HARDY INEQUALITY FOR DOMAINS WITH A GEOMETRIC
BOUNDARY CONDITION AND APPLICATIONS

E.A.M. ABREU, J.L. CARVALHO, M.F. FURTADO, AND E.S. MEDEIROS

ABSTRACT. In this paper, we state a Hardy inequality for domains with a geometric
boundary condition. As a consequence, we prove a weighted Trudinger-Moser
inequality. After that, we apply our results to investigate the existence of solutions
for a class of quasilinear elliptic equations with Neumann boundary condition and
nonlinearities with critical exponential growth.

1. INTRODUCTION AND MAIN RESULTS

As it is well-known, Sobolev embedding plays an important role in the study of partial
differential equations. For any 1 < p < N and Q C RY a smooth open set containing
the origin, the classical N—dimensional Hardy inequality (see [13, 19]) assures that

_ p p
(1.1) (N p) [al® 4 < / VulPdz, e C2(Q).
P q |zfP Q

We refer to [2] for other results in bounded domains. The above inequality is no longer
true in the borderline case p = 2 when Q = R? as pointed out in the paper [17].
Although this, it is showed by Solomyak in [27] that there exists a constant C' > 0 such

that ’ |2
u
deC/ Vqux,
/. 2P+ log2(]) !V

for any u € C°(R?) satisfying the mean zero condition faB1(0) u(z)do = 0. For Hardy

inequality in the borderline case p = N and 2 the unit ball we refer the reader [14, 26]
and references therein.

If O C RY is an arbitrary domain, Hardy-Sobolev inequalities and its variants have
been the subject of intensive research, see [15, 16, 24, 29, 7] and references there in.
For instance, Opic-Kurfner [22] provide different conditions on the weight functions w;
and ws for the validity of the Hardy-Sobolev inequality

/w1($)|u|pdx§/wg(x)|Vu|pdx, u € Cy°(Q).
0
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We also emphasize that, if p = 2, then the Hardy-Sobolev inequality can be derived
from the Caffarelli-Kohn-Nirenberg inequality (see [5])

1/q 1/p
(1.2) (/ |:17|5q|u|qu) <C (/ |z|*P |Vul? dx) , u€CPMRY), N >2
RN RN

for some constant C' = C'(«, 5) > 0 where the parameters « and [ satisfy the balanced
conditions

g1 a 1 f—a+1 (1 1)
Z 450, —4+->0, —m—=(=-=-=), 0<f-a<l
N ¢ N p N P q

In particular, if we pick ¢ = p = N, we obtain « = 41 > 0. Thus, taking v = ap > 0,
it follows from (1.2) that

/ 2| N uNdx < c/ 2" |Vu|™ dz, ue CRN).
RN RN

It is worth noticing that the above inequality is no longer true for v < 0. Indeed, if
it holds, then we can set I' := {u € Cg°(RY) : uw > 11in By(0)},

Capy , = ilellﬁ /RN 2| | VulY dz < 400,

and obtain

1 i 1 .
Capwy 2 i [ lal™uldo > & [ e = 4o

whenever v < 0. This contradiction shows that v > 0 is a necessary condition.

In this paper, we are concerned with smooth function which can take nonzero values
on the boundary of Q2. More specifically, we deal with the space C5°(£2) which consists of
C5°(RY)-functions restricted to 2. We start quoting that Janssen [16] and Pfluger [24]
obtained, for any 1 < p < N, a constant Cy > 0 such that

] (/ [ & o] )
1.3 /—dng VulPdz + ———ul|Pdo |, u e C5° (),
W3 Ty =G\ ), Veldet | T ()

where v denotes the unit outward normal vector on 0€2. For more results concerning
Hardy inequalities in the limiting case we refer to Ioku-Ishiwata [14], Laptev [15], Sano-
Sobukawa [26], Wang-Zhu [29] and its references.

Our main goal here is twofold. First, we address a version of the Hardy-Sobolev
inequality (1.3) in the borderline case p = N. As a consequence, after imposing some
geometric condition on the boundary of €2, we obtain embedding from an appropriated
weighted Sobolev space into Lebesgue and Orlicz spaces. Secondly, we apply these
embedding results to investigate the existence of solutions for a class of zero mass case
quasilinear elliptic equation with Neumann boundary conditions involving exponential
critical growth in the Trudinger-Moser sense.
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1.1. Hardy-Sobolev inequality and Sobolev embedding. Let N > 2 and Q C RV
be a smooth domain. Motivated by the aforementioned results, our purpose here is to
prove the following Hardy type inequality with boundary terms in the borderline case:

Theorem 1.1 (Hardy). Let v > 0 and suppose that 0 & 02. Then, there exists C > 0
such that, for any u € C§°(QY), it holds

(1.4) / 2| "N ju|N de < C (/ 2|7 |Vu|Y dx +/ 2| "N uN (z - v) da) :
Q 0 B)

Our proof is inspired by an argument presented by Mitidieri in [20], who have
considered the inequality (1.1). We notice that, if we adittionaly assume that 02 is
bounded and R¥\ € is strictly star-shaped with respect to the origin, that is, z-v(x) < 0
for any « € 0, then there exists C' > 0 such that, for any u € C§°(2), it holds

/ |u|Nda—|-/ |x|”’N|u]Nda:§C’/ ||| VulN dx.
G 0 0

Indeed, since 0f2 is compact, we can obtain C; > 0 such that = - v(z) < —C; < 0, over
0. The result follows from (1.4).

We introduce, for each v > 0, the space E'7 obtained as the completion of C§°(Q2)
with respect to the norm

1/N
flens = ([ [l 19l + o= Jas)
Q

The following result is an easy consequence of our Hardy inequality which will play an
important role to establish embedding results for E'7:

Corollary 1.2. If v >0, 0 ¢ 09 and z - v(z) < 0, for any x € 0, then the norms

|- || g1~ and
1/N
fulli= ([ fof19ulao)
Q
are equivalents in B,

Proof. By Theorem 1.1, there exists C' > 0 such that, for any u € C§°(Q),
[at1vuas < [ (P 19ul + el do < (14 €) [ Jol7Vul¥as
Q Q Q

and the result follows by density. O

From now on, we shall assume that our domain satisfies the following geometric
condition:

(*) RN\ Q is bounded, 0 € Q and z - v(z) < 0, for any x € 95).
That is the case, for example, if {2 is the complement of an open ball centred at the

origin. Given a positive function w € L},.(2) and ¢ > 1, we define the weighted
Lebesgue space

1/q
Ll = {u € Li,(Q) ¢ ||ullge = (/ w(a:)|u|qu) < +oo}.
Q
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q
(+h=F-

Theorem 1.3 (Sobolev embedding). Suppose that v > 0, B > N —~ and Q satisfies
(x). Then, for any ¢ > N, there exists C > 0 such that, for any u € B,

15 [t e <o ([ wprvuar)”
. ————dz < T ul" dx ,
o (1+|z))f " — Q

and therefore B L?
whenever > N — 7.

In our next result, we prove that £ embedds into the space L

L) continuously. Furthermore, this embedding s compact

1.2. Weighted Trudinger-Moser inequality. In view of Theorem 1.3, it is natural
to look for embedding from £ into Orlicz spaces. Precisely, for any o > 0, we consider
the Young function
ey =
o pols|N/ =D = g NI/ (N-1)
D, (s):=e Z 7 || , forall s e R.
j=0

By adapting the arguments used in the proof of Theorem 1.3, we obtain the following

weighted Trudinger-Moser type inequality:

Theorem 1.4 (Trudinger-Moser). Suppose that v > 0, 8 > N and ) is a connected
domain of class CY", n € (0,1], satisfying (x). Then, for any o > 0 and v € E'7, the
function (1 + |- |)7P®,(u) belongs to L*(Q). Moreover, there exists a* = a*(N) > 0

such that o
L(a, B,7) == sup /Q( ()

————dx < 400,
(ueBt:ul<1y Jo (1 + [z])?

for any 0 < a < o*.

The first results concerning Trudinger-Moser type inequalities have appeared in the
papers of Yudovich, Moser, Trudinger [31, 21, 28], for the bounded domain case. Similar
results for unbounded domains have been established by Cao [6] and Ruf [23] in R?, and
by do O [9], Adachi and Tanaka [1], Li and Ruf [18], in higher dimensions. Concerning
the case of weighted Sobolev spaces, we can refer the reader to [11, 10, 12, 4] and
references therein. Some of these works considered radial weight functions, in such a
way that rearrangement procedures work well. Our abstract result complement and/or
generalize the aforementioned papers.

1.3. Application. In the final part of the paper, we illustrate how the previous results
can be useful to obtain existence of solutions for a class of zero-mass case quasilinear
elliptic equations with Neumann boundary condition in a borderline case. More
specifically, we deal with the problem

{ —div (a(2)|VuN"2Vu) = Xk(z)f(u), inQ,
a(z)|Vul2(Vu-v) = 0, on 99,

where f is continuous and the potentials a and k satisfy the following assumptions:

(P»)

(ap) a: Q — R is continuous and there exist ag,v > 0 such that

aglr|” < a(x), for any x €
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(ko) k : 2 — R is measurable and there exist kp > 0 and 8 > N such that

<k
(1 + |2)?’

We shall look for solutions of the problem in the space F, defined as the completion
of C§°(€2) with respect to the norm

lullz. = </Q CL(~”17)|V7~L|Ndx) I/N-

In this case, we say that u € F, is a weak solution for problem (P,) if

0<k(x)< for a.e. = €.

/ a(z)|VulN"3(Vu - Vo) dr = )\/ kE(x)f(u)pdx, for all p € C5°(Q).
Q Q

Our aim here is to investigate the existence of weak solutions when the nonlinearity
f has the maximal growth for which the energy functional associated is well defined.
According to Theorem 1.4 and the hypotheses (ag), (ko), we may consider nonlinearities

f which behave like eclsl™ D a4 infinity. More specifically, we shall assume that
(fo) f: R — R is continuous and there exists a > 0 such that

i L {0 e

|s| oo ealsV/ V=D 400, if a < ap;

(f1) f(s)=o(|s|""!) as s = 0;
(f2) there exists @ > N such that 0 < 0F(s) := 6 [ f(t)dt < f(s)s, for any s € R;

(f3) there exist Cr > 0 and v > N such that F(s) > Cpls|”, for every s € (0, 1].

Our main existence result for problem (P,) is stated in what follows.

Theorem 1.5. Suppose that §2 is a connected domain of class C1, n € (0, 1], satisfying
(x). If (ap), (ko) and (fo)—(fs) hold, then there exists \* > 0 such that, for any X > \*,

the problem (P,) has a nonnegative nonzero weak solution.

For the proof, we apply the Mountain Pass Theorem. Although the general approach
is in some sense standard, the idea is using all the variational setting done in the first
part of the paper. Our main difficulties rely on the fact that we are dealing with the
zero-mass case, the domain 2 may be not symmetric, the Hardy-Sobolev inequality
generally holds for 1 < p < N and, as far we know, there is no appropriated Trudinger-
Moser inequality for our case. So, our paper complements all the aforementioned works.
We emphasize that our results seem to be new even in semilinear case N = 2.

The remainder of the paper is organized as follows. In Section 2, we establish the
proof of Theorems 1.1 and 1.3. In section 3, we prove Theorem 1.4 and, finally, Section 4
is devoted to the proof of Theorem 1.5.
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2. HARDY INEQUALITY AND THE SOBOLEV EMBEDDING

In this section, we prove Theorems 1.1 and 1.3 stated in the introduction. We write
Br(xg) for the open ball of radius R > 0 centered at the 2o € RY. When zy = 0, we
write only Bpg.

Proof of Theorem 1.1. Let p € C*(R) be such that p = 0 in [0,1], p = 1 in [2, +00)
and 0 < p < 1. For any € > 0, we define p.(z) := p(|x|/e) and the vector field

He(w) := lz]*p<(2)ul",

where v € C§°(Q) is fixed and o > —N is free for now. Since H. vanishes in a
neighbourhood of the origin, we can apply the divergence theorem to get

(a+N) / 2l (@l dz = —N / 2] pe (@)l 2u(z - V) da

(2.1) @ @

- / 2|l ( - ) do,
o0

where

ro— ot / 2 g (2l o)l da

< el ey / 2| de

{e<la|<2¢e}
2¢e
S 5_101/ Ta+1TN_1dT — 6125014-N7
0

with C; > 0 independent of €. Since o > —N, we conclude that I', — 0, as ¢ — 0.
Moreover, p.(x) — 1, as € — 0T, for any # € RY \ 0. Hence, we can take the limit in
(2.1) and use the Lebesgue Theorem to get

(o + N)/ || *|u|N dox = —N/ 2] uY "2u(x - Vu) do +/ |lz|*u|™ (z - v) do,
Q Q 00

for any u € C§°(92).
We now take another € > 0 and apply Young’s inequality to obtain

—N/ 2| u| N 2u(r - Vu) de < N/ |z Hu[N T Vul do
Q Q
_ N/ (|x|a(N71)/N’u|N71) ‘x’[aJrlfa(Nfl)/N}‘vuldx
Q
< (N — 1)5/ ||| u|™ da —i—el_N/ 2| | Vu|N dr.
Q Q
The above estimates imply that
(¢ +N—(N— 1)5)/ || |u|Ndzx < sl_N/ || TN | Vu|N dx —I—/ 2| *|u|™N (x - v)do.
Q Q o9

Picking 0 < ¢ < (a4 N)/(N —1) and choosing &« = v— N > —N, we obtain the desired
result. O
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The proof of the Sobolev embedding is more involved.

Proof of Theorem 1.3. For any j > 0, we set {); := €N By;. Let jo € N be such that
(RN \ Q) C By, which implies Q = Q;, U (R \ Byj,). Given u € EY ¢ W.2N(Q),
from the Sobolev embedding W1 () < L(€;,), we get

q/N
’u‘q N N
< q <
/Q‘ f |$|)’Bd$ 4 ) lultdx < Cy | [|Vu| + |u| }dw

30 Jo QJO

and hence, by Corollary 1.2, one deduce

q/N
2 [Vul® + a7 [l dx)

a/N
<Cy (/ |x|7\Vu\Ndx> :
0

On the other hand, if we define A; := {z € Q : 200 .27 < |z| < 200 . 27%1} for any
J € NU {0}, the change of variables y := 277z provides

ul? C: '
/A ﬁdx < 3% / juftde = C52 [ () dy,

Ao

(2.2) o

where u;(y) := u(27y). Using the Sobolev embedding W (Ay) < L(4y), we obtain
Cs > 0 such that

a/N
sy < Co ([ (90,01 + ust)]as)
Ao Ao
q/N
= G (/ [|vu(x)|N + 2—Nﬂ'|u(x)|N} da:) .
AA
Now we observe that

/ ]Vu]Ndx:/ yxwyxmvuwdxggw'/ 2| Vul¥da
A; A; A

and

/ 27N u|Nd = / 27N || N [N uf N < LoD / N ulN da.
Aj Aj Aj

Consequently, for some C7; = C7(jo, N, q) > 0, we have

|ul? N=B)j | o—j
" e < C2WN=8)i [ 9=
/Aj L+]a)p™ =7 A

= (C,2V (/
A

q/N
(2l [Vul + 2=l dx)

J

J

a/N
WWH|$|7_N|U|N}d$) ,
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where

by (N 6—F>j.

Since v > 0 and 8 > N — v, one has \; <0, and therefore
q/N
[|xy'vyvu|N+|x|v—N|u|N}dx> .

Thus, recalling that the function s — sV is super additive for ¢ > N, we conclude

Z/ (EAEGELD (/

j=0 \’4

<Cy /
RN\szO
q/N
c(/ |x|”|w|Ndx) |
Q

where we apply Corollary 1.2. This, combined with the estimate (2.2), imply

/ |U’q d C (/’ |’Y|v ‘Nd )Q/N
——dx < T ul" dx ,
o (1+|z])? "o

which proves (1.5).

For the compactness, we consider a sequence (u,) C EY7 such that u, — 0 weakly
in EY7. Given € > 0, we can use v > 0 and the fact that 3 > N — v to obtain j; € N
such that 2% < ¢, for any j > j;. Thus, from (2.3), we get

/ &dx < Cre /
a, (L+[z[)s “\a

for any j > j;. From E* C I/V;CN (Q), Rellich-Kondrachov Theorem and Corollary 1.2,
we infer

il g [ bl [ et
dr < d + dx + Creln|% .
/Q (1+ |z|)? a. (14 |z|)? Z 7€ ||E1

J0

q/N
(12717l + 2~V ul] dx)

q/N
el [Vul® + a7 |ul] dx>

q/N
[WWMM|$|7_N|UH|N]M> ,

J

< 0n(1) + Croel|unllf,

where 0, (1) stands for a quantity approaching zero as n — +o0. Since ¢ > 0 is arbitrary,
the above expression implies that u, — 0 strongly in L(1 -8 which concludes the

proof. O
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3. TRUDINGER-MOSER TYPE INEQUALITY

In order to prove Theorem 1.4, we need two technical lemmas. We start recalling the
definition of the Young function

N .
_ J )
By (s) o= BT 3T S NI/ND for all s € R,
- J:
j=0

and stating a basic result which is a version of [30, Lemma 4.1] in WY (). Precisely,
we have the following result.

Lemma 3.1. Let ) C RY be a bounded connected domain of class C'P, for some
B € (0,1]. If wy_1 denotes the measure of the unit sphere in RN then, for any
0<a<ay:=(NNuy_1/2)YN=D there exists Cy = Cy(a, Qo) > 0 such that

/ D, (v)dr < C()/ (VoY + |v|V] da,
Qo

Qo
for any v e WHN(Qo) such that ||v|lwiv gy < 1.

Proof. By the Trudinger-Moser inequality (see [8]) we know that, for any o < ay,
L(a, Q) = sup / M gy < oo
{UEWLN(QO):”ul'Wl,N(QO):l}

Thus, if [|v|lw1.v,) < 1 and 0 := v/||v||w1y(q,), ones has

als|N/(N=1) > o’ |U|Nj/ N-1)
L(CY,QQ) 2 /e' de/ Z W dx
2 ol ]

Jj=N-1 WLN(Qp)
1 = o
L / S LD ) g
HU”WLN(QO) 0 \;ZN-1 J!
and the result follows. O
As a consequence of this result we can prove the next lemma.

Lemma 3.2. Suppose that v > 0 and f > N hold. Then, there exists Cy, a* =
a*(N) > 0 such that, for any 0 < a < o,

o,

/#dx<C’N/ 2|7 |Vu|N dr,
(1 + [2])? 0

whenever u € BV satisfies |Jul|] < 1.

Proof. Let jo € N and €2;, be as in the proof of Theorem 1.3. If |ju|| < 1, then it follows
from 0 ¢ © and Corollary 1.2 that

lullien g, < 01/ el [Val™ + [~ u|V]de < 02/ 2" |VulNde < Cs.
Qj, Qj,
From the definition of ®,, we easily conclude that
(3.1) q)a(ts) = q)atN/(N—l)(S), seR, t>0.
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Thus,

(3.2) jﬁk)zf%?%aggdx < /Q @a(u)dxzzzjgk)¢ac;ﬂN_n (7€%§;> dz.

This, together with Lemma 3.1 and Corollary 1.2 imply that

Jo

P (u) Co N v N
39 e < Gileaniay < G [ P19
for some C3 = C5(y) > 0 and any
1. OnN
0 <a< CN = W

Considering now the annulus A; := {z € Q : 270.27 < |z| < 2/0.2771} we claim that,
for some C; > 0 and o > 0 small, there holds

Ia(U) N —N|,, |N
PR < Y Y
(3.4) /j f |:13|)5d$ 04/j [|x| |Vu|™ + |z| |ul ]dx,

for any j € NU{0}. If this is true, we can apply Corollary 1.2 to get

gﬂ'o
gca/mmvmwm
Q

So, recalling that Q = Q;, U (RY \ By, ), we see that the lemma is a direct consequence
of this inequality and (3.3).

It remains to prove (3.4). In order to do that, we adapt our former argument. First,
we fix j € NU {0} and use the change of variables y = 277z to obtain

(I)a(U) C6 A\
) ——dr < — P dr = Cg2W ’6)]/ 0] Nd
39 [ Gt S g [, v =20 [ e

where u;(y) := u(2’y) and Cs > 0 is a constant independent of j. Recalling that
|lul] <1, we get
2"~ fulY

N _ N |U|N _ 1 7 N
||uj||W1’N(A0) - /Aj [|VU| + W—N}dx = /Aj W“ZEl |VU| + W dx

< 2(j0+1)N/ [z|"|VulY + |z |u"] dz < Cf
Q

where C; > 0 does not depend on j. Hence, by applying Lemma 3.1 once again, we

obtain

C _
(36) / @a(uj)dy < EOHU’]'”%LN(Q()) < Cg/ [’x‘V‘VU‘N + |;1:|'Y N|u|N dx,
Ao 7 A;
for some Cs = Cs(y) > 0 and any
aN

O<a<(?=—"o—.
N o
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Thus, defining a* := min {(%, (%}, we can use (3.5)-(3.6) to conclude that

[, etthsan < s (c [ [l iwal® s ap = )

for any 0 < oo < a*. Since 8 > N, it follows that inequality (3.4) holds and the proof
is finished. 0

We can now present the the proof of our weighted Trudinger-Moser inequality.

Proof of Theorem 1.4. It follows from Lemma 3.2 that L(a,~,3) < +oo, for any
0 < a < a*. So, we need only to check that ®,(u)(1+|-|)™# € LY(Q), for u € EYY
and o > 0. Given € > 0, we pick uy € C5°(€2) such that

lu — uol||prv < e.
A simple computation shows that, for any s > 0,
0<® (s) <aN'|s|/VVe

where N’ := N/(N — 1) is the conjugated exponent of N. Thus, for any s, t > 0, we
can use the Mean Value Theorem to obtain # € [min{s, ¢}, max{s,t}| such that

Bo(s) < Bolt) + a9/ N=Deald™ 3 _ g

Using this inequality with s = |u| and ¢ = |u — ug|, we obtain a function x — 6(z) such
that, for a.e. = € Q,

als|N’

v

(3.7) Do(u]) < Pollu — uo|) + aN'|A(x) |V N Dy(2)e @I

where 9 := ‘|u — ug| — |u|’ € E'7 has the same support of ug.
We now notice that, by (3.1),

1 1 |u — o )
— P, (lu —up|)dr < | ———— ——— | du,
/Q<1+\x|>ﬁ (= o) —/Q<1+\a:|>ﬁ allu—wol (Hu—uOHEw

and therefore we can choose € > 0 small in such way that we can apply Lemma 3.2 to
get

(3.8) /qu)aﬂu — wo|)dz < Ci.

Since wg is bounded and 6 is between |u — ug| and |u|, it is clear that
0(z)] < |u—uo| + |u| < Ci(Jul +1), for a.e. x € supp uy,

and some C] > 0. Thus, we can use Holder’s inequality to obtain

1 N’ N’
|| N Vel < / ul + 1)V N gpeCalul™ gy

. 1/r3
< C </ er3Cslul dx) ,
Q

where Cy = Co|(Jul + 1)H1/N Y HwHLT2 and 7y, 79, T3 are such that 1/r; +

Lr1/(N—1)

Iro+1/r3 =1, 1 > N(N —1) and ry > N Since the first integral above can be
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considered only in the compact support of ug, it follows from the classical Trudinger-
Moser inequality that

1 /
/ W|0|1/Nwea0|]v dx < +00.
Q

Recalling that ®,(|u]) = ®,(u), we can use (3.7), (3.8) and the above expression to
conclude that (1 + |- [)7#®,(u) € L'(). O

4. WEAK NONNEGATIVE SOLUTION FOR (Py)

In this section, we apply our abstract result for obtaining a weak solution for problem
(Py). In order to do this, we first use (ag), (ko) and Theorem 1.3 to get the compact
embedding

(4.1) E,— Li, forallg> N.

As a direct consequence of (ag) and Corollary 1.2, it follows that £, C E'7. Thus, we
can use condition (ko) and Theorem 1.4 to get

(4.2) k() ®u(u) € L), forall a >0, uc E,.
Moreover, from (ag) and Corollary 1.2, there exists Cj > 0 such that

lu|| < Collu||lg,, forallue E,
and hence the following Trudinger-Moser inequality in the space E, holds:

Lemma 4.1. Let o* > 0 be given by Theorem 1.4. Then

sup / E(x)®q(u)dr < +o00,
Q

{ueEa:|ullp, <1}
forany 0 < a <a:= a*/CéV/(Nfl).

Proof. 1f ||u||g, < 1, then [ju/Cy|| < 1. Using condition (ko), (3.1) and Theorem 1.4,

we get
1 U
k(2)®o(w)de < kg | —————& o [ — ) dz < O,
/Q (#)%a(u)dr < “/Q<1+|a:|>ﬂ (c) TG

for some C'; > 0 independent of w. O

For any given € > 0, o > o and r > 1, we can use (fy) — (f1) to obtain C' > 0 such
that

(4.3) [f(s)] < els|™ 1+ Cls|"@als),  [F(s)] < els|™ + Cls|"®a(s),

for any s € R. Given u € E,, we can apply the above inequality to get

/Q k(z)Fu)de < ¢ /Q k(z)u|Vdz + C /Q () u]" o (u)dz.
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By (4.1), the first integral on the right-hand side above is finite. Moreover, picking
r1, 7o > 1 such that 1/r; +1/ry = 1, we can use Holder’s inequality together with (4.1)
and (4.2), to get

1/ra
/k(x)|u|T(I>a(u)dx < ||u||2;1r (/ k(m)@rw(u)dx> < +o0,
Q Q
where we also have used the inequality (see [32, Lemma 2.1])
(4.4) [@a(s)]" < Dpals), seR, r>1.

Hence, the functional I, : £, — R given by

I\(u) := %Huﬂga — )\/Qk:(x)F(u)dm

is well defined and standard arguments show that I, € C'(E,, R) with

L(u)p = / a(x)|VulN"2(Vu - Vo) dr — /\/ k(x)f(u)pdx, forall u,p € E,.
Q Q
Consequently, critical points of I, are weak solutions for problem (P,).

The next lemma shows that the functional I, satisfies the Mountain Pass geometry.

Lemma 4.2. There are constants p,7 > 0 such that I \(u) > 7, for any ||ul|g, = p.
Furthermore, there exists e € E, such that ||e||g, > p and I (e) < 0.

Proof. From (4.1) and (4.3), we obtain C; > 0 such that
/ k(z)F(u)dx < Ciellull 3, + C’/ k(x)|ul"®q(u)d.
Q Q

By Holder’s inequality, (3.1) and (4.4), we deduce

1/ro
U
k(x)|ul"®,(w)dxe < ||ul|” - k(x)® | —— | dx )
et < e ([ 499 () )

Hence, choosing p; > 0 such that T’QOép]lV/ < @, we can apply (4.1) and Lemma 4.1 to
get

/ E(@)ul Ba(u)dz < Colulll,.
0

whenever ||ul|g, < p;. Thus, from the above estimates, one has
1 ) 1 -
B(w) 2 lul, = ACielul, = ACallull, = el (7 = ACiz = Acallull),

whenever ||u||g, < p1. The first statement of the lemma follows from the above
expression if we pick 0 < e < 1/(NACy) and r > N.

In order to prove the second one, we take ¢ € C5°(Q2) \ {0}. From (f3) it is possible
to obtain constants Cy, C5 > 0 such that F(s) > Cy|s|? — C5, for any s € R. So, it
follows that

t]V
Bite) < el - xca? |

supp

k(m)|gp|9dx+/\05/ k(x)dz,

supp
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for any ¢t > 0. Since § > N, the last inequality implies that lim,_, . I)(tp) = —o0, and
so there exists ¢ > 0 large in such a way that the desired result holds for e = tp. U

It follows from Lemma 4.2 that the minimax level

= inf 1 ) >7>0
oy = Inf max Ag(t) > 71 >0,

where I' := {g € C ([0,1], E,) : g(0) = 0 and I,(g(1)) < 0} is well defined. Moreover,
the following estimate holds true.

Lemma 4.3. There exists \* > 0 such that, for any A > X*, it holds

(T Mg N
C) Cy = o N .

Proof. Let R > 0 be such that [N Bg/| > 0 and pick a function ¢ € C*(R") such
that = 1 in Bgys, ¢ = 0 outside Br and 0 < ¢ < 1 in RY. Here, | - | stands for
the Lebesgue measure of a set. If we define ¢ := ¢|g € C5°(Q2), we can easily use
Jo k(x)F(@) > 0 to conclude that I,(@) < 0, for any A > A,. Hence, for these values
of A, we have that the path g(t) := t® belongs to I'. Now using (f3) and recalling that
¢ =1 in Bg/y, we obtain
ot ~|N ~ N v
L(tp) < — a(x)| Vel de — )\/ k(z)F(tp)de < Cit™ — ACat”.
N Jonsg QNBg

with

1 ~ ~v
Cri= (V8 sy 100 Bl Coi=Cr [ kgl de

QNBRr

Thus, using the definition of ¢y, we get

~ N v
v Smax[(19) < max [Cit" — XCot”]

B 1 NN (v - N
TGN \ Ty N )

Since v > N, the right-hand side above goes to zero, as A — +o00. Hence, there exists
A" > A, such that ¢\ < ¢, for any A > \*. O

Lemma 4.4. The functional I, satisfies the (PS). condition for all ¢ < ¢y, that is,
every sequence (u,) C E, such that

(4.5) lim Iy(u,)=c and lim ||I5(u,)]

n—-+o0o n—-+o0o

g: =0

has a convergent subsequence.
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Proof. From (ko), (f2) and (4.5), one deduces

1 1

1
i+ Callwl, = ) = i = (5= 7 ) Tl

+ A /Q k() (é Fun)un — F(un)> dx

1 1
> (5 - 5) Il

It follows from 6 > N that (u,) is bounded in E, and hence, up to a subsequence, we
may assume that u, — u weakly in F,,.
We claim that

(4.6) /Qk(a:)f(un)(un —u)dr = o,(1).
If this is true, we can use I{(uy,)(u, — u) = 0,(1) to conclude that
/Qa(x)|Vun]N2Vun - V(up, —u)dzr = o0,(1).
On the other hand, from the weak convergence, we have
/Qa(x)|Vu|N_2Vu -V (up, —u)dxr = 0,(1).
Consequently, we get
/Qa(x)[\Vun]NQVun — [Vu|N 2V - V(u, —u)dr = o,(1).

This, together with the inequality (see [25, inequality (2.2)])

(|yl|N_le - \y2|N_2y2) Sy — 1) = C(N)|yr — ™, YV, y2 € RY,
implies that

C(N)lun — ullg, = C(N)/Qa(fv)lv(un —u)[Mdz < 0a(1),

and therefore u,, — u strongly in F,.
Now we will verify that (4.6) holds. To see this, we first use (4.3) to compute

< 5/k(m)|un|N_1|un—u|dx
0

+C’3/ k()| un | @p (1 )|t — ulda.

Q

Using Holder’s inequality, (4.1) and the fact that (u,) is bounded in E,, one has
/Q/f(x)\unlN_IWn —uldr < lunllgy i — ull

< Ci(lunllz, + llunllz ulle,) < Cs,
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for any n € N. Since ¢ > 0 is arbitrary, it remains to be proved that
(4.7) / B () tn | B (1) [t — uldc = 0, (1).
Q

For this purpose, from (f;) we obtain

1 1 1
c= lim <I,\(un) — éfg(un)un> > <N — 5) lim HUan(“

n—-+o0o n—-+o0o

and hence the hypothesis on ¢ implies that

/ No \YED a
: N /(N-1) o &
nEIJPOOHUTLHEa B (9—]\7) ¢ = (o)

Thus, we can choose a > ag and r; > 1 such that rial|u,||}. <@, for all n € N large
enough. Applying Hélder’s inequality, (3.1), (4.4) and Theorem 1.4, we conclude that

1/T1
T— u'fl
/k(:c)\un\ D, ()| un — uldr < </ ()P, o (_> dx)
¢ 9 Fo \[[tn| 2,

Wl el — il
< CGHUTLH;lin(rfl) ”un - UHLZPH

where 1/ry + 1/ro 4+ 1/r3 =1, 73 > N and ry(r — 1) > N. The convergence in (4.7) is
now a consequence of the above expression and (4.1). The lemma is proved. O

We are ready to prove our existence result.

Proof of Theorem 1.5. Let A* > 0 be given by Lemma 4.3 and suppose that A > \*.
According to all the previous lemmas we may invoke the Mountain Pass Theorem [3] to
obtain uy € E, such that I5(uy) = 0 and Iy(uy) = ¢y > 0. In order to prove that this
critical point can be taken nonnegative, we notice that we may assume f(s) = 0, for
s < 0, and repeat all the previous calculations. So, if we set u, (z) := max{—u,(z),0},
we obtain 0 = I§(uy)uy = —|luy ||, and therefore uy > 0 a.e. in Q. The theorem is
proved. 0
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