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ABSTRACT. We obtain multiplicity of positive solutions for the
quasilinear equation

— el div(ia(x)|Vul?2Vu) + u?' = f(u) inRV,

u € Whe(RN),

where € > 0 is a small parameter, 1 < p < N, f is a subcriti-
cal nonlinearity and a is a positive potential such that infp a >
infp a for some open bounded subset A ¢ RN. We relate the num-
ber of positive solutions with the topology of the set where a at-
tains its minimum in A. The result is proved by using Ljusternik-
Schnirelmann theory.

1. INTRODUCTION

Several physical phenomena related to equilibrium of continuous media are mod-

eled by the problem
—div(a(x)Vu) = g(x,u) inQ, u =0o0n0oQ,

where Q is a domain of RN, g is a regular function and a is a nonnegative weight
(see [15]). There is an extensive literature about the regularity and spectral theory
of the above problem when g(x,u) = g(u) is a linear function (see [3, 5, 8, 23]
and references there in). Concerning the nonlinear problem we can cite [9, 10,
24-26].

In [11], Chabrowski studied the problem

(1.1) —div(a(x)Vu) + Au = K(x)|ul®?u inRY,
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withA > 0,2 <q <2N/(N =2),and a € C(RN) n L= (RN) satisfying

0<a(x) < |li‘m a(x)

and being positive in the exterior of some ball Bg(0). By using minimization
arguments he obtained a nonzero solution of (1.1) belonging in some appropriated
subspace of W12 (RN). In his result, it was also supposed an integrability condition
for a(x) and that K € L®(R"N) verified either K(x) > lim|x|~o K(x) or K is
periodic.

More recently, Lazzo [19] considered the equation (1.1) with K = 1 and the
function a satisfying

(1.2) 0<ap:= Inf a(x) < de :=liminfa(x).
xRN [x|— o0

She proved that, for A sufficiently large, there is an effect of the topology of the set
{x € RN :a(x) = ao} on the number of positive solutions of (1.1).

Motivated by [19], we are interested in studying the number of positive so-
lutions of a nonhomogeneous quasilinear form of equation (1.1) under a local
condition on the potential a. More precisely, we deal with the problem

) {—E” div(a(x)|VulP2vu) + u?~' = f(u) inRN,
P

u e Gl (RN) n WhP(RN),u > 0 in RN,

where € > 0 is a small real parameter, 1 < p < N, 0 < & < 1, and the potential
a: RN - R is continuous and verifies

(a1) ag:= infycpy al(x) > 0,
(az) there exists an open bounded set A C RN such that

ap < mina
oA

and M ;= {x € A:a(x) =ag} = 0.

Note that the local condition (a,) is weaker than (1.2) in the sense that it does
not restrict the behavior of a at infinity. This kind of hypothesis was introduced
by Del Pino and Felmer [16] in the study of a semilinear Schrédinger equation.

We also suppose that f € C1(R*, R) satisfies
(f1) f(s) =o(sP~1)ass — 07,
(f>) thereexistsp < q < p* := Np/(N—p) such that f(s) = 0(s97 1) as s — 0,
(f3) there exists p < 0 < q such that

0 < OF(s):= QJOSf(T)dT <sf(s) foralls >0,
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(f4) thereexist p < 0 < p* and Cs > 0 such that
f(s)s=(p=1)f(s) =Cys° ' foralls > 0.

If' Y is a closed set of a topological space X, we denote by catx (Y) the Ljusternik-
Schnirelmann category of Y in X, namely the least number of closed and con-
tractible sets in X which cover Y. We are now ready to state the main result of this

paper.
Theorem 1.1. Suppose that the potential a satisfies (a1)—(az) and the function
[ satisfies (f1)—(f4). Then, for any 6 > 0 such that

Ms = {x € RN : dist(x, M) < 6} C A,

there exists €5 > 0 such that, for any € € (0,&s), the problem (Ps) has at least
caty; (M) solutions.

The proof of Theorem 1.1 will be done in three main steps. First, we apply
the penalization method introduced by Del Pino and Felmer in [16]. It consists
in modifying the function f(u) outside the set A in such a way that the energy
functional of the modified problem satisfies the Palais-Smale condition.

In the second step, by using a technique due to Benci and Cerami [6], we re-
late the category of the set M with the number of positive solutions of the modified
problem. It is worthwhile to mention that, since we deal with a nonhomogeneous
term f(u), we cannot apply the concentration compactness principle [21] di-
rectly as in [6, 13, 19]. This difficulty is overcame by a detailed study of the energy
functional restricted to its Nehari manifold.

In the last step we prove that the solutions obtained in the second one are in
fact solutions of (P¢). The main problem here is that, since we are dealing with a
quasilinear problem, we cannot argue as in [16,25] to obtain uniform convergence
(on compact sets) of the solutions. Thus, we proceed as in [12] by adapting the
Moser’s interaction method [22] in order to make careful estimates on the behavior
of the solutions obtained in the second step.

To the best of our knowledge, there are no multiplicity results for quasilinear
equations via penalization methods. However, our result seems to be new even in
the semilinear case p = 2. It extends the results in [19] and complements those of
(11,13,16,25].

We end this introduction by quoting some papers which dealt with the non-
linear Schrédinger problem

(1.3)

—EAu+Vx)u=Kx)u" '+ Q(x)ut"! inRN,
ueC*R¥N) nwWhH2(RN), u>0 in RN,

withe> 0,2 <t <r <2* Ve C(RN) satisfying Vj := infgy V > 0, K positive
and K, Q € L*(RN). In [13], Cingolani and Lazzo considered K = 1, Q = 0 and
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V verifying a global condition similar to (1.2). They related the number of solu-
tions of (1.3) with the topology of the set where V attains its minimum. Later, the
same authors [14] supposed that Q could change sign and obtained a multiplicity
result involving the set of global minima of a function which gave the ground state
levels of some autonomous problems related with (1.3). Roughly speaking, this
function provides some kind of global median value between the minimum of V
and the maximum of K and Q. We finally mention the paper of Ambrosetti, Mal-
chiodi and Secchi [4], where the case Q = 0 is studied. Among other results, they
proved that the number of solutions of (1.3) is related with the set of minima of
a function given explicitly in terms of V, K, 7, and the dimension N. Since they
used a finite dimensional reduction method, it is supposed that V, K € C?(RN)
are bounded, with D?V also bounded. We emphasize that, unlike the aforemen-
tioned works, we make no assumptions on the behavior of a at infinity. In partic-
ular, we allow the potential a be unbounded or liminf| x|~ a(x) < ay.

The paper is organized as follows: in Section 2, we modify the original prob-
lem and also prove some results concerning the autonomous problem related with
(P¢). In Section 3, we present a multiplicity result for the modified problem.
Theorem 1.1 is proved in Section 4.

2. SOME NOTATION AND THE PENALIZATION SCHEME

Throughout the paper the conditions (a1)—(az) and (f1)—(fs4) will be assumed.

Since we are interested in positive solutions, we extend f to the whole real line by

setting f(s) := 0 for s < 0. To simplify notation, we write only Ju instead of

JRNu(x) dx.

In order to overcome the lack of compactness of the problem (P¢) we make a
slight adaptation of the penalization method introduced by Del Pino and Felmer
in [16]. So, we choose k > 6/(6 — p), where 0 is given by (f3), and take a > 0
to be the unique number such that f(a)/a?~! = 1/k. We set

) f(s) ifs <a,
f(s):=

%SV*I ifs>a.

Let 0 < ty < a < T, and take a function n € C5° (R, R) such that

(n1) n(s) < f(s) forall s € [ta, Tal,

(02) N(ta) = fta), n(Ta) = f(Ta), 0’ (ta) = £ (ta) and ' (Ta) = f'(Ta),
(n3) the map s — n(s)/sP~!is increasing for all s € [t4, Ty 1.

By using the above functions we can define f € C1(R,R) as follows

_ f(s) ifs ¢ [ta, Tal,
f(s):= {f 1
n(s) ifs e[ty Tal.
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If x, denotes the characteristic function of the set A, we introduce the penalized
nonlinearity g : RN X R — R by setting

(2.1) 9(x,5) 1= Xp () f(5) + (1 = x5 (X)) F(5).

Notice that, using (f1)—(f4) and (n1)—(n3), it is easy to check that g (x, s) satisfies
the following properties:

(91) g(x,s) =o0(sP71) as s — 0, uniformly in x € RV,
(92) g(x,s) =0(s97 ") as s — o, forsome q € (p,p*),
(g3) there exists 0 € (p, q) such that

)
(1) 0<0G(x,s):= QJ glx,1)dt < g(x,s)sforallx € A, s > 0,
0

(i) 0 < pG(x,s) < g(x,s)s <sP/kforallx € RN\ A, s >0,
(g4) the function s — g(x,s)/sP~!is increasing for all x € A, s > 0.

Remark 2.1. It is easy to check that, if u¢ is a positive solution of the equation

(2.2) —eP div(a(x)|VulP2vu) + u? ' = g(x,u) inRN

such that u.(x) < t, for all x € RN \ A, then g(x,u:) = f(ue) and therefore
U, 1s also a solution of (P).

In view of the remark above, we deal in the sequel with the penalized problem

5 {—div(a(ex)IVulp‘ZVu) +u?P!'=g(ex,u) inRN,
P

u e CLYRN) n WP (RN), u(x) >0 for all x € RN,
and we will look for solutions u, of (P;) verifying
(2.3) U (x) <t, forallx eRNV\A,,

where
Aei={x e RN :ex e A}.

For any € > 0, we denote by X, the Sobolev space W7 (RN) endowed with
the norm

lulle = | [a@oivup + |u|r’>}”p.

The weak solutions of (P;) are the positive critical points of the C!-functional
E¢ : X¢ — R given by

E.(u) := 1 J(a(sx)qul” + lul?P) — JG(EX,M).
p
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For any given § > 0 there exists C¢ > 0 such that
(2.4) 1g(x,8)| < ElsIP71 + Cels|9! forall x € RN, s € R.
Thus, if
Ne:={ue X\ {0} : (Ec(u),u) =0}
denotes the Nehari manifold of E, we can use (2.1) and (g3) to obtain ¥ > 0
such that

(2.5) lulle =7e >0 forallu € Ne.

In what follows, supp u denotes the support of a function u.

Lemma 2.2. Letu € X be a nonnegative function such that suppu N A¢ has
positive measure. Then there exists a unique t, > 0 such that tyu € N.

Proof. If Y(t) := E¢(tu) for t = 0, inequality (2.4) and the Sobolev embed-
dings imply that y is positive near t = 0. Moreover,

LTI
P(t) < , [|ul|f LfG(fx,tu).

Since the set {x € A¢ : u(x) > 0} has positive measure, the above expression
and (g3)(i) imply that ¢(t) — —o0 as t — co. Hence, there exists t,, > 0 such
that ¢’ (t,) = 0, namely the point where ( attains its maximum. A direct com-
putation shows that t,u € N;. The uniqueness follows from the monotonicity
condition (g4). The lemma is proved. O

Remark 2.3. If u € N, then the last inequality in (g3)(ii) implies that
supp U N A¢ has positive measure. Thus, we can argue as above to conclude that
Ec(tu) < Ec(u) forall t = 0.

We make now some comments about the autonomous problem

—aodiv(|VulP2vVu) + u?~! = f(u) inRN,
(2.6)

ue CLYRN) nWLP(RN), u(x) >0 forallx € RV,

whose solutions are the positive critical points of the C!-functional I : WP (RN) -
R given by

N ST
Io(u) = {fulf§ jF(m,

where

1/p
lullx = H(aoww ; |u|r’)} forall u € X := WP (RV).
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Let
Mo :={u e X\ {0} : (Ij(u),u) =0}

be the Nehari manifold of Iy and consider the minimization problem

my := inf I()(u).
uem,

It can be proved (see [28, Chapter 4]) that my is positive and can be characterized
as

2.7) mo = inf suplp(tu) > 0.

ueX\{0 t>0

Moreover, for any u € X \ {0}, there exists a unique t,, > 0 such that t, u € M,.
The maximum of the function t — Iy(tu) for t = 0 is achieved at t = t,,.

The following result presents an interesting property of the minimizing se-
quences of my.

Lemma 2.4. Let (wyn) C My be such that Io(Wn) — Mo and uy — W weakly in
X. Then there exists a sequence (37y) C RN such that vy := un(- + V) — v € My
with Iy(v) = my. Moreover, if u + 0, then (3n) can be taken identically zero and
therefore uy, — u in X.

Proof. The proof is similar to that presented in [2, Theorem 3.1] and it will
be omitted. O

We recall that a solution u of (2.6) is called ground state solution if
Ip(u) = min{Ip(v) : v is a solution of (2.6)}.

As an easy consequence of the above lemma we have the following useful result.
Corollary 2.5. The problem (2.6) possesses a ground state solution.

Proof. By the preceding lemma, the number my is achieved by some u €
M. Since u is a critical point of the functional Iy restricted to My, we can use
standard arguments (see [2, Proposition 3.2] for example) to get In(u) = 0 in
the dual space of X. Hence, u satisfies the equation in (2.6). If we denote by
u~ := max{—u,0} the negative part of u, we get

0 = (), u) = [l [ - [ Faou =

and therefore u > 0 in RN. Adapting arguments from [20, Theorem 1.11] we

conclude that u € L®(RN) n Cllo‘,f‘([RN) for some 0 < & < 1, and therefore it

follows from Harnack’s inequality [27] that u(x) > 0 for all x € RN. Since all
critical points of Iy belong to M, the solution u is a ground state solution. O
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3. MULTIPLICITY OF SOLUTIONS FOR THE MODIFIED PROBLEM
We devote this section to the proof of the following result.

Theorem 3.1. For any 6 > 0 such that Ms C A, there exists €5 > 0 such that,
for any € € (0, &5), the problem (P;) has at least caty, (M) solutions.

Since we are intending to apply critical point theory we need to introduce
some compactness property. So, let V be a Banach space, V be a C!'-manifold
of Vand I : V — R a C'-functional. We say that I|y satisfies the Palais-Smale
condition at level ¢ ((PS), for short) if any sequence (1) C V such that I(u,) —
c and |[I'(un) ||« — O contains a convergent subsequence. Here, we are denoting
by [II' (w) ||« the norm of the derivative of I restricted to 'V at the point u.

We will use the following Ljusternik-Schnirelmann abstract result for C!-
manifolds (see [18, Corollary 4.17]).

Theorem 3.2. Let 1 be a C'-functional defined on a C'-Finsler manifold V. If
I is bounded below and satisfies the Palais-Smale condition, then 1 has at least cat('V)
distinct critical points.

The proof of Theorem 3.1 is rather long and will be done by applying the
above result to the functional E¢ restricted to N:. Thus, we need first relate
the category of N with that of M. This is exactly the content of the next two
subsections. The following result, whose proof is similar to that presented in

[7, Lemma 4.3], will be used.

Lemma 3.3. Let H, QF, QO be closed sets with Q~ C Q. Let B : H — QF,
S : QO — H be two continuous maps such that B o ® is homotopically equivalent to
the embedding 1 : Q= — Q. Then cat(H) = catg+ (Q7).

3.1. The map ®: Let 6 > 0 be such that Ms c A and choose a cut-off
function ¢ € C§(R*,[0,1]) such that ¢(s) :=1if0 <s < §/2and Y(s) :=0
if s = 6. If w is a ground-state solution of the problem (2.6), we define for each
v € M the function

Yoy ()= wllex - yho ().
Let ®¢ : M — N be given by
O (y) = te¥e y,

where t¢ > 0 is the unique number such that t¢ ¥, ,, € N¢. Since Y (lex—y|) = 1
in Bsj2¢(v/€) and v /€ € Ag, Lemma 2.2 shows that @ is well defined.

Lemma 3.4. Uniformly for y € M, we have

lim E¢(®¢(y)) = my.
&—-0*
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Proof. Arguing by contradiction, we suppose that there exist y > 0, (y») C
M and &, — 0" such that

(3.1) |Ee, (Pe, (Vn)) — Mol = y > 0.

In order to simplify the notation, we write only @, ¥, and t; to denote ®¢, (¥n),
Ye, v, and t¢,, respectively.

Since (E;, (£n¥n), tn'¥n) = 0, with the change of variables z := (g,x —
Yn)/En we get

Iea¥all?, = [ 9enx, ta¥n (X)) tn¥o () dx
= [g(enz + yu, ta ez @)t ezl (2) dz.

Notice that, if z € Bs/¢,(0), then €4z + Yy € Bs(yn) € Ms C A. Recalling
that g(x,s) = f(s) forany x € A and @(s) = 0 for s = 9, the above expression
yields

f(tnp(enz))w(z))
(thp(lenzhw(z))P-1

(3.2) I¥nllE, = lW(lenz)w(2)|P dz.

Let & := min{w (2) : |z] < 6/2}. If ng € N is such that Bs;2(0) C Bs/(2e,)
for all n = ny, we obtain

Iy
5.3) Pl = [, e ) az

< S (o)

> lw(z) ¥ dz,
(tno)P1 Bs2(0)

for all n > ng, where we have used that s — f(s)/sP~! is increasing (see (f4)).
By using Lebesgue’s theorem we may easily check that

6.4 Iallf, = lleoll§ and [ FOE) ~ [ Flao),

If [t,,| — oo, we can use (3.3) and (f3) to conclude that ||V, ||¥, — +co, contra-
dicting the first assertion above. Thus, up to a subsequence, t,, — to = 0.
For any given § > 0, we can use (2.4) and t,¥, € Ng, to get

H\YnH?n < EJ [Wn!? + Cgt%_pj [V, 19,

Since & is arbitrary, if £y = 0 the above expression and the boundedness of (V)
would imply ||‘I’n||?,l — 0, contradicting (3.4). Hence ty > 0 and we can take the



1844 GIOVANY M. FIGUEIREDO ¢ MARCELO F. FURTADO

limit in (3.2) to obtain

S (tow)w

et

j(aoww T lwlP) =
0

from which it follows that tow € M. Since w also belongs to My, we conclude
that to = 1. Thus, letting n — o in

Ee, (®p) = %J(a(snz + ) IV(W(enzDw(2) P + (@ (lenz) w(2)]7) dz
- [ Fttawlenzheo(2)) dz
and using the second statement in (3.4), we get
lim Ee, (®e, (vn)) = Io(w) = my,

which contradicts (3.1) and proves the lemma. O

3.2. The map Bs Let 6 > 0 be such that Ms C A and choose p = p5s > 0
in such a way that Ms C B,(0). Let Y : RN — R be defined as Y(x) := x for
|x| < pand Y(x) := px/|x| for x| = p. Finally, consider the barycenter map
Be : Ne — RN given by

JY(Ex)Iu(x)I”’ dx
Be(u) := .
Jlu(x)lp dx

Since M € B, (0), we can use the definition of Y and Lebesgue’s theorem to
conclude that

(3.5) 1in(1)ﬁg(<1>g(y)) =y uniformly for y € M.
E—)

Lemma 3.5. Let (en) C R* be such that €, — 0 and (wn) C N, satisfying
Ee,(Un) — Mmo. Then there exists a sequence (¥y) C RN such that the sequence
Un 1= Un (- + In) has a convergent .mbsequence in WHP(RN). Moreover, up to a
subsequence, (Yy) 1= (enIn) satisfies yn — ¥ € M.

Proof. We start by proving that there exists a sequence (§7,) C RN and con-
stants R, y > 0 such that

(3.6) lim inf lunl? =y > 0.

n—eo BR(.)’/TL)
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Indeed, if this is not true, then the boundedness of (1;,) in X and a lemma due
to P-L. Lions [21, Lemma I.1] imply that u,, — 0 in L5(RN) forall p < s < p*.
Given § > 0, we can use (2.4) and u, € Ng, to get

lanll, = [gtex,unun <& [1unl? + Ce [ 1unl®

Since un — 0 in L49(RN) and € is arbitrary, we conclude that [[uylls, — O.
Moreover, since JQ(EX,Mn)un — 0, it follows from (g3) that JG(ex,un) - 0.

Hence, E¢,(un) — 0, contradicting mo > 0. Thus, (3.6) holds and, along a
subsequence,
Up:i=uUn(-+ ) — v +#0 weaklyin X.

changing variables and using u,, € N¢,, we get

th th
mo < fo(wy) = 1 jaowm” .o j onl? - JF(tnvn)
tp
<t j(a(enxnwm T unl?) - jG(enx,tnun)

= E¢, (thun) < Eg, (Un).

Hence limy— o Io(wy) = Mg, from which it follows that w, 4 0 in X.
Since (wy) and (vy,) are bounded in X and vy, # 0 in X, the sequence (t5)
is bounded. Thus, up to a subsequence, t, — to = 0. If ty = 0 then [|lwyllx — 0,
which does not make sense. Hence to > 0, and therefore the sequence (wy)
satisfies
Io(wy) = My, wp — w :=tov #0 weakly in X.

It follows from Lemma 2.4 that w,, — w, or equivalently, v, — v in X. This
proves the first part of the lemma.

We claim that () has a bounded subsequence. Indeed, if this is not the case,
then |y, | — co. Consider R > 0 such that A C Bg(0). Since we may suppose that
|vn| > 2R, for any z € Bg/¢, (0) we have

lenz + yul = |ynl — lenzl > R.

If Ty := Bgrye, (0), we can use (Un) C Ng,, (1), the change of variables x —
Z + Yn, the expression above, and (2.1) to get
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J(aolvvnlp + lvnlP)dz < Jg(snz + Yn, Un)Vpdz

= L_ f(vn)vn dz + J 9(Enz + Yn, Un)Vpdz

RN\Ty,

< f(vn)vndz+J fup)v,dz.
In RN\T,

Since f(s) < (1/k)sP~!, the above expression, v, — v in X, and the
Lebesgue Dominated Convergence theorem imply that

1 p _
(1= ) lwalli = [, F@vndz = 0ut)

Letting n — o we conclude that v = 0, which is a contradiction. Thus, up to a
subsequence, y, — ¥ € RV,

It remains to check that y € M. Arguing by contradiction again, we suppose
that a(y) > ao. Then, recalling that w, — w, we can use Fatou’s lemma to
obtain

(37)  mo=Iw) < %j(a(yww T wlP) - jF(w)

< liminf{% J(a(enz + v IVwy P + lwyl?) — JF(wn)}

n—oo

which does not make sense. The proof is finished. o

Following [13], we introduce the set
(3.8) Sei={u € Ne:Ec(u) <mg+ h(e)},

where h : RT — R™ is such that h(g) — 0 as € — 0". Given y € M, we can use
Lemma 3.4 to conclude that h(g) = |E:(®:(y)) — my] is such that h(g) — 0 as
&€ — 0*. Thus, ®¢(y) € X¢ and therefore X¢ + @ for any € > 0.

Lemma 3.6. For any 6 > 0 we have that

lim sup dist(B¢(u), Ms) = 0.

-0t ye3,

Proof. Let (¢n) C R* be such that €, — 0. By definition there exists (u,) C
3, such that

dist(Be, (Un),Ms) = sup dist(Be, (1), Ms) + 0n(1),

UESe,
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where hereafter 0,(1) denotes a quantity which goes to 0 as n — o. Thus, it
suffices to find a sequence () C Ms such that

3.9 |ﬁ£n(un)_yn| =on(1).

In order to obtain such a sequence, we note that Ip(tuy,) < Eg, (tuy) for any
t = 0. Thus, recalling that (uy) C X, € N, we can use (2.7) to get

my = Tagilo(tun) = r{lagiEen(tun) =E¢,(un) < mo + h(ey),

from which it follows that E¢, () — 1. Thus, we may invoke Lemma 3.5 to
obtain a sequence (¥,) C RN such that (yy) := (€x3n) C Ms for n sufficiently
large. Hence,

JY(snx)lunI” dx JY(fnZ + yu)lun(z + yn)l? dz

Bsn(un) =
J|un|pdx J|un(z+5’n)|pdz

J(Y(fnz +yn) = yu)lun(z + n)l? dz

=Yn+ B
j|un(z+yn>|*’dz

Since €z + yn — ¥ € M, we have that B¢, () = Yn + 0, (1) and therefore the
sequence () verifies (3.9). The lemma is proved. O

3.3. Proofof Theorem 3.1 In view of condition (g3), it is standard to check
that E; satisfies the Palais-Smale condition at any level (see [25, Lemma 3.1] for
example). The next result shows that the same is true for E¢ constrained to the
manifold Ng.

Lemma 3.7. The functional E¢ restricted to N satisfies the Palais-Smale condi-
tion.

Proof. Let (un) C N¢ be such that E¢(uy) — ¢ and [|[E{(un)[lx — 0. Then
there exists (A;) C R such that

(310) Eé(un) = An]é(un) +o0,(1),

where J¢ : X¢ — R is given by

Je(u) := Ja(sx)qul” + J lul? — Jg(fx,u)u.
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Since (uyn) C N, we can use (2.1), (n3) and (f4) to get
(Je(un),un) = J{(v — D g(ex, un)un — g'(ex, un)uz}

- j (D= D f ) tn — f ()i}
AeU{up<ty}

+j (P = D) tn — 1 ()i}
(RM\Ag)N{ta<un<Ta}

<G, Unl© < —Caj unl?,
AeU{up<ty} Ae

where g’(x,s) means the derivative with respect to the second variable and the
numbers t; and T,; were fixed at the beginning of Section 2.

By the above expression, we may suppose that (J;(un), un) — € < 0. We
claim that € < 0. If this is the case, it follows from

0= (Eé(un),un) = An(.];(un),un) +o0yn(1)

that A,; — 0. Hence, use can use (3.10) to conclude that E;(1y,) — 0 in the dual
space of X¢. Since we already know that the unconstrained functional satisfies
Palais-Smale, we conclude that (15,) has a convergent subsequence.

It remains to prove that £ < 0. Suppose, by contradiction, that £ = 0. Then it

follows from [{J;(un), un)l = Co | |unl? that uy — 0in L7 (A¢). By interpo-
Ag
lation, u, — 0 in L9(A¢). The same argument employed in the proof of Lemma

3.5 shows that J g(ex,un)uyn = 0, (1). This and (g3)(ii) provide
Ag

l[un|lf = J g(ex, up)uy + J (EX, Up) Uy < lJ [unl? + 0y (1),
RN\A, Ae k Jry\a,

and therefore

(1= ) leali? = 00,

which contradicts (2.5) and proves the lemma. O
We are now ready to present the proof of Theorem 3.1.

Proof of Theorem 3.1. Given 6 > 0 such that Ms C A, we can use (3.5),
Lemmas 3.4 and 3.6, and argue as in [13, Section 6] to obtain &5 > 0 such that,
for any € € (0, &5), the diagram

M2 Zgﬁ» Ms
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is well defined and B¢ o @, is homotopically equivalent to the embedding ¢ : M —
Ms. It follows from Lemmas 3.7 and 3.3, and from Theorem 3.2 that E restricted
to N possesses at least catps (M) critical points u;. Arguing as in the proof of
Corollary 2.5, we conclude that each u; is positive and it is a solution of (P¢).
The theorem is proved. O

4. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1 we need to verify that, for € > 0 small enough, the
solutions given by Theorem 3.1 satisfy the estimate in (2.3). As in [16], the key
step for that is the following.

Proposition 4.1. For any € > 0, let

b} .= sup{rgl/exug : Ug € 3, is a solution of (P;)}.

Then b is finite for € small enough and lims_o+ b} = 0.

Assuming the proposition for a moment, let us see how Theorem 1.1 follows
from it.

Proof of Theorem 1.1. Given 6 > 0 such that Ms C A, we can invoke Theo-

rem 3.1 to obtain, for any € € (0, &5) fixed, catys (M) solution of (P;). Taking &5
smaller if necessary, we can use Proposition 4.1 to conclude that, if u¢ is one of
these solutions, then

(4.1) Ue(x) <ty forall € 0A..

The proof now can be done as in [16]. We recall the argument for complete-
ness. The function u; € W7 (RN) solves the equation

divia(ex)|Vul?2vu) — [ul?2u+g(ex,u) =0 in RV,

Let ve be defined as ve(x) = max{us — t4,0} if x € RN\ Ag, ve(x) = 0
otherwise. In view of (4.1), we can take V¢ as a test function in the above equation
to get

(4.2) J a(ex)|Vuel? + c(x)v? + tac(x)ve = 0,
RN\A¢

where
g(ex,ue(x))

c(x) = lug(x)|P% -
Ue(X)

Condition (g3)(ii) yields that ¢(x) > 0 in RN \ A, hence all the terms in
(4.2) are zero. In particular, v¢ = 0. Thus, (2.3) holds and u; is a solution of (Pg).
The theorem is proved. m
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It remains to prove Proposition 4.1. We commence with a technical convergence
result.

Lemma 4.2. Let (g) C R be such that &, — 0 and (xy) C As,. Ifug, isa
solution of (Pe,,) then, up to a subsequence, vy := Us, (- + Xn) converges uniformly
on compact subsets of RN.

Proof. For eachm € Nand L > 0, we define
v, ifvy <L,
v =
PUTL ifun >

p(B-1)
ZLn.— vnan y

B-1
wL’n = Un‘UL‘n B

whit B > 1 to be determined later.
Let an(x) := a(enXx + enxn). Since Ug, is a solution of (Pg, ) we have that

J(an(x)Ianl’”‘szn Ve +vhlp) = Jg(enx + EnXn, Un) @,

for any @ € X,. Taking ¢ = z1,, we obtain

Jv“f 1)anIanlp=—10(B—1)Jvuf1 "W VR P2V, - Vg

[g(enx+snxn,vn)vnvp<ﬁ D J|vn|pvlﬂ(ﬁ N

Since
ijnﬁ D=l Vo, P2V, - Vuin = J vE BV vy, P =0,
{vn<L}
we can use (1) to get
aoijnﬁ Vv, l? < Jg(snX+enxn,vn)vnv"(ﬁ Y le Pufr .

Thus, by using (2.4) with 0 < & < 1, we obtain a constant C; > 0 such that
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On the other hand, by the Sobolev embedding we get
winlhe <G [ 1Vwal” = & [ 1V vl )17
< Co(B= 17 [l IVl + G [0l 1Tl

= Cp-r

(B-1) (B-1)
vf’,f Ian|p+C3JvEf |V vunl?

{vn<L}

< C4B” J v v,
This, (4.3), Holder’s inequality and the boundedness of (vy,) imply

(B-1) -
| Wi | sCsﬁpJvﬁvﬁf =C5,B”Jv?l Pwl

(a-p)/p* (p*—(a-p))/p*
* * *_ (4
< C53”<Jvﬁ ) (Jwﬁz I(p*-(q n)))

= CGBP|WL,7L|§*,
with p < &* = pp*/(p* — (@ — p)) < p*, whenever wr ,, € L (RN).

Since vy < vy, we conclude thatwy , € LY (RN), whenever vﬁ e LY (RN).
If this is the case, it follows from the above inequality that

« sip 1 \P/PT o\ Pl
(Jorratse )™ < com( it

By Fatou’s lemma in the variable L, we get
(4.4) [Unlgps < (C)VFBYPup g < oo,
whenever vﬁa* e L1(RN).

We now set B := p*/a* > 1 and note that, since v, € L?* (RN), the above
inequalities hold for this choice of B. Thus, since f2a* = Bp*, it follows that
(4.4) also holds with B replaced by B%. Hence,

[nlgep < (CHVE BB vl proe < (Co)VEHVE BUBR2IE [y g

By iterating this process and using that f&* = p*, we obtain

|vn|[3mp* = C7zi:1ﬁi Bzﬁl B |Un|p*-
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Since B > 1 and (vy) is bounded, we can take the limit as m — oo to get

Let Q C RN be a bounded domain and € > 0. The above inequality and (2.4)
imply that

"o glex + enxmvn) < 1+ E)CE " + CgCg_l.

vk~
Since U, is a solution of (ﬁgn ), we can use the above expression and a result of Di
Benedetto [17, Tbeorem 2] to conclude that, for any compact set K C Q, there
exists a constant Ck,o, depending only of Cg, N, p, and dist(K, 0Q2), such that

[Vnlcox) < Ck,a,

for some 0 < &« < 1. It follows from the Schauder embedding theorem [1, Theo-
rem 1.31] that v, possesses a convergent subsequence in CH)C(IRN ). The lemma is
proved. O

Proof of Proposition 4.1. Arguing by contradiction, we suppose that there ex-
ists (€4) C RT such that &, — 0 and b, = c. Then we can take a sequence
Ue, € 3¢, of solutions of (Pg,) such that ug, (x,) = b > 0, for some b > 0 and
(xn) € 0As,.

As in the proof of Lemma 3.6, we have that E¢, (un) — mo. If vy := ug, (- +
Xn), then v, — v weakly in X. Since v,,(0) = ug,(xn) = b > 0, Lemma 4.2
implies that v # 0. If t;, > 0 is such that wy, = t,vy € My, we can argue as in
the proof of Lemma 3.5 to conclude that Ip(wy) — my. It follows from Lemma
2.4 that wy, — w in X and Iy (w) = my.

Since OA is compact, we may suppose that €,x, — X € 0A. In view of
(a2), we have that a(x) > ao. Thus, the same calculations made in (3.7) give a
contradiction and we conclude that b} < o for € > 0 small enough.

For the second part we argue by contradiction again and suppose that there
exists &, — 0% and b > 0 with b = b > 0. For each n € N there exists a

solution ., € ¢, of the problem (P, ) in such a way that

b
<b¥ - — < maxue,.
2 T N, "

Hence we can take a sequence (x,) C 0Ag, such that ue, (xn) = b/2 > 0. The
same argument employed in the first part of the proof gets a contradiction. This
finishes the proof. O
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