ELLIPTIC EQUATIONS WITH CRITICAL AND
SUPERCRITICAL GROWTH AT THE BOUNDARY

MARCELO F. FURTADO AND RODOLFO F. DE OLIVEIRA

ABSTRACT. In this work, we consider two classes of elliptic problems with
nonlinear boundary conditions of concave-convex type. In the first problem, we
obtain two nonzero and nonnegative solutions when the nonlinear term exhibits
critical growth. In the second one, we obtain infinitely many solutions (with
no prescribed sign) by assuming that the nonlinearity is even and subcritical
near the origin but has no growth condition at infinity.

1. INTRODUCTION

Consider N > 3 and the problem

—Av = g(z,v,Vv), inRY, ? = h(a2',v), on ORY,
v

where RY := {(x’,mN) sl e RV 2y > O} is the upper half-space and v is the
outward normal vector at the boundary ORY. The authors in [20] considered

1
g(z,v,Vv) = pv + 5(3: - V), h(v) = |v]7 %,

with 2 < ¢ < 2, :=2(N —1)/(N — 2). Besides obtaining the existence of solutions
for certain values of > 0, they presented the relationship between the problem
and the existence of self-similar solutions of the nonlinear heat equation

wy — Aw =0, in RY x (0, +00), ({;—Z) = |w|? 2w, on RV x (0, +00).
For other appropriate choices of functions g and f, the problem models contexts
such as glaciology [29], population genetics [4], non-Newtonian fluid mechanics [13],
nonlinear elasticity [11], among others. From a mathematical perspective, it is also
related to the study of sharp constants in Sobolev trace inequalities [15, 12] as well
as the conformal deformation of Riemannian manifolds [16, 17].

In a recent paper, Furtado and Silva [22] considered

1
g(z,v,Vv) = i(x Vo), h(z',v) = plo|T 20+ [u]? 2

)

with 2 < ¢ < 2,, and obtained the existence of a nonnegative nonzero solution in
two cases: 2 < g < 24, > 0; and ¢ = 2, u € (0, 1), where p; > 0 is the first
positive eigenvalue of a linear associated problem. In view of these results, it is
natural to ask what happens in the sublinear case 1 < ¢ < 2. In the first part of

2020 Mathematics Subject Classification. 35J66.

Key words and phrases. Nonlinear boundary condition; Critical and supercritical growth;
Concave-Convex problems.

The first author was partially supported by CNPq/Brazil and FAPDF /Brazil.

The second author was supported by CNPq/Brazil.

1



2 M. F. FURTADO AND R. F. OLIVEIRA

this paper, we give a partial answer to this question. More specifically, we deal
with the problem

1 . o
—Au—i(x'Vu)zo, in R,
(Pl) du / q—2 /

5 = ral@)ul’™ u + b(a’)|u
where 1 < ¢ < 2, i > 0 is a real parameter and the potentials a, b are indefinite in
sign and satisfy some mild conditions.

As it will be explained in the next section, the weak solutions of problem (P;)

272y, on RN,

belongs to the space X defined as the closure of C§° (@) with respect to the norm

1/2
||u||=</ K<x>|w|2dx> ,
Y

where K(z) := el*I’/4. This kind of space was first introduced by Escobedo and
Kavian [18], who considered a problem in the whole space RY. The main point
here is that this functional space is embedded into

1/r
T = {u € Li (RY Y :Jul], = (/ K(x’,0)|u|de’) < oo} ,
RN—I

for any r € [2,2,]. With this space in hands, we are able to present the assumptions
on the sign-changing potentials a and b.

In what follows, we denote by s’ > 1 the conjugated exponent of s > 1, that is,
1/s+1/s" = 1. We also define

Qf ={2/ e RN :a(a) >0}, Qf :=={a’ eRY"1:p(z') >0}
and assume the following:
(a1) a € L3 N LY H (RN where (2./q) < 04 < (2/9)';

loc
(b1) be L®(RN1);
(ab) there exist § > 0, by > 0 and v > N — 1 such that
By = {2’ e RN"! 1 |2'| < 6} C (QF nyF)
and
0]l oo ev—1y < b(a") + bol2’|”, a.e. in Bj.
We shall to prove the following:

Theorem 1.1. Suppose that N > 4 and the functions a and b verifiy (a1), (b1)
and (ab). Then, there exists p* > 0 such that, for any p € (0, u*), the problem (Py)
has at least two nontrivial and nonnegative weak solutions.

The first solution will be obtained with a minimization argument, while the
second one requires more challenging arguments, as the trace embedding we are
going to use fails to be compact. The main point to overcome this difficulty comes
from fine estimates of a modification of the instanton functions exploited by Escobar
[15] and Beckner [9]. We notice that the one of the solutions above can be obtained
even if N = 3.

It is worth noticing that the energy functional of problem (P;) is clearly even.
Hence, as in Bartsch and Willem [8], it is expected that we could obtain infinitely
many solutions (with no prescribed sign). In our secon result, inspired by the papers



CRITICAL AND SUPERCRITICAL GROWTH AT THE BOUNDARY 3

[33, 26], we replace the critical term b(z’)|u|?*~2u by a general function f which is
even near the origin. More specifically, we consider the problem

1
—Au—§(x-Vu):O, in RY,
(F2) ou
O _ palault=2u+ f(u), on RN,
v

where 4 > 0 and 1 < ¢ < 2 are as before. Concerning the potential a and the
nonlineairity f: R — R, we suppose that

(f1) feCRR);
(f2) there exists p € (2,2,) such that
lim 1(s)

550 [s]PT

=0;

(a1) a € L}'g N L>® RN, where (p/q) < e < (2/9);

(az) QF has an interior point.

According to Proposition 2.1, we have the continuous trace embedding X — Li; .

So, it is well defined
Sy, = inf{ K(2)|Vul|?dr : u € X, Ju]2. :1}

N
]R+
and we can state our second main result as follows:

Theorem 1.2. Suppose that a and f verifiy (a1), (az), (f1) — (f2) and f is odd in
the interval [—Cn p, Cn p), where

2* +92— p) 2(2*+2*p)/(2**p)2

(11)  Cnpi=max {1,285}/ < :

Then, there exists i > 0 such that, for any p € (0, ), the problem (Py) has infinitely
many weak solutions.

The proof is also variational, but it presents a significant challenge that needs to
be overcome. If F(s) := [ f(t)dt, the formal energy functional associated to the
problem (P,) contains the therm [ F(u)dz’, which could be infinite, since we have
no control on the behaviour of f at infinity. Even in the definition of weak solution,
we need to take this account in mind and consider solutions in the distributional
sense. To overcome this difficult, we adopt ideas from the papers [5, 33, 26, 7].
This involves applying a truncation to the function f in such a way that the
new (truncated) functional becomes well-defined and coercive in an appropriated
Sobolev-type space. After demonstrating the existence of infinitely many critical
points for the trucanted functional, we apply a Moser iteration technique [27] to
prove that, if 4 > 0 is small, they have small L°°-norm at the boudary and therefore
they are solutions to the original problem.

It is worth mentioning some valid examples for the nonlinearity f. Besides the
classical example f(s) = |s|"2s, with r > 2, we may pick f(s) = \3\7"_23652 with
r > 2, which has exponential growth. Actually, there is no growth restriction for
large values of |s|.



4 M. F. FURTADO AND R. F. OLIVEIRA

Due to the asymmetric nature of the nonlinear boundary term, our problems
fall into a broader class known as concave-convex type problems. With the aim of
presenting a historical perspective, we may consider

—Au = g(z,u), in Q, ou + ag% = h(z,u), on 0L,

where Q € RY, N > 3, is a bounded domain. In their seminal paper, Ambrosetti,
Brezis, and Cerami [3] obtained two positive solutions when as = 0, h = 0, and
g(z,8) = ps?T 1+ P71 with 1 < ¢ < 2 < p < 2% and g > 0 is small. In
[19], de Figueiredo, Gossez, and Ubilla generalized these results by considering
g(z,8) = pc(z)|s|72s + d(x)|s[P~2s, with ¢ and d having no constant sign. In this
setting of Dirichlet boundary conditions, we can refer to [2, 28, 34|, and references
therein.

For the Neumann case, when a7 = 0, we can cite the paper of Azorezo, Peral,
and Rossi [6], who consider g(z,s) = |s|P2s — s, h(z,s) = pls|?"2s and have
obtained results similar to those of [3]. In [23], the authors considered g = 0 and
h(z,s) = pe(z)]s|972s + d(x)|s|P~2s, with 1 < ¢ < 2 < p < 2,. The bounded
potentials ¢ and d are supposed to verify the sign conditions fBQ c(z)do, < 0,
S0 d(x)do, # 0. Under some other technical conditions, they obtained two positive
solutions if p > 0 is small. Some other results concerning the existence of infinitely
many solutions can be found in [33, 32, 24, 26, 7], and their references.

The two results proved in this paper extend and/or complement the
aforementioned works in several ways: we consider a different operator, sign-
changing potentials, the upper half-space, and local symmetry conditions.

The paper contains four more sections: in the next one, we obtain the first
solution of problem (P;). The second solution is obtained in Section 3. In Section
4, we deal with a modified problem which is related with problem (P,). In the
final section, we prove that the solutions of the modified problem solve the original
problem.

2. THE FIRST SOLUTION IN THEOREM 1.1

In this section, we start the proof of our first main theorem. In the next two
sections, we assume that (a1), (b1) and (ab) hold. Moreover, along all the paper, we
write |v] oo for the L>(RY~1) norm of an essentially bounded function v defined
a.e. in RV-1,

As quoted in the introduction, we shall consider the weigth

K(z):= e|x|2/4, r e RN,
A formal computation shows that, if u is a smooth function, then

div(K (z)Vu) = K (z) {Au + %(w : Vu)]

and therefore, for solving (P;) with a variational approach, it is natural to consider
the space X defined as the closure of C°(RY) with respect to the norm

1/2
lu]| = (/]RN K(x)|Vu|2das> .
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We also define, for r € [2,2,], the weighted Lebesgue space

% = {u € L RY™Y Jul” = / K(2',0)|u|"dz’" < —|—oo}.
RN-1
The following abstract result was proved in [21, Theorem 1.1] (cf. also [20]).

Proposition 2.1. For any r € [2,2,], we have that

(2.1) S = Sy K (@) Vul*de

inf 2/r < oo
ueX\{0} (fRN—l K(x/,())\u|rdx/)

and therefore there holds the continuous Sobolev trace embedding X — Li,.

Moreover, the embedding is compact if r € [2,2,).

After multiplying the first equation in (P;) by K, we reach the energy functional
associated with the problem, namely

1 1
I(u) := §Hu||2 . / K(z2',0)a(z’)(ut)9d2’ — o / K(2',0)b(x) (u™)?da’.
qRN—l *]RN—I
Standard calculations show that I is well defined, I € C'(X,R) and its critical

points are precisely the weak solutions of the problem.
We start with the following regularity result:

Lemma 2.2. If u € X is a critical point of I, then u > 0 a.e. in Rf, Moreover,
if (a1) and (by) hold, then uw € LY, (RY)N LY (RN=1), for any v > 1.

loc loc
Proof. Let u™ := max{u,0} and 4~ := u™ — u be the positive and negative part
of u, respectively. Since uTu~ = 0 a.e. in Rf , a simple computation shows that
0= I'(u)u™ = —|lu~||?. This proves that u = u™ > 0, as stated.

For the regularity, we first notice that v := K'/%u € VVﬁ)f (Rf ) is a weak solution
to the problem

—Av=gi(z,v), in RY

% =go(z/,v), on RN-1’
where g1 :Rf xR =R and g : RV x R = R are given by
|z|? + 4N
q1(z,8) := —(16)5
and
ga(2,5) i= a(z') e DI /8| 519725 4 p(a))e@= 21 /8y (27 0)[% 2.

By setting

2 14N '
Da(o) = () Lol s a0 P ol ot 02
we have, for any x € Rf, € RVN=1and s € R,
lg1(2,s)] < La(@)(L+sl),  lg2(a’,s)| < La(a)(1 +s]).

We know that L; € LN/?

loc
(a1) and v € L¥ (RVN~1). So, we may apply [I, Lemma 4.1] to conclude that

we L (RY)YNLY (RN, for any v > 1. O

loc loc

(RY) and Ly € Ly '(RN~1), this last one due to

loc
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In the first part of the proof of Theorem 1.1, we are going to use a minimization
argument to obtain a solution u, with negative energy. So, we need to prove the
following:

Lemma 2.3. There exist p* = p*(q,lal o, 10l ) > 0, p = p(q,]1b]l ) > 0 and
a = afp) > 0 such that, for any p € (0, pu*), there holds
I(u) >, YueXnNOoB,0).

Proof. 1t follows from Holder’s inequality, (a1) and (2.1) that

/ K(2',0)a(2")(u")%dz’ <|a], Jut]?, < S;Gq,/glalaqlulq.
RN-1 q

’
q0,

This and (2.1) again imply that
1 _ 2 /9 _
1w > gl [l = 25,4 ol = Culu

where C := (2/2*)52:2*/2|b|00 > 0.
A simple computation shows that the function h(t) = t2=9 — C1t2<~9, for t > 0,
achieves its global maximum at

2—(] }1/(2*—2)>0

a [01@* )
So, if we set Cy := h(p), we have that
2 Copl
)= 5o |Ca - 25 el | =
q % 4

1
5 =a>0,
whenever ||u|| = p and
42 garz
4lal,,
The lemma is proved. ([

O<p<p*:=

The next resul provides a first solution for the problem (P).

Proposition 2.4. Let u* and p > 0 as in Lemma 2.5. Then, for any p € (0, u*),
the infimum

¢y = inf I(u)<0
u€B,(0)

is achivied at a nonnegative critical point u, € B,(0).

Proof. Using (a1), (b1) and Proposition 2.1, we can check ¢, > —oo. Let § > 0 be
given by condition (ab) and ¢ € C5°(Bs(0)) be a nonnegative function such that
¢ =11in Bg/5(0). Since Bs(0) N ORY C QF, we obtain

/ K(z"a(x")pldz' > / K(z")a(x")dz" >0,
RN -1 Bs, 5(0)NORY
from which it follows that
I(t
lim sup Lte) <K K(2')a(z")pldx’ <0,
t—so+ 17 q JrN-1

and therefore I(ty) < 0, for any ¢ > 0 small. This proves that ¢, < 0.
Let (un,) C B,(0) be such that I(u,) — ¢,. Since (u,) is bounded, there exists
u, € X such that w, — u, weakly in X, stronlgy in L}, for any r € [2,2,),
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and uy,(z',0) — u,(2',0) a.e. in RN~1. Moreover, by Lemma 2.3, we have that
(un) C B,(0), for any n > ng. So, we may use Ekeland’s Variational Principle [14]
to assume that I'(u,) — 0, as n — +o0.
We are going to show that I'(u,) = 0. Since o4 > (2./¢)’, we have that
1/o4 + (¢ — 1)/2. < 1. Hence, there exist r € (2,2,) and 7 > 1 such that
1 g-1 1

— 4 +-=1
Oq T T

From the strong convergence in L%, we obtain 19 € L} such that |u,(z’,0)| <

no(z') for a.e. 2’ € RV~ Thus, for any v € C5°(RY), we can use Young’s
inequality to get,

oq -1 T
|Ka(u )T 1| < K [W + L|770|T + |U|] a.e. in RV~1,
o r T

Since v has compact support, the right-hand side above belongs to L'(RY~1). It
follows from Lebesgue’s Theorem that

lim K(z',0)a(z")(u)) v da’ = K(z',0)a(z")(u}f)? v da’.
n—+0oo JpN-1 RN-1

By using b € L>®(RV~1) and an easier argument, we may check that

lim K(z',0)b(z")(u)? toda’ = K(z',0)b(z") (u] ) o da’.

n—+00 JpN-1 RN-1 o

Combining the last two convergences and the weak convergence, we conclude that

0= lim I'(u)v=TI"(u,)v, YveCFRY)

n—-+oo

and it follows by density that I'(u,) = 0. By Lemma 2.2, we know that wu, is
nonnegative.

Since go;, € [2,2.), there exists 11 € LZ?" such that |u,(z/,0)| < n1(2') a.e. in
RN~1. So, we can use Young’s inequality and Lebesgue’s Theorem as before to
conclude that

lim K(2)a(z")(u})ldx’ = K(2")a(x")(u))da’.
n—-+00 RN-1 RN-1
Thus,
= liminf |] 1]’
¢u = liminf \I(up) — % (un)un

Since we already know that I(u,) > ¢, we conclude that I(u,) = c,. O
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3. THE SECOND SOLUTION IN THEOREM 1.1

In order to obtain a second solution, we adapt arguments from [24]. Given ¢ € R,
we recall that I satisfies the Palais-Smale condition at level ¢ ((PS), for short) if
any sequence (u,) C X such that I(u,) — ¢ and I'(u,) — 0 has a convergent
subsequence.

Lemma 3.1. Suppose that u,, given by Lemma 2.3 is the only nonzero critical point
of I. Then I satisfies the (PS). condition at any level
1 1 SN7 1
2(N — 1) |p N2
Proof. Let (uy,) be such that I(u,) = ¢ < ¢and I’ (u,,) — 0. By Holder’s inequality,

c<c:=1I(u,)+

1
ZI’(un)un

1 1 5 11 —q/2 2
> (3 g il = (- o s el

and therefore (uy,) is bounded. So, there exists u € X such that u, — u weakly in
X. Arguing as in the proof of Proposition 2.4, we can verify that

cton(Dunll = I(un)—

lim K(2',0)a(z")(u))dz’ = /RN_1 K(2',0)a(z’)(ut)4d’.

n—+00 JpN-1

Setting v, := u, —u and applying Brezis-Lieb’s Lemma, we get
0=1I"(un)up = I'(w)u+ [[va|* ~ / K (', 0)b(x) (v;)* da’ + 0 (1)
RN-1

As in the proof of Proposition 2.4, we have that I’(u) = 0. Thus, there exists [ > 0
such that

lim |Jv,)> =1= lim K(2',0)b(x") (v, ) da’.

n—-+oo n—-+4oo RN-1
Using the trace embedding X < L% (RN~1), we deduce
2,/2
K(2)b(x') ()2 da’ < |b] ws;Q*/Z(/ K(:v)|an|2dx) .
RN -1 ) RY

If I > 0, we can take the above expression to the limit to get

3.1 1> —— _gN-1

On the other hand,
1 1
e+ on(1) = I(un) = I(u) + = om]2 — 7/ K (@, 0)b(a’) (v} ) da'.
2 2. Jan
Since I'(u) = 0, it follows that v € {0,u,}, and therefore I(u) > I(u,). Thus,

taking the limit in the above equality and using (3.1), we obtain

1 1 N-1
>
2(N —1) |b|é%*252* =6

which is a contraditcion. Hence, [ = 0 and we have that

c>1I(u)+

lim |u, —ul|> = lim |jv.|*=1=0,
n—-+o0o n—-+oo

which proves that u,, — u strongly in X. [
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Define, for each ¢ > 0, the function

¢ (N—-2)/2 N
/ L ’
Us(l',JTN) T <|$/|2+($N+6)2) s (JU,J,‘N)ER+-

The family {U,}¢>o consists of exactly the functions achieving the best constant of
the Sobolev trace embedding D'?(RY) < L2 (RN™1) (see [15] for more details).
Now, consider

(3.2) Ye(z) = K(z)Y2p(2)Uc (), =€RY,

where ¢ € 030(@) is such that 0 < ¢ <1, ¢ =1 in Bs/5(0) 0@7 © = 0 outside
Bs(0) NRY, and 6 > 0 is given by the condition (ab).
If we now define

2/2.
AN::/ |VU|?dz, By := (/ |Ue|2*dx’> ,
RY RN -1

it was proved in [22, Lemma 2.2] that Ay /By = S2,. Moreover, as € — 0T,
O(€?|Inel), if N =4,

and |vc]3 = B%2 + O(2).
0(e?), it N> 5, N

Hwe”2 =An + {

The next result will be used to accurately determine the minimax level of the
functional associated with problem (P).

Lemma 3.2. Suppose that N > 4 and set

o
‘ |1/Je|2*’

where 1. was defined in (3.2). Then, as € — 0, we have that

o2V = 5377+ {

O(?|Inel), if N =4,
O(€?), if N > 5,
and

|Ue|§ -0 (EN—l—s(N—2)/2) ,
for any 2,/2 < s < 2,.

Proof. If N > 5, we can use the definition of v, the Mean Value Theorem and the
above expression to get

o 2D = [elPNYD (A + O]V AV +0()

. §£N—1) N [BJQV*/? + O(e2)|N-2 - 312\7(1\7—2)/2 +0(e2)
AN+ O0() <AN)N1 o oN1
== = +0(e”) =S + O(€%).
B]]\\]/vil + 0(62) BN ( ) 2. ( )
For the case N = 4, we can compute analogously
sy _ AN 0| ne) AN 4O nel) _ gy
BNT'+0(2) BN '+0(ellne) ™

+ O(e?|In¢).

[[vel
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We now prove the estimative for Jv.] 2. Since 0 < ¢ <1 and ¢ vanishes outside
a ball, we can use the change of variables 2’ = €y’ to obtain C; > 0 such that

p s(N—-2)/2
i s < O . dx’
|¢ Is —= 1/{z’§5} |:|£L'/|2+€2:| x
s(N=2)/2
< CleN—l—s(N—2)/2/ [ 1 } dy/
(lyi<o/ey LIY'I2+1
< e oy |y’|s<“>dy’]-
{ly’|>1}

The term into the brackets above is finite if, and only if, s > (N —1)/(N — 2),
which is according with our hypothesis. Thus, the last statement follows from the
above expression and |1 |5, = B}S\,/Q + o(1). O
Lemma 3.3. Suppose that N > 4. For each € > 0, let v. € X be given by Lemma
3.2 and define t. > 0 as

me = I(u, +teve) = maxI(uy, + tve),
t>

where u, € X is the local mimimun given by Proposition 2.4. Then (t.) remains
bounded as € — 0F.

Proof. For each € > 0, set h(t) := I(u, +tve), for t > 0. It is easy to show that h.
achieves its maximun at some ¢, > 0. Suppose, by contradiction, that t., — +o0,
along some sequence €, — 07. By combining 0 = h/ (t.,) = I'(u, + te,ve, Ve,

with I'(u,)ve, = 0, and recalling that a and b are positive in the support of v,
we obtain

/ K(x’,O)b(z’)vf; de’ < tf;z*
RN—-1 :

It follows from Holder’s inequality, v, |2, = 1 and Lemma 3.2 that

Ve, ||2 + ti;Q* /}RN?1 K(a', O)b(m’)u2*71v€ndx'.

“w

lim K(2',0)b(z )2 dz’ = 0.

n—+too Jpn_1
On the other hand, by condition (ab) we have that

b(z") > bl oo — bol2'|?, a.e. in {|2'| <4},
with by > 0. Consequently,

(3.3) o0,(1) = / K(x’,O)b(m’)vf:dx' >0l — bo/ K(:L",O)|x'|7v€2;dz’.
RN-1 ) RN-1

Since |, |57 = Bi}‘/Q + o(1), we obtain

C N—=1|,./|v
ke < O [ AT
RN-1 Iw€n|2* {|z’|<5} [|l‘ | +€n]

Oen™) / @72 da’ = O(ef ),
{l='|<6}

IN

n

where we have used v > N —1 in the last equality above. It follows from (3.3) that
0] oo = 0, which contradicts Qf # . O

The next lemma is crucial for the completion of the proof of Theorem 1.1.
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Lemma 3.4. If N > 4 then, for any € > 0 small, the number m. defined in Lemma
3.3 verifies me < €.

Proof. By using I’ (u,)ve = 0, we obtain
t2 1
(3.4) me = I(u,) + < [loc|* - grl,g ~ 52
where
yc:= / K(2',0)a(z) [(u, + teve)? — ul, — tequld ™ ve] da,
RN-1
and

Do = K(2',0)b(z') [(up + teve)® —uir — te2,uy " oc] da’.
RN-1

The Mean Value Theorem and the positivity of a in the support of ve imply that
I'1 e > 0. Moreover, for any r,s > 0 and o € (1,2, — 1), there exists C,, > 0 such
that

(r+s)% >7r2 452 42,02 s 4 2,182 71 — Cpr2 95,

Picking r = uy, s = t.ve and o = 2,/2, we can use I'y . > 0 and (3.4) to get

[ t2
(3.5) me < I(uy) + (2|Ue||2 - lel oo) +Te1—Toco+Toc3,

where
t2x
Ty = / K(2',0) 1] oo — b(a')] v+,
2 Janos
[y = tf*fl/ K(2',0)b(x"yu, v tda’
RN-1
and
2,/2
Tocsi=Co—r K(2', O)b(asl)ui*/zv?*/zdz’.
7 2* RN-1 i

‘We now notice that

+2 9 2= 1 ||v6||2(N—1)
1| Ve ——10 oo ( —
r?féc{f” g } AN 1) PpIE
Assuming N > 5, from Lemma 3.2 we have that [[oc[? V=1 = SY¥ =1 4+ O(€?).

So, by definition of ¢ and (3.5), we obtain
(3.6) me <+ O0(?) +Toeq1 —Toco+Tocs.

We are going to estimate each of the therms I'y . ;, for ¢ = 1,2,3. For the first
one, we can argue as in the proof of Lemma 3.3 to obtain I'y 1 = O(eN=1). The
other two are more involved. So, pick 71 > 1 in such a way that

1 < T < 1
N+4 " 2(N-1) N’

Using Lemma 2.2 and Holder’s inequality, we get

, 1/7}
K(z',0)u,t dI/) |Ue|?§:_11)r1'

K (o, 0)b(a’ Yy~ da’ < |b|oo( /
RN-1 {]z’| <6}
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Since 1 < 71 < 2(N — 1)/N, we have that N/(N — 2) < (2. — 1)r; < 2, and
therefore we can use the above expression, Lemma 3.2 with s = (2, — 1)r; and
Lemma 3.3 to obtain

Dy = O (N-1/mN2)

Now, we pick ro € (1,2) and argue as above to get

(24/2)7} L 2./2
[oes < Ibloo</ K(',0)u,; " 2dm’> loel 502y,
{la’|<5}
Since 1 € (1,2), we can use Lemma 3.3 with s = (2./2)r2 € (2,/2,2,) to obtain
F2 3 = O(G(N—l)/T’Q—(N—l)/2)-

Noticing that

. N-1 N N -1 . N-1 N-1
lim —— ) =0< —— = lim -,
r—2(N—1)/N r 2 2 r—1 T 2

we can choose the numbers 71, o above in such a way that

N—-1 N N—-1 N-1
v = —— <2, vy:= — > .
1 2 T2 2

Since 1 < min{2, 12} and N > 5, we can use all the estimates performed above to
rewrite (3.6) as

me < &+ O(e2) + O(V 1) — O(e") + O(e”2) < ¢,

if € > 0 is small enough. This concludes the proof if N > 5.
In the case N = 4, the only change is that [|v[?(V -1 = Sé\i_l +O(€?|Ine|). By
repeating all the previous steps, we obtain, for € > 0 small,

me <+ O(EIne]) + O(N ™1 — O(e”) + O(e”?) < ¢,
because €271 |Ine| — 0, as € — 0. O

We are ready to prove our first main theorem.

Proof of Theorem 1.1. Suppose that u € (0, u*), where p* is given by Lemma 2.3.
According to Proposition 2.4, there exists a nonnegative solution u, such that
I(u,) < 0. Suppose, by contradiction, that this is the only nonzero critical point.
Then, according to Lemma 3.1, I satisifies the (PS)c at any level ¢ < ¢. Since v,
vanishes outside a ball, a straightforward computation shows that

t—1>l+moo I(uy + tve) = —oo,

and therefore there exists t, > 0 such that that I(u,+t.ve) < 0and ||u,+t.ve| > p,
where p > 0 comes from Lemma 2.3. This shows that it is well defined the Mountain
Pass level

erp = jnf max I1(0(t)) > 0,

whereI" := {6 € C([0,1],X) : 6(0) =0, (1) = u, + t,v.}. By Lemma 3.4, we have
that cpp < €. Applying the Mountain Pass Theorem (cf. [30, Theorem 2.2]) we
obtain a critical point uy # 0 such that I(ug) > 0. Since u, has negative energy,
we conclude that wy # w,, which is absurd. This guarantees the existence of our
second nonzero solution. As before, it is nonnegative in Rf . (I
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4. SOLVING A MODIFIED PROBLEM

We start in this section the proof of our second main result. From now on, we
assume that conditions (a1), (a2) and (f1) — (f2) hold.

As quoted in the introduction, if F(s) := [J f(t)dt, then the term
Jen—1 K(2',0)F(u)dz’ can be infite, since we have no control on the bahaviour
of F(s) for large values of s, this integral may not be finite. So, we draw upon the
ideas of Azorezo and Alonso [5] and define g : R — R as

f(s), if |s| < Cnp,
(4.1) 9(s) == f(Cnp)P?
Cnp

where Cy , is given in (1.1). Since f is odd in [-C p,Cn ] we have that g is an
odd function. Moreover, from (f2), we obain a constant Cy > 0, depending on N
and p, such that

(12) 9(s)| < CylslP!, VseR
Define G(s) := [; g(t)dt and J : X — R by

|s|P=2s, if |s| > Cnp,

J(u) := 1||uH2 - H/ K(2',0)a(z")|u|dz’ — K(2',0)G(u)da’
2 q JrRN-1 RN-1

and notice that any critical point u of J such that |u] o < Cn, is a weak solution
of the problem (P»). Moreover, since the nonquadratic part of J has subcritical
growth, we can use a standard argument and the compact embedding of Proposition
2.1 to conclude that any bounded Palais-Smale sequence of J has a convergent
subsequece.

Based on the previous remark, our objective is to establish the existence of an
infinite number of critical points for J with small L (R¥~1) norms.

Using Hélder’s inequality as in Lemma 2.3, we obtain

1
T(u) = S llull® = pMy[fu]]* = Mol ful”,

where
My = (lals, /0)S,. Y%, My = (Cy/p)S,?/,

qo;,
and Cy > 0 comes from (4.2). Let
1
(4.3) h(t) == §7:2 — uMit? — Mot?, t >0,

and notice that h(0) = 0, h < 0 near the origin and lim;_, o h(t) = —oco. Moreover,
since the map t — (1/2)t2~7 — MytP~9 attains its positive maximum in (0, +oc0), it
is clear that there exists p** > 0 such that, for any p € (0, u**), h has a positive
maximum. For these values of p, the function has at least two positive roots
R; < Ry. By the generalized version of Descartes’ rule of signs (see [25, Theorem
2.1]), it has no other positive roots. We assume from now on that p € (0, p**).

We observe that R; is dependent on pu, as the smaller the value of u, the faster
the function h assumes positive values. In fact, when p = 0, the function h begins
to take positive values, resulting in Ry = 0. Therefore, we can expect the following
outcome:

Lemma 4.1. The first root of h verifies lim,,_,o+ Ry (p) = 0.
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Proof. Recalling that h(Ry) = 0 and h'(R;) > 0, we get

1 - - q -2, P -

5 = HMiR] 2 L MuRV2 > SHM R 2 SM2RY 2,
From p > 2 and the above expression, we obtain a > 0 such that Ry — a > 0, as
uw— 0F. If @ > 0, passing the limit on both sides of the above expression and using
q < 2, we get MaaP~2 > (p/2)MsaP~2, which implies p < 2. This contradiction
proves that a = 0 and we have done. (Il

Whereas 0 < R; < Rg, we can define a cutoff function ¢ € C2°(R) such that
0<¢p<1 ¢=1on[0,R] and ¢ = 0 on [Rz,+00). Under these conditions, we
consider the C''—functional ® : X — R given by

B) = sl =2 [ K@ 0ae)ultda’ = o(lul) [ K 0)Guds'
RN-1 RN-1

Below, we present the key properties of ®:

Lemma 4.2. The following holds:
(i) ® is coercive;
(i) of ®(u) < 0, then ||lu|| < Ry and there exists a small neighborhood of u
where ® = J;
(iii) @ satisfies (PS)., for any ¢ < 0.

Proof. Arguing as in the proof of Lemma 2.3 and using (4.2), we obtain
1
®(u) > o llull* = pMfull” = ¢([lull) Mz ull"-

Since ¢ vanishes on (Rg,4+00) and ¢ < 2, we conclude that ® is coercive.
For proving item (ii), we define

1
he(t) == 5752 — pMt? — ¢(t)Mat?, ¢ > 0.

A simple computation shows that h:ﬁ(t) > 0 for any t > (uM;)"/(=9, Since
h(R2) = 0, we have that

R2 > (2/,LM1)1/(2_Q) > (N’Ml)l/(z_q)7

and therefore hy is increasing in [Rg, +00).
Let u € X be such that ®(u) < 0 and suppose, by contradiction, that ||u|| > R;.
If ||u|]| > Rq, then we can use h(Rz) again to get

0> ®(u) = hg([lull) = he(Ra) = h(Ra) + Ma(1 — ¢(Rs)) Ry = MaRg > 0,

which is absurd. Hence, we may have Ry < ||u|| < Ry. But in this case h(||ul|) >0
and we obtain
0> @(u) = hy([lull) = h(lul)) =0,

which also is a contradiction. This proves that ||u|| < Rj, and therefore ®(u) =
J(u). Using the continuity of ®, we obtain v > 0 such that ® < 0 in B, (u). For
any element in this ball the former argument shows that ® = J. This proves (ii).

Suppose (u,) C X is such that ®(u,) — ¢ < 0 and ®'(u) — 0. Since we
may assume that ®(u,) < 0, it follows from item (ii) that ®(u,) = J(u,) — ¢
and ®'(u,) = J'(u,) — 0, that is, (u,) a Palais-Smale sequence of J. Since ® is
coercive, we have that (u,) is bounded and therefore, as quoted before, (u,,) has a
convergent subsequence. O
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The next result is the keystone that enables us to apply critical point for
symmetric functionals.

Lemma 4.3. For each k € N, there exist r = r(k) > 0, 8 = B(k) > 0 and a
k-dimensional subspace X, C X such that

sup O(u) < -5 <0.
UEX,NOB,(0)

Proof. According to condition (as), there exists a ball B’ € RV~! such that a > 0
ae. in B'. Let v > 0 and y; = (¥1,0), -+ ,yx = (y},,0) € ORY be such that
(Bu(y;) NORY) € B" and B, (y;) N B, (y;) = @, for any i,j = 1,...,k, with i # j.
Foreachi =1,...,k, we pick a smooth function ¢; such that ¢; = 1in B,,/Q(yi)ﬂ]Rf
and ¢; = 0 outside B, (y;) NRY.

Considering that these functions have disjoint support, the set {¢1,...,dx} is
linearly independent, and the spanned space Xy, := ({¢1, ..., ¢ }) has dimension k.
We assert that the mapping

0w = ([ K 0utyura)

defines a norm in Xj. To verify this, we initially establish that Q(u) > 0 for any
u#0. Letu = Zle @;¢; be anonzero function. If we denote B := B, j>(y;)NORY
it follows from (as) that

Q) = / K@ 0)a@ oy + -+ ardy i

Y

Z Kz: ,0)a(z’)|ondr + ... + oudi|da’

Z\am K(a',0)a(x)dz’ > 0,

since the sets B; are diSJ01nt, ¢, =1 and a > 0 in B;, and at least one of the a;’s
is nonzero. The other properties that need to be verified by a norm can be easily
deduced from the definition of Q.

Since dim X < oo, there exists C; = C (k) > 0 such that

Chlul|? < / K(2',0)a(x))|u|%dx’, Vu e Xg.
]RN—l
Hence, for some Cy > 0, there holds

1 2uC'
®(0 < glul? (JulP~7 + Callap~ = 20 < <<0, vuex.

for r = r(k) > 0 such that

24 + CorP™9 < LCH
q
and 8 = (k) :==r?uC1/(2q). The lemma is proved. O

Let X the class of all closed subsets of X \ {0} that are symmetric with respect
to the origin. If A C 3, then the genus of y(A) is defined as

v(A) :=inf {k € N : there exists ¢ : A — R* continuous and odd},
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when this set is not empty. Otherwise, if it is empty, we just say that v(A) = +o0.
We refer to [30, Chapter 7] for more details on this subject.
We are ready to prove the main result of this section.

Proposition 4.4. The funcional ® has infnitely many critical points with negative
energy.

Proof. For each k € N, let
I'n={AeX :~v(A) >k}

and

.= 1Inf P
o= i o)

Since ® remains bounded in balls and it is coercive, we conclude that ¢ € R.
Let Xj and » > 0 be given by Lemma 4.3. It is clear that we can define an odd
homeomorphism between Xj N dB,.(0) and the unit sphere S¥~! C R*. Hence, we
may use [30, Proposition 7.7] to conclude that v (X N 9B,.(0)) = k.

Since Xy N 9B,.(0) is closed and sysmmetric, it belongs to I'y. It follows from
Lemma 4.3 that

e < sup  ®(u) < - <0,
uw€XNIB,(0)
so that all the minimax levels ¢j are negative. By Lemma 4.2(iii), ® satisfies the
Palais-Smale condition at each of this levels. By using I'y11 C T'y, we conclude
that ¢ < cx41. Moreover, since @ is even and satisfies the Palais-Smale condition
at any negative level, we can argue along the same lines of [30, Proposition 9.3] to

prove that, if ¢y = =cp4; =cand K. ={u € X : ®(u) = ¢, ®'(u) = 0}, then
Y(Ke) > 7+ 1.

The aforementioned considerations prove that each ¢, < 0 is a critical value of
®. Furthermore, if one of these values repeats, namely ¢; = ¢;11 < 0, we have

that y(K,,) > 2, thereby implying that K., has infinitely many elements (cf. [30,
Remark 7.3]). Hence, we conclude that ® has infinitely many critical points with
negative energy. ([l

5. A PRIORI ESTIMATES AND THE PROOF OF THEOREM 1.2

We dedicate this final section to proving our second main theorem.

Proof of Theorem 1.2. Let u € X be one of the critical points given by Proposition
4.4. Since ®(u) < 0, it follows from Lemma 4.2(ii) that ||u|| < Ry and J'(u) = 0.
We are going to show that, for any p > 0 sufficiently small, there holds

(5.1) lu(z’,0)] < Cn,p, ae. in RN

ans therefore it follows from the definition of g (see (4.1)) that f(u) = g(u). Thus,
J'(u) = 0 implies that u is a solution of the original problem (F%).

The idea for the proof of (5.1) is an adaptation of the classical Moser Iteration
Method [27]. In what follows, we argue assuming that w > 0. If this is not the
case, it is sufficient to perform all the calculations separately for the postive part
uT and after for the negative part u~.
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Inspired by Stampacchia’s truncation (see [31, 10]) we define, for any 0 < L <1
and for z € RY,
u(x) — L, if u(z) > L,
up(e) = § U0 T )
0, if u(z) < L.

For 8 > 1, we also define ¢, := uzL(’Bfl)u. Since ®(u) < 0, it follows from Lemma
4.2 that J'(u)¢r, = 0. Hence, we may use (4.2) to get

K(z)(Vu-Vo¢r)dz < u/ K(z',0)a(z" ) ul ¢ da’
RN-1

(5.2) RY
+ Cy K(z',0)uP~ ¢ da’.

RN-1
Since uVur = uVu in the set {u > L} and
Vor =2(8 — )2’ uVuy, +u2 2 Vu,

we have that

/ K(z)(Vu-Ve¢r)dz
RN

+

/ K(2)(Vu-Vor)dz
{u>L}

= / K(x) [2(6 — DB+ ui(ﬁfl) |Vul?*dz
{u>L}

Therefore, since ur, = 0 in {u < L}, we get
(5.3) K(x)(Vu-Ver)dx > / K(x)ui(ﬂ_l)\Vu\Zdz.

RY REY

If we call Ty the term multiplying p in (5.2), we have that
r, = / K(z',0)a(z" ) ul ¢ da’ +/ K(z',0)a(z")u? ' ¢prda’.
{L<u<1} {u>1}
Since uy, < wu < 1, in the set {L < u < 1} we have that
ul o = uqflui(ﬁ_l)u < uf.
Moreover, in {u > 1} there holds u?~! < uP~!. Thus
I, < / K(2',0)a(z")uldz’ +]al oo/ K(z',0)uP~ ¢yda’.
RN-1 RN-1

Using Holder’s inequality in the first integral above, (5.3) and (5.2), we obtain

K@ VaPde < pS ) al g, ull

(5.4) 7R+

bt C) [ K0 o
N

From u; < u and Hoélder’s inequality with exponents s = 2./(p — 2) and
s =2,/(24 +2 — p), we obtain

/ K(z',0)u?~ ¢ da’
RN-1

IN

/ K(z',0)uP~2u?P da’
RN-1

IN

-2 2 2— 2 — 2
Pl 57l 25 < SE7P2 P~ ) 22,
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where

m’:2s’:72'2*

By definition, ur(z) — u(x), as L — 0F. Moreover, we know that ||u|| < R;. So,
we can replace the above inequality in (5.4) and use Fatou’s lemma to obtain

< 2.

55) . K(2)u? P~ V| VuPde < “S;az/%l"qR(f
: +

2—p)/2 Hpp—
+ (als + Cy) ST R ul 2

At this point, we define z;, := uﬁflu and notice that

2/2.
( K(m’,O)z%*dx’) < 52:1/ K(z)|Vzr|*dx.
RN -1 RY
Since uy, =0 in {u < L},
Vzp = {(ﬁ — Dul) Pu+ ui_l] V.

Hence, using ur, < wu and (8 —1)2 +1+2(8 — 1) = 42, we obtain

2/2.
(/ K(x’,O)zi*dw’) < 5’2_*162/ K (2)u?®=Y | Vul?dz.
RN -1 RY

Since zz(x) — u®(x), as L — 07, it follows from the above estimate, (5.5) and
Fatou’s lemma that

— —q/2 2— 2 —
lul3s < 5787 1S4 al o, B + (lal oo + Cy) S22 Rl 3

We now recall that we are assuming that p < p**, where this last number was
introduced in the beginning of the last section and it assures that the function h
defined in (4.3) has exactly 2 positive roots R; < Ry. We need to reduce the value
of u once more. Actually, since Ry(u) — 0, as u — 0" (see Lemma 4.1) we know
that there exists 0 < @ < p** such that, for any p € (0, ), all the inequalities
below are satisfied:

(5.6)  wS, 2 ?lals R <1, (ale+Cy)SY PRI <1, SR < 1.

’
q0,

With the above restriction on u, we have that
2 2
(5.7) |u|2f5§0152max{1,|u|7fﬂ},

where Cy := 25221. This shows that, once we know that u € LZ’B7 then u € L%;B.
So, if we fix 8 := 2,/m > 1, we have that 2,5 > 2, = mf, and we can improve the
regularity of u. Moreover, 2,3 = mB3? and we can repeat the previous calculations,
replacing 3 by 42, and use (5.7) to get

2 2 2
[l < CaBtmax {1, a2 b = €18 max {1, [l 375 }

B
C14* max {1, (Clﬁz max{1, |u|§ﬁ}) } )
Setting Cy := max{1,C;}, we can rewrite the above estimate as

2 2
|U|§f/32 < CI+B g2(+0) max{l, |u|§f } _

N

IN
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Repeating this process k € N times, we get
Sise B k_ igk—i

1
9Rk <
58)  ulsg <2 (52) 25" max {1, Jul2.} .

Since 8 > 1, we have that

1=, (1) 1 1 iy o= (1) 3
EPMLEDY <ﬂ) BCEDD S E(ﬂ) RRCESIE
Moreover, from the last inequality in (5.6) and ||u|| < Ry, we get
lulo- < S5 ull < S5 'Ry < 1.
These remarks, 8 = (2, +2 —p)/2, C2 > 1, (5.8) and (1.1) imply that
(5.9) luls, ge < Cy/BEDIgs/-1* — )y VEeN,

from which we conclude that (5.1) holds. Indeed, suppose by contradiction that
there exist C5 > Cy, and Q C RV~! with positive and finite measure in RV~*
such that |u(z’,0)| > C5 for a.e. ' € Q. Thus,

, 1/(2.8%) '
lulz.pr > (/ |u|2*ﬁkdx’> > C'B|Q|1/(2*ﬁ")7
Q

which implies liminf, , o Ju] 2,50 > C3 > Cnp, contrary to (5.9). This
contradiction concludes the proof of Theorem 1.2. O

Remark 5.1. In [7], the authors state a multiplicity result which can be viewed as
a version of our Theorem 1.2 for a different problem. Unfortunately, it seems that
the proof has a gap, as the equation (11) in that paper is false. We believe that the
truncation defined in the proof of our Theorem 1.2 can be used to fix the proof of
the main result in [7].

Acknowledgment. The authors would like to express their sincere gratitude to the
anonymous referee for his/her valuable suggestions which improves the presentation
of the paper.
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