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Abstract

We study a nonlinear Schrodinger equation in presence of a magnetic
field and relate the number of solutions with the topology of the set where
the potential attains its minimum value. In the proofs we apply variational
methods, penalization techniques and Ljusternik-Schnirelmann theory.

1 Introduction

In this paper we are concerned with the nonlinear Schrédinger equation

o (h 2
Gy = (57-46)) v+ UE - fQuP)w, 2 RY,
where t € R, N > 2, the function v takes values in C, h is the Planck constant
and 7 is the imaginary unit. The function 4 : RY — RY denotes a magnetic
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potential and the Schrédinger operator is defined by
h 2 2h h
(;V—A(z)) = —h2Ay — 7A-V¢+|A|2w— zwdivA.

In the 3-dimensional case the magnetic field B is exactly the curl of A, while
for higher dimensions IV > 4, it is the 2-form given by B;; = 0;Ar — 0r4;.
The function U(x) is a real electric potential and the nonlinear term f(t) is a
superlinear function.

We are particularly interested in the existence of solitary waves of the form
P(z,t) = e‘i%tu(z), with E € R. It is important to investigate the existence
and the shape of such solutions in the semiclassical limit, namely, as h — 0.
The importance of this study relies on the fact that the transition to Quantum
Mechanics to Classical Mechanics can be formally performed by sending the
Planck constant to zero. If we put the solitary wave expression of ¥ in the
above equation, we are lead to look for solutions of the following problem

SV - Al 2u V(z)u = f(jul>)u, zeRY,
(5v-4) w+Vu=fuu, =€ .
u € HYRYN,C)

where V(z) = U(z) — E and we replaced h by e.

There is a vast literature concerning the existence and multiplicity of bound
state solutions for (P.) with no magnetic vector potential, namely A = 0. Since
the seminal paper of Floer and Weinstein [15], many authors have applied differ-
ent techniques to obtain existence of solutions in this case (see [21, 23, 13, 3, 24]
and references there in). In the most of these papers the authors also have
studied the asymptotic behavior of the solutions as e — 0. Roughly speaking,
these solutions concentrate around critical points of the potential V. There are
also some papers relating the topology of the set of critical points of V' with the
number of solutions of the problem (see [9, 20, 2] for example).

If we now consider the magnetic case, it appears that the first result was
obtained by Esteban and Lions [14]. In this paper the authors have used the
concentration-compactness principle and minimization arguments to obtain so-
lution for € > 0 fixed and N = 2 and 3. More recently, Kurata [17] have proved
that the problem has a least energy solution for any € > 0 when a technical con-
dition relating V(z) and A(x) is assumed. Under this technical condition, he
have proved that the associated functional satisfies the Palais-Smale compact-
ness condition at any level. We also would like to cite the papers [10, 11, 5, 22, 8|
for other results related with the problem (P.).

The main motivation of our paper becomes from the aforementioned works,
the paper of Cingolani [6], Cingolani and Secchi [12] and the recent work of
Cingolani and Clapp [7]. In [6, 7] the authors have used Ljusternik-Schnirelmann
theory to obtain multiple solutions for (P.). However, the conditions used in
[6, 7] are in some sense related with a global condition introduced by Rabinowitz
in [21], namely

0 < inf V(z) <liminf V(2).

z€RN |z| =00



In [12], the authors have worked with local conditions on V. More precisely,
they have supposed that there are bounded sets Qi,...,Q; C RY which are
mutually disjoint and such that

1£JfV(z) < érglg V(z), j=1,...,k.

By adapting some arguments found in [13], they have obtained the existence of
solution with k£ peaks for € > 0 small enough.

The aim of this paper is to complement the studies made in [6, 7, 12].
We shall obtain multiple solution for the problem (P.) by combining a local
assumption on V as above, the penalization scheme of del Pino and Felmer [13]
and the Ljusternik-Schnirelmann theory. It is worthwhile to mention that, in the
arguments developed in [13], one of the key points is the existence of estimates
involving the L>°-norm of the solutions of a modified problem. As pointed out
n [12], this kind of estimates are more delicated in the magnetic case because
A can be unbounded and there is no relation between the natural space to
deal with (P.) and the limit space H!(RY,C) as ¢ — 0. These problems are
overcame in [12] by the use of diamagnetic (see Section 2) and Kato’s inequalities
for magnetic fields. Here, we obtain the desired L estimates by a different
approach, which is based on Moser’s iteration method (see [19]) instead of Kato’s
inequality. As far as we know, this is the first time that local Mountain Pass
and topological arguments are combined to get multiple solutions for (P.). We
believe that the ideas contained here can be applied in other situations to deal
with local conditions on the potential V.

Before stating our main result, we need to present the hypotheses on the
potential V' and the nonlinearity f. We shall assume that

(V1) Vo :=1inf,cgn V(2) > 0,
(V3) there exists an open bounded set Q C RY such that

o< mp V)

and M :={z€Q:V(z) =W} #2.
We also suppose that f € C1(R,R) satisfies
(f1) f(s) =0 for each s < 0;
(f2) limg o+ f(s) = 0;
(fs) there exists ¢ € (2,2*) such that

f(s)

1m
S—00 5((1_2)/2

=0,

where 2* :=2N/(N —2) if N > 3, and 2* := 0 if N = 2;



(f4) there exists § > 2 such that

6
0< §F(s) < sf(s), for each s> 0,

where F(s) := [ f(7)dr;
(fs5) there exist o € (2,2*) and C, > 0 such that

f'(s) > Cys7=9/2 for each s > 0.

We shall establish a relation between the number of solutions of (P.) and the
topology of the set M. In order to make a precise statement let us recall that, for
any closed subset Y of a topological space X, the Ljusternik-Schnirelmann cate-
gory of Y in X catx (Y), stands for the least number of closed and contractible
sets in X which cover Y.

We present below the main result of this paper.

Theorem 1.1. Suppose that V satisfies (V1) — (Va) and f satisfies (f1) — (f5).
Then, for any § > 0 such that

Ms := {z € RN : dist(z, M) < 6} C Q,

there exists €5 > 0 such that, for any € € (0,e5), the problem (P.) has at

least catar, (M) nonzero solutions. Moreover, if e, — 07, uc, is one of these

solutions and 1., € RN is a global mazimum point of |u., |, we have that
im Ve, ) = Vo.

The proof will be done by variational techniques. Since we have no informa-
tion on the behavior of the potential V' at the infinity we adapt the argument
introduced by del Pino and Felmer in [13]. It consists in making a suitable
modification on f, solving a modified problem and then check that, for € small
enough, the solutions of the new problem are indeed solutions of the original
one. In order to obtain multiple solutions for the modified problem, we use a
technique introduced by Benci and Cerami in [4]. The main idea is to make
precise comparisons between the category of some sublevel sets of the modified
functional and the category of the set M.

The paper is organized as follows. In the next section we present the varia-
tional setting of the problem and we apply the penalization technique to obtain
compactness for the modified problem. In Section 3 we prove a version of The-
orem 1.1 for the modified problem. In the final Section 4 we prove our main
theorem.

2 Variational Framework

In this section we fix some notations and present the variational setting of our
problem. Throughout the paper we write only f u instead of fRN u(z)dz. For
any B C RY we denote by B¢ := R™ \ B the complement of B.



By the change of variables z — ez we can see that (P:) is equivalent to

1 2 )
<2VA€(JJ)) u+Ve(@)u = f(lul*)u, xRV, (D)

u € HY(RY,C),

with A.(z) := A(ex) and V.(z) := V(ez). We denote by H. = H.(RY,C) the
Hilbert space obtained by the closure of C$°(RY, C) under the scalar product

(u,v). := Re (/ VouVev + VE(:E)UU) ,

where Re(w) denotes the real part of w € C, w is its conjugated, V.u :=
(Dfu, D3u, ..., Djyu) and D5 := i~'0; — Aj(ex), for j = 1,...,N. The norm
induced by this inner product is given by

1/2
mu(/WwP+nwm@ .

As proved by Esteban and Lions in [14, Section II], for any u € H. there
holds
u u

|V]ul(2)] =

Re<Vu >"Re<(Vuz‘A€u) )‘§|V€u(x)|. (2.1)

Jul Jul

The above expression is the so called diamagnetic inequality. It follows from it
that, if v € H., then |u| € H'RYM,R). Moreover, the embedding
H. < LY(RY R) is continuous for each 2 < ¢ < 2* and, for each bounded
set A C RN and 2 < ¢ < 2*, the embedding below is compact

H. — LA, R). (2.2)

We say that a function u € H, is a weak solution of the problem (P:) if
Re (/ VuVev + Vo (z)ut — f(|u|2)uU) 0, for each v € H,.

In view of (f2) and (f3) we have that the associated functional I, : H. — R

given by
1oL s L[
=g [Vl + 5 [v@h? -5 [ Fu?)

is well defined. Moreover, I. € C'(H.,R) with the following derivative

I'(u)v = Re </ VeuVev + Ve(z)ut — f(|u|2)uv).

Hence, the weak solutions of (D.) are precisely the critical points of I.



Since we are intending to apply critical point theory for the functional I, we
need to obtain some compactness property. However, since R is unbounded,
we know that the usual Sobolev embeddings are not compact, and so I. can
not verify the Palais-Smale condition. In order to overcome this problem we
make a slightly adaptation of the penalization method introduced by Del Pino
and Felmer in [13]( see also [2]). We choose k > 0/(0 — 2), where 6 is given by
(f4), and take a > 0 to be the unique number such that f(a)/a = Vu/k, with
Vo given by (V7). We set

fls), if s <a,
fls) =
%, if s> a.

Let 0 < t4 < a < T, and consider ¥ € C§°(R,R) such that

o~

(91) 9(s) < f(s) for all s € [tq,Ta],
(W2) I(ta) = f(ta), O(Ta) = F(Ta), ¥'(ta) = F'(ta) and (1) = f/(Tu),
(93) the map s — 9(s) is increasing for all s € [t,, T,]-

By using the above functions we can define fe CL(R,R) as follows

TN f(s), if s & [ta,Tal,
J(s) = { 9(s), if s € [ta, Tul.

If xq denotes the characteristic function of the set {2, we introduce the penalized
nonlinearity g : R¥ x R — R by setting

g(z,5) := xa(@)f(s) + (1 = xa(@))f(s). (2.3)

Now, we shall consider the modified problem

(%VAA:E)) u+Ve(@)u = g (z, |[ul®)u, xRV, (5 )

u € H,
where g (z,u) := g(ex,u). Notice that, if
Q. ={recRY :c2cQ}

and u is a solution of the above problem such that |uc(z)| < t, in Q¢ then, in
view of the definition of g, there holds g(ex, [u|*)u = f(|u|?)u for each z € RY.
Thus, the function w is also a solution of the original problem (D.).

In view of the above comment, we deal in the sequel with the modified
problem (D.), . We start the by noticing that, in view of (f1) — (f5) and
(¥1) — (¥3), we can check that g(x, s) is a Carathéodory function satisfying the
following properties uniformly in € RV:



(91) g(x,s) =0 for each s < 0;
(92) lim, 0+ g(w,s) = 0;

, glw,s) _ .
(93) lims— oo @22 — 0;

0
(ga) (1) 0< iG(:c,s) < g(z,s)s, for each x € 2, s > 0,

V(x)
k

(g5) the function s — g(x, s) is increasing in (0, 00).

(i) 0 < G(z,s) <

v
sand 0 < g(x,s) < %, for each x € Q°, s > 0;

Let G(z,s) := [ g(x,7)d7 and G.(z,s) := G(ex, s). By (g2) and (g3), the
functional associated to (D.)q, namely

1 1 1
Tw) =5 [ IVl + 5 [ Vi@l - 5 [ Gutalul), we B

belongs to C(H.,R). Moreover, its critical points are the weak solutions of the
modified problem (D;),.
The main feature of the modified functional is that it satisfies the Palais-

Smale condition, as we can see from the next result.
Lemma 2.1. The functional J. satisfies the (PS)q condition for any level d € R.

Proof. We shall adapt the arguments presented in [13, Lemma 1.1]. Suppose
that (u,) C He is a (PS)q4 sequence for J¢, that is, J.(u,) — d and J.(uy) — 0.
We first prove that (u,) is bounded in H.. Indeed, by using (g4) we obtain

1

d+on(1)[lunlle = Js(un)*ejé(un)un
1 1 1
2 (5 5) Il g | oo
1 2
5 Ge (2, |un|?)
2
>

1/6-2 1 )
5 (55 - 1) hual.

where o, (1) denotes a quantity approaching zero as n — oo. Since k > /(0 —2)
we conclude from the above inequality that (u,) is bounded in H..

Claim. for any given ¢ > 0 there exists R = R(¢) > 0 such that Q. C Br(0)

and

n—oo

hmsup/ (IVeun]?® + Ve()|unl?) < ¢
Br(0)°

Assuming the claim we can conclude the proof as follows. By going to a
subsequence if necessary, we may suppose that u,, — u weakly in H.. The local



compactness given in (2.2) and the subcritical growth of g imply that J.(u) = 0,

and therefore
ull? = / 9o, [u?)]ul?.

Since J.(un)un — 0, we also have that

Juall2 = [ g2t Plual? + 00 1)

By using the claim, the subcritical growth of g and the local compactness men-
tioned in (2.2), we can check that

lim [ oo, [un]?) unl? = / ge e, [uf?) 2.

n—oo

All together, the above informations imply that ||u,|le — ||u|le, and so u, — u
in H,.

In order to check the claim we consider ng € C™(RY R) such that 0 <
nr <1,mr =0in Br/1(0), ng = 1 in Br(0)¢ and |Vng| < C/R, where C' > 0
is a constant independent of R. Since the sequence (nru,) is bounded in H,
we have that J.(u,)(nrun) = o, (1), that is,

Re </ veunvs(unnR)> + /V;(I’)|Un|2T]R = /gs(xa |Un|2)|un|277R + On(l)
Since nr take values in R, a direct calculation shows that
Ve(unnr) = Vg + NrV Uy,

The two above equalities and (g4)(ii) imply that

1
[ (VP + V@l < 3 [ Vi@l in

+Re </ mveunwm) + on(1).

By using the definition of ng, Holder’s inequality and the boundedness of (u,,)
we obtain

1 c __
(“z) / (IVeunl? + V(@)un?) < LlTallza Vet 22 + 0a(1)
Br(0)¢
< Do,

So, for any fixed ¢ > 0, we can choose R > 0 large enough in such way that
Q. C Bgr(0) and

hmsup/ (Veul? + Vo (@)|un]?) < C.
Br(0)c

n—oo



This finishes the proof. o

Since we are looking for multiple critical points of the functional J., we shall
consider it constrained to an appropriated subset of H.. More specifically, let
us denote by N the Nehari manifold of J., namely

Nz :={ue H:\ {0} : J.(u)u = 0}.

By using the growth conditions of g we can show that there exists r > 0, which
is independent of € > 0, such that

llul|le > r >0, for each u € N.. (2.4)

We state and prove below the main result of this section.

Proposition 2.2. The functional J. restricted to N satisfies the (PS)y condi-
tion for any level d € R.

Proof. Let (u,) C N be a (PS)4 sequence of J. restricted to AV;. Then there
exists (A,) C R such that

Ji(un) = AL (un) + 04 (1), (2.5)
where ¢, : H. — R is given by

¢ (u) := JL(w)u = / (IVeul* + Ve(@)|ul® = ge(z, [ul*)uf?) .

For any fixed u € N, since g(ex, |u|?) is constant on Q¢ N {|u|? > T,}, we
can use the definition of g and the monotonicity of ¥ to get

2l 2 / ge e [ul?)ul? — 2 / gl (@, )l

2 [ gitafuP il < [ £l
QeU{|ul?2<tq}
It follows from (f5) that

¢z (u)u

& (un)un < —2C, lunl” < —zc[,/ wal”,(2.6)
QoU{|un|?2<ts} Q.
with o € (2,2%).

By the boundedness of (u,) we may assume that ¢.(up)u, — 1 <0. If I #0
we infer from (2.5) that A, = 0,(1). In this case, we can use (2.5) again to
conclude that (uy,) is a (PS)4 sequence for the unconstrained functional. So, we
can apply Proposition 2.1 to obtain a convergent subsequence.

It remains to prove that [ # 0. Suppose, by contradiction, that [ = 0. It
follows from (2.6) that u,, — 0 in L7(.). Hence, we can use J.(uy,)u, = 0, the
subcritical growth of g and (g4)(ii) to conclude that

1
fanl? = | gelan sl + 0u(1) < 1 [ Vil +0u().



The above expression implies that ||u,||> — 0, which leads to a contradiction
with (2.4). This contradiction concludes the proof. O

3 Multiple solutions for the modified problem
Ini this section we shall prove a multiplicity result for the problem (ﬁe)a. Along
all the section we will assume that § > 0 is small in such way that Ms C €.

We start by considering the limiting problem associated to (D, ), namely the
scalar problem

—Aw + Vow = f(w?)w, in RY,
{ (Ao)

we HY(RY R)

which has the following associated functional

1 1 1
Eo(w) := 5/|vm|2 + 5/vo|w|2 — 5/F(w?), w e HY(RY,R).
We also consider
Mg = {w S HI(RN,R) \ {0} : E{(w)w = 0}

and

= inf E
0= jnf, Folw)

or, equivalently,
= inf Ey(tw) > 0. 3.7
o le(RlszlyR)\{o} I?zaox o(tw) (3.7)
By using the hypothesis on f we can prove that problem (Ag) has a positive
ground state solution. The next lemma can be found in [1, Theorem 3.1].

Lemma 3.1. Let (w,) C Mg be such that Eo(un) — ¢o and w, — w weakly in
HY(RN R). Then there exists a sequence (§n,) C RN such that wy,(-+n) — w €
My with Eg(w) = ¢o. Moreover, if w # 0, then (y,) can be taken identically
zero and therefore, in this case, w, — w strongly in H' (RN R).

By using the above lemma, a result due to Lions [18, Lemma I.1] and the
invariance of RY under translations, we can obtain a positive ground state
solution of (Ay), that is, a positive function w € H (R, R) such that Ey(w) = co
and E{(w) = 0. From now on we will denote by w such solution.

Let ¢ € C*(R™,[0,1]) be such that » = 1 in [0,6/2] and ¢ = 0 in [4, o).
We define for each y € M the function

ey o)1= 0llee ol (Y exp (i, () ),

where 7, (z) := Zjvzl Aj(x)z;. Let t. > 0 be the unique positive number such
that

max L (10.,) = (1)

10



By noticing that t. ¥, , € N, we can now define ®, : M — N as
O (y) ==t Vey.

The energy of the above functions has the following behavior as € becomes
small.

Lemma 3.2. Uniformly for y € M, we have
lim J.(®(y)) = co.

e—0t

Proof. Arguing by contradiction, we suppose that there exist v > 0, (y,) C M
and €, — 07 such that

|Je, (Pe, (yn)) — col = v > 0. (3.8)

In order to simplify the notation, we write only ®,,, ¥,, and t,, to denote @, (y,),
W, 4. and t. , respectively.
We begin observing that, arguing as in [6, Lemma 3.2], we can check that

AR, / (IVel? + Volwl?), (3.9)

On the other hand, since J. (t,¥,)(t,¥,) = 0, the change of variables z :=
(En® — Yn)/en provides

Ita 02, = / 0 (Ent, ta U (2)?) [£0 0, (2) da

/ 0 (En% + Yo [t (2n 2w (2)[2) [tnth(2n 2D (=) d2.

If z € By, (0), then e,z 4+ yn € Bs(yn) C Ms C Q. Thus, since g(x,s) = f(s)
for any x € Q and ¢(s) = 0 for s > §, the above expression yields

1912, =/f(|tn¢(lfn2|)w(2)l2) [ (lenzlw ()] d=. (3.10)

Let a := min{w(2) : |z| < 0/2}. If ng € Nis such that B;/3(0) C Bs(2e,)(0)
for all n > ng, we obtain

[\

2 [ PR 2 () [ e dz (1)
Bs/2(0) B;/2(0)
for all n > ng, where we have used that f is increasing.
If |t,| — oo, we can use (3.11) and (f3) to conclude that ||¥,[2 — +oo,
contradicting (3.9). Thus, up to a subsequence, t, — to > 0.
Since g has subcritical growth and ¢, ¥,, € N;,, it follows that ¢ty > 0. Thus,
we can take the limit in (3.10) to obtain

/ 19 (tow)? + |(tow) [ = / F(ltowl?) o .

11



from which follows that tgw € Mj. Since w also belongs to Mg, we conclude
that to = 1. This and Lebesgue’s theorem imply that

[ Ry = [ Fop).

Hence, letting n — oo in

t 1
Ter (@) = 210l = 5 [ Fta0P)
and using (3.9), we conclude that
nlggo Je, (Pe,, (Yn)) = Eo(w) = co,

which contradicts (3.8) and proves the lemma. O

Let us consider p = ps > 0 in such way that Ms C B,(0) and define Y :
RY — RY by setting Y(x) := = for |z| < p and Y () := pz/|z| for |z| > p. We
also consider the barycenter map . : V. — R given by

/ () u(z)? de
/BE(U’) . .

- /|u(ac)|2 dz

Since M C B,(0), the definition of T and Lebesgue’s theorem imply that

lir% B:(®P-(y)) =y uniformly for y € M. (3.12)
e—

We now consider the following subset of the Nehari manifold
Ne={ueN.: J.(u) < co+ h(e)}, (3.13)

where h : Rt — R is such that h(e) — 0 as e — 07. Given y € M, we can
use Lemma 3.2 to conclude that h(e) = |J:(P:(y)) — col is such that h(e) — 0
as € — 07. Thus, ®.(y) € N and therefore N. # & for any € > 0.

We present below an interesting relation between J\~/'E and the barycenter
map.

Proposition 3.3. For any § > 0 we have that

lim sup dist(B.(u), Ms) = 0.

—+ ~
=0 uENa

The above result is a version of [6, Lemma 4.1]. Since here we deal with
nonhomogeneous nonlinearities, the arguments used there does not apply in our
situation. Hence, we need another approach. We are going to use the following
compactness result.

12



Lemma 3.4. Let £, — 0% and (u,) C Ne, be such that J., (u,) — co. Then
there exists a sequence (§,) C RN such that v, := |u,|(- +¥n) has a convergent
subsequence in H'(RN,R). Moreover, up to a subsequence, €,3n — yo € M.

By assuming the above result we can prove Proposition 3.3 as follows.

Proof of Proposition 3.3. Let (g,) C R be such that &, — 0. By definition,
there exists (u,) C N, such that

dist (B, (un), Ms) = sup dist(Be, (u), Ms) + on(1).
ueN,

En

Thus, it suffices to find a sequence (y,) C M; such that

|Be,, (un) = yn| = 0n(1). (3.14)

It follows from the diamagnetic inequality (2.1) that Eo(tu,) < Jg, (tun).
Thus, recalling that (u,) C N, C N, we can use (3.7) to obtain
< E < = <
co < rilzaLg( o(tu,) < I?Zag( Je, (tun) = Je, (un) < co + hien),
from which follows that J. (u,) — ¢o. Thus, we may invoke Lemma 3.4 to

obtain a sequence (7,,) C RY such that (y,) := (£,9n) C Ms, for n large. The
strong convergence of |uy|(- + ¥ ) implies that

/T(sn:c)|un|2d:c /T(Enz+yn)|un(z+gn)|2dz
Ben(un) = -
/lun|2dx /|un(z+gn)|2dz

/ (Y(enz +yn) — yn) [un(z + Tn)[Pdz

/ |un(2 + gn)|2dz

Since €,z 4+ yn — yo € M, we have that S:, (u,) = yn + 0, (1) and therefore the
sequence (yy ) satisfies (3.14). The lemma is proved. O

We proceed now with the proof of Lemma 3.4.

Proof of Lemma 8.4. As in Lemma 2.1 we have that (u,,) is bounded in H.. We
start by proving that there exists a sequence (7,,) C RY and constants R,y > 0
such that

1iminf/ [un|? >~ > 0. (3.15)
BR(gn)

n—oo

Indeed, if this is not true, then the boundedness of (|u,|) in H'(RY,R) and
a lemma due to Lions [18, Lemma I.1] imply that |u,| — 0 in L*(RY) for all
2 < s < 2*. Given £ > 0, we can use (g2), (g3) and u,, € N, to get

lunllZ, :/g(a’ﬂ, [un|*)[un]® Sf/lunl2+05/|un|q-

13



Since u,, — 0 in LY(RY) and ¢ is arbitrary, we conclude that ||u,||., — 0. More-
over, since [ g(ez, |un|?)|un|* — 0, it follows from (g4) that [ G(ez, |u,|*) — 0.
Hence, J, (un) — 0, contradicting ¢y > 0. Thus, (3.15) holds and, along a
subsequence,

v = [l (- +5) = v £ 0 weakly in H'(RY,R).

We now counsider t¢,, > 0 such that w, := t,v, € Mg. It follows from the
diamagnetic inequality (2.1) that

co < Ep(wy) < max Je, (tvg) = Je,, (un) = co + on(1). (3.16)

Hence Eo(wy,) — co from which follows that w,, /4 0 in H'(RY,R).

Since (v,) and (w,) are bounded in H'(RY,R) and v,, 4 0 in H(RY,R),
the sequence (¢,,) is bounded. Thus, up to a subsequence, t,, — to > 0. If tc =0
then [|wy, || g1 ®y gy — 0, which does not occurs. Hence ¢y > 0, and therefore
the sequence (wy,) satisfies

Eo(wn) = co,  wn = w:=tov #0 weakly in Hl(RN,R).

It follows from Lemma 3.1 that w,, — w, or equivalently, v,, — v in H*(RY,R).
This proves the first part of the lemma.

In order to finish the proof we set y, := €,¥, and claim that (y,) has a
bounded subsequence. Indeed, if this is not the case, then |y, | — oco. Consider
R > 0 such that Q C Bg(0). Since we may suppose that |y,| > 2R we have
that for any z € Bg/., (0)

lenz + Yn| > |yn| — lenz| > R.

If we now set I'y, := Bg/., (0), we can use (u,) C N, (V1), (2.1), the change
of variables x +— z + ¢y, the above expression and (2.3) to get

/|wn|2+vo/|vn|2 < /g<snz+yn,|vn|2)|vn|2dz
/ Fllon ) [oa? + / 9(Enz + s [0a]?)[on > dz
Ty re

ry 2 2 2 2
< / Floa ) on] +/F%f(|vn| )fonl

Since v, — v in HY(RY,R) and f(s) < Vp/k, we obtain

min{l,Vo <1 - %)} (/|an|2 + |vn|2) =0, (1),

which contradicts v £ 0. This contradiction shows that (y,) has a bounded
subsequence. Thus, up to a subsequence, we have that

Yn — Yo GRN.

14



If yo & Q we can proceed as above and conclude that v, — 0. Thus, we have
that 3o € Q.

In order to prove that V(yp) = Vb we suppose, by contradiction, that
V(yo) > Vo. We can use (2.1), the strong convergence of w, in H'(RY,R),
Fatou’s lemma and the invariance of RY by translations, to obtain

o = Bo(w) < [ (VP +VnlwP) - 3F ()

N

< liminf [%/(|an|2+V(€nz+z7n)|wn|2) _ %/F(|wn|2)}

n—oo

A

! ~ 1
S hnrr_1>10rolf [5 / (|v|wn||2 + V(5n2+yn)|wn|2) 9 /F(|wn|2)}

By diamagnetic inequality (2.1) we conclude

1 1
o < liminf [5/(|V€nwn|2+V(5nz+§n)|wn|2)—i/F(|wn|2)]

< liminf J. (thuy,) < liminf J. (u,) = co,
n—o00 n—o0

which does not make sense. Hence V(yo) = Vy and yo € Q. The condition (Vz)
implies that yo & 0, that is, yo € M. The proof is finished. O

Corollary 3.5. Assume the same hypotheses of Lemma 8.4. Then, for any
given v > 0, there exists R > 0 and ng € N such that

[ Tl ) <. for alln = o
BR(gn)C

Proof. By using the same notation of the proof of Lemma 3.4, we have for any
R>0

/ (¥ e + [tn]?) :/ (IV0al? + [0a]?).
BR(gn)C BR(O)C

Since v,, strongly converges in H'(RY,R) the result follows. o

We finalize the section presenting a relation between the topology of M and

the number of solutions of the modified problem (D),.

Theorem 3.6. For any § > 0 werifying Ms C Q, there exists &5 > 0 such
that, for any 0 < e < &;, the problem (D), has at least catpr, (M) nontrivial
solutions.

Proof. Given 6 > 0 such that Ms C 2, we can use (3.12), Lemma 3.2, Propo-
sition 3.3, and argue as in [9, Section 6] to obtain €5 > 0 such that, for any
e € (0,€5), the diagram

M 2o N2 g

15



is well defined and (. o ®. is homotopically equivalent to the embedding ¢ :
M — Ms. Thus

cat (N2) > catar, (M).

It follows from Proposition 2.2 and standard Ljusternik-Schnirelmann theory
that J. possesses at least cat g e (Ne) critical points on N;. The same argument
employed in the proof of Proposition 2.2 shows that each of these critical points
is also a critical point of the unconstrained functional J.. Thus, we obtain
catyr, (M) nontrivial solutions for (Dg)g. O

4  Proof of Theorem 1.1

In this section we prove our main theorem. The idea is to show that the solutions
obtained in Theorem 3.6 verify the following estimate |u.(x) < t, Vo € ¢ as €
is small enough. This fact implies that these solutions are in fact solutions of the
original problem (D.). The key ingredient is the following result, whose proof
uses an adaptation of the arguments found in [5] and [16], which are related
with the Moser iteration method [19] .

Lemma 4.1. Let ¢, — 01 and u, € ./\75” be a solution of (5%)&. Then
Je, (un) — co and |u,| € L=®(RY). Moreover, for any given vy > 0, there exists

n

R > 0 and ng € N such that
tnll oo (Br(gn)e) <> for all n > no, (4.17)
where ¥y, 1s given by Lemma 3.4.

Proof. Since J., (un) < ¢o + h(e,) with lim,, o h(e,) = 0, we can argue as
in the proof of equation (3.16) to conclude that J., (un) — c¢o. Thus, we may
invoke Lemma 3.4 to obtain a sequence (7,) C RY satisfying the conclusions of
that lemma.

Fix R > 1 and consider ng € C>°(R¥ R) such that 0 < nr < 1, ng =0 in
Bpr/2(0), ng =1 in Br(0)¢ and |Vngr| < C/R. For each n € N and L > 0, we
define 1, (7) := nr(x — Jn), urn € HY(RY,R) and 2y, € H. by setting

urn(z) := min{|u,(z)|, L}, zpn,:= niui(i Do U,

with 5 > 1 to be determined later.
By using the calculation performed in [5, equation (2.2)] and the diamagnetic
inequality we obtain

Re (VaunvezL,n) nnuL n |V un | + 2nn|un|u2(5 )Vnn - Vup|

Y

V

> 2uf VIV unl 2+ 200 unlul Y Vi V).
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This inequality, the definition of 2, and J. (u,)zr,» = 0 imply that

[P+ 2 [ a0 T Tl
(4.18)

< [ (g unf?) = Ve, (0) 27,
In view of (g2) and (g3) we can obtain Cy > 0 such that
g(z,s) < % + O8] =D/2 for any (z,s) € RN x R.

This, (4.18) and V.(z) > Vp provide

2(B8—
[Tl <2 [ 9 9
\% .
# [ (B4 Gl 2 =1 @)) a5
<

2 _ * 2 —
2 / it |20 O[] [V ] + C / 72 | W25,

For any 4 > 0 we can use Young’s inequality to obtain
[t lP <2 [ GVl P+ Csfunf V)
+Cy /n3|un|2 uy oy,
By choosing 7 < 1/4 we get
[l < o ([ 1P a2l PG ) (429

Let S be the best constant of the embedding D"?(RY,R) «— L2 (RN,R)
and define 4y, = nn|un|uL » - We have that

119 (ot

2
1 _
2 [ JunPu 19 2 [0 |9 (jualu )]

v (lunlulzfnl) ‘2 - /{Iun<L} 77721 ‘V (|U"|u[z;’1> ‘2 " /{un>L} 77721 v (|U"|u€;}> ‘2

2
- / 72 |Vlun ] + / 72 L2 |V |
{lun|<L} {|lun|>L}

8 / 722 [T 2,

IN

STz nl7z

IN

But

/773

IN
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and therefore
el < ot ( [tV + [ aai o).
This and (4.19) provide
liLalZe < Ca6? ( JuaG O wmf + [ nz|un|2*ui€ﬁ‘”) . (420

for all 8 > 1. The above expression, the properties of 1, and up, , < |u,|, imply
that

firale <01 [ P9 a2 ). (421)
Bry2(yn)©
If we now set
2% 2% 2t
L = < 9% 4.22
202 — 2) CT i (422)
we can apply Holder’s inequality with exponents ¢/(t —1) and ¢ in (4.21), to get
1/t
. 2
Gl < Colun By | [ Tm)
Br/2(Yn)©
1/t
5 -
+C452||Un||L€3a(BR/2(gn)c) / o |t |? /2
BR/2(yn)
(4.23)
Since 7,, is constant on B2 (¥n) U Br(yn)¢ and |Vn,| < C/R, we have that
C
[ e Vi €t SCs, (420)
BR/2(§H)C R/2<|z—yn|<R

where we have used R > 1 and 2t = %N > N in the last inequality.
Claim. There exists ng € N and K > 0 such that , for any n > ng, there holds

BR/?(gn)c

Assuming the claim, we can use (4.23) and (4.24) to conclude that

—~ 2
||UL,n||2L2* < Cﬁﬂ2||un||L€Q(BR/2(gn)c)'

2/2
||u11,n||lﬂﬁ2 B ¢ /BR !
( R(yn) ) (y’ﬂ). !

2/2*
. + 27(B-1
( R ’)

~ 2
= Nizals < CoB2lunlFon s, o)

Since

IN
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we can apply Fatou’s lemma in the variable L to obtain

unlll Loz (Banye) < 1’2 B2 unlll oo (B0 )

whenever |[||u,|[|?® € L (Bg/2(9n)°).

We now set 3 := 2*/a > 1 and note that, since |u,| € L? (RY), the above
inequality holds for this choice of 3. Moreover, since 32a = 32*, it follows that
the inequality also holds with 8 replaced by 82. Hence,

1/82 2
enlll 22 (5 ey < C77 B Ml | 52 (5 ey
By iterating this process and recalling that Sa = 2* we obtain, for &k € N,

S BT pym
et lll st g ey < 27 BE 8

Tn)):
Since 8 > 1 we can take the limit as k — oo to get
|||un|||L°°(BR(gn)c) < CSH|Un|||L2*(BR/2(gn)c)~

By using the change of variables z — = — ¢,, we obtain

1

1

- * 2% 2%

ol < O ([ Gt az) T = ([ )
r/2(0)¢

where v, (x) = |up|(z + ¥n). By Lemma 3.4 we have that v, strongly converges
in L2 (RY). Thus, for R > 0 sufficiently large, there holds

Rry2(0)¢

Hnlll oo (Br@w)e) <7

for large n. This establishes (4.17).

It remains to prove the claim. For that purpose we consider a new cut-off
function given by 7, (z) := 1,(2z), in such way that 7, = 0 on Bg/4(yn) and
Nn =1 o0n Bro(yn)¢. If tr, := ﬁn|un|u§7n1, we can proceed as before to prove
the following version of (4.20)

el < Cos? ([ lua P w2+ [0 ), a9

We set 8 := 2*/2 to obtain

[TLnl22e < Cho / lunl a2 | Vi + / P unl a2
Bra(yn)©

By Holder’s inequality with exponents 2*/2 and 2*/(2* — 2) we get

lipalZ < Cio / i P2 [ 2

2/2*
2%—-2)/2 *—
+ Cio / <nn|’unlu( )/) lan 2 (o e
BR/4(§?L)C ’
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From Corollary 3.5 we obtain ng € N and R > 1 such that

. 1\ -2)
U < ,
/BR@”)cl v (2010>

for all n > ng. Thus, recalling that ﬁn|un|u§;2;;2)/ 2
V1, is bounded, we obtain

= aL,'nm UL,n < |un| and

[iLalfe < [ funPul 2195 < Cu [ un < Cra

The definition of 7,, and the above inequality imply that

2/2*
[ PR <l <G
Br/2(Yn)®

for all n > ng. Using Fatou’s lemma in the variable L, we have
Br/2(Yn)©

for all n > ng, and therefore the claim holds. O
We are now ready to prove the main result of the paper.

Proof of Theorem 1.1. Suppose that § > 0 is such that Ms C Q. We first claim
that there exists €5 > 0 such that, for any 0 < e < &5 and any solution solution
u € N; of the problem (D.),, there holds

[ull Lo @m0, < ta- (4.26)

In order to prove the claim we argue by contradiction. So, suppose that for
some sequence £, — 07 we can obtain u, € N, such that J! (u,) =0 and

[unllze@ma.,) = ta- (4.27)

As in Lemma 4.1, we have that J., (u,) — ¢y and therefore we can use Lemma
3.4 to obtain a sequence (7, ) C RY such that ,7, — yo € M.
If we take r > 0 such that B, (yo) C Bar(yo) C © we have that

1
Br/an (yO/En) = E_Br(yo) C Qen~
n
Moreover, for any z € B, ., (yn), there holds

Yo
20
En

_ Y

n

~ 5 1
§|Z_yn|+ Yn <E_(T+0n(1))<_7

n En

for n large. For this values of n we have that B, /., (yn) C €, or, equivalently,
RM\Q., Cc RV\ B, /e, (Yn). On the other hand, it follows from Lemma 4.1 with
v = tq that, for any n > ng such that r/e, > R, there holds

[unllLo@m\a.,) < lunllLe@™\b,,., @) < unllLe@¥\Br @) < ta;
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which contradicts (4.27) and proves the claim.

Let &5 > 0 given by Theorem 3.6 and set 5 := min{€s,5}. We shall prove
the theorem for this choice of £5. Let 0 < & < &5 be fixed. By applying Theorem
3.6 we obtain catys, (M) nontrivial solutions of the problem (Dg),. If u € H,
is one of these solutions we have that u € J\Z, and therefore we can use (4.26)
and the definition of ¢ to conclude that g.(-, |u|?) = f(Ju|?). Hence, u is also a
solution of the problem (D). An easy calculation shows that @(z) := u(z/¢e)
is a solution of the original problem (P.). Then, (P:) has at least catas, (M)
nontrivial solutions.

We now consider ¢, — 01 and take a sequence u,, € H, e, of solutions of the
problem (D,, ) as above. In order to study the behavior of the maximum points
of |uy|, we first notice that, by (g2), there exists v > 0 such that

\%
glex, s?)s* < 3052, for all z € RV, |s] < 7. (4.28)
By applying Lemma 4.1 we obtain R > 0 and (3,,) C RY such that

lunll Lo (Br@. ) <7 (4.29)

Up to a subsequence, we may also assume that

1tn |l Lo (Br(Fa)) = - (4.30)

Indeed, if this is not the case, we have ||u,|| L @®~) < 7, and therefore it follows
from J. (u,) =0, (4.28) and the diamagnetic inequality that

Vo
[ 19hal P+ Vatunl? <, = [ e fenPun? < - [

The above expression implies that |[|[us]|||g1 e~y r) = 0, which does not make
sense. Thus, (4.30) holds.

By using (4.29) and (4.30) we conclude that the maximum point p,, € RY of
|un| belongs to Br(y,). Hence p,, = ¥n+¢n, for some ¢, € Br(0). Recalling that
the associated solution of (P, ) is of the form @, (z) = u,(x/ey), we conclude
that the maximum point 7, of |ty | i 7y, := €p¥n + €ngn. Since (¢,) C Br(0) is
bounded and &,¥, — yo € M (according to Lemma 3.4), we obtain

lim V(n.,) = V(yo) = Vo,

n—oo
which concludes the proof of the theorem. O
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