂw2dx S 02’
Br Br Br

from which we conclude that

sup / Dyr jo (u)dx < Cs.
Br

u€E? 4, ||lu|| 52,4 <1

Arguing as in the proof of Theorem 1.1, we can prove that the integral on the
complement of the ball Br is uniformly bounded and the result follows.

3. PROOF OF THEOREM 1.2

In this section, we obtain a weak solution for the equation (P). The idea is
consider the associated energy functional I : EN'9 — R given by

1 1
=y | \VulNdz + Q/RN \Vu|?dx — /RN F(u)da.

In order to see that I is well-defined, we pick € > 0, @ > ag and r > 1, and use
(fo) — (f1) to obtain C' > 0 such that, for any s € R,

(3.1) {lf(S)l < els]" 7+ Ol g (5),
|F(s)| < els[” + Cls["@a,jo (5)-

For any ¢ > 1, the following inequality holds (see [30, Lemma 2.1]):

(3.2) (Pajo(8)) < Prajo(s), forallseR.

Hence, for any given u € EV9, by Holder’s inequality, Proposition 2.1 and Theorem
1.1, we infer that

1/T2
[ 1Flds < elll, + Clllp ([ ®noptids) <4,

whenever ry, 7y > 1 satisfies 1/r1+1/ro = 1 and 17 > ¢*. This inequality, together
with standard arguments, shows that I € C'(E™4 R) and

I'(u)p = /]RN [|Vu|N_2 + |Vu|q_2} (Vu - Vo)dx — /RN flw)pdz,

for any u, p € EN9. Hence, the critical points of I are the weak solutions of (P).
Inspired by [6, Lemma 5.1 |, we have the following version of the Principle of
Symmetric Criticality due to Palais [23].
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Proposition 3.1. Suppose that 1 < ¢ < N and (fo) — (f1) hold. If u € ErJZ’dq is a

critical point of I restricted to ENa

ol s then w is a weak solution of equation (P).

Proof. For any u € Erjz"jq fixed, we consider the linear functional T}, : EN'9 — R
defined by

T (w) ::/ |Vu|N*2Vqudx—|—/ |Vu|q*2Vqudx—/ fu)wdz.
RN RN RN
We claim that T}, is continuous on E™V:4. In fact, by Holder’s inequality, we get

< [Vul 75 IVl < Cillwlpy.a

/ |Vu|N 2 VuVwds
RN

and

_ 1/N
<|IVulli2 [Vwlde < Co ([wlfna) " = Collw]|pr.a,

/ |Vu|T2VuVwds
RN

where C; = C1(u),Cy = Co(u) > 0. If r > max{3,q¢*}, then (r — 1)r/2 > ¢*.
Hence, we can use Holder’s inequality, (3.1) and (3.2), to get

Se/ |uw—1|w|dx+c/ "D, () w]da
RN RN

-1
< ellullzs lwlz

(u)wdx

RN

(r=3)/r
O s ([ Prasomntds) ol

where we have used 2/r + (r — 3)/r +1/r = 1. Recalling that v > ¢*, we can apply
Proposition 2.1 and Theorem 1.1, to obtain C3 > 0 such that

/RN fw)wdx

All together, the above estimates show that T, is continuous on E™:9.
By uniform convexity, there exists an unique u € E™¢ such that T,(u) =
| Tull( 5.y, where (EN9)" denotes the dual space of EN4. Now, suppose that

u € ErJZ’dq verifies T, (w) = 0, for any w € EY?, and denote by O(N) the group of

rad ?
orthogonal transformations in RY. Since u is radial, we have that

< Csl|wl| gy

T.(gw) =Ty(w) and |gw|gy.e = |w||g~.ge, for each g€ O(N).

By picking w = @, we infer from uniqueness that gu = @, for all g € O(N), which

means that u € Eg&q. Consequently, ||Ty||(g~.a)y = T (%) = 0 and the proposition
is proved. O

The next result shows that I has the mountain pass geometry.

Lemma 3.2. Suppose that 1 < ¢ < N and (fo)—(f2) hold. There exist T, p > 0 such
that I(u) > 7, if ||u|| g~x.a = p. Moreover, there exists e € EN4, with |le||gv.a > p,
such that I(e) < 0.

Proof. Let r > max{N, ¢*} and r1, ro > 1 be such that 1/ry + 1/ro = 1. By using
Holder’s inequality, (3.2) and

(3.3) Dy (ts) = dpnv/in-1(s), seR t>0,
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1/7‘2
u
r ; < [ T .
[l @it < ol ([ @ () )

If po > 0 is such that rgapév/(N_l) < ap, we can apply Theorem 1.1 and use the

second inequality in (3.1) to obtain Cy > 0 such that

we get

/ F(u)dz < eCtl|ul| b + Crllulgrq.

for any € > 0 and ||ul|g~v.e < po. Hence,

1 1
I(u) > N |Vu|Ndx+ f/ |Vu|ldx —EClHu”’éN’q — Chl|ullgna-
q JRrN

If ||u||gv.e = p := min{1, pg}, we have that |Vu|p« < 1. Hence, we infer from
q < N that ||[Vul|Y, <|Vul||%,, and therefore

1 N N/a
1wz g [ velas g ([ ) el - Cilll,

1
— s (5 — <ol — bl ).

Since v > N and r > N, we can pick 0 < ¢ < 1/(NC}) in the above expression to
conclude that the first statement of the lemma holds if p > 0 is small enough.

For the second one, we pick a nonzero function ¢ € C$°(RY) with support
contained in the ball Bgr. From (f2), there exist C3,C3 > 0 such that F(s) >
Cyls|* — Cs, for any s € R. Therefore,

tV t4
I(ttp) < C4F + 053 — CQtM/

Br

|| dx + Cg/ dz.

Br

Since p >« > N, it is sufficient to take e = typ with ¢ > 0 sufficiently large. (]

In view of Lemma 3.2, the minimax level

. := inf I ,
¢ = Inf max I(9(t))

where I' := {g € C([0,1], EN7) : g(0) = 0 and I(g(1)) < 0} is well-defined and pos-
itive. Moreover, the following estimate holds:

Lemma 3.3. There exists & > 0 sufficiently large such that, if (fs) is satisfied
with & > &y, then the Mountain Pass level verifies
(3.4)

N-1 N/q q(N-1)/N
1 _ _
¢y < €p := min aN p-N ,i aN p—N ’
2N \ o Npu 29 \ ag Nu

Proof. Let ¢ € C§°(R™) be such that ¢ =1in Bys, ¢ =0in RV \ B, 0< p <1
and |Ve(z)| < 2, for any = € RY. A simple calculation shows that

1 N 2N 29\ wy_g
d Idr < [ —= + — .
5 [ veltanr s [ vanae < (T 2) 2
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This inequality and (f3) imply that

tN 14
I(ty) < — |Vo|Ndx + 7/ |[Vo|ldx — / F(ty)dx
N B, q JB, B2
2N 24 WN -1 WN-1
<t | —+— —tY
< (N + q) N SoNN

for any ¢ € [0,1]. We first assume that £ > &, where & > 0 is such that

2N 20N w4 WN-1
I(o) < | —+ — - & ——<0
(‘p)—(NJrq) N Sigvy <0
in such a way that path g(t) = ty belongs to I'. From the definition of c,, we obtain

WN -1 2N 24 f
e < I(t < 1 — ) —tY=
cx < max I(tp) < — %1;&[ (N+q oN

_ WN-1 g n 21 v/(v=a) g a/(v=a) (g)Q/(V—Q) B (g)l//(v—q)
N N q & v v '

Since v > v > N > ¢, the last term above goes to 0, as £ — +00. Hence, it is clear
that there exists & > &; sufficiently large such that ¢, < ¢y, whenever £ > §,. 0O

We recall that I satisfies the Palais-Smale condition at level ¢ € R, if any sequence
(un) € EN'9 such that

(3.5) lim I(u,)=c and lim |[I'(u,)|[(grn.ay =0

n——+o0o n—-+o00
has a convergent subsequence.
Lemma 3.4. Suppose that 1 < ¢ < N and (fo) — (f2) hold. If co > 0 is as in (3.4),

then the functional I restricted to Eg;f satisfies the Palais-Smale condition at any
level 0 < ¢ < ¢g.

Proof. Let (u,) C EX be such that (3.5) holds. By using (f2) and1 < ¢ < N < p,

rad

we obtain C7,Cy > 0 such that

1
C1+ Colunlpva = I(un) — ;I/(un)un

1 1
> (5 - %) (9wl + 190l

which implies that (u,) is bounded in Eg;f. Thus, up to a consequence, we have

that u, — u weakly in Eg(’f.
We claim that

. N/(N-1) _ ON
(3.6) ngrfm [unll g o
L . N/(N—-1)
If this is true, we can pick a > ag and r1 > 1 such that riaf[u, || Zi, < ap, for

large n € N. From (3.1) with » > ¢* + 1, Holder’s inequality, (3.2) and (3.3), we
infer that

< ellunll 75 llun =l

fun) (up —uw)dx

RN

u 1/r1
r—1 n
Lratr—1) (/RN (I)na\lumlgﬁﬁ‘“,jo <|unEN,q> dm) i — ul

+C Jun|

LT3,
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where 1/r1 +1/ry+1/r3 =1 and r3 > ¢*. It follows from the boundedness of (uy, ),
Theorem 1.1 and the compactness in Proposition 2.1 that

(3.7 lim fun)(upn —u)dz = 0.

n—-+oo RN

We proceed now with the proof of (3.6). To this purpose, take into account that
(up,) is bounded and using (f3) together with the fact 1 < N < ¢ < pu, we get

1 1 1
c= lim (I(uy)— —=I'(u, un) > lim (—) YV, | Ny + |Vun|2s) ,
(160 = 5 1(0) 5 = 2 ) (Tl + 190

n—-+4oo n——+oo

from which it follows that

Nu
li n —_—
i IVunlZ < (M_N)

N/q
Npu
N ~ .N/q
oA IVunllz, < e </L—N> '

Hence,
1/(N=1)
N/(N-1) < 1/(N—-1) Nu
im0 < (ot (2
N/lg(N-1)]
+ 2Ny (Ne .
uw—N

Since Nu/(p—N)>1and 1 < ¢ < N, we get

N,u 1/(N-1) Nu N/[g(N-1)]
<N—N> = (u—N> '

Therefore,
1/(N—1)
_ N N/q
e O e R G RO}
n o0 ,LL

If ¢ < 1, then /=1 4 N/la(N=D] < 9c1/(N=1) an( therefore

1/(N-1)
-1 Np N
hm ||unH (V=1 [N (22 c .
n—+ EN-a uw—N

Otherwise, if ¢ > 1, then /(=1 4 N/la(N=DI < 9N/[a(N=1] and in this case

N/q 1/(N-1)
. -1) < (2N Np N/q
el (2 (M—N> ‘

All together, the above estimates show that (3.6) is a consequence of ¢ < ¢g.
We now notice that, since lim, 400 I’ (un)(u, — u) = 0, we can use (3.7) to get

(3.8) / |V, |V 72V, V (up — u)de —I—/ |V, |12 Vu, V(u, —u)dz = o,(1),
RN RN

where 0,(1) stands for a quantity approaching zero as n — +o0o. On the other

hand, from the weak convergence u,, — u in Erad , we obtain

(3.9) / (V)N 2V uV (u, — u)dz + / V|12 VuV (u, —u)dr = o0, (1).
RN RN
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If we set, for r > 1,

TN (y1,92) = (|y1|r_2y1 — \y2|r_2y2) . y1,y2 € RY,

we can use [26, equation (2.2)] to write

[y — yal", ifr=>2,
(310 Twr(yy2) - —92) ZCN.r) 40— <r<?2
(ol + Tyel)>= ’

for any y1, yo € RY. It follows from (3.8)-(3.9) that
(3.11) / Tn»(Vug, Vu) - (Vu, — Vu)de = 0,(1), r€{q, N}
RN

If 2 < g < N, we infer from the above expression and (3.10) that

C(N, NIV (un — )l + C(N, IV (un — )7 < 0n(1),

from which we conclude that u, — w strongly in ng. Ifl<qg<?2<N,we

also have ||V (u, —u)||Yy = 0, (1). Moreover, if C5 := 2771C(N, ¢)~%/2, we can use
Holder’s inequality with exponents 2/¢g and 2/(2 — ¢q), and the boundedness of (uy,),
to get

nw%—wms@/[mawmwwmrwwwwm+wwﬁﬂ”m
]RN

q/2
< Cs (/ Tn,g(Vun, V)V (u, — u)d:p) )
RN

Thus, by using (3.11) with r = ¢, we obtain ||V (u,, — u)||r« = 0,(1). This finished
the proof. 0O

We are ready to prove second main result.

Proof of Theorem 1.2. Let & > 0 be given by the last lemma and suppose that (f3)
holds with £ > &y. If we consider the functional I restrict to ErIZ’dq, it follows from
all the above lemmas and the Mountain Pass Theorem [4] that I has a nonzero

critical point u € ETJZ&Q. By Proposition 3.1, this function is a weak solution for
equation (P). O
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