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ABSTRACT. We consider the system

—2Au+ W(z)u = Qu(u,v) in RN,

—&2Av + V(z)v = Qu(u,v) in RV,

u,v € HYRN), u(x),v(x) > 0 for each x € RN,
where € > 0, W and V are positive potentials and @ is a homogeneous function
with subcritical growth. We relate the number of solutions with the topology
of the set where W and V' attain their minimum values. In the proof we apply
Ljusternik-Schnirelmann theory.

1. Introduction. In the last years, many papers have considered the scalar equa-
tion
(P:) —e?Au+ V(z)u = W(x)ulP?u in RY,

where N > 3, V and W are positive potentials and 2 < p < 2* := 2N/(N — 2).
The main points considered by these papers were the existence and multiplicity of
solutions; the concentration of maximum points of the solutions, which is strongly
related with the shape of the potentials V' and W; the relation between the number
of solutions and the topology of the set of critical points of the potentials.

The first author to deal with (P.) via variational methods seems to be Rabinowitz
[20]. Among other results, he studied the case W = 1 and obtained a positive
solution by assuming that

0<Vp:= inf V(z)<liminfV(z). (R)

reRN |z|—o0
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Later, Wang [21] showed that solutions found in [20] are concentrated around global
minimum points of V(z) as e tends to zero.

In [12] del Pino and Felmer considered a local condition on V' and established
the existence of positive solutions to (P.) which concentrate around local minimum
of V(). In order to do this, they introduced a penalization method and supposed
that W =1 and

Inf V(£) < min V(S), (DF)
for some open and bounded set A C RY.

Cingolani and Lazzo [11] exploited the geometry of the function V' to obtain
multiplicity of solutions for (P.). By using Ljusternik-Schnirelmann theory and
assuming condition (R), they related the number of positive solutions with the
topology of set where V' attained its minimum value. In [5], Alves and Figueiredo
have been established similar results from that found in [11], for a class of problems
involving the p-Laplacian operator.

In [22], Wang and Zeng studied the full version of (P-) by considering the ground
energy function d(&), defined as the least energy of the functional associated with

—2Au+ V(&u = W(E)|u[P~?u in RY,

where ¢ € RY acts as a parameter instead of an independent variable. Under
suitable assumptions on the potentials V' and W, the function £ — d(§) attains
its global minimum at a point y* € RY. Moreover, for every ¢ > 0 sufficiently
small, there exists a solution u. whose global maximum point moving toward y*
as ¢ tends to 0. Other results concerning the scalar equation can be found in
[15, 6, 3, 4, 16, 17, 18, 19] and references therein.

Recently, Alves [1] extended some existence and concentration results of the
scalar equation for the following class of elliptic systems

—&2Au+ W(z)u = Qu(u,v) in RY,
(S:) —&2Av + V(z)v = Qu(u,v) in RY,
u,v € HYRY), u(x),v(x) > 0 for each x € RV,

where ¢ > 0, N > 3 and potentials W,V are Holder continuous. In that paper,
motivated by [12], it is developed a penalization method for the energy functional
associated to (S:). So, it is natural to ask if we can obtain multiplicity results
analogous to that of the scalar equation. In the present paper, motivated by the
results and methods developed in [1, 2, 12, 11, 22], we give a first positive answer
to this question.

Besides the regularity of W and V', we suppose a condition analogous to (DF).
More specifically, we assume that there exist an open bounded set A C RV, x5 € A
and pg > 0 such that

(Hy) W(x),V(x) > po for each xz € JA;
(H2) W(xo),V(x0) < po;
(Hs) W(xo) > W(xo) >0, V(z) > V(zg) >0 for each z € RV,
Setting R2 := [0, 00) x [0, 00), we can state our hypothesis on @ € C*(R3,R) in
the following way.
(Qo) There exits 2 < p < 2* := 2N/(N — 2) such that

Q(tu,tv) = t*Q(u,v) for each t > 0, (u,v) € R3.
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(Q1) There exists ¢; > 0 such that
|Qu(u,v)| +|Qu(u,v)| < ey (W' +vP71) for each (u,v) € RZ.

Qu(ov 1) =0, QU(LO) =0.
Qu(lvo) =0, Qv(()? 1) =0.
Q(u,v) >0 for each u,v > 0.
Qu(u,v),Qy(u,v) >0 for each (u,v) € RZ.
We refer to [10, 13] for examples of functions verifying (Qo) — (Q5) and for their
main properties.
In order to get precise statements about our result we fix ¢ € RY and consider
the autonomous system associated to (S:), namely
—&2Au+W(€)u = Qu(u,v) in RV,
—e2Av 4+ V(&)v = Qp(u,v) in RV,
u,v € HYRY), u(z),v(x) > 0 for each x € RY.
In view of conditions (H3) and (Q1), the above problem has a variational structure
and the associated functional

(o) =5 [ (VP + Vo + W +VORE) [ Qo).

is well defined for (u,v) € E := H'(RY) x HY(RY). Arguing as in [2, Section 2]
we can show that Iz has the Mountain Pass geometry and therefore we can set the
minimax level C'(§) in the following way

C(§) = inf Jnas Ie(7(1)),

where I' :== {y € C([0,1], E) : v(0) = 0, Is(v(1)) < 0}. Moreover, the map
& — C(§) is continuous and C'(§) can be further characterized as

C) = inf Ie(u,v),
€= inf ()

with M¢ being the Nehari manifold of I¢, that is
Me = {(u,0) € B\ {(0,0)} : I (u, v)(u, 0) = O}.

By using well known arguments, for each ¢ fixed, the minimax level C'(§) is achieved
and conditions (H;) — (Hj3) yield

M = {:v eRY :C(x) = inf C(f)} #0.
£ERN

Furthermore, the same arguments found in [1] prove that

C" = C(xo) = inf C(¢) < Inin C(§). (Co)

If Y is a closed set of a topological space X, we denote by catx (V') the Ljusternik-
Schnirelmann category of Y in X, namely the least number of closed and con-
tractible sets in X which cover Y. We are now ready to state the main result of
this paper.

Theorem 1.1. Suppose that potentials W and V satisfy (Hy)—(Hs) and Q satisfies
(Qo) — (Qs5). Then, for any 6 > 0 verifying
M; = {x € RN : dist(z, M) < 6} C A,

there exists e5 > 0 such that, for any ¢ € (0,£5), the system (S:) has at least
cat s, (M) solutions.



1748 C. O. ALVES, G. M. FIGUEIREDO AND M. F. FURTADO

The proof of Theorem 1.1 will be done in three main steps. First, we apply
the penalization method found in [1], modifying the function Q(u,v) outside the
set A in such way that the energy functional of the modified problem satisfies the
Palais-Smale condition. It is worthwhile to emphasize that, since we deal with the
functional restricted to an appropriated manifold, the calculations performed to
get compactness are much more involved to those of [1, 12] (see Section 2.1 for
details). In the second step, by using a technique due to Benci and Cerami [9],
we relate the category of the set M with the number of positive solutions for the
modified problem. This objective is achieved by a detailed study of the energy
functional restricted to its Nehari manifold. Finally we prove that, for € > 0 small,
the solutions for the modified problem are in fact solutions for (S).

Our theorem extends the first result in [14]. Moreover, since we obtain multiple
solutions, we complement the papers [1, 2, 10]. As far we know, it is the first time
that penalization methods together with Ljusternik-Schnirelmann theory are used
to get multiple solutions for gradient systems.

We finish the introduction by mentioning the recent paper of Avila and Wan [7]
(see also [8]) where the authors obtain multiple solutions for a Hamiltonian version
of (S:) but with W =V.

The paper is organized as follows. In Section 2 we present the abstract framework
and proves the Palais-Smale condition for the modified functional. Section 3 is
devoted to the proof of a multiplicity result for a modified problem. Finally, we
prove Theorem 1.1 in Section 4.

2. Variational framework and a compactness result. Since we are interested
in positive solutions we extend the function @ to the whole R? by setting Q(u,v) = 0
if u <0 or v < 0. For simplicity, we write only [u instead of [py u(z)dz. We also
note that, since @ is p-homogeneous, for each (s,t) € R? we have

pQ(S,t) = SQS(Svt) + tQt(Sa t) (1)
and
p(p — 1)@(87 t) = S2st(sv t) + tQQtt(Sv t) +25tQst(s, 1) (2)

Hereafter, we will work with the following system equivalent to (S.).

R —Au+ W(ez)u = Qu(u,v) in RY,
(S:) —Av +V(ex)v = Qy(u,v) in RY,
u,v € HYRY), u(zx),v(x) > 0 for each x € RY.

In order to overcome the lack of compactness originated by the unboundedness of
RY we use a penalization method. Such kind of idea has first appeared in the paper
of delPino and Felmer [12]. Here, we use an adaptation for systems introduced by
the first author in [1].

We start by choosing a > 0 and considering 7 : R — R a non-increasing function
of class C? such that

n=1on (—o0o,al, n =0 on [5a,+0), |[n'(s)] < ¢ and |n”(s)| < %, (3)
a a

for each s € R and for some positive constant C' > 0. Using the function 7, we
define @ : R? — R by

Qs.t) == n(|(s,)NQ(s 1) + (1 = (| (s, ) A(s* + 12
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where

A= Inax{ Qs ) :(s,t) €R? a < |(s,t)] < 5a}.

52 + 12

Notice that, since A > 0 tends to zero as a — 07, we may suppose that A <
min{W(zo), V(zo)}.

Finally, denoting by xa the characteristic function of the set A, we define H :
RY x R? — R by setting

H(x,s,t) = xa(2)Q(s,1) + (1 = xa(2))Q(5,1).
For future reference we note that, as proved in [1, Lemma 2.2], for any a > 0 small
and (s,t) € R? we have
1
sHy(x,s,t) + tHi(x, s,t) < 3 (W(x)82 + V(x)t2> for each z € RV \ A, (4)

From now on we assume that a is chosen in such way that the above inequality
holds.

As an immediate consequence of the above notations, we have the following
lemma

Lemma 2.1. Let u.,v. € HY(RY) be positive functions such that
—?Au+W(z)u = Hy(z,u,v), —*Av+ V(x)v = H,(z,u,v),

for each x € RN. Moreover, suppose that |(ue(z),v.(z))| < a for each x € RN \ A.
Then, it follows from the definition of H and Q that H(-,uc,ve) = Q(ue,ve), and
therefore (ue,ve) is also a solution for the problem (S¢).

In view of this lemma, we deal in the sequel with the modified problem

—Au+ W (ez)u = Hy(x,u,v) in RY,
(Sea) —Av 4+ V(ex)v = Hy(z,u,v) in RV,
u,v € HY(RY),

and we will look for solutions (u.,v.) verifying
|(ue(ex), ve(ex))| < a for each z € RV \ A,

where A, := {z € RN :ex € A}.
For each £ > 0 we denote by X, the Hilbert space

X = {(u,v) € H'RN) x H'(RY) : /(W(sx)|u|2 + V(ex)v]?) < oo}
endowed with the norm
1w, 0)|12 = /(lVU|2 + Vol + W (ez)[ul® + V(ex)[o]?).

Conditions (H3) and (Q1) imply that the critical points of the C!-functional J; :
X. — R given by

1
Je(u,v) = /(|Vu|2 + | Vo]? + W(ez)[u|* + V(ex)|v]?) /H T, u,v)

are weak solutions of (S; ). We recall that these critical points belong to the Nehari
manifold of J., namely on the set

Nz = {(u,v) € X:\ {(0,0)} : J.(u,v)(u,v) = 0}.
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It is well known that, for any nontrivial element (u,v) € X. the function
t — J.(tu,tv), for ¢ > 0, achieves its maximum value at a unique point ¢, > 0
such that t,(u,v) € Ne.

2.1. The Palais-Smale condition. Since we are intending to apply critical point
theory we need to introduce some compactness property. So, let V' be a Banach
space, V be a C'-manifold of V and I : V — R a C'-functional. We say that I|y
satisfies the Palais-Smale condition at level ¢ ((PS), for short) if any sequence (u,,) C
V such that I(uy,) — cand || I'(u,)|l« — O contains a convergent subsequence. Here,
we are denoting by [[I’(u)]|« the norm of the derivative of I restricted to V at the
point u.

It is proved in [1] that the unconstrained functional satisfies (PS),. for each ¢ € R.
Nevertheless, to get multiple critical points, we need to work with the functional J.
constrained to A.. In order to prove the desired compactness result we shall first
present some properties of N.

Lemma 2.2. There exist positive constants a1, such that, for each a € (0,a1),
(u,v) € Nz, there hold

/ Quv) > 5 (5)
A

and

/ (W (ex)u + V (ex)0?) < 2p / Qu, v). (6)
RN\A. Ae

Proof. Since H has subcritical growth, it is easy to obtain 8 > 0 such that
l|(u,v)||c > 6 for each (u,v) € N-.

Thus, we can use (1) and (4) to get

82 < )2 = /A (Qu+ @)+ [ (ulty+oft,)

. RN \A.
< o[ Quuty [ (Ve + V),
A 2 JrN\A.

and therefore N

5 1 5

- < —H(U,U)HE <p Q(u,v),

2~ 2 N
which implies (5) with 6 = g—;.

Recalling that (u,v) € M. and using (4) and (1) again, we obtain
/ (W (ex)u? + V(ex)v?) < / (uH, +vH,) + / (uQqy +vQy)
RN\A. RN\A, Ae

1
< 5 [ W+ ven®) +p [ Q.
RN\A. A.
from which follows (6). The lemma is proved. O

The following technical results is the key stone in our compactness result.

Lemma 2.3. Let ¢. : X: — R be given by

b (u,v) == || (u,v)||? — /(uHu(ax,u,U) —i—vHv(sx,u,v)).
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Then there exist az,b > 0 such that, for each a € (0,as),
¢L(u,v)(u,v) < =b <0 for each (u,v) € N.. (7)
Proof. Given (u,v) € N, we can use the definition of H, (1) and (2) to get
oL 0)(0,0) = [ (0Qu+0Qu) — (12 Qu+ 1 Qun + 200Qu)

£

—|—/ (uH, +vH,) — / (W’ Hy + 0* Hyy + 2uvHyy) (8)
RN\A. RN\ A,

—so-2 [ Quoy+ [ D[ b
Ac RN\A. RN\A,
with
Dy := (uH, +vH,) and Dy := (uQHuu +v?Hyy + QU’UHM,) .

In what follows we denote |z| := vuZ + v2. By using the definition of Q,  and (1)
again, we obtain

Q Q
[D1| = n/m +P77W — An'|2| +2A(1 — )| |2|?
c c
< EA5a +pA+ Ag5a + 4A> |2)?
S 01A|Z|2
Since A — 0 as a — 0T, the last inequality combined with (Hj) leads to
/ (uH, + vH,) < o(1) / (W (ex)u? + V(z2)?), (9)
RN\A. R™\A.
where o(1) — 0 as a — 0T,
In order to estimate the last integral in (8), we first compute
Dy = —A/(|2* +4|z)) 2> + 241 = n)|2|* + 0" Q|z[|z]* + Ds + Ds,  (10)
with .
2
Dyi= 71 (5°Qu+0°Qu +20Qu + u’Qu)
and

D4 = n(u2Quu + U2vi + 2quuv)-
In view of (3) we have that

| A (|2 + 4]2])]2?| < A%(%a2 +20a)|z|* = o(1)|2|*.
By using the definition of A, we also obtain
2A(1 = )|z = o(1)|2[* and 7" Q|2][2]* = o(1)|z]*.
Moreover, we infer from (1) that
1Ds] = 4pr/ Q12| < 4p° AJ2f50 = 20pC Al = (1)
Finally, (2) implies that
D = 0t Quu + v*Quy + 2u0Qu) = np(p — 1)Q > 0.

From these estimates, we derive that

/ (v’ Huyu + 0*Hyy + 2uvH,,) < 0(1)/ (W (ex)u® + V (ex)v?).
RN\A, RN\A.



1752 C. O. ALVES, G. M. FIGUEIREDO AND M. F. FURTADO

Thus, it follows from (9) and (8) that
IU’UU’U — — u,v 0 €$U2 El”l}2.
) 00) < —plp=2) [ Q) o) [ (Wler? 4 Viea?)

Now we can use Lemma 2.2 to obtain, for a small enough,

6 0,0)(1,0) < (~plp =2+ o(1)) [ Q) < -2~ <0

The lemma is proved. O

Proposition 1. The functional J. restricted to N satisfies (PS), for each ¢ € R.
Proof. Let (un,v,) C Nz be such that

Je(Un, vn) — ¢ and [|JL(un, vp)[ls = 0n(1),
where 0,,(1) approaches zero as n — co. Then there exists (\,) C R satisfying

Jé(unvvn) = )\n(b/g(una vn) + On(l)a (11)

with ¢. as in Lemma 2.3. Since (un,v,) € Nz we have that

0= Jé(un, Up ) (U, Up) = And;(“nﬂn)(”m“n) + 0n (1)[[(n, vn) -

Straightforward calculations show that (uy,,v,) is bounded. Moreover, in view of
Lemma 2.3, we may suppose that ¢.(tn,vp)(Un,v,) — I < 0. Hence, the above
expression shows that A, — 0 and therefore we conclude that J.(u,,v,) — 0 in
the dual space of X.. It follows from [1, Lemma 3.2] that (u,,v,) has a convergent
subsequence. O

3. Multiplicity of solutions for (S:,). The main result of this section can be
stated as follows.

Theorem 3.1. For any 6 > 0 verifying Ms C A, there exists e5 > 0 such that, for
any € € (0,&5), the system (Seq) has at least catyr, (M) solutions.

The proof of the above result is rather long and it will be done by applying the
following Ljusternik-Schnirelmann abstract result.

Theorem 3.2. Let I be a C'-functional defined on a C*-Finsler manifold V. If I
is bounded from below and satisfies the Palais-Smale condition, then I has at least
caty (V) distinct critical points.

We shall apply the above theorem for the functional J. constrained to A:. By
Proposition 1 the Palais-Smale condition is satisfied. So, we need only to relate
the category of N. with that of M. This is exactly the content of the next two
subsections. The following result, whose the proof is similar to that presented in [9,
Lemma 4.3], will be used.

Lemma 3.3. Let I', QF, Q be closed sets with Q~ C QF. Let ® : O~ — T,
B:T — QF be two continuous maps such that 3o ® is homotopically equivalent to
the embedding v : Q= — QF. Then catp(T') > catq+ (7).
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3.1. The map .. In order to construct the map ®. we start by noticing that, by
[2, Proposition 2.1], there exists (w1, ws) € E such that wy,w, are positive on RV
and

I, (w1, w) = 0 and I, (wy, w) = C(xo) = C".

We recall that E and I,, were defined in the introduction and we shall use the
following norm on the space E

1(u, )12, = /(IVul2 +[Vol? + W(wo) ul* + V (xo)v]),

for any (u,v) € E.

Let us consider § > 0 such that My C A and ¢ € C(R*, [0,1]) a non-increasing
function such that ¢» = 1 on [0,6/2] and ¢ = 0 on [d, 00). For any y € M, we define
the function ¥, ., € X, by setting

exr — _
U ey(x) :=1(lex — y|)wz< y), i=1,2,

€
and denote by t. > 0 the unique positive number verifying
Je(te(Viey, Vo,ey)) = rax Je(t(W1,e,y, Vaey))-
In view of the above remarks, it is well defined the function ®. : M — N given
by
o, (y) = ta(\Ill,a,ya \11275,11)'

In next lemma we prove an important relationship between ®. and the set M.

Lemma 3.4. Uniformly for y € M, we have
lim J.(® =C™.
Jim Je (@ (y))

Proof. Suppose, by contradiction, that the lemma is false. Then there exist dyg > 0,
(yn) € M and g, — 0T such that

| e, (e, (Yn)) — C*[ > 6o > 0. (12)

We notice that, if z € Bs/., (0) then e,z + y, € Bs(yn) C Ms C A. Thus,
recalling that H = @ in A and ¢(s) = 0 for s > §, we can use the change of
variables z — (e,@ — yn)/en to write

t2
Je (Dc, (yn)) = ET/RN (IV@ (2w (2)? + [V (@ (lez|)wa(2))[?) dz

t2
+% / W(enz + y")|¢(|5n2|)w1(2)|2dz
RN
2

5 [ Vit ez () s

- [ Qe pllznzhun(a). to,vensDun(2)) d
R
Since @ is homogeneous, we have that t., — 1. This and Lebesgue’s theorem

imply that

lm (P 1,e,,,0 P1e,pa) 2 = 1 (wr, w2)3,

n—oo
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and
Jim [ Q(Vienyns Voenyn) = /Q(w1,w2)-
Therefore
T T, (@, (5) = Ly (w1, w0) = C°
which contradicts (12). The lemma is proved. O

3.2. The map (.. Consider § > 0 such that Ms C A and choose p = p(d) > 0
satisfying Ms C B,(0). Let T : RN — R" be defined as Y(z) := z for |z| < p and
Y () := pwx/|z| for |z| > p, and consider the map B. : Nz — R given by

[ reo@P [ Teo@r
Be(u,v) := .

- [ uer ' [

Since M C B,(0), we can use the definition of T and Lebegue’s theorem to conclude
that

1im+ B (P (y)) = y uniformly for y € M. (13)
e—0
We also have the following technical result.

Lemma 3.5. Let e, — 07 and (up,v,) C N, be such that J., (up,v,) — C*.
Then there exists (J,) C RN such that the sequence (Un, Un) = (Un(-+Un), Vn(-+n))
has a convergent subsequence in E. Moreover, up to a subsequence, (yn) := (Enyn)
is such that y, —y € M.

For the proof of the above lemma we shall use the following property of mini-
mizing sequences of the autonomous system. The proof is similar to that presented
in [2, Proposition 2.1] and it will be omitted.

Lemma 3.6. Let (upn,v,) C My, be such that Io(un,v,) — C* and (un,v,) —
(u,v) weakly in E. Then there exists (y,) C RY such that the sequence (i, vy,) =
(Un (- + n)son(- + Gn)) strongly converges to (u,v) € My, with Iy(u,v) = C*.
Moreover, if (u,v) # (0,0), then (yn) can be taken identically zero and therefore
(Un,vn) — (u,v) in E.

Proof of Lemma 3.5. Straightforward calculations show that (i,,v,) is bounded.
The same argument employed in [2, Lemma 2.1] provides a sequence (7,) C RY
and positive constants R, ~ such that

lim inf (Junl? + |vnl?) = v > 0.
n—oo BR(gn)
Thus, by setting (@, (z),0n(x)) := (un(x 4+ Un), vn(x + ¥n)) and going to a subse-
quence if necessary, we can assume that
(Un, Up) = (W, ) # (0,0) weakly in E. (14)
Let (t,) C RT be such that (U, 0,) = 5 (Un, Un) € My,. By using the definition
of I, and H, and condition (H3) we obtain

PR 1
€ < Ly (@) = ltwtnsturn), = [ @t tuvs)

IN

1
et tuon) 2 = [ Hettn, tvn)

= Je(tntun, tnvn) < Je(tn,v,) = C* + 0, (1),
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from which follows that I, (un,0,) — C*. Hence(un,v,) # (0,0) in E. Since
(Un, Up) and (U, Uy,) are bounded we conclude that (¢,,) C R is bounded and, up to
a subsequence, t,, — to > 0. Summarizing, we get

L, (Up, 0,) — C* and (Up, 0y) — to(w,v) = (u,v) # (0,0).

It follows from Lemma 3.6 that (u,,v,) — (4, ), or equivalently, (@, v,) — (@, ).
This is the first part of the lemma.

We now define y,, := €,¥y, and we shall prove that y, — y € M. We begin with
the following.

Claim 1. up to a subsequence, y, — y € A.

First we prove that (y,) is bounded. Indeed, suppose by contradiction that, for
some subsequence still denoted by (y,,), we have that |y,| — oc. If we define

I, := / (V> + V0, |* + W(enz + yn)us + V(enz + yn)02)
and recall that (u,,v,) € N, , a change of variables shows that
I, — / (i Ho(En % + Yoo Ty B) + o (e + Yy iy D) -

Consider R > 0 such that A C Br(0). Since we may suppose that |y,| > 2R, for
any x € Bp/., (0) we have

len® 4+ yn| > |yn] — lenx| > R.
Thus, by setting I',, := Bpg/., (0), it follows from (4) that

1

L < 3 / (W(enx+yn)ﬁi+V(snx+yn)%%)

n

+ / (anHu@n:c b Yo T ) + T Ho (0 + Y, an,m)
]RN\Fn

1

— 5/ (W(anx—i-yn)ﬂi—i-V(anx—i—yn)@%)—i—on(l),
I,

where we used the strong convergence of (i, v,) and the fact that the Lebesgue’s
measure of the set RV \ T',, goes to zero as n — oo. Recalling the condition (Hjz)
we get

(1 _ %) s )12, = 0n (1),

which contradicts (14).
Since (_yn) C RY is bounded we may suppose that v, — y. In order to verify

that y € A we suppose, by contradiction, that y € R \ A. Thus there exists 7 > 0
such that,

UYn € Br/Q(y) C RN \K

for all n large enough. The same argument employed above provides a contradiction.
Hence, y € A.

Claim 2. y € M.

It suffices to show that C(y) = C*. Indeed, if this is the case, the property
(Ch) stated in the introduction yields y € M. Arguing by contradiction again, we
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suppose that C* < C(y). So, recalling that (U, v,) — (u,v) and using Fatous’s
lemma we get

cr < Cly) = ILy(u,)

n—oo

1 N 5N e e
= liminf {5 /<|Vun|2 + V0,2 + W (ens + yn)uz + V(ens + yn)vfl)

- [, @]

RN
< liminf J. (thtn, tho,) < Uminf J. (un,, v,) = CF,
which does not make sense. Thus, C(y) = C* and the proof is concluded. O

3.3. Proof of Theorem 3.1. Following [11], we introduce the set
Yo = {(u,v) € Nz : Jo(u,v) < C* 4 h(e)},

where h : RT — R* is such that h(e) — 0 as ¢ — 07. Given y € M, we can use
Lemma 3.4 to conclude that h(e) = |J.(®.(y)) — C*| satisfies h(s) — 0 as e — 0T,
Thus, ®.(y) € X and therefore X, # () for any & > 0 small.

The proof of the next lemma can be done as in [14, Lemma 3.3] using Lemma
3.5 instead of [14, Lemma 3.1]. We omit the details.

Lemma 3.7. For any 6 > 0 we have
lim sup dist(5:(u,v), Ms) = 0. (15)

e—0t ued,
We are now ready to obtain multiple solutions for the modified problem.

Proof of Theorem 3.1. Given 6 > 0 such that Ms C A, we can use (13), (15), Lemma
3.4 and argue as in [11, Section 6] to obtain €5 > 0 such that, for any € € (0,¢5),
the diagram
VTS SRS VA

is well defined and . o ®. is homotopically equivalent to the embedding ¢ : M —
Ms. Tt follows from Proposition 1, Lemma 3.3 and Theorem 3.2 that J. restricted
to M possesses at least catps, (M) critical points (u;,v;). The same argument
employed in the proof of Proposition 1 shows that (u;,v;) is also a critical point of
the unconstrained functional and therefore a solution for the problem (S.,). The
theorem is proved. O

4. Proof of Theorem 1.1. Once we have obtained multiple solutions for the
modified problem (S;,) the proof follows by using the same arguments employed
in [1, Theorem 1.1]. For the sake of completeness, we sketch them here.

For € > 0, we define

me = sup{rgjz\ix|(u€,va)| : (e, ve) € N is a solution for (S’Eﬂ)}.

We claim that, for € > 0 small, the number m,. is finite. Indeed, suppose by
contradiction that for some sequence &, — 0" we have that m. = co. So, there
exist b > 0 and a sequence (x,) C A, such that

minf{ue, (z,,),ve, (xn)} > 0> 0.
It follows from [1, Proposition 3.1] that
lim C(z,)=C",

n—oo
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which contradicts the statement (Cp) in the introduction. Hence, there exists € > 0
such that m. < oo, for all € € (0,2).
We claim that
lim m. = 0. (16)

e—0+t

Indeed, if this is not the case, we can obtain b > 0 and a sequence €, — 07 satisfying
me, > b>0.

Hence, there exists a solution (uc, ,v.,) € N, of the problem (S, ,) such that

—p-L< % < max [(ue, , ve,)|
9 ~ VT g = Men T o = PRI Ve

and therefore we can obtain a sequence (z,) C dA.,, such that

b
minf{ue (), ve, (Tn)} > 3 > 0.

The same argument employed before provides a contradiction.

Let 6 > 0 such that Ms C A. In view of Theorem 3.1 and (16) we can choose
es > 0 such that, for any € € (0,&5), the problem (S¢,) has at least catps, (M)
solutions and

me < 5
If we denote by (ue,v:) one of these solutions, the above inequality and the calcu-
lations performed in [1, Section 4] show that

|(ue(ex), ve(ex))] < a for each x € RY \ A..

Hence, it follows from Lemma 2.1 that (ue,v.) is a solution for the original system
(Se).

By denoting u_ = max{—u.,0} and v = max{—wv., 0} the negative part of u.
and v, respectively, we can use (uZ,v7 ) as a test function in the weak formulation
of the system (S.) to conclude that u. and v. are nonnegative functions. Combining
(Qs5) with the maximum principle, it follows that both u. and v. are positive on
RY and the proof of theorem is complete. O
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