EMBEDDING THEOREMS FOR WEIGHTED SOBOLEV SPACES
IN A BORDERLINE CASE AND APPLICATIONS

J. L. CARVALHO, M. F. FURTADO, AND E. S. MEDEIROS

ABSTRACT. We establish some embedding results for weighted Sobolev spaces.
As an application, we obtain one nonzero solution for the equation

—div(|Vu|N 2Vau) + V(z)|ulV 2w = AQ(z) f(u), in RY,

where V, QQ are nonnegative potentials, A > 0 is a large parameter and f has
critical growth in the Trudinger-Moser sense.

1. INTRODUCTION AND MAIN RESULTS
In this paper, we present a functional space to deal with the quasilinear equation
(P) — Anu+ V(@)uN 20 = AQ@) f(u), in RY,

where N > 2, Ayu := div(|]Vu|Y=2Vu) is the N-laplacian operator, A > 0 is
a parameter and V, @) are nonnegative potentials. If f(s) = |s|7"2s and we are
intending to apply variational methods, it is natural to look for an inequality like

(1.1) /RN Q(x)|ul?dz < Cy (/RN [\wN n V(x)u|N}dx>Q/N, Vu e C(RN),

with Cy = Cy(q) > 0 independent of u. Our purpose here is to present conditions
on V and @ which guarantee the above inequality for any ¢ > N.

In order to precisely present our variational setting, we shall suppose that the
potentials V' and @ # 0 satisfy

(V@) there exist ¢y, ¢g > 0 and ~, 8 € R such that, for any x € R, there hold

Cy CQ
@y =V =W S

Let p > 1, v € R and consider the space E1'?*Y defined as the completion of C$°(RY)
with respect to the norm

|u|p 1/p
1,py ‘= p D — .
lull & (/RN [|Vu\ + a M)W}dm‘
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Given a positive function w € L} _(R™) and s > 1, we define the weighted Lebesgue

loc
space
1/s
Ls(RN ) = (/ w(m)|usdm> < +oo}.
RN

In the first part of this paper, we aim to obtain conditions on 8 > 0, v > 0 and
q > 1 in such a way that, for some constant Cy > 0, the following inequality holds

L*(RY,w) := {u € Lige(RY) + Jlu|

(12) o (1 py-5y < Collullfrn,, Ve BWN.

Before presenting our result we notice that, if 1 < p < N and p* := Np/(N —p), it
follows from Gagliardo-Nirenberg inequality that

p"/p
Il o oy < Nl oy < € ([ 19z} < Callln

for any u € C§°(RY). Moreover, if 1 < ¢ < p*, we can use Hélder’s inequality with
exponents s = p*/q > 1 and s’ = p*/(p* — q), to get

1 1/s
q q q
||u||Lq(RN’(1+|.‘)7I3) S ||u||Lp*(]RN) </]RN (1 + |x|)9d$> S CQHUHLp*(]RN)v

whenever 6 := 8p*/(p* — q) > N. So, we can use Gagliardo-Nirenberg inequality
again to show that (1.2) holds if we replace E"»Y by EVP7 with p(N — 3)/(N —
p) <q<p*

As we will see, the equation (1.2) represents a (more delicate) borderline case.
There are some obstructions, since it can be proved that the inequality fails,
for example, if max{8,7} < N and 1 < ¢ < N(N — 8)/(N — ~) (see Remark
2.2). In our first result, we show that this borderline case can be considered for
some appropriated range for the parameters. More specifically, we shall prove the
following:

Theorem 1.1. Suppose that ¢ > N > 2. Then the inequality (1.2) is true if one
of the following conditions holds:

(i) 0<y<N<B;
(i) N<y<pBandq< N(B—N)/(y—N).

Notice that, in the setting of the above theorem, the inequality (1.1) is a direct
consequence of (V@Q). If we think about that inequality with N replaced by
1 < p < N and potentials V' and ) which are radials, many interesting papers have
state the inequality in the context of radial functions, see for instance [21, 22, 23]
and references therein. This seems to be the simplest case, since we may consider
radial functions which has some prescribed decay rates at infinity. Even in the case
1 < p < N, when have no symmetry, the situation is more involved and we need to
control the behavior of the potentials at infinity. Some results were presented by
Opic and Kufner [18], Ambrosseti, Felli and Machiodi [4], Ambrosetti and Wang
[7], Ambrosetti, Malchiodi and Ruiz [5], Bonheure and Schaftingen [9], Alves and
Souto [3], among others. We emphasize that we are considering the borderline case
and we do not assume symmetry.

Recall that the classical Sobolev Embedding Theorem assures that WY (RY) <
LI(RN), for any ¢ > N. Theorem 1.1 states an analogous result for our space
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EVN:7 namely, for any 0 < v < N < 8 and ¢ > N, we have the continuous
embedding

(1.3) EYNY 5 LYRYN, (14 |- D7P).

Therefore, also in accordance with the W1V (RM) case, it is natural to look for an
embedding from E™N»7 into Orlicz spaces. To be more precise, for @ > 0, we define
the function
NN e ad
; - Nj/(N-1
D, (s) = el — Z —||s| J/N=1) s eR.
j=0
In our second result, we prove the following Trudinger-Moser type result:

Theorem 1.2. Suppose that N > 2 and 0 < v < N < . Then, for any o > 0
and u € EYN7 | the function (1+|-|) P ®,(u) belongs to L*(RN). Moreover, there
exists a* = a*(N) > 0 such that

1
sup / ——— &, (u) dx < 400,
(we BN ful o vy <1} JRN (1 [2])P

for any 0 < a < a*.

The first results concerning Trudinger-Moser type inequalities have appeared in
the papers of Yudovich, Moser, Trudinger [26, 17, 24], for the bounded domain
case. Similar results for unbounded domains have been established by Cao [10]
and Ruf [19] in R2, and by do O [11], Adachi and Tanaka [1], Li and Ruf [16], in
higher dimensions. Concerning the case of weighted Sobolev spaces, we can refer
the reader to [2, 14, 12, 15, 28, 8] and references therein. Some of these works
considered radial weight functions, in such a way that rearrangement procedures
work well. We finally mention that Theorem 1.2 is closely related to some results
obtained in the 2-dimensional case by do O, Sani and Jianjun [13], where the authors
used an approach borrowed from Opnic-Kurfner [18]. Here, we provide a different
and simplified proof.

In the final part of the paper, we turn back to problem (P) by assuming that
the nonlinearity f € C(R,R) has exponential growth at infinity and is N-sublinear
at the origin, that is,

(fo) there exists ag > 0 such that
lf(s)l { 0, if o> ao,

|s\1—1)1200 ea|S|N/(N_1) -

(f1) f(s)=o(|s|¥"!) as s — 0.
As we shall see, the above conditions imply that the map u — [,y Q(z)F(u)dz is
of class C', where F(s) := [ f(t)dt. Hence, we can apply standard variational
techniques to obtain solutions for (P).

With this basic assumption in hands, we can explore a huge variety of conditions
on f to obtain existence of solutions for the problem. In order to illustrate this
feature, we shall prove the following:

Theorem 1.3. Suppose that (VQ) holds with 0 < v < N < (. If [ satisfies
(fo) = (f1) and
(f2) there exists 0 > N such that

0<0F(s) < f(s)s, seR;

4oo, if a<agp;
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(fs) there exist cp > 0 and v > N such that F(s) > cpl|s|”, for any s € R,

then there exists A, > 0 such that, for any A > A\, the equation (P) has a nonzero
weak solution.

In the proof of this last theorem, we apply the classical Moutain Pass Theorem
[6]. Condition (f2) has been appeared in many papers and is related with the
boundedness of Palais-Smale sequences. The technical condition (f3) enable us to
localize the minimax level in the range where we have compactness. This overcomes
the lack of compactness which occurs due to the critical growth of f.

The rest of the paper is organized as follows: in the next two section we prove
our two first theorems, one in each section. In the final Section 4, we obtain a
solution for (P).

2. SOBOLEV TYPE EMBEDDING

In this section, we prove our first result for the space E™7. The mains idea
consists in a covering process where we write the entire space as a union of a ball
with annular sets. For any zo € RY and r > 0, we denote along all the paper
BR(I‘()) = {$ eRY . |I‘7$0| < R} .

Recall that the Sobolev embedding WV (By(0)) < L7(B;1(0)) holds for any
g > N. Hence, since any function v € EV™7 clearly belongs to Wllo’(fv(]RN ), there
exists C; = C1(N, q) > 0 such that

N
/ ﬂdm < / (VY + ul] da !
B0y (1+]z])P B B1(0)
vl "
o[t Tu)"
? B1(0) Vel (1 + |z[)7
with CQ = CQ(N,(],’)/) > 0.

We now define, for each j € NU {0}, the annular set

(2.1)

IN

Aji={z e RN : 27 < |2| < 271},
and prove the following technical estimate.

Lemma 2.1. Let 8, v > 0 and ¢ > N. Then, for each j € NU{0}, there exists a
constant C = C(N,~,q) > 0 such that

q/N
uf [ [t 1o
2.2 M gr<c 92613 |7 P N ,
22) /Aj<1+|a:|>” v 2 s e

J

where

G = %(N—m, Go=(r—N)+ %(N _5).

Proof. By using the change of variables y = 2772, we get

Juf 1 N-5);
—da < o [ [ulde =29 [y (y)|9dy,
/Aj (L+ [P ™ =27 A



EMBEDDING RESULTS FOR WEIGHTED SOBOLEV SPACES 5

where u;(y) := u(2/y). From the Sobolev embedding W1V (A4y) < Li(A), we
obtain C'= C(N, ¢q) > 0 such that

[ wtras < ([ [vnmr el ]a) "
a/N
—C (/A [|Vu|N + 2—Nﬂ‘|u|N}dm> .

Since (1 + 2/11) < 2.2/ and v > 0, we get

J

N
/ 27Ny Ndx < 27NI(1 + 2J+1)W/ ™
A a, (L [a)7
2 —N)j Ju ¥
< 92rt(y )J/ N e
a; (L4 [a])?

Combining the above estimates, we deduce that

q/N
|ul? (N—B)j92vq/N / N Ju ¥
Ty < oWV =Blig2a/N G VulN + g :
/A T P = el + e

J

and the lemma is proved. O
We are ready to prove our first main result.

Proof of Theorem 1.1. If any of the conditions (i) or (ii) of the the theorem holds,
the numbers (1, (2 obtained in Lemma 2.1 are nonpositive. Hence, for any
j € NU {0}, we have that

u w1\
[, TrptesC (/A v+ |w>v}dx> |

J

Recalling that the function s — s9/% is super additive for ¢ > N, we conclude that

¥ q/N
Z/ 1+|z| dm<CZ</ [IVul + mw}m) :
w7\
=¢ </]RN\B1(O) [Wu'N * (1+ $|)”]dx>

Combining the above estimate with (2.1), we obtain
/ e < (ot Ol s
ey (L |2))P B
which concludes the proof. O

Remark 2.2. It is worth mention that inequality (1.2) could fail for some choices
of the parameters. Indeed, pick w € C§°(RN) a nonzero function vanishing near
the origin, define uy(x) := w(Az), for A > 0, and suppose that

N(N -5

(2.3) max{vy, 8} < N, 0<g< wW_y
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Using the change of variables y = Az, we get
N _
/ [Vux(z)|Vdx = C1 > 0,
RN
and, for v >0,

/ |UA|N dr </ |u>\|Ndl‘ _ )\'ny/ |w(y)|Ndy _ CQ)\’YiN-
wy (L 2[) 7 Jan 2 rY [y

On the other hand, there exist C3, Cy > 0 such that,

|ux|? / |ux|? N
— 2 dr > Oy dr = Cy PN,
/]RN (14 |=])? RN\ B, (0) 1Z]°

If (1.2) holds, we obtain

jual™ /N N
1 < (fIRN [|VU/\| + (1+\x|)7:|d‘r) < (Cl —l—Cg)ﬂ_N)q
- ux|? — B—N
Co fRN W(ix CaA

< Cs (A + %),

for some C5 > 0 and

i =N-B.  O=(y=N)+(N-B).

But (2.3) implies that 61, 02 > 0, and we obtain a contradiction as A — 0%.

3. A TRUDINGER-MOSER TYPE INEQUALITY

We present in this section the proof of Theorem 1.2. We start with two technical
results.

Lemma 3.1. Let zg € RY and v € Wy (Bgr(z0)) be such that fBR(zo) |VoNdz <
1. Then there exists C = C(N) > 0 such that

/ ®,y (v)dz < C(N) - RN/ VoV d,
Br(zo0) Br(zo)

1/(N-1)
N—-1

where any := Nw and wy_1 1s the measure of the unit sphere in RN 1,

Proof. See [25, Lemma 3.1]. O

The second auxiliar result reads as
Lemma 3.2. Suppose that 0 < v < N < B. Then, there exist Cny > 0 and
a* =a*(N) > 0 such that

1
&, (u)dz < Cy,
/RN 7 app P de < On

for any 0 < a < o* and u € EYN7 verifying |u| g < 1.

Proof. Since the above integral and ||| g1.v.~ are monotonic in 8 and ~, respectively,
we may consider v = = N. Let ¢ € C§°(B2(0)) be such that ¢ =1 in B;(0) and
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|Ve| <2 in By(0). For any u € EM™7 such that ||ul| g1~ < 1, there hold

/ IV (pu)|Ndx < Cl/ |Vu|Ndx+C1/ Ju| N da
B»(0) B»(0) B»(0)
<C/ \Vu|Ndz + C 3N/ IS
= B2 (0) ! By(0) (14 [z))V
Jul™

gc/ [VuN—i—}deC,
2 [ o IV T ’

with Cy = Cy(N) > 0. Hence, if we set v := (1/C2)"/Npu and apply Lemma 3.1,
we obtain

/ ®,, (v)dr < C(N) - QN/ |Vo|N dz < Cs,
B2(0) B2 (0)

with C3 := C(N) -2V
Form the definition of ®,, we easily conclude that

(3.1) @a(ts) = (batN/(N—l)(S), seR, t>0.

Thus, since ¢ = 1 in B1(0) and ®,, > 0 is monotonic in «, we have that

/ b, (u)de :/ O, (pu) dz §/ <I>a(C’21/Nv)dx
B1(0) B1(0) B3 (0)

= / (paC;/(N_l)(v) dx S / (paN('U) dx § 03,
B2(0)

B2 (0)

whenever
an
I<a< ———.
021/(N—1)
Hence,
1
(3.2) / ——— P, (u)dx < Cs.
B0y (1+[z)V

We now consider, for each j € NU {0}, the annulus A; = {z € RV : 27 <
|z] < 271} and claim that, if & > 0 is small enough, there exists Cy = C4(N) > 0,
independent of j, such that

Jul™

(3.3) /Aj W@a(u) dx < Cy /A]- {|VU|N + (1+x|)N] dz.

By using this inequality and (3.2), we get

1 = 1
/RN ATy ®,,(u)dr < Cs +jz_:0/Aj A ™ |x\)N(I)a(u) dz.

Jul ¥
<Cs+ 04/ {|Vu|N + | du,
RN\ B, (0) (L4 [z[)N
and therefore
1
———— &, (u)dr < Cn :=C3+ CYy,
/RN(1+|J})N (U) T =~ UN 3+ Oy

whenever u € EVNY satisfies ||u| g1y < 1.
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It remains to be proved that (3.3) holds. First, we use the change of variables
y = 277z to obtain, for u;(y) := u(27y), the following

1 1
(3.4) /Aj Wq)a(u) de < QjN/Aj (I)a(u) dx = /Ao o, (uj)dy~

For each y € Ao, set R, := dist(y,0Ap) and notice that Bg, (y) C Ao.
Moreover, from the compactness of Ay, we obtain points 1, ..., yx € Ay such that
Ay C Ule Bg, /2(yi), where R; := R,,. Foreachi=1,...,k, we set B':= Bg, (y;)
and pick a function ¢; € C§°(B") such that 0 < ¢; < 1, ¢; = 1 in Bp,/»(y;) and
|Vei| <4/R; in Bi. We have that

IN

/B V()Y dy < Cs /B |V [Ny + CoRTY /B g [Ny

IN

Cs / Vu(@y)|N 9N dy + CoR; N / u(27y) [N dy
A() Ao

C
N 6 N
CS/A |Vul™ dz + NoiN /Aj |ul™ da.

J

Since j > 0, we have that (1 +2/+1) < 4.2/ and therefore

N
/ \u|Nda:§4N2jN/ B U
A a; (1 |z])

J 3

All together, the above inequalities imply that,

(35) [ vapa<e [ o s ) o

J

with C7 = C7(N) > 0.
Since |Ju||gi.n~ < 1, the above inequality shows that we can apply Lemma
Lemma 3.1 with v := (1/C7)"/" p;u; to obtain Cg = Cg(NN) > 0 such that

/ oy (v)dy < C(N)-RY / VoV dy
Bi Bi
™

[, 17+ e

J

IN

where we have used (3.5) and R; < 1.
If we define

o := min { an an }
T 1/(N-1)’ ~1/(N-1 ’
02/( ) 07/( )

we can use the definition of v and (3.1) as before to get

P lulN
ar \Pily 'ly<—/ IQN v dySC / |:C’LLN+ dm

J
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For any 0 < o < o™, we can proceed as in the first part of the proof to get
k

S/ waw)ay
Br,/2(vi)

i=1

/ B (1) dy <
Ao

k
= Z/ O, (piny) dy
Br,/2(v:)

i=1
k

< Z/ Do (piuy) dy
Br, /2(yi)

i=1
< Os/ |:|VU|N + ﬂ dx.
4; (1 |=))¥

J

The inequality (3.3) is now a consequence of the above expression and (3.4). O
We are ready to present the proof of our second theorem.

Proof of Theorem 1.2. If we consider a* > 0 as in Lemma 3.2, we have that

1
(3.6) sup / ————®,(u)dr < Cy,
{ueB Vx|l vy <1y Jry (14 [2])

for any 0 < a < a*. So, we need only to verify that the function (14 |- |)~#®,,(u)
is integrable for each u € E»™7. In order to do that, we pick ug € C$°(RY) such
that

lu — uo|| gr.viy <6,

with 0 > 0 to be chosen later.
A simple computation shows that, for any s > 0,

\@la(s)‘ < Z\?Nl |5|1/(N71)60“5|N/(N_1).

Thus, for any s, ¢t > 0, we can use the Mean Value Theorem to obtain 6 €
[min{s, t}, max{s,t}] such that

N -
o (5) < By (t) + o |0/ VDT T g
N-1
Using this inequality with s = |u| and ¢ = |u — ug|, we obtain a function x +— 0(x)
such that, for a.e. z € RV,

N _
37 Dallul) < Pallu—ugl) + 1 [6)[ /N Dup(a)e PO,
where 1 := ‘|u — ug| — \u|’ € EYN7 has compact support €.

We now notice that,

1 1 |u — o]
—d, — dr < — 0 - d ;
L etuobie < [ s s () %

and therefore we can choose § > 0 small in such way that we can apply (3.6) to
conclude that

1
(3.8) /RN wfbaﬂu —up|)dz < Cy.
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Since ug is bounded and @ lives between |u — ug| and |ul, it is clear that
10(2)] < |u— uo| + [u] < Ci(ful +1),

for a.e. x € (2 and some C; > 0. Thus, we can use Holder’s inequality to obtain

| Y et e <y [ ()™ g
Q Q

1+ [z)
1/r
C, (/ ersC'3|u|N/(N—1)dx) 37
Q
1/(N-1)
where Cy := ||(Ju] + 1)]] 1]

Lri/(v-1)(g) 22,.2(9) and r1, 79, T3 are such that 1/r; +
1/ro+1/rs=1,7r1 > N(N—1) and ro > N. It follows from the classical Trudinger-
Moser inequality in WV (Q) that

IN

IN

1 .
/Q(B|0|1/Nq/}ea9|’ww Y da < +o0.

1+ [z])
Since @, (Ju|) = @4 (u), we can use (3.7), (3.8) and the above expression to conclude
that (1+|-])"#®,(u) € L'(RY). The theorem is proved. O

4. EXISTENCE OF SOLUTION FOR (P)

In this section, we prove Theorem 1.3. From now on, we shall assume that
(fo) — (f3) and (V@) hold with 0 < v < N < S, and we look for solutions in the
subspace of EMN:7 defined as

Ey = {u e EMNY | gy < +oo},
N N /N
where ||ul| g, = ([on [[VulN + V(2)|u|N]dz) .
As a byproduct of Theorem 1.1, we have the following embedding result:

Lemma 4.1. Suppose that0 < v < N < B. Then, the embedding Ey — LI(RY, Q)
s continuous and compact for any ¢ > N.

Proof. For any u € Ey, we can use (VQ) and Theorem 1.1 to get
|ul®

N |u‘N ‘Z/N
f Q< ca [ tien < ([ o+ o)

a/N
<ar( [ [vu s vel]) = cll,.
RN

This shows that we have continuous embedding.

In order to prove the compactness, consider (u,) C FEy such that w, — O.
Given € > 0, we can choose N < 3y < B and R > 0 such that (1 + |z[)%~F < ¢
for |x| > R. This, together with (VQ) and the continuous embedding E1N7
LI(RN (1 +|-[)~") imply that

Q(z)|uy|?dx < ec / ————dzx
/]RN\BR(O) (@)l ? RN\ B (0) (14 |z[)Po

N q/N
< N |y
< eChy (/RN [|Vun| +7<1+|x|)7}dx

< Cillunlly, < <Cs.
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On the other hand, from the embedding Ey ¢ EYN:7 ¢ W2V (RY) and Rellich-
Kondrachov Theorem, we get

[ Q@i < 1@l oy [ el = ou(),

Br(0) Br(0)

where 0, (1) stands for a quantity approaching zero as n — +oo. It follows from
the above inequalities that u,, — 0 strongly in LI(RY, Q). O

In order to introduce the energy functional which is associated with our problem
we notice that, for any given € > 0, @ > «p and r > 1, we can use (fo) — (f1) to
obtain C' > 0 such that

(4.1) [f(s) <els¥ 1+ Cls" " @a(s),  |F(s)] < els|™ + Cls|"@a(s),

for any s € R. Given u € Ey and 11,72 > 1 such that 1/r;1 +1/ro =1, 71 > N, we
can use Holder’s inequality, Lemma 4.1 and Theorem 1.2 to get

1/72a
Q) F)ds < efullfv v+ Cllll v oy ([ | Q@ aluie) < o
where we also have used the inequality (see [27, Lemma 2.1])
(4.2) (@0 (s)]” < Drals).

By the above considerations, the functional I : £y — R given by

I = g, A [ Q@F@ e

is well defined. Moreover, using some standard calculations, we can prove that
Iy € CY(Ey,R) and the weak solutions of problem (P) are precisely the critical
points of 1.

In our first auxiliary result, we prove a local compactness result.

RN

Lemma 4.2. Let (uy,) C Ey be such that

o\ - N
3 _ 1 / =
Iy (un) = d < (ao> ( Nv ) Jm I3 (un) = 0.

Then (uy,) has a convergent subsequence.

Proof. By computing Iy (u,) — (1/6)I5 (un)u, and using (f2), we obtain Cq,Cs > 0
such that

Cr+ Callnll, = (57 = 5 ) Il + 2 [ Q@) (Gfm)un = Flun)) do

11 N
> (5 - ) Il

which implies that (u,) is bounded in Ey, since § > N. So, up to a subsequence,
Uy, — u weakly in Ey .
We claim that
(4.3) Q) ) — ) = 0 (1),
R
Indeed, by using (4.1), we get

/ Q(z) f(un)(uy —u)dz| <eA, + CBy,
RN
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where

A, ;:/ Q@) un Ny — ul de,
RN

D, ;:/ Q)] Der ()t — 0] d.
RN

Hoélder’s inequality and Lemma 4.1 provide
Ap < H“anNiéRNQ)H“n —ullLvey @) < C3Hun‘|g;1”“n —ullg, <Cy.

Since € > 0 is arbitrary, it is sufficient to prove that D,, = 0,(1). Since we may
assume that 6 > v, it follows from (f5) that

. 1 1 1 .
d= i (D) = g ) > (5= ) il

oo

and therefore the hypothesis on d implies that

L/(N-1) .
. N/(N-1) o [NV 1(N-1) _ @
nEIJIrloo”u"”Ev - <V—N d < 040.

We now pick 1 > 1 and a > oy in such way that r1a||un||g‘//(N_1) < o, for all

n € N large enough. By using Holder’s inequality, Lemma 4.1, (VQ), Theorem 1.2
and (4.2), we deduce

v 1/r
Doz ([, QP o (i)
BN riallun gy, ||Un||EV

-1

X ||un| 2"'2(1'*1)(]RN7Q) ”un - UHLTS (RN,Q)

< CSHUTLH?;;IHUn - UHLTS(RN}Q) = on(1),

where r > 1 and rq, r3 are such that 1/r; + 1/ro +1/rs =1, r3 > N, 7o > 1 and
ro(r — 1) > N. This concludes the proof of (4.3).
Since I'(up)(un — u) = 0,(1), we can use (4.3) to get

/ |Vun|N "2V, - V(u, — u) dz + V(@) [tn | N "2y (1 — w) dz = 0,(1).
RN RN
Moreover, from the weak convergence, we have that
/ \Vu|N2Vu - V(u, —u)dx + / V(@)Y " 2u(u, — u)dz = 0,(1).
RN RN
Hence,
(4.4) / (TN (Vup, Vu) - V(u, —u) + V()11 (U, w) (uy, — uw)] dz = on(1),
RN

where

|N—2 |N—2

Ty y2) = (1Y 2y = 21V 292) . 1,2 € RY,
for k € {1, N}. But we know that (see [20, inequality (2.2)])
Ti(y1,y2) - (y1 —y2) = Ck, N)|y1 — 2™, Vi, yo € RE.
From this inequality and (4.4) we obtain Cs > 0 such that

Collun — ull &, < on(1),

and therefore u,, — u strongly in Ey and the lemma is proved. O
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In our next step, we prove that I verifies the geometric conditions of the classical
Mountain Pass Theorem.

Lemma 4.3. There are constants p, 7 > 0 such that Ix(u) > 7, for any ||u|lg, = p.
Moreover, there exists e € Ey such that |le|| g, > p and Ix(e) < 0.

Proof. From (4.1), Holder’s inequality, (3.1) and (4.2), we deduce

Q) F(u)dz < E/}RN Q(x)|ulNdx + C (/RN Q(x)|u|nrdx)l/rl

u 1/7"2
)] | ——1d
. ( o @Oy ><||u||Ev) x) ’

/(N—1)

RN

for any u € Fy . By picking p; > 0 such that rgocpf[
4.1, (V@) and Theorem 1.2 to get

< «*, we can use Lemma

- Q) F(u)dz < eClull§, + Callull, ,

whenever ||ul|g, < p1. Thus,

1 .
B 2l ( (5 —200) - Coluli™ )

By picking » > N and 0 < ¢ < 1/(C1AN), we can easily use the above expression
to obtain the first statement of the lemma.

In order to prove the second one, we fix ¢ € C§°(R"Y) such that [px Q(z)|¢|?dx >
0. From (f3), there exist constants Cs, Cy > 0 such that F(s) > Cs|s|® — Cy, for
any s € R. So, if we call Q the support of ¢, we obtain

tN
Ite) < Tl - e’ [ Q@lel'ds +Cux [ Quajda,
RN Q

for any t > 0. Since 8 > N, it is suficient to take e = tp, with ¢ > 0 sufficiently
large. The lemma is proved. (]

We are ready to prove our existence result.

Proof of Theorem 1.3. According to Lemma 4.3, it is well defined the Mountain
Pass level

=i >
N ;g [nax In(g(t)) > T,

where T' := {g € C([0,1], Ev) : g(0) = 0 and I,(g(1)) < 0}. We claim that there
exists \x > 0 such that, for any A > \,, there holds

(4.5) cx < (Z:)N_l (”];_VN> .

If this is true, we can use Lemma 4.2 and the Mountain Pass Theorem [6] to obtain
a nonzero critical point of Iy.
In order to prove the claim, we notice that there exists w € Ey such that

Joll, =50 = int {ull, s [ Qlular =1},
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since the embedding Ey < LY(RYM,Q) is compact. From (f3), we know that
F(s) > cpls|”, for all s € R. Thus, for any A > S, /(Ncp), we obtain

Sy v Sy
I(w) < N —)\CF/RN Q(z)|w|"dx = N — Aer <0,

and therefore the path g(t) := tw belongs to I', which implies that

Sy N Sy N
< < — — vl = .
ex < max D (tw) < max (Nf Ackt ) Cer NN

Since the right-hand side above goes to zero as A — 400, there exists A, >
S, /(Ncp) such that (4.5) is verified, for any A > A.. This concludes the proof. O
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