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ABSTRACT. We obtain existence of solution for the equation
1
—Au+ §(x -Vu) = a(z) f(u), z¢€R2

where a is a continuous sign-changing potential and the superlinear function
f has an exponential critical growth.

1. INTRODUCTION AND MAIN RESULTS

We are concerned with the equation
1
(P) —Au+ i(x-Vu):a(a:)f(u), zr € R?,

where a is a sign-changing potential and the nonlinerity f has an exponential critical
growth at infinity. The operator in (P) naturally appears when we look for self-
similar solutions for homogeneous heat equations, namely solutions of the form
w(t,z) =t~/ @=2qy(t=1/2z) for the evolution equation

wi — Aw = |w|P"%w, in (0,4+00) x RY.

More specifically, w is a solution for the above equation if, and only if, the profile
u is a solution for the elliptic equation

1
—Au — 3 (x-Vu) = u+ |uP~2u, 2 <RV,

There is a vast literature concerning the above problem with several types of
nonlinearities for bounded domains, the whole space RY and even the upper half-
space Rf . Without intention to present a complete list of references, we could cite
[13, 3, 5, 16, 15, 6, 8, 10, 17] and references therein. In these works the authors
find results about existence, nonexistence, multiplicity, decay rate, among other
properties of solutions via ODE techniques or variational methods. As far as we
know, Escobedo and Kavian [8] were the first to treat this operator in a variational
way and particularly inspired works as [12, 9], that considered problem (P) with
sign-changing nonlinearity having a concave-convex prototype.

In this paper, we deal with an indefinite potential a. More specifically, we follow
[1] and assume that

(a1) a:R? = R is a bounded sign-changing continuous function;
(az) if QF := {z € R*%a(z) > 0} and Q~ := {z € R*a(z) < 0}, then

dist(QF, 07) > 0;
(ag) there exists R > 0 such that a(z) < 0 for |z| > R.
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2 M.F. FURTADO AND K.C.V. DE SOUSA

We are interested in the case that f is superlinear both at the origin and at
infinity, namely

(fo) f € C(R,R) and there exists ag > 0 such that
f(S){ 0 if a>ap,

lim .
+oo i a<ag;

2
s—+o0 XS

(f1) lim f(s)/s =0.

In order to present the other conditions on f we need to say some words about our
functional space. So, we set K(x) := exp(|z|?/4) and notice that div(K (z)Vu) =
K(z) [Au+ (1/2)(x - Vu)], in such way that we can use a variational approach and
look for solutions in the space X defined as the closure of C§°(R?) with respect to

the norm
1/2
l|lul| = </ K(:E)|Vu|2dx) .
R2

Given s > 2, it is proved in [11] that X is compactly embedded into the weighted
Lebesgue space LS, := L*(R?, K(z)). Hence, we can define the constant

Sy 1= inf{/Rz K (2)|Vu|?dz : /]R2 K(z)|u]* de = 1}.

Since QF is far from Q—, we can find ¢ € C°°(R?, [0, 1]) such that
(=1, in QF, ¢=0,in Q", M :=sup|V(| < oc.
R2

Our technical assumptions on f can be stated as follows:

—1
m)mmumau>2am0<:9<upa+wwf%} such that, for
F(s) := [, f(r)dr, there holds

0<%ﬂ@§f@& Vs| > 0;
(fs) there exist Ky, Ry > 0 such that
0 < F(s) < Kolf(s)l, V|s| = Ro;

(f4) if zo € QF and r > 0 are such that a(xg) = maxqg+a and a(z) >
(maxqg+ a)/2 in By(xg), then

1. f( ) —a052 > B > 8 r2 + 7"4
11m sjf(s)e — € — - |-
s—+00 =0 ()[07”2 - maxo+ a *p 8 512

In this paper, we prove the following existence result:

Theorem 1.1. Suppose that (a1) — (as) and (fo) — (fa) hold. Then problem (P)
admits at least a weak nontrivial solution.

In the proof we apply the Mountain Pass Theorem. Since the potential a
changes it sign, it is not so easy to prove that Palais-Smale sequences are bounded.
Conditions (az) and (fz) are important in this issue. Condition (f3) has first
appeared in [7] and provides a compactness property for the Palais-Smale sequence.
With the aim of overcome the difficulties imposed by the lack of compactness, since
we are dealing with the whole space R?, we invoke a version of the Trudinger-
Moser inequality together with assumption (f4) and the Moser’s functions to find
the correct localization of the mountain pass level. We notice that (fs) is weaker
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than lim,_, 4o f(s)se~®0% = 400, which have been used in some former papers
(see (gs5) in [1] for instance). It is not difficult to see that, if we pick ¢ > v/, then
the function
F(s) = (als|*™?s + 2aq]s|9s)e "
satisfies all the conditions (fy) — (f1) above.
We finish this introduction quoting the paper [4], where the authors considered

—Au+u=a(z)f(u), in Q Bu =0, on 09,

in a bounded domain, Bu = Qu/0v or Bu = u, a € C(Q,R) is a sign-changing
potential and f is a power type subcritical nonlinearity. The N-laplacian case is
considered in [1] for an exterior domain 2, Dirichlet boundary conditions and f
having exponential critical growth. Theorem 1.1 is a complement of these papers
since we deal with the whole space case and a different operator.

The paper contains two more sections. In the first one, we present the variational
framework to deal with (P) and some auxiliary results. Theorem 1.1 is proved in
Section 3.

2. VARIATIONAL FRAMEWORK AND TECHNICAL RESULTS
We start by quoting a Trudinger-Moser type inequality proved in [11].

Theorem 2.1 (Trudinger-Moser). If v € X, 8 > 0 and p > 0 then
K(z)[u>? (e — 1) € LY(R2). Moreover, if ||u|| < M, with BM? < 4, then
there exists a constant C = C(8, M,p) > 0 such that
K (@)[u* P (P — 1) do < C|jul>*?.
RQ

Let @ > ag and ¢ > 1. Tt follows from (fy) that

. f(s)
1 ——=0.
s> too s[4 (eas? — 1)

Hence, we can use (f1) to obtain, for any given € > 0, a constant C: > 0 such that
(2.1) max{|f(s)s], |F(s)[} < es® + Cels|?(e* — 1),

for any s € R. Since a € L>°(R?), we can use the above estimates and Theorem 2.1
to show that the functional I : X — R given by

) = 5l = || K@) F(u)da

is well-defined, it belongs to C*(R?,R) and its critical points are weak solutions for
problem (P).

Let xo € QT and r > 0 be given by condition (f4). We define a slight adaptation
of the Green’s function considered by Moser in [14], namely

K(r/n)"12(logn)/2, if  |z—xzo| <r/n,

Y . 1 _1/2log (r/|z — xo|) .

M, (z) = Nord K(z)~Y ~llog it r/n<|z—xz| <,
0, if  |x—xzo| >

As we shall see, the location of zp € R? does not play any role in our next
calculations. So, we assume with no loss of generality that zop = 0. We have
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that M, € H'(R?) and supp(M,,) = B,(0). Moreover, it is proved in [11, Lemma
4.6] that there exists a sequence (d,,) C R such that

( ) lim d,logn =0.
logn n—-+oo

In particular, || M,||> — 1, as n — +oc.

(22) Ml =

Lemma 2.2. Suppose that (a1) — (a3), (f2) and (fs) hold. If M, = M, /|| M,|,
then there exists n € N such that

2
max I(sM,) = max {82 ~ | K(z)a(z)F(sM,) dx} < Z—Z.

Proof. For each n € N, consider the function g¢,(s) := I(sM,), for s > 0. From
(f2), we obtain Oy, Cy > 0 such that F(s) > Cy|s|*/? — Cy, for any s € R. Thus,
since supp(M,,) C QF, we have that

2
gn(s) < % — Cysv/0 K(x)a(x)M2/? du + Cy K(x)a(z)dx.
o+ ot

Recalling that v/6 > 2, we obtain g,(s) = —o0, as s — +00. Hence, g,, attains its
global maximum at s,, > 0 which satisfies 0 = g/,(s,,) or, equivalently,

(2.3) 52 = / K(x)a(zx) f(snMy) sy M, dx.
B..(0)

Suppose, by contradiction, that the result of the lemma is false. Then g, (s,) >
(27) /ap and we can use the definition of g,,, supp(M,) C Q+ and F > 0, to get

(2.4) s2 > —.

Let By > 0 be given by (f4). If 0 < & < Sy, there exists R, > 0 such that

(2:5) sf(5) > (Bo—2)e™, V5| > Re.

Using the definition of M, (2.4) and || M,]|| — 1, as n — +o0o, we conclude that

M, e~/ [Arlogn
Sp—= > =
([ M| ([ M| o

> Re,

SnMp(z) =

for any |x| < r/n and n large. Hence, it follows from (2.3), (2.5), K > 1, the choice
of r > 0 in (f4), the previous inequality and the definition of M,, that

V

2 > / K(z)a(z) f(snMy)s, M, dx
r/n(0)

Y

co(Bo —€) / o exp(ag(snM,,)?) dz
r/n

—r?/(4n®)
= ¢o(Bo — 5)/ exp (aosie,\,zgn> dx
B, n(0) 27| My ||

mr? 9 e~/ (4n?) logn
= c¢o(fo—€)—5exp | sy, ———— |,
n? 2 || M |2
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where cg := (maxq+ a)/2. Using that 1/n? = exp(—2logn), we obtain

—r2/(4n?) a
2 S . 2 € @0 9
(2.6) sz > co(Bo — €)mr exp (2 [ ||Mn||2 1on 1| logn |,
and hence, recalling that exp(s) > s, we get that
—r?/(4n?)
2 _ 2|¢ T "% o2
(2.7 sz > 2¢o(Bo — e)mr l DAL 1n 11 logn.

Since e~""/(4n%) ||ZT4/n||_2 — 1, we conclude from the above inequality that (s,,) is
bounded. Hence, up to a subsequence, s2 — v > 47w /ag. If v > 47 /ap, we obtain
a contradiction after passing (2.7) to the limit. Thus, v = 47 /ag. Combining
inequalities (2.4), (2.6) and Lemma 2.2, we obtain

2
s2 > co(Bo — &)mr? exp {A,(||Mn||2 - e‘r2/<4”2)) logn}.
[

Passing to the limit in n, using (2.2) and a straightforward computation, we obtain

47 r2 rt
= —&)mr? 2=+ =),
= co(Bo —&)mr exp< (8 + 512))

Letting ¢ — 0 and recalling that ¢y = (maxqg+ a)/2, we finally conclude that

B < 8 r? n ré
. Sy b
0= aor? - maxg+ a PLUT T o56 )
which contradicts assumption (f4). The result is proved. O

We prove in the sequel that I has the Mountain Pass geometry.
Lemma 2.3. Suppose that (a1) — (a3) and (fo) — (f2) hold. If n € N is given by
Lemma 2.2, we have that
(i) there exist & p > 0 such that I(u) > &, for any u € X, ||u|| = p.
(1) there exists so > 0 such that ||soMy|| > p and I(soMy) < 0.

Proof. Given o > ag and ¢ > 0, it follows from (2.1) (with ¢ = 3) that

K(z)a(z)F(u)de < K(z)a(x)F(u) do < ellal| L o+ |ull3

R2 Qt
2
+ lalleon e [ K@l - 1)da,
R

If 0 < M < 1 is such that aM? < 4w, we can use Theorem 2.1 to obtain
Cy = C1(M,a) > 0 such that

. K(x)a(2)F(u) dz < el|a]|p=(o+)Sy lull2 + Cullul®,
whenever ||u]| < M. Hence, picking ¢ > 0 in such a way that (1 —
26||a||Loo(Q+)SQ_1> = (Cy > 0, we get that

I(u) >

N |

_ C
(1= 2elall S DIl = Callal® = Jul® (2 = Culll )
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and item (i) clearly holds for p := C5/(4Cy) and & := p?Cy/4. The second
statement is a direct consequence of the proof of the last lemma, where we have
that I(sM,,) — —oo, as s — +0o0. O

The above result ensures the existence of a Palais-Smale sequence at the
mountain pass level [2] (see also [18, Theorem 1.15]), that is, a sequence (u,) C X
such that

. ! _ : —
ngr—'{lool (un) =0, ngr-ir-loo I(un) - cmp

where

2
:= inf I 0, —
cMP wnelr Slél[%ﬁ] (v(s)) € ( ’Oéo) )

and I := { € C([0,1],X);v(0) = 0, v(1) = e}, with e := soM,, € X given by
Lemma 2.3. Notice that the path v(s) := ssoM,, belongs to " and therefore we
really have that ¢y < 27/ ay.

Lemma 2.4. There exists ug € X such that, up to a subsequence, u, — ug weakly
in X.

Proof. It is sufficient to prove that (u,) is bounded in X. Computing I(u,) —
(0/v)I' (un)(Cuy) and using the properties of the function ¢ we get that

et on() + oWl = gl = [ K@ale)Fw,) ds

- g/ K (z) [VunV(Cuy) — a(z) f (un)Cuy ] d
R2

10 , M
a n - T K n n
(53 ) ol =22 [ K[Vl do

K(z)a(z) [i F(tn)tun — F(un)} dw

Y

+

O+
and therefore we can use (f2) to obtain

1 6

0
(2.8) ¢4+ on(1)+o0n(D)|lunl > ( - > llwn||® — —M / K(2)|Vug||uy| dz.
2 v v Jge

It follows from Holder’s inequality and the continuous embedding that
oM oMSy /2
22 | E@IVunllunldo < 2
14 R2 v

which together with (2.8) lead to

1 0 0 S_1/2
c+on(1) + on(1)||un|| > <V-Mz>

By (f2), the term into parenthesis above is positive, which implies that (u,) is
bounded in X.
(Il

Since X is compactly embedded in L3 (R?), it follows from the above lemma
that
u, — wug strongly in L*(R?),
(2.9) un(z) — up(z) a.e. in R?
lun(x)] < hg(x) ae. in R2
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for any s > 2 and some hy € L5 (R?).

Lemma 2.5. Suppose that (a1) — (a3z) and (fo) — (fi) hold. If a*(z)
max{+a(z),0} and ug € X is given by Lemma 2.4, then K(x)a*(z)f(un) —
K(x)a*(z)f(uo) in L} .(R?).

loc

Proof. Fixed o > 0, we can compute I(u,) — (0/v)I'(u,)(Cu,) and argue as in
Lemma 2.4 to obtain

1 o UMS_1/2
4 0u(1) - ou(D)ua]] > ( |

- 2
; (j—f) [ K@) (), ds

—1
Choosing o > v [2(1 + MSQ_UQ)} > 6 and recalling that (u,,) is bounded, we
obtain

/ K(z)a(z) f(un)u, de < Cy.
O+

Moreover, since I’ (uy,)u, = 0, we have that
K(z)a(x) f(up)u, de < . K(z)a(z) f(up)u, de = ||uy|| + on(1) < Co.
Q- R
Let © C R? be a bounded set. Given ¢ > 0, is is clear that
O < ef(s)s, Vs> Rei=1/e.

Consequently,
(2.10)

/ K(x)a® (2)|f(un)| dz < 5/ K (x)a™ (2) f (un)un, dz < eCs,
[lun|>R:]NQ

[lun|>R]NQ

with C3 := (Cy 4+ C2). Thus, from the pointwise convergence and Fatou’s lemma,
we obtain

(2.11) / K (x)a™ (2)| f(uo)| dx < eCs.
[luo| >R N
On the other hand,
| K@ @) - fw)lde < K (2)a* (2)] (o) d
[Jun|>ReINQ

ivaiir Unp i
’ /[un|>R]rmK() (@) f (un)| d

v K(@)a @)l () — (o) .
[lun|<R:]NQ
Thus, we infer from (2.10) and (2.11) that

K(z)a™ ()| f(un) = f(uo)|dz < 2€C3+/ K (x)a*(z)|f (uo)| dz

Q T NQ

+ / K (2)a* ()] f(un) — f(uo)| d,
[lun|<R:]NQ
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with ¥, . = [Jug| < Rc] N [|un| > R.]. Passing the above inequality to the limit
as n — +o0o, using that € is bounded, Lebesgue’s theorem and the arbitrariness of
€ > 0, we obtain
lim K(z)a* (x)f(uy,) dz = / K(z)a*(x)f(uo) de,
Q

n—+oo Q

and the lemma is proved. O

3. PROOF OF THEOREM 1.1

We prove in this section our main theorem. The idea is proving that the weak
limit 4o given by Lemma 2.4 is a nonzero solution of (P). First notice that,
since I'(u,) — 0, as n — +o0, we can use Lemmas 2.4 and 2.5 to conclude that
I'(ug)p = 0, for all p € C§°(R?). A density argument shows that ug is a critical
point of I.

Suppose, by contradiction, that ug = 0. Using condition (f3), the continuity of
f and that Q% is bounded, we obtain C7 > 0 such that

K(z)a(x)F(u,) < C1 + KoK (x)a(z)|f(u,)|, forae z€ Q.

As a byproduct of the proof of Lemma 2.5, we see that the right hand side above
goes to zero. So, we can use the pointwise convergence and Lebesgue’s theorem to
conclude that [, K(x)a(z)F (u,)dz — 0. Hence,

evp +on(l) = I(up) = %HunH2 - /RQ K(z)a(z)F(un) dz

1 1
> Slunl? —/ K (z)a(z)F(un) dz = S|lunl* + 0n(1),
O+

from which we conclude that limsup||u,||? < 2cpp < 47/ag. This provides
n—-4oo

m, ng > 0 be such that
47
[un|* <m < —, Vn>mng.
Qg

We now claim that [, K(z)a(x)f(un)un = on(1). If this is true, we can use
I'(up)un = 0,(1) and (2.1) to get

”%W./K )i dz + 0 (1) = 00 (1),

which implies that I(u,) — 0. But this is impossible because I(u,) — cap > 0.
Then, ug # 0 is the desired solution.

In order to prove the claim, we pick a > «ag, ¢ > 2 and s > 1 to be chosen later,
and apply (2.1) together with Holder’s inequality to write

K(z)a(x) f(up)updzr < C’2||un||%2 +C’3/ K(x)|un|2q(e°‘“i —1)dx
R2 K R2
< Colmlty
) s 1/s
q qs auy,
+ CS”un”L(;(S/ [/}1@ K(x)|up| (e 1) ] ,

Using the inequality (1 +a)® > 1+ a® with a = e? — 1, we get (e! —1)® < et — 1.
So, setting v, := un/||u,|| and noticing that asu? = aslju,||?|va]? < asm|v,|?, for

n > ng, we obtain
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/RQK(x)a(x)f(un)undx < Cg||unH%§(

1/s
+ C4||Uanqs/ {/ K ()|v, |2 (6a5m|vn|2 B 1)} .
L | Jge

Since asm — agm < 4w, as o — ag and s — 1T, we can choose «, s, g close to
the numbers g, 1, 2, respectively, and use Theorem 2.1 to guarantee that the term
into brackets above is uniformly bounded. It is sufficient now to recall that u,, — 0
strongly in the weighted Lebesgue spaces to obtain

K(x)a(@)f (un)un < Cillunlgz + Csllunll?,. = on(1),
R2 K

and we have done.
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