POSITIVE AND NODAL GROUND STATE SOLUTIONS
FOR A CRITICAL SCHRODINGER-POISSON SYSTEM
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ABSTRACT. We consider the Schrédinger-Poisson system

—Au+ V(z)u+ K(x)pu = a(z)|[ulP~?u + |u|*u, zcR3,

—A¢ = K(z)u?, r € R,
where 4 < p < 6 and the potentials V, a are allowed to change their
signs. Under some reasonable assumptions on V', K and a, we apply the
constraint minimization argument to establish the existence of positive
ground state solutions and ground state nodal solutions.

1. INTRODUCTION

Recently, more and more attention has been paid to the investigation
on nodal (sign-changing) solutions for the nonlinear Schrédinger-Poisson
System

(1.1)

—Au+ V(z)u + AK(z)dpu = g(x,u), in R3,
—A¢p = K(z)u?, in R3.

Indeed, as far as this issue is concerned, Kim and Seok in [19] made the first
attempt to this system for the special case that V=1, K =1 and g(x,u) =
|u|""2u, with 4 < p < 6. Explicitly, due to its own variational structure,
using the Nehari manifold and gluing solution pieces together, they found
a radial nodal solution with prescribed numbers of nodal domains. Since
then, the constraint variational method combined with other techniques has
become an effective strategy in dealing with such problems, for example, by
applying variational method together with the Brouwer degree theory (see
Wang and Zhou [36]), constructing invariant sets and descending flow (see
Liu et al. [24]), combining constraint variational method and quantitative
deformation lemma (see Wang and Shuai [30] or Chen and Tang [9]), using
the approximation techniques association with the deformation lemma and
Miranda’s theorem (see Alves et al. [2] or Batista and Furtado [5]), and
introducing filtration technique of the nodal Nehari manifold (see Sun and
Wu [31]).
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All the aforementioned works dealt with the case that the nonlinearity
g has subcritical or quasi-critical growth. The investigations on the exis-
tence of nodal solutions for Schrodinger-Poisson system with critical growth
are more complicated and interesting, since the the embedding H'(R3) <
L5(R?) is no longer compact. Even so, there are few works in this case,
with different assumptions on V', K and g. In order to more conveniently
introduce our problem and make the corresponding comparison, we try our
best to list the existing results. Huang et al. [18] considered the following
Schrodinger-Poisson system

—Au+u+ K(z)pu = g(z,u), =€ R3,
~A¢ = K(x)u?, z € R3,

where g(x,u) = ph(x)u + a(z)u/*u, p > 0 is a parameter, K, a and h
are nonnegative functions without symmetry properties. Under reasonable
assumptions on the potentials, they proved that the system possesses a
pair of nodal solutions in H!(R3) x D12(R3) by using the methods in [17],
which was reconsidered in [41]. Motivated by [18], both [28] and [37] were
concerned with the existence of ground state nodal solutions for the case
that g(z,u) = a(z)|u/P"2u + |u|*u, with K and a having an appropriated
exponential decay at infinity. Zhang [37] showed that the system admits one
sign-changing solution with p € (4,6), which was extended in [28] to more
general situation involving a potential V' allowed to be indefinite.
Recently, Wang et al. [34] studied the system

—Au+V(z)u+ Apu = pf(u) + |u*u, =€ R3,
_Ad) = u27 T € R3,

where pu, A > 0. Under suitable conditions on V', which guarantee that the
embedding of H < LP(R3?) is compact (2 < p < 6), where H is energy space
corresponding to the system, they established an existence result of ground
state nodal solution. To achieve their conclusions, the nonlinearity f €
C'(R,R) is supposed to satisfy some class of subcritical growth hypotheses
and the parameter p > 0 is required to be large enough. Therefore, it is
natural to ask whether this system has ground state sign-changing solutions
or not for any parameter p > 0. For this question, the authors in very recent
works [10,39] gave partially affirmative answers.

Motivated by the results mentioned above especially [5, 10, 28,34, 37, 39],
we are going to discuss the existence of nodal solutions for the following
Schrédinger-Poisson system

—Au+ V(z)u + K(z)pu = a(x)|u/P~2u + |u|*u, in R3, P

~A¢ = K(z)u?, in R3, P)
where 4 < p < 6 and the potentials V', a are allowed to change their signs.
Before stating explicit hypotheses on them, we give some further explanation
for our motivation. In [10,28,34,37,39], except for [28], all the assumptions
related to the potentials are supposed to be constant, radial or positive.
However, as we pointed out, in [28] only the potential V' can be indefinite.
Moreover, as a perturbation to the critical term |u|*u in [10,34,37,39], the
positiveness of the potential a(z) associated to subcritical term f(x,u) =
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a(z)|ulP~2u (4 < p < 6) is required or f(x,u) = f(u) more general form
than |u|P~2u is supposed to satisfy the Nehari type monotonicity condition:

ft)

e is increasing in (—o0,0) U (0, 4-00). (Ne)
With this condition, one can show that the projection property holds true for
the corresponding nodal Nehari manifold. In terms of the nodal solutions,
checking this projection property is the first step and also the key point
to perform the other subsequent procedures, which can be seen clearly in
the sequel. At this point, we must recall the recent work due to Batista
and Furtado [5], in which the authors considered problem (P) without the
critical term |u|*u and the potentials V, a are allowed to be sign-changing.
As far as we know, this is the only result on nodal solutions for Schrédinger-
Poisson system which is concerned with indefinite potentials, especially the
potential a possibly indefinite. There, they solved the problem restricted to
a sequence of balls and used a limit process. However, we observe that this
technique does not hold for problem (P), due to its critical term.
For any function v : R?* — R, we denote by v*(z) := max{v(x),0} and
v~ (z) := min{v(z), 0}, the positive and negative part of v, respectively. To
state our assumptions, we define

S = inf{||VuH%2(R3) :u € DM (R?), llullLomsy = 1}
and suppose that
(Vo) V™~ € L3¥2(R3) and [, [V~ ()3 %dx < S%/%
(V1) there exist v > 0 and Cy > 0 such that
V(z) < Ve — Cye 7l for ae. 2 € R,

where
0<Vy:= lim V(x);

|z|—+o0
(ag) a € L¥(R3);
(a1) there exist # > 0 and C, > 0 such that
a(z) > aos — Cue 1 for ae. € R?,

where

(oo := lim a(x) > 0;
|z| =400

(Ko) K € L*(R3);
(K1) there exist @ > 0 and Cx > 0 such that
0< K(z) < Cge 9l forae zeR3

Before presenting our main results, we discuss the basic framework to deal
with our problem (see Section 2 for details). By using (V) we can prove
that

Julli= ([ (vuP+ v<w>u2>dm)§

defines a norm in H'(R?) which is equivalent to its standard norm. More-
over, for each u € H'(R?), we can use (Ky) and Lax-Milgram’s theorem to
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obtain a unique ¢, € DM*(R?) := {v e LO(R?): Vv € L*(R?)} such that
— N, = K(x)u?. Actually, ¢, is given by (see [29])

1 [ K(yu’(y)
=— ——dy.
D =g feo Tl
If we insert ¢, into the first equation of system (P), we obtain its following
equivalent form

— Au+V(z)u+ K(2)dyu = a(@)|ufP?u + |ul*u, uve H'(R?). (1.2)

Its energy functional
Lo, 1 2 1 p 1 6 13
1) = 5l + § [ K@ou — [a@ur = [1ul, we ' ®)

belongs to C*(H!'(R3),R) and critical points of I correspond to weak solu-
tions of equation (1.2). Moreover, it can be proved that u € H'(R?) is a weak
solution of the equation if, and only if, the pair (u, #,) € H'(R3) x D12(R3)
is a weak solution of system (P).

Nonzero solutions of (1.2) belong to the Nehari manifold

N = {ue H' (R*)\ {0} : (I'(u),u) =0},
and we say that ug € A is a ground state solution if it achieves
= inf I(u).
m+ = inf I(u)
In our first result we prove the existence of such a solution:

Theorem 1.1. Suppose that 4 < p < 6 and (Vy)-(V1), (Ko)-(K1), (ap)-(a1)
are satisfied with v < min{0, a}. Then equation (1.2) has a positive ground
state solution.

Although the potential a changes its sign, in view of the assumption (V)
and similar to [28,37], we can show the existence of positive ground state
solutions. For the other issues related to system (1.1), such as positive
solutions, multiple solutions, ground state solutions, radial solutions, semi-
classical states, we refer the reader to [8,11,12,16,21-23,26,27,32,35,38,40]
and the references listed therein.

In our second and main result, we look for a sign-changing solution. So,
we introduce the set

M:={ue HYR?) :ut #£0,I'(u),ut) =0 = (I'(w),u™)},
which contains all the nodal solutions and consider the minimization prob-

lem

« = Inf I(u).
m ulél./\/l (U)

We prove the following:

Theorem 1.2. Suppose that 4 < p < 6 and (Vo)-(V1), (Ko)-(K1), (ao)-(a1)
are satisfied with v < min{6, a}. Then equation (1.2) has a solution u € M
such that I(u) = ms.
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There are two major challenges one has to face in the proof. First, we
need to check that M is nonempty. Due to the fact that a is indefinite in
sign, the subcritical term a(z)|u|[P~2u does not satisfy the (Ne) monotonicity
condition. Hence, the usual techniques used to show that for any u € H'(R?)
with u® # 0 there exists a unique pair (sy,t,) € (0,00) x (0,00) such that
suut + ty,um € M is not effective any more. To overcome this difficulty,
we employ the Implicit Function Theorem in a trick way (see Lemma 4.1).
Moreover, to check that the nodal level m, belongs to the compactness range
of I, it is essential to obtain an estimation of this level when compared to
that of the positive solution and a limit problem associated with (P). To
reach the estimate we follow [7] and use some careful calculations which
involves the decay rate of the potentials. The main results of this paper
extend the previous results in several way, since we deal with the critical
problem and we allow the potentials change their signs.

The rest of the paper is organized as follows. In Section 2, we present the
variational framework and some preliminary results. Section 3 and Section
4 are devoted to the proofs of Theorem 1.1 and Theorem 1.2, respectively.

2. VARIATIONAL FRAMEWORK AND PRELIMINARY RESULTS

In this section, we state and prove some technical results. For any 2 <
q < +o0o, we denote by || - ||, the L%norm for a function v € L4(R3). To
simplify notation, we write only [ u instead of [z u(x) da.

In order to discuss the basic framework to deal with our problem, we first
set

X = {u € HY(R?) : /V(m)u2 < +oo}

and recall that, in [13, Lemma 2.1], it was proved that the map
U /(|Vu|2 + VT (2)u?)

defines a norm in X which is equivalent to the usual norm of H*(R?). In
addition, using (V) and Hoélder’s inequality, we obtain

/V_u2 <V lzp2llullg < S_1|V_||3/2/|vu|27

which ensures that the norm
1

Jull o= ([ 19ul? + Vi)

is well defined and it is also equivalent to the usual norm in H!(R3). So,
X = H'(R?) and we shall use in this space the above norm from now on.
Since the embedding H'(R3) <+ LI(R3) is continuous for 2 < ¢ < 6, there
exists Cy > 0 such that

lullg < Collull,  Vu e H'(R®). (2.1)
As quoted in the introduction, for each v € H'(R3), the function

1 K (y)u?
_ 1 (y)u(y) dy
4 Jgs | —y|
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belongs to DV2(R3) and weakly solves —Au = K(x)u?. As we shall see, it
will be important to consider, for u, ¢ € H 1(IR?’) the number

K(2) K (y)*(2)u?(y)
Ly, (¢ /K )pup® = /Rs - ]a:—y] dxdy.

The following result collects the main properties of the function ¢ and ac-
tually shows that Ly, is well defined.

Lemma 2.1. For any u € H'(R?), one has

(i) du(z) 20
(1) Gpu = t2by, for any t € R;
(i1i) there exist Cy, Ca > 0 such that

/me:%Awsaw%scww4

Moreover, if (u,) C HY(R3) is such that u, — u weakly in H*(R3) and
Up — u a.e. in R3, then

lim Ly, () = Lo, (w), lim Ly, (uf) =Ly, (u*),  (22)

n—-+0o n—-+00

and
lim [ K(x)pu, unp = /K(x)qﬁuugo, Vo e HY(R?). (2.3)

n—-+o0o

Proof. Statements (i) and (ii) easily follow from the definition of ¢,,. Using
that —A¢, = K(x)u?, Holder’s inequality and the embedding D%?(R3)
L5(R3), we obtain

1/2
/W%P=/Kmf%swmwwm%mzam%(/wm@ ,

from which we derive (iii). We refer to [14, Lemma 2.2] for the convergences
n (2.2) and (2.3). O

We now recall that, instead of considering system (P) directly, we are
going to solve its equivalent form (1.2). As usual, it is important to consider
also the limit problem

—Au+ Vaou = aco|ulP"2u + |u[*u, ue H'(R?), (Pso)

whose associated energy functional is given by

Fol) =5 (V0P Vi) = 2= [jup =& [Jul’, e H'@),

Ground state solutions of the limit problem can be obtained from the min-
imization problem

Moo 1= 1nf Io(u),

uENso

where N, is the corresponding Nehari manifold, that is,
Neo = {u € H'R*\{0} : (I, =0}.

Actually, we have the following:
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Proposition 2.2. Problem (Ps) has a positive solution us € L (R3) N
CLYR3), with 0 < a < 1 and Io(use) = Meo. Moreover, for any ij €

(0,vVo), there exists C = C(7]) > 0 such that
Uso () < Cef(mfﬁ)m, Ve RS,

Proof. The existence part can be obtained as in [3, Theorem 1.7]. Moreover,
arguing as in [20, Theorem 1.11], we can prove the regularity of the solution
and that lim|; o Uoo(z) = 0. In order to verify the exponential decay, we
first use (V1) to pick R = R(7}) > 0 such that

Vo — oo |too (2)|P72 = |ueo (z)|* > 62 >0, V|z|> R,
where 6 := (v/Vs — 7). Hence, for x| > R, we have
6210 () < Viotloo () — Qoo |thoo () [P 2 1oo () — |thoo ()| o (2). (2.4)

In addition, if we set v(z) 1= ||too||oce *1#I=F) | a direct calculation gives

— Av(z) 4+ 6%v(z) =0, x#0. (2.5)

By choosing ¢ := (s — v)T as a the test function, we can use (2.4) and
(2.5) to get

/ |>R(Vuoo -V + 0ucep)dz <0, / |>R(Vv -V + 82vp)de = 0,

from which we conclude that

0> / (Vs — Vo) - Vo dz +/ 6% (oo — V)@ d:
|z[>R

|z|>R

>

/ 6% (oo — v)*dx > 0.

{lz[=R}n{uco>v}

Since 1o and v are continuous, we conclude that {x : |z] > R, ucs > v} is
empty. In other words, we derive that

Uno(2) < V() = [Jtiso||sce OWFI=H) = Ce=(VVoorDlzl v |2| > R.

Since a similar inequality clearly holds for |z| < R, the lemma is proved. [

We prove in the sequel that weak solutions of our problem are regular.

Proposition 2.3. If u € HY(R?) is weak solution of equation (1.2), then
U, ¢y € CHY(R3), for some 0 < o < 1.

loc
Proof. Define h(x) = a(x)|ulP~2 + |u|* — V(z) — K(z)py, * € R3, and
notice that u € Hllo’f(]R?’) weakly verifies —Au = g(x,u) := h(x)u. By
taking into account that K € L?(R3), (Vp)-(V4) and Lemma 2.1(iii), it is

easy to see that h € L?O/ 02(R3). It follows from Brezis-Kato’s theorem [33,

B.3 Lemma| that u € L} (R3), for any 2 < ¢ < co. Meanwhile, since

Ku? € LY (R3), we infer from the second equation in system (P) and the

Calderén-Zygmund estimates [15, Lemma 9.9] that ¢, € Wz’q(R3), for any

loc
1 < ¢ < >~ and ¢, satisfies the second equation in system (P) almost
every in local sense. Therefore, we obtain that g(-,u) € LI (R3), for any
1 < g < o0. Consequently, using the Calderén-Zygmund estimates again,

we show that u € Wli’f(R?’), for any 1 < ¢ < oo and w satisfies (1.2) almost
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every in local sense. By picking ¢ > 3, according to Sobolev embedding
theorem (see [15, Theorem 7.26]), we conclude that u, ¢, € C*(R3), with

loc

0<a:=1-3/¢<1. O

Once the regularity of solutions has been established, we can obtain the
following decomposition property for bounded Palais-Smale sequences of I:

Lemma 2.4. Let (u,) C H'(R3) be such that
I(up) = ¢, I'(up) =0

and u, — u weakly in H*(R3). Then I'(u) = 0 and we have either
(i) un — u strongly in HlA(R?’), or

(ii) there exists k € N, (yh) C R®, j = 1,--- k, and nonzero solutions
vl ... oF € HY(R3) of problem (Ps), such that
k .
c=1I(u)+ ) Io(v?).
j=1

Proof. To prove this result one can use Lemma 2.1(iii) and argue as in [8,
Lemma 4.1]. We omit the details. O

Corollary 2.5. If (u,) C HY(R3) is such that I(u,) — ¢ < Mmoo and
I'(uy) — 0, then (uy) has a convergent subsequence.

Proof. We first notice that

e 0u(1) + on(Dlfunl] 2 I(un) = () un) = (5= llwal, (26)
where 0, (1) stands for a quantity approaching zero as n — +o0o0. Hence,
(un) is bounded and there exists u € H'(R3) such that u, — u weakly
in H'(R3), up to subsequence. Suppose that alternative (ii) of Lemma 2.4
holds. Since I'(u) = 0, the same calculation performed just above shows
that I(u) > 0. Recalling that the solutions v of the limit problem given by
Lemma 2.4 are nonzero, we get

k
c=1I(u)+ Zloo(vi) > I(u) + kMmoo > Moo,
i=1

which leads to a contraction. Hence, we conclude that statement (i) of
Lemma 2.4 holds, i.e., u,, — u strongly in H'(R3). O
3. THE POSITIVE SOLUTION
We devote this section to the proof of Theorem 1.1. Since p € (4,6), we
can use Lemma 2.1(i) and (2.1) to obtain C' > 0 such that

1 1 1
1) > gl? = 02 g - Sl > (5 - Clelp=2 - i)

for any v € H'(R3). Hence, there exists pg > 0 small in such a way that

I(u) > 2pg=ag >0, V|ull = po. (3.1)

ool
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Let uso be given by Proposition 2.2, v = (1,0,0) and set
vR(T) = uso(x — Rv),

where R > 0 is free for now. Since I(tvg) — —o0, as t — 400, there exists
tr > 0 large verifying I(tgvg) < 0 and |[trvg| > po. This and (3.1) show
that we can define the Mountain Pass level

:= inf I(o(t)) > ag >0,
R gLy o) = 2o

where ¥ := {0 € C([0,1], H'(R?)) : o(0) = 0, o(1) = tgrvr}. Moreover,
there exists a sequence (u,) C H'(R?) such that

I(up) = cr, I'(uy) — 0.

We claim that, for some R > 0, there holds cgp < mqo. If this is true, we
may invoke Corollary 2.5 to conclude that, along a subsequence, u,, — u
strongly in H*(R3), where I'(u) = 0 and I(u) = cg > 0. Hence, problem
(1.2) has a nonzero solution.

In order to prove the claim, we define the map v (t) := I(tvg), for t > 0.
It is clear that

cp < max I(t-tpvr) < maxy(t
R < mmax (t-trvg) < na; Y(t),

and therefore it is sufficient to verify that the last maximum above is smaller
than meo. It follows from Lemma 2.1(iii) and the invariance of the L*-norm
that

42
v(t) < 5 (IVucoll3 + Vasllusol3) + Cit*[luce I + Cat?[luso [l — t%luco 13-
Thus, there exists 0 < t, < 1 < t*, both independent of R > 0, such that
P(t) <Moo, YVt €0, U, +00).

We now consider ¢ in the bounded interval [t,t*]. By using Lemma
2.1(iil) again, we can write

4 2 p

t
Q;Z)(t) = Ioo(th) + ZFR,I + EFRQ + EPR"% (3.2)

where
Loy = [ K@ouvh, Trai= [(V(e) - Ve
and
Tra = [ (4 = a(o)h.

For estimating the first term above, we apply Holder’s inequality, the embed-
ding D12(R3) — L5(R?) and Lemma 2.1(iii) to obtain C4 > 0, independent
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of R > 0, such that

12/5 5/6
Prs < 1wl ( [ @ )

1/2 5/6
< Cy < / |V¢>UR|2> < / K(2)%%0y 5)

12/5 5/6
< cullnt [ o0 )

5/6
— Culluscl2 ( [r@+ Ru>6/5u;2/5) ,

where we also have used the translation invariance of the L®-norm and the
change of variables x — x — Rv. By decreasing the numbers «, 6 given in
conditions (K1) and (a1), we may pick 77 > 0 such that

O<ﬁ<min{\/Voo—3;\/Voo—i}.

Since |z + Rv| > R — |z|, we can use (K) and the exponential decay of u
given in Proposition 2.2, to get

[ K Rl < e [ (ool
Due to the choice of 7 the last integral above is finite and we conclude that

g1 < Cge R, (3.3)

By using (V1) and changing variables again, we also obtain
I'ra < —C7/e7|x+R”|u§o < —C767R/67x|u§o = —Cge R, (3.4)
Finally, condition (a;) yields
Irs < C’96_9R/‘5’(9p(\/@77))96| = Coe . (3.5)

Since I (tvr) = Ino(tuss) and the map t — Ioo(tus), t > 0, achieves its
maximum at ¢ = 1, we have that I (tvr) = oo (ttoo) < Ino(Uoo) = Meo. By
replacing this, (3.3), (3.4) and (3.5) in (3.2), we obtain Cj; > 0 such that

Y(t) < me + Cni (e’aR +e R e’”)

for any t € [t t*]. Recalling that v < min{«, 6}, we conclude that, for some
R > 0 large, the inequality cp < meoo, holds. The claim is proved.

Up to now, we have obtained a nonzero solution for (1.2) at level cp <
Meo. For obtaining a ground state solution, we proceed as follows: let
(vn) C N be such that I(v,) — my < cg < Moo and I'(vy)|,, — 0. The
same computation presented in (2.6) shows that (v,,) is bounded. Moreover,

lonl < flomll? + / K (2)by, 02

— / a(@)lonl? + / ol < Cra([ltal + [a®),
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and therefore ||v,,|| > A, for some A > 0. Thus, if we define J(v) := (I'(v),v),
for v € HY(R3), a direct calculation provides

(J'(v),0) = 2 =p)llv]|* + (4 —p) /K(fv)qﬁyv2 +(p—6) / 0],
and therefore
(J'(vn),vn) < (2= p)lloal® < (2 - p)A% < 0. (3.6)

We know that there exists (\,) C R such that 0,(1) = I'(v,) — A\ J' (vy,).
Since (vy,) is bounded, we see that

on(1) = I'(vn), vn) — A (J (Un), 0n) = =N (J' (v3), vp)-

Then it follows from (3.6) that A\, = 0,(1) and concludes that I'(v,) — 0,
as n — 00. Recalling that my < ms, we can argue as in the first part of
the proof to conclude that v, — v strongly in H'(R?), with v € N being
such that I(v) = my.

Since ¢y, = @|y,|, We may replace (v,,) by (|vn]) in the last argument to
assume that v > 0 a.e. in R3. Hence, using Proposition 2.3 and Harnack
inequality (see [15, Theorem 8.20]) we guarantee that v > 0 a.e. in R3. [

Remark 3.1. If ug is the positive solution given by Theorem 1.1, we can
use (K1) to conclude that

—Aug + V(2)up < a(z)|uol’*ug + |uol*uo

in the weak sense. As in [20, Theorem 1.11], we can prove that ug(x) — 0,
as |z| — +oo. Hence, the same argument of the proof of Proposition 2.2
shows that ug decays to zero at infinity with the same rate of us,. That is,
for any n € (0,1/Vs), there exists C' = C(n) > 0 such that

up(z) < C’e*(mfn)'x‘, Ve RS

4. THE NODAL SOLUTION
We recall the Nehari nodal set
M:={ue€ Hl(]R3) ut £0,(I'(u),ut) =0 = (I'(u),u™)},

which contains all the nodal solutions and investigate the minimization prob-
lem

my = inf I(u).
ueM

In our first step, we prove that M is nonempty. Actually, the following
projection result holds:

Lemma 4.1. For any u € HY(R3) with u* # 0, there exists a unique pair
(Su,tu) € R? such that sy, ty, > 0 and s,u™ + t,u~ € M. Furthermore, we
have the following relationship

I(syu™ +tyu™) = max I(su™ +tu™).

S7t7

Proof. For any u € H'(R3) with u* # 0, we define g, : (0,400) x (0, 4+00)
by

Gu(s,t) == (I'(su™ +tu™),u) = sA+ 3B + st>C — s""'D — $°F,
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where

A= |luT|? B:= Ly . (ut), C:= Ly _ (u™),

D::/a(w)|u+|p, E::/uﬂﬁ.

We now fix tg > 0 and consider the map s — g, (s,t9). Clearly g,(s,to) >
0, for s > 0 small, and g,(s,tg) — —o0, as s — +oo. Then, there exists
s = s(tg) > 0 such that g,(s(to),to) = 0 and we are going to prove that this
s(tp) is unique. Indeed, this is clearly true if D > 0, since 4 < p < 6. If
D < 0, a direct calculation gives that

and

W = A+5C +35°B — (p— 1)s"°D — 55" E,

Poulslo) _ o5 — (p - 1)(p— 2)#*D — 205°E.

Poulslo) _ 65— (p— 1)(p - 20— 354D — 6052

84915(;’%) =—(-1)p-2)(p—3)(p—4s"°D - 120sE.
Hence, there exists a unique sg > 0 such that 84915(;40’1:0) =0, 84g§£27t0) >0in
s € (0, s0) and % < 0in (s0,00). Using that lims oo % -

we reach the same conclusion to %. By repeating this procedure, we
can prove the uniqueness of s(tp) > 0. Meanwhile, for this unique s(tp),
evidently it also holds that w < 0.

By considering all the possible values of ¢ty > 0 above, we obtain that
9gu(s(t),t)
0s

In light of the above analysis, we see that g,(s,t) satisfies the following
properties:

gu(s(t),t) =0, < 0.

(i) g4 has continuous partial derivatives in (0,00) x (0, +00);
(i1) gu(s(t),t) =0, for any t > 0;

(iii) W <0, for any ¢t > 0.
Therefore, applying the Implicit Function Theorem, we derive that g, (s,t) =
0 determines an implicit function s(¢) with continuous derivative in (0, +-00).
If we define
hy(s,t) = (I'(su™ +tu™),u"),

from a similar argument, we also deduce that there exists a unique ¢(s) such
that
Ohy(s,t(s))
ot
Furthermore, hy,(s,t) = 0 determines an implicit function ¢(s) with contin-
uous derivative in (0, 400).
We now claim that, for some t* > 0, there holds

s(t) <t, Vt>t". (4.1)

hu(s,t(s)) =0 and < 0.
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Indeed, if this is not true, we can obtain (¢,) C (0, +00) such that ¢, — 400
and s(t,) > t,. Hence, from the definition of g, and s(t,), we get

_ Guls(tn),tn) _ 1 1 t2 1
T (s<tn>4’“ BTN N T AT E) ’

which implies that £ = 0. This absurd shows that (4.1) holds. Analogously,
we have

t(s) <s, Vs>s".
Hence, taking into account the above inequality, (4.1), s(0) > 0, t(0) > 0
and the continuity of s and ¢, we conclude that the graphs of the maps s

and ¢ must intersect at some point (s,,t,) € RT x RT. In addition, noting
that

0
s'(t) = —%tgui(s’t)(s(t),t) >0, Vt>O0,

%gu(sv t)
we see that s(t) is strictly increasing in (0, +o0). Similarly, ¢(s) is strictly
increasing in (0,400). As a consequence, there is a unique pair (sy,t,) €
R x RT such that gy (sy,ty) = 0 = hy(sy, ty), namely, s,u™ + t,u~ € M.

To complete our proof, we finally check that (s,,%,) obtained above is

the unique maximum point of Gy (s,t) := I(su® +tu™) in [0, 00) x [0, +00).
Indeed, we have that

2 2 » 6
Gu(s,t) = <“°’2A + SZB - %D - 56E>
U R T A W
(ER 5T TE) e

where AV, E, 5, E have the same meaning of A, B, D, E, with u™ replaced
by u~, respectively. Since Gy(s,t) > 0 for (s,t) near (0,0), it is sufficient
to check that the maximum point cannot be achieved on the boundary of
Ri. Without loss of generality, we assume that (0, %) is a maximum point of
Gu(s,t). Using the above expression for G, and p > 4, we easily conclude
that Gy (s,t) > G,(0,%), for any s > 0 small, which does not make sense.
Hence

Gu(su,tu) = I(syu™ +t,u™) = max I(sut + tu™)

S7t_

and we have done. O

Lemma 4.2. If (u,) C M is such that I(u,) — ¢, then ¢ > 0 and there
exists A1, Ay > 0 such that Ay < ||lu|| < Ag, for any n € N.

Proof. Tt follows from (I'(u,),u) = 0 and (2.1) that

+ =+ =+ + =+
|2 < / a(@)iE]? + / =[S < Oz lP + ).

Since p > 4, the above expression provides A; > 0 such that [|uf| > A;.
Using (I'(uy),u,) = 0 again and (2.6), we conclude that that ¢ > 0 and
[zl < A O

In order to construct a Palais-Smale sequence for I at level m, we follow
an idea introduced in [7]. So, we denote by P the cone of non-negative
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functions in H'(R3), @ = [0,1] x [0,1] and by ¥ the set of continuous maps
o € C(Q, H'(R?)) such that, for any (s,t) € Q there hold

(i) o(s,0) =0, 0(0,t) € P and o(1,t) € —P;
(ii) (Loo)(s,1) <0 and
lo(s, DII§ + [ a(z)lo(s, 1)[”

> 2.
lo(s, DI? + Lo, (.1 (0 (5, 1))
We finally define ¢ : HY(R?) x H'(R?) — R by
6 p
[l ol
§(u,v) = q [lull? + Lo, (w) + Lg, (u)
0, u = 0.

It is clear that w € M if and only if £(u™,u™) = £(u™,ut) = 1. Moreover,
this map enables us to construct a set bigger than M which contains a
Palais-Smale sequence for I at level m,, as we can see from the next result.

Lemma 4.3. If
U= {u e HYR?) : Je(ut,u™) — 1) < 1/2, |€(u™,ut) — 1] < 1/2},
then there exists a sequence (uy) C U such that I(u,) — m. and I'(u,) — 0.

Proof. Given v € M, we define 0,(s,t) := yt(1 — s)vT + tsv™ € . A
simple computation shows that o, € %, for some ~, > 0 large. Hence, the
set Y is non-empty and we can define

¢y = inf sup I(u).
aGEueo(Q)

We claim that ¢s; = my. Actually, considering the map o, defined above
and using Lemma 4.1, we get

I0) = mgg Tt +007) 2 sup Tw) 2 en
= UETy

Since v € M is arbitrary, we conclude that m, > c¢x. On the other hand,
for each o € ¥, we can use item (i) of the definition of 3 to get

OSE(U ( ) )70 (Oat))
= §(0-+(0a t)? o (Oa t)) - 5(0'_ (07 t)a U+(Oa t))

0> —¢(o(L,t),07(1,1))
= §(U+(17t)70'7(17t)) - 5(0-7(17t)70'+(17t))’

Again from the definition of X, we have
f|031|6—|—f x)|o(s,1)|P
- HU(S 1)H2+L¢>U(g ,(o(s,1))
<&(0(s,1),07 (s, 1)) +&(0 (5,1),07 (5, 1))
for any s € [0,1]. Consequently,
E(0* (5,1), 07 (5, 1)) + (0~ (5, 1), 0% (5,1)) — 2> 0

(4.2)

and

(4.3)

and

£(0t(s,0),07(5,0)) + &(0 (5,0),07(5,0)) =2 = -2 < 0.
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Taking into account the two above expressions, (4.2) and (4.3), we can
apply Miranda’s theorem [25] to obtain (ss,t,) € @ such that
0=¢(0 +(507t0)’0_(5mt0)) - f(g_(507t0)a0+(507t0))
= &0 (S0, t0), 0 (8oyt5)) + E(07 (8o5t0), 01 (S0, to)) — 2.
As a result, it must be

5(0+(5m to), 0 (Soyto)) =

which implies that u, = 0 (84, ts)

( (50'7 o—),0'+(50-,to-)) :17
€ 0(Q) N M. Hence,
my = inf I(u) < I(us) < sup I(u).

ueM u€r(Q)

Since o € ¥ is arbitrary we conclude that ¢y > m, and the claim is proved.
Let (wp,) C M be such that I(w,) — m, and define o,(s,t) := y,t(1 —

x)w 4 yptsw,, , where 7, > 0 is such that o, € 3. From the first part of
the proof, we obtain

mye < max I(u) < I(wy)

u€on(Q)

and therefore

lim  max I(u) = m,.
n—+00 uco, (Q)

We can now use a deformation argument as in the proof of Theorem A in [7]
to obtain a sequence (u,) C H*(R3) such that

I(up) = my, I'(up) —0, dist(un, o,(Q)) — 0. (4.4)

We need only to verify that, for n > ng, there holds uw, € U. As in
the proof of (2.6), the sequence (u,) is bounded and <I’(un),uf> = op(1).
Therefore, it is enough to show that u;- # 0, which means that &(u;}, u,, ) —
1, &(uy,, n) — 1, and then u,, € U, for all n large enough.

From (4.4), there exist sequences (s,,), (t,) C [0, +00) and (v,) C H'(R3)
such that

U = spwl +taw, € 0,(Q),  ||vn — unl| — 0. (4.5)
We are going to prove that s,w;” /4 0 and t,w, # 0, which guarantee that
uff # 0. Suppose, by contradiction, that s,w,” — 0. Then, from Lemma
4.2, we conclude that s,, — 0 and therefore, from the continuity of I and
(4.5), we get
my = lim I(v,) = hm I(spw, +tyw,) = lim I(t,w;).
n—oo

n—oo
By using this expression and Lemma 4.2 again, we obtain C7, Co > 0 such
that

my = I(wy) + on(1 )-g@}({)[(sw + tw,, ) + on(1)

> nwuxf(sw,;F + thw, ) + on(1)

> m>axI(5w ) +on(1) + I(tyw,)

82 +112 sP + 6 +
2T§1§0X[5Hwn 2= [t = St 18] + e+ on)

2

A7
> 21;15(( 5 8 — ALy sP — ASC236) + my + o (1),
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where we also have used Lemma 4.1 and the Sobolev embeddings. Taking
the limit as n — 400 we obtain a contradiction, since the last maximum
above is positive. Arguing along the same lines, we can prove that t,w,, 4 0
and the lemma is proved. O

The next result shows that the positive and the negative part of the
sequence given by last lemma is far away from zero.

Lemma 4.4. There exists o > 0 such that
Juf| >0 >0, Yuell.

Proof. For any u € U, by the definition of £, one has

1
Sl < [atpetp+ [t <o [P+ o) [lar.

Here, we use the fact that, for any ¢ > 0, there exists C'(¢) > 0 such that
sP + t6 < es? + CO(e)tY, for any s, t > 0. Thus, taking ¢ > 0 small and using
(2.1), we see that

uuiHQs;ca]/hfﬂ6z;canuinﬂ
and the result follows. [

Lemma 4.5. If (u,) C U is such that I(u,) — ¢ € (0,my + moo) and
I'(uy) — 0, then (uy) has a convergent subsequence.

Proof. As before, the sequence is bounded and therefore there exists u €
H'(R3) such that, up to a subsequence, u, — u weakly in H'(R3), u,, — u
a.e. in R? and I'(u) = 0. Letting v, := u, — u, since a(z) — G0, as
|z| — +o00, and v, — 0 weakly in H'(R?), we conclude that

/a(w)|vn\p:/aoo]vn]p+/(a(a:)—aoo)|vn|p:/aoo]vn]p+on(1). (4.6)

Analogously, from (V3),
loml? = / (IV0n]? + Vao2) + 0n(1).

The two above expressions, the weak convergence of (u,), Brezis-Lieb’s
lemma [6] and (2.2) imply that

) =5l + 3L, wn) = [ a()ua? = [ 1ul

1
43 lonl = [a@lonP = [ +0u(1)
1
:I(u)+2/(an2+Voovi) —/aoo|vn|p—/|vn|6—|—0n(1)

and therefore
c=1(u) + Io(vy) + 0n(1). (4.7)
We are going to prove that vF — 0, by excluding the three other possi-
bilities.

Case 1: v, — 0 but v;7 /4 0 strongly in H!(R3).
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If w =0, then v,, = u,, — 0, which contradicts Lemma 4.4. Hence u # 0
and therefore I(u) > m4. By using I'(u,) — 0 and the argument of the
first part of the proof, with (2.3) instead of (2.2), we get

on (1) = (I'(un), uyj) = IIU$IIQ+L¢M(U$)—/a(x)IUIlp—/lu7T\6

= (I'(w),ut) + | / a(z) o P / 0 1% + 0n (1)

and therefore from (I'(u),u™) = 0 we obtain

I = [ a@lotp = [ 1017 = 0u(0). (4.8)
So, we can argue as in the proof of Lemma 4.4 to conclude that
o1 < €1 [ 1617 + 0n ).
On the other hand, since v;" /4 0, up to a subsequence we have that
/|v:{|6 > Cy > 0. (4.9)
Thus, we can easily obtain s, > 0 such that s,v,;” € N, namely

S|P = / aoeluf P + 88 / |6, (4.10)

This equality and (4.9) imply that (s,,) C (0, +00) is bounded, and therefore
we may assume that s, — s > 0.
Arguing as in (4.6) and recalling that v;7 — 0, we obtain

/a(az)]vn|p - /aoo|vn\P+on(1).

This, (4.10) and (4.8), imply that

(272 =) [P+ (sh = 1) [ 11 = 0u()
and therefore it follows from (4.9) that s = 1. So, we can use (4.7), v, — 0
and I(u) > m4, to obtain
c+ton(1) = I(u) + Loo(v)) + Ioo(vy,)
=my + I (spv,) + 0,(1)
> mg + Moo + 0p(1),

where we also have used the trivial decomposition Ioo(v) = Ino(vT)+ I (v7).
The above expression provides ¢ > m4 + Moo, which does not make sense.
Thus, Case 1 cannot occurs.

Case 2: v, / 0 but v;7 — 0 strongly in H!(R3).

This case can be discarded arguing as in the first one.

Case 3: v, / 0 and v} /4 0 strongly in H'(R?).
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In this case, we obtain sequences (sy), (t,) C (0,400) such that both
spu; and t,u,, belong to Noo and sy, t, — 1. Since I(u) > 0 and m4 < Mmoo,
we can use (4.7) again to get

¢+ 0n(1) > Io(vy) + Lo (vy,)
= Io(5,0,) + Lo (tnv))) + 0, (1)
> Moo + Moo + 0n(1)
> my + Moo + 0n(1),
which is absurd. This finishes the proof. O

We are able to prove our main theorem.

Proof of Theorem 1.2. We claim that
My < My + Moo (4.11)
If this is true, we may invoke Lemma 4.3 to obtain (u,) C U such that
I(up) = my < my + Mmoo,  1'(uy) — 0.

According to Lemma 4.5, up to a subsequence u,, — u strongly in H!(R?).
Hence, I'(u) = 0 and I(u) = ms, that is, u is a minimal nodal solution.

We verify now that (4.11) really holds. Let u~, vg as in the proof of
Theorem 1.1 and ug € H*(R3) be the positive solution given by this same
theorem. Let D := [%,%] X [%,%] and

U(s,t) = (Vi(s,t),¥_(s,t)),
where Wy (s, t) := (I'(sug — tvg), (sug — tvg)™). Since (I'(ug),up) = 0 and
p > 4, we can easily compute
(I'(1/2ug),1/2ug) > 0, (I'(3/2up), 3/2ug) < 0.

Moreover, since vg — 0 in H'(R3), it follows from (2.2) that [ K(z)¢y,v% =
or(1l), as R — +o0. Hence, we can use (a1) and (V1) to get
(I'(1/208),1/208) = (I'o(1/20), 1/2u00) + 0g(1)
and
(I'(3/2vR), 3/2vR) = (IL(3/2Uso), 3/2Us0) + 0r(1).
From (I (uco), o) = 0, we obtain
(I' . (1/2u00), 1/2U00) > 0, ({IL(3/2uUs0), 3/2u00) < O.
By using all the above expressions, together with vg — 0, we obtain Ry > 0
such that
\Il+(1/2, t) >0, \I}+(3/27 t) <0,
for any ¢t € [1/2,3/2] and R > Ry (see [4]). Analogously, for any s €
[1/2,3/2] and R > Ry, there hold
U_(s,1/2) >0, ¥_(s,3/2)<0.
Since W is continuous in D, we can apply Miranda’s theorem to obtain
(sr,tr) € D such that ¥(sg,tg) = (0,0) or, equivalently, sgpug—trvg € M.
We notice that

«= inf I <]J —t < I —t 4.12
m ulél./\/l (u) < I(spup — trvg) < (;,Itl)anD (sug — tvg) ( )
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and we focus now on showing that the right-hand side above is smaller than
my + Meo. In order to achieve this objective, we first compute

¢ tr
I(sug — tvg) = I(sug) + I (tvg) + §FR72 + EFR’g

1 1 1
+ I'ra—stl'rs — —Tre — ZI'r7,
4 P 6
where I'g 2 and I'p 3 are defined in the proof of Theorem 1.1 and

I‘R,4 = /K(x) [¢su0—th(5uO - th)Q - ¢su0(3u0)2} s
Frs:= / (Vug - Vg + V(z)ugvg) ,

P = / a(z) (|sto — tor]? — |suol? — [tug]?)
and
T ::/(|su0—th|6— sl — [tugl®) .

Arguing as in the proof of Lemma 4.1, we can prove that the map s +—
I(sug) has a unique critical point in (0,+00), which is a maximum point.
So, recalling that (I'(ug),uo) = 0, we conclude that I(sug) < I(ug) = m,
for any s > 0. Hence, it follows from I (tvr) < meo, (4.12), (3.4), (3.5) and
the above expressions that

1 1 1
My < m+—i—moo+01 (efeR — 677R)+ZPR74—StFR75—EPR76—EFRJ, (4.13)

for some C; = C1(R) >0

In what follows we estimate I'g 4 by first computing the decomposition
FR,4 = t4FR,471 + 282t2FR74’2 - 4531‘511374,3 - 4525311374’4 + 4S2t2FR,475,

where
Lraj =Ly, (vr), Traz —/K ) buo (VR)?,

I'raz = /K(HT)%OUO'UR, I'ra4 2=/K($)¢vRuovR,

and

Tpas e / K (2) K (y)uo(z)uo(y)vr(2)vr(y) , dy.
R3 JR3 |z =y
The same argument used to prove (3.3) yields

Tray < Coe ™ Ty < Coef,

for some Cy = CQ(R) > 0. As in the proof of Theorem 1.1, we may assume
that o < v/Voo. Thus, we may pick 0 < ) < /Vao — v and use ug € L>®(R3)
to obtain

55\
s < o ol [ 5660105 )

5/6
e ( / 6(6/5)(a-<m—n))x|> < CyeoF,
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Analogously,

Tpaa < Cse ™ Tras= /K(JJ)Q/WUOUR < Cge R,

with Cy, C5 and C depending on R > 0. All together, the above inequalities
imply that
IN'ra < C7€_aR.
We now turn our attention to the term I'p 5. By recalling that I’ (ug)vg =
0, we get

—I'rs = / (K(x)éuOuovR — a(x)\uolp_zuovR — \u0]4u0v3)

< Cye=F 4 flaoc / ol 2ugur,

where we also have used ug, vg > 0 and the former calculations. We now
pick 0 < 7 < 1 < v/Vs — a and use the decay property of the positive
solution ug (see Remark 3.1) to obtain

[ ol 2uger < ol [ wovn
e / o~ (Voo [z+ Rv| .~ (Voo 2]

— Cye~ (VV0R / eli=nle].

and therefore
~Trs < Croe ™.
Finally, using the inequality (see [1, Lemma 2.4])
‘|s — )7 — 57 — th’ < 2q(s17 1+ st17h),
for any s, t > 0 and 4 < g < 6, we infer that

Fre < 2p|lallo / (Up_lvR + UOU%_1> < Cpe ok
and
I'r7 < 12”@]00/ (ugvr + uov}) < Crae *H.
By replacing all the above inequalities in (4.13), we get
My < my + Moo + C13 (e“’R + e 0 _ e_WR)

and therefore, choosing R > 0 large enough, we can use 7 < min{a, 6} to
obtain m. < m4 + Mmoo, as desired. (]
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