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Abstract

We prove results concerning the existence and multiplicity of positive solutions for the quasilinear equa-
tion

—div(a(ex)|VulP2Vu) + ulPu= fu) nRY, uewlP(RVY),

where 2 < p < N, a is a positive potential and f is a superlinear function. We relate the number of solutions
with the topology of the set where a attains its minimum. The results are proved by using minimax theorems
and Ljusternik—Schnirelmann theory.
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1. Introduction

The purpose of this article is to investigate the existence and multiplicity of solutions of the
following quasilinear problem:

—div(a(ex)|VulP72Vu) + [u|P"2u = f(u) inRV,
1 N N (Pe)
ueW-P(RY), u(x)>0 forall x eR"Y,
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wheree >0,2<p<N, f:R—>Risa C!-function and the potential a satisfies

(a1) a:RY — R is continuous and

0<ap:= inf a(x) < ae :=liminfa(x).
xeRN |x]—00

This kind of hypothesis was introduced by Rabinowitz [23] in the study of a nonlinear
Schrodinger equation.
Since we are looking for positive solutions, we suppose that

(f1) f(s)=0foralls <O0.
Moreover, we assume the following growth conditions at the origin and at infinity:

() f(s)=o(sPass—0t,
(f3) thereexists p <q < p* = Np/(N — p) such that

. f)
1m =

§—>00 sq—l

0.

We call u € WP (RV) a weak solution of the equation in (P,) if it verifies

/(a(sx)|Vu|p_2Vu~V(p+Iulp_2u¢)dx=ff(u)¢dx,
RN RN

for all ¢ € WhP(RN). If we denote by F(t) = fol f(s)ds the primitive of f, conditions (f1)—
(f3) imply that the functional I, : W!-”(RY) — R given by

Ig(u)zl/(a(sx)WuIP—i—lulp)dx—/F(u)dx
p

RN RN

is well defined. Moreover, I, € CZ(W"?(RV), R) and the weak solutions of (P,) are precisely
the positive critical points of I;.

In order to obtain such critical points, we use minimax theorems and Ljusternik—Schnirelmann
theory. As it is known, this kind of theory is based on the existence of a linking structure and on
deformation lemmas [6]. In general, to derive such deformation results, it is supposed that the
functional I, satisfies some compactness condition. In this article, we use the classical Palais—
Smale condition (see Section 2). Related with this condition we suppose that f verifies the well-
known Ambrosetti-Rabinowitz superlinear condition, that is,

(fa) there exists 0 > p such that

0<OF(s)<sf(s) foralls>O0.

Finally, in order to localize the minimax levels of the functional /., we suppose the following
monotonicity condition for f:

(fs) the function s — f(s)/s?~! is increasing for s > 0.
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We recall that a solution ug of (P.) is called ground state solution if it possesses minimum
energy between all solutions, that is,

Is(uo) = min{I, (u): u is a solution of (P;)}.

In our first result we obtain, for ¢ > 0 small enough, the existence of a ground state solution
of (Py).

Theorem 1.1. Suppose that 2 < p < N, a satisfies (a1) and the function f satisfies ( f1)—(fs).
Then there exists gy > O such that, for any ¢ € (0, &9), the problem (P;) has a ground state
solution.

In the paper we also relate the number of solutions of (P;) with the topology of the set of
minima of the potential a. In order to present our result, we introduce the set of global minima
of a, given by

M = {x eRN: a(x) =a0}.

Note that, in view of (a;), the set M is compact. For any § > 0, let us denote by M5 =
{x e RV: dist(x, M) < 8} the closed 8-neighborhood of M.

We recall that, if Y is a closed set of a topological space X, catx(Y) is the Ljusternik—
Schnirelmann category of Y in X, namely the least number of closed and contractible sets in
X which cover Y. In our multiplicity result we assume a condition stronger than (f5) and prove
the following theorem.

Theorem 1.2. Suppose that 2 < p < N, a satisfies (ay), the function f satisfies ( f1)—(fs) and

(f5) there exist o € (p, p*) and Cy > 0 such that
f)s—(p—-Df@s) > Cgs"_l foralls > 0.

Then, for any § > 0 given, there exists 5 > 0 such that, for any ¢ € (0, &), the problem (P;) has
at least caty (M) solutions.

In the proof of Theorem 1.2 we apply a technique which was introduced by Benci and Cerami
in [8]. It consists in making a comparison between the category of some sublevel sets of the
energy functional /., constrained on some appropriated manifold, and the category of the set M.

Several physical phenomena related to equilibrium of continuous media are modeled by the
problem

—div(c(x)Vu):g(x,u) in £2, u=0 onds2, (1.1)

where £2 is a domain of R, g is a regular function and c is a nonnegative weight. In order
to be able to deal with media which possibly are somewhere “perfect” insulators or “perfect”
conductors (see [16]) the coefficient ¢ is allowed to vanish somewhere or to be unbounded.
There is a quite extensive literature about the regularity and spectral theory of the above
problem when g(x,u) = g(u) is a linear function (see [5,7,10,15,20] and references therein).
Concerning the nonlinear problem we can cite the papers [11,12,21,22,25].
In [13], Chabrowski studied the problem

—div(c(x)Vu) + ru = K()|ul?*u  inRY (1.2)
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with A > 0,2 < ¢ <2* and c € C(RV) N L>®(RY) satisfying

0<ce(x) < lim c(x),
[x|—00
and being positive in the exterior of some ball Bg(0). By using minimization arguments he
obtained a nonzero solution of (1.2) belonging in some appropriated Sobolev space. In his result,
it was also supposed an integrability condition for c¢(x) and that K € L*®(R") verifies either
K (x) > limjy|— 00 K (x) or K is periodic.

More recently, Lazzo [17] considered Eq. (1.2) with K = 1 and the function c satisfying the
condition (a;) with a(x) replaced by c(x). She proved that, for any § > 0 given, there exists
As > 0 such that (1.2) possesses at least catys; (M) positive solutions for any A > As.

The results of this paper extend those of [17] in two senses: first because we deal with
2 < p < N instead of p =2, and second because, in general, our nonlinearity f is not a power.
The main problem in considering 2 < p < N is that we need to work in a Sobolev space without
Hilbertian structure. Thus, some calculations that involve the Brezis—Lieb lemma are more dif-
ficult. Since f (1) may be different from |u|?~2u, we cannot use the same arguments developed
in [17]. Thus, we adapt some ideas from [3,4] and make a detailed study of the behavior of the
functional I, restricted to its Nehari manifold. However, we would like to emphasize that our
results seem to be new even in the semilinear case p = 2.

It is worthwhile to mention that our last result is closely related to those presented by Pom-
ponio and Secchi in [22]. There, the authors studied positive solutions for the problem

—div(J(ex)Vu) + V(ex)u = f(u) inRY,

where ¢ > 0, J is a symmetric uniformly elliptic matrix and V is a positive potential. They
proved some multiplicity results in the same spirit of Theorem 1.2 (see [22, Section 6]). We
finally mention the paper of Cingolani and Lazzo [14], where the authors considered positive
solutions for the Schrodinger equation

—Au+a(ex)u=ul?*u inRY

with ¢ > 0, 2 < g <2* and « satisfying (a1), and obtained a multiplicity result similar to Theo-
rem 1.2.

The paper is organized as follows. In Section 2 we present the abstract framework of the
problem as well as some results about the autonomous problem. In Section 3 we obtain some
compactness properties of the functional . Theorem 1.1 is proved in Section 4 and the final
Section 5 is devoted to the proof of Theorem 1.2.

2. The variational framework

Throughout the paper we suppose that the functions a and f satisfy the conditions (a;) and

(f1)—(fa), respectively. Since (]‘\5) implies ( f5), we also assume hereafter that the function s —
f(s)/sP~! is increasing for s > 0. We write only [ u instead of [py u(x) dx.
For any ¢ > 0, let X, be the Sobolev space WP (RN) endowed with the norm

1/p
lulle = {/(a(ex)IVuler Iul”)} .

Since the potential a is bounded and positive, the above norm is equivalent to the standard norm
of WhP(RN).
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As stated in the introduction, we will look for critical points of the C>-functional I, : X, — R
given by

Is(u)z%/(a(SX)IVuIPJrIuI”)—/F(u),

where F (1) = f(; f(s)ds. We introduce the Nehari manifold of /. by setting

N ={u € Xe \ (O} (1), u) =0} = { & Xe \ {0): [lull? =/f<u>u}

and consider the following minimization problem:

ce = inf I (u).
ueN,

We present now some properties of ¢, and A;. For the proofs we refer to [27, Chapter 4].
First we observe that, for any u € X, \ {0} there exists a unique #, > 0 such that t,u € N;. The
maximum of the function 7 + I (tu) for t > 0 is achieved at r = ¢, and the function u > 1, is
continuous from X, \ {0} to (0, c0). Given § > 0, we can use (f1)—(f3) to obtain Cs5 > 0 such
that

|F)|<8IsIP~! + Csls197! foralls e R. (2.1

Since ¢ > p, the above estimate and standard calculations imply that O is a local minimum of 7.
Moreover, by (f1) and (f1), we have that

F(s)>Cls|’ foralls eR, (2.2)

and some C > 0. Hence,
tP
Le(tu) < ;uung’ —cﬁfw,

and we conclude that I, (fu) — —oo as t — oo, for any u € X, \ {0}.

The above considerations show that I, satisfies the geometry of the mountain pass theorem.
By using (f5) and arguing as in [27, Theorem 4.2], we can prove that c; is positive, it coincides
with the mountain pass level of I, and satisfies

= inf max [, 1)) = inf max/.(¢ 0, 2.3
= en o (r ) X (0) 120 eltu) > (2.3)

where I; ={y € C([0, 1], X;): y(0) =0, I.(y(1)) <0}.
As we will see, it is important to compare ¢, with the minimax level of the autonomous
problem

{—udiv(|Vu|1’_2Vu)+ ulP~2u= f(u) inRYN,

AP
ue WhP@RN), u(x)>0 forall x e RV. (A4Pu)

Denote by | - [|w, the following norm in W7 (RV):

lllw, = {/(MIVMI”+ Iulp)}l/p-

It is well defined and it is equivalent to the standard norm of W7 (R¥). The solutions of (AP,)
are precisely the positive critical points of the functional E,, : WP (RN) — R given by

1
Eu(u)z;/(MIVMIPHMIP)—/F(M)-
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Let M, be the Nehari manifold of E,, given by
My ={ue WP (RN)\ {0}: (E] (), u)=0}
and define m(p) by setting

m(u) = inf E, ().
u Iz

The number m () and the manifold M,, have properties similar to those of ¢, and N,. We
devote the rest of this section to show that m(w) is attained by a positive function.

We start by recalling the definition of the Palais—Smale condition. So, let V be a Banach
space, V be a C!-manifold of V and I:V — R a C!-functional. We say that /|y, satisfies the
Palais—Smale condition at level ¢ ((PS), for short) if any sequence (u,) C V such that I (4,) — ¢
and [|1'(u,) |« — O contains a convergent subsequence. Here, we are denoting by ||’ (u)]+ the
norm of the derivative of [ restricted to ) at the point u (see [27, Section 5.3]).

Lemma 2.1. Let (u,) C WP (RN) be a (PS). sequence for E,,. Then we have either

@ llunllw, — 0, or
(i) there exist a sequence (y,) C RN and constants R, y > 0 such that

n—00
Br(yn)

liminf/ luny|? >y > 0.

Proof. Suppose that (ii) does not occur. Condition (f4) and standard calculations show that
(uy) is bounded in wlp (RN). Thus, it follows from a result of P.L. Lions [19, Lemma I.1] that
u, — 0in LS(RN) for all p <s < p*. Given § > 0, we can use (2.1) to get

<6/|un|P+C5/|un|q.

Since (u,) is bounded in LP(RM), u,, — 0 in LY(RY) and § is arbitrary, we conclude that
f f(un)u, — 0. Recalling that (E;L(un), u,) — 0, we get

0< ‘/f(“n)un

IIMnII{’},M=/f(un)un+on(1)—>0.

Hence (i) holds and the lemma is proved. O

Proposition 2.2. Suppose that 2 < p < N, a satisfies (a1) and the function f satisfies ( f1)—(fs).
Then, for any |1 > 0O, the problem (AP,,) has a ground state solution.

Proof. Conditions (f1)—(f4) imply that E,, satisfies the mountain pass geometry. Thus, there
exists a sequence (u,) C wbP(RN) such that
E,(up) — m(p) and  E; (uy) — 0.

Since (u,) is bounded, up to a subsequence, u, — u weakly in wLr(@RN) and u,(x) — u(x)
a.e. in RV . By adapting standard calculations [28] (see also [24, Corollary 3.7]), we can obtain a
subsequence, still denoted by (u,,), such that
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Vu,(x) - Vu(x) ae.xe RN,

ad a
|Vun|p_2% — IVulp_za—u weakly in (LP(RN))*, 1<i<N.
X Xi

1 1
The weak convergence of (u,), the above expression and the subcritical growth of f imply that
E ;L (u)=0.
Suppose that u # 0. Then u € M, and, if we denote by u® = max{=u, 0} the positive (nega-
tive) part of u, we get

0= (E}, ), u”)=lu"ly, —/f(u)zf = Il Iy,

and therefore u > 0 in RV, Adapting arguments from [18, Theorem 1.11], we conclude that
ue LOO(]RN )n Cllo’g (RN ) for some 0 < @ < 1, and therefore it follows from Harnack’s inequal-
ity [26] that u(x) > O for all x e RV,

In order to prove that E, (1) = m(u), it suffices to recall that u € M, and apply Fatou’s
lemma to get

1 1
m(p) < Ep(u) =E,(u) — ;(EL(M),M:/(;f(M) - F(u))

<liminf f (%f(un) - F(un))
= lliqrggf<Eu<un> - %(E,;wn), un>) =m(p).

We now consider the case u = 0. Since m(u) > 0 and E,, is continuous, we cannot have
lunllw, — 0. Thus, we obtain from Lemma 2.1 a sequence (y,) C R¥ and constants R,y > 0
such that

liminf / lu,|P >y > 0.

n— o0
Br(yn)

If we define vy, (x) = u, (x + y,) we can use the invariance of R" by translations to conclude that
E,(vy) = m(u) and E, (v,) — 0. Moreover, up to a subsequence, v, — v weakly in wLp(RN)
and v, — v in L?(Bg(0)), with v being a critical point of E,. Since

/ [v|? =liminf / |v, | = liminf / lun|? >y >0,
n—oo n— oo
Br(0) Br(0) Br(yn)

we conclude that v # 0, and the lemma follows as in the first part of the proof. O

Remark 2.3. The above proposition and the same argument employed in [4, Lemma 10] show
that the function p — m(u) is increasing for p > 0.

We finish this section by noting that I (1) = E4, () for all u € wbr(RN). Hence, the char-
acterization of ¢, (and of m(agp)) given by (2.3) implies that ¢, > m(ag) > 0 for any ¢ > 0. Thus,
we can easily conclude that there exists # > 0, independent of ¢, such that

lulle >r >0 foranye >0, ucN. 2.4)



712 G.M. Figueiredo, M.F. Furtado / J. Math. Anal. Appl. 321 (2006) 705-721

3. A compactness condition

In this section we obtain some compactness properties of the functional /.. We start by noting
that, if (u,) is a (PS). sequence for I then it is bounded in X,. In view of (f1) we have

(i) = Ly 17 = [ oy = oz
The boundedness of (1, ) and the above expression imply that |[u, || — 0. Thus, we can
easily compute
Ie(un) = I (1) + 0 (1) and I (un) = 1} () +0a(1),

where 0, (1) denotes a quantity that goes to 0 as n — oo. This shows that (u;") is also a (PS).
sequence. Since we are always interested in the existence of convergent subsequence, we will as-
sume hereafter that u,, is nonnegative. The same will be done for the autonomous functional E,,.

Lemma 3.1. Let (v,) C X, be a (PS)y sequence for I, such that v, — 0 weakly in X.. Then,

limsup/(s,,aoo —a(ex))|Vu,|P <0

n—oo

for any sequence (s,) C R satisfying s, — 1.
Proof. Let C > 0 be such that f [Vu,|? < C. Since s, — 1 and

f(snaoo — a(ex) | Vu|? = /(aoo — a(ex)) | Von P + oo (sn — 1)/ Vul?,

it suffices to consider the case s, = 1.
Given é > 0, we can use condition (a;) to obtain R = R(§) > 0 such that a(ex) > ax — 8 for
any |x| > R. We claim that fBR(O) Vv, |P — 0 as n — 0o. Assuming the claim, we get

/(aoo —a(sx))|an|p < f (aoo —a(sx))|Vv,,|” +8C =0,(1)+6C
Br(0)

for any § > 0, and the lemma follows.
In order to prove the claim, we take ¥ € C{° (RN, [0, 1]) such that ¥ = 1 in Bg(0) and
supp ¥ C By (0). By using condition (a1) and the definition of I, and v, we get

ao / Vual? < / a(sx>|an|"w</a(ex>|an|"w=An+Bn, 3.1
Br(0) Br(0)
where

An == [aEIVu, 1 20T, 99
and
By = {I/(ua). va ) — / oalP + f F@uny.
The boundedness of a and Holder’s inequality imply that

(p—1/p 1/p 1/p
IAn|<C1</Ian|”> (flvn|p|V¢|p> <C2< [ IUnIPIVWI”) -

Byr(0)



G.M. Figueiredo, M.F. Furtado / J. Math. Anal. Appl. 321 (2006) 705-721 713

Since v, — 0 in L (R") and v is regular, we conclude that A, — 0. Recalling that (v,)

is a Palais—Smale sequence, we can use the boundedness of (v,v), the convergence of v, in
Lﬁ)c (RV) and (2.1) as in the proof of Lemma 2.1 to conclude that B, — 0. It follows from (3.1)
that fBR(O) [Vup|? = 0. O

Lemma 3.2. Let (v,) C X be a (PS)4 sequence for I such that v, — 0 weakly in X.. If v, - 0
in Xg, thend > m(ax).
Proof. Let (#,) C (0, +00) be such that (t,v,) C M, . We start by proving that

to =limsupt, < 1.
n—>o

Arguing by contradiction, we suppose that there exist § > 0 and a subsequence, which we also
denote by (#,), such that

ty>1+8 forallneN. (3.2)

Since (vy) is bounded in X, (IS’ (vy), vp) — 0, that is,

/(a(8X)|an|p+|vn|p)=/f(vn)vn+0n(1)~

Moreover, recalling that (,v,) C M, , we get
trf/(aoo|vvn|p + |Un|p) :/f(tnvn)(tnvn)'

Since s — f(s)/sP~! is increasing, we can use the above equalities and (3.2) to get

/(aoo—a(sx))anlp:/( ACL f (un) )(Un)p+0n(1)

(tav)P~1 (v)P~!
>/<f«wau__fwm
AN S

Since ||v,|le = 0, we can argue as in the proof of Lemma 2.1 to obtain (y,) C RY and
R,y > 0 such that

)(vn)” +on (D). (3-3)

/|ww>y>0 (3.4)
Br (y")

If v,(x) = v, (x + y,), then there exists a nonnegative function v such that, up to a subse-
quence, ¥, — ¥ weakly in X,, 0, — ¥ in L?(Bg(0)) and ¥, (x) — #(x) a.e. in RY. Moreover,
in view of (3.4), there exists a subset £2 C Br(0) with positive measure such that v(x) > 0 for
ae.x €f2.

On the other hand, by changing variables in (3.3), we can use Fatou’s lemma and Lemma 3.1
to obtain

/( f(a+9v)  fO )ﬁ,,<0
(1 +8)v)r—t  (v)r-! =

Since the integrand is nonnegative, the above expression contradicts the positiveness of v in 2.
This contradiction shows that 7y < 1, as claimed.
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If #p < 1 we may suppose, without loss of generality, that 7, < 1 for all n € N. Conditions (f1)
and (f5) imply that the function s %f(s)s — F(s) is nondecreasing. Thus,

m(aoo) < Eqy, (thvn) — %<E;oo(tnvn), tnvn> = /{%f(tnvn)(tnvn) - F(tnvn)}

1 1
< /{;f(vn)(vn) - F(Un)} = Ic(vn) — E(Ié(vn)7 Un>=d+0n(1)-

Taking the limit, we conclude that m(ax) < d.
If 7o = 1 then, up to a subsequence, we may suppose that #, — 1. Thus,

m(as) < an(lnvn) — I (vy) + I (vy)

=%/(trfaoo —a(ex))lenll’ +/(F(Un) — F(tnvn)) +d+0n(1)

By using an straightforward application of the mean value theorem, (2.1) and the Lebesgue theo-
rem we can check that f (F(vy)— F(t,v,)) = 0,(1). Hence, the above expression and Lemma 3.1
imply that m(as) < d. The lemma is proved. O

We present below the two compactness results which we will need for the proof of the main
theorems.

Proposition 3.3. The functional I, satisfies the (PS). condition at any level ¢ < m(axo).

Proof. Let (u,) C X, be such that I (u,) — ¢ and I/(u,) — 0 in X}. Up to a subsequence,
u, — u weakly in X, with u being a critical point of ;. Thus, we can use ( f1) to get

Te(u) = I (u) — %(Q(H), u) =/<%f(u)u - F(u)) = 0.

Let v, = u, — u. Arguing as in [2, Lemma 3.3] we can show that I/(v,) — 0 and
Ie(vy) — ¢ — I (u) =d <m(aco),

where we used that ¢ < m(as) and I, (#) > 0. Since v, — 0 weakly in X, and d < m(ax),
it follows from Lemma 3.2 that v, — 0, i.e., u;, — u in X,. This concludes the proof of the
proposition. O

Proposition 3.4. If f verifies (]?5) then the functional I, restricted to N satisfies the (PS).
condition at any level ¢ < m(aeo)-

Proof. Let (u,) C N; be such that I, (u,) — ¢ and || I/(u,)l|«x — 0. Then there exists (1,) C R
such that

I (up) = A I (un) + 0n (1), (3.5)

where J; : X, — R is defined as

Je(u) = IIMII§—/f(u)M-



G.M. Figueiredo, M.F. Furtado / J. Math. Anal. Appl. 321 (2006) 705-721 715

By (f5).
(Jé{(un)a ”n) = f((P =D fun)un — f/(”n)u,%) <—Co / |unl” <0

and therefore we may suppose that (J/ (u,), u,) — | <0.1f1 =0, it follows from [{J/(up), u,)| >
Cy f |u,|® that u, — 0in L° (RV). Recalling that (u,) is bounded, we can use interpolation and
argue as in the proof of Lemma 2.1 to get |[u, ||, — 0, which contradicts (2.4). Thus, [ < 0 and
we have that A, — 0. By using (3.5) we conclude that I/ (u,) — 0 in X7, that is, (u,) is a (PS),
sequence for /.. The result follows from Proposition 3.3. O

Remark 3.5. Arguing along the same lines of the above proof we can show that, if u is a critical
point of I, restricted to N, then u is also a critical point of the unconstrained functional, that is,
I/(u)=01in X}.

4. Existence of a ground state solution
In order to prove our existence result, we need the following auxiliar result.
Lemma 4.1. There exists g > 0 such that c; < m(aso) for any ¢ € (0, &g).

Proof. Let us fix p € R such that ag < i < as. Denote by w = w,, a ground state solution
of the problem (A P,). For any given r > 0, let n, € C(‘)’O(RN, [0, 1]) be such that 1, (x) =1 if
|x| <r and n,(x) =0 if |x| > 2r. We also define v, (x) = n,(x)w(x) and take 7 > 0 such that
U =140 € M.

We claim that there exists ro > 0 such that v = v, satisfies E, (V) < m(ax). Indeed, if this
were not true, then E,, (t,v,) > m(as) for all r > 0. Since w € M, and v, — o in WI’P(R) as
r — 00, we conclude that #, — 1. Hence, the monotonicity of the function s + m(s) implies
that

m(dso) < liminf £, (v,) = E (w) =m(pn) < m(dso),
r—00

which does not make sense.

Without loss of generality, we may suppose that a(0) = ag. Recalling that a is continuous and
the support of v is compact, we obtain g such that a(ex) < u for any ¢ € (0, g9) and x € supp v.
Thus,

/a(ex)|Vz7|p é/MVﬁV’ for any ¢ € (0, &9)
and therefore

I (tv) < E,(tv) forany e € (0, &), t > 0.
Hence

max I, (tv) < m>a())< E, (tv) =E, (V) <m(ax) foranye € (0, &)

20 (>

and it follows from (2.3) that ¢, < m(ax) for any ¢ € (0, g9), as desired. O

We are now ready to present the proof of our existence theorem.
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Proof of Theorem 1.1. Let gy be given by the above lemma and fix ¢ € (0, &9). Since I has the
mountain pass geometry, we can use (2.3) to obtain (u,) C X, such that

Ie(up) > ¢ and I/ (uy) — 0.

Recalling that ¢, < m(as), we may invoke Proposition 3.3 to guarantee that, along a subse-
quence, u, — u with u being such that I, (u) = ¢, and I/(u) = 0. Arguing as in the proof of
Proposition 2.2 we can check that u is positive in RV and therefore it is a ground state solution
of the problem (P.). The theorem is proved. O

5. Multiplicity of solutions

Let @ = wq, be a ground state solution of the problem (A P,,) and consider »: [0, c0) — R
a cut-off function suchthat 0 <n < 1, n(s) =11f0<s < 1/2 and n(s) =0if s > 1. We recall
that M denotes the set of global minima points of a and define, for each y € M, v ‘RN >R
by setting

ex —y
%,y(X)=77(|8x—y|)w< A )
Let 7, be the unique positive number satisfying

Itnﬁ())( Is(”//s,y) = Is(talps,y)

and define the map @, : M — N in the following way:

(ps(y)Z(ps,y:[sl/fe,y 5.1

The definition of 7, shows that &, is well defined. Moreover, the following holds.
Lemma 5.1. lim; ¢ I.(®;,y) = m(ag) uniformly for y € M.
Proof. Suppose, by contradiction, that the lemma is false. Then there exist § > 0, (y,) C M and
&, — 0 such that
|Le, (Pe,.y,) —m(ag)| =8 > 0. (5.2)

In order to simplify the notation, we write only @,, ¥, and ¢, to denote D, y,, Ve, .y, and g, ,
respectively.

Since (Is/n (D), D,) =0, we have that ||D, ||§n = f f(@,)®P,. Thus, we can use (5.1) and the
change of variables z = (g,x — y,)/én, to get

I¥all? = /(a(enz + )| V(n(lenz)w@) | + [n(leazl)w(2)|”) dz

2/ f(tn(lenzDw(2))
(tan(enz)w(z))P~1

By using the Lebesgue theorem, we can check that

1n(lenzl)w(2)|" dz. (5.3)

Iallf, — Ilelpao, ff(%)%*/f(w)w and /F(wn)—>/F(w)- (5.4
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For n large we have that B1,2(0) C Bj/(2¢,)(0). Thus, if we set @ = min{w(z): |z| < 1/2} >0,
we infer from (5.3), the definition of 1 and ( f5) that

ftho(2)) P S (o) p
||Wn||fn = / W|w(z)’ dz > W / |0)(Z)| dz.
By1,2(0) B12(0)

We claim that (#,) has a bounded subsequence. Indeed, if this is not true, then |z,| — oo,
and therefore we can use the last estimate, (2.2) and (f4) to conclude that ||1ﬁn||fn — 400,
contradicting the first assertion in (5.4). Thus, up to a subsequence, we have f, — 79 > 0. If
to =0, we conclude from (5.4) that ||z, ¥, 1l¢, — 0, contradicting (2.4). Thus we have that 7y > 0.

Since t, — ty > 0, we can take the limit in (5.3) to obtain

/(ao|Vw|p + lwl?) = %,
l
from which follows that fow € My,. Since w also belongs in M, we conclude that 7y = 1.

Now we note that

P

I, (®y) =%/(a@nz+yn)|v(n(|snz|))w<z)|” + |n(lenzl) 0 (2)|") dz

- [ Fln(enil)oe) .

Letting n — oo, recalling that 7, — 1, using (5.4) and recovering the original notation, we get
lim I, (Pe,.y,) = Eqy (@) =m(ap),
n—od

which contradicts (5.2) and proves the lemma. 0O

Lemma 5.2. Let (u,) C M, be such that E,(u,) — m(u) and u, — u # 0 weakly in
WLP(RN). Then, up to a subsequence, u, — u in WP (RV).

Proof. This proof follows quite similar lines as the proof of [1, Theorem 3.1]. We omit the
details. O

Lemma 5.3. Let (¢,) C R and (u,) C N, be such that &, — 0 and I, (u,) — m(ag). Then
there exists a sequence (y,) C RY such that v, (x) = u, (x + Yn) has a convergent subsequence
in WLP(RN). Moreover, up to a subsequence, (y,) = (€,5,) is such that y, — y € M.

Proof. By standard arguments we have that (u,) is bounded in wLP(RN). Since m(ag) > 0,
and since ||uy |, — O would imply I, (#,) — 0, we can argue as in the proof of Lemma 2.1 to
obtain a sequence (,) C RY and constants R, y > 0 such that

liminf/ lun|? >y > 0.

n—o00
Br (yn)

If we define v, (x) = u,(x + y,) we have that, up to a subsequence, v, — v # 0 weakly in
whr(@®RN).

Let (t,) C (0, +00) be such that w, = t,v, € M,,. Defining y, = &,¥,, changing variables
and recalling that u, € NV, , we get
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1
m(ap) < Eqy(wy) < ; /(a(ﬁ'n(x + 5)’1))|an|p + |wn|p) - / F(wp)

tp
- %/(awnznwuu|un|f’)dz—/F<rnun>dz

= Is,, (thun) < Ié‘,, (up) =m(agp) + o, (1),

from which follows that E,,(w,) — m(ao).
We claim that, up to a subseque~nce, t, — to > O.~Indeed, since v,, - 0, there exists § > 0 such
that 0 < § < ||v,llw,. Hence, 0 < 8 < ||Un||Wa0» for § = § min{1, ag}. It follows that

0< 18 < ltwvallwy, = lwnllw,, < C
for some C > 0. Thus (#,) is bounded and we can suppose that ¢, — o > 0. If #p = O then,
since (v,) is bounded, we conclude that w, = t,v, — 0. Hence E,,(w,) — 0, which contradicts
m(ag) > 0.

Let w be the weak limit of (w,) in W7 (RN). Since 1, — 1o > 0 and v, — v # 0, it follows
from the uniqueness of the weak limit that w = fyv # 0. Hence, we conclude from Lemma 5.2
that w,, — w, or equivalently, v,, — v in wLp(RN).

Let us verify that (y,) has a bounded subsequence. By using conditions (f1)—(f3) and the
Lebesgue theorem, we can easily see that

/F(w,,)—>v/F(w) and f|wn|p—>/|w|”.

If |y, | — o0, it follows from condition (a;) and Fatou’s lemma that

/aoo|Vw|p gliminf/a(enx + ya)|Vw, |P.
n—0oo

Since ag < aso, we infer from the above expressions that
1
m(ap) = Eo(w) < ;Ilwll'{;’yaoo - / F(w)

1
Sliminf{;/(a(snx+yn)Ian|”+IwnI”)—/F(wn)}

n—>0oo
[

= liminf —/(a(snz)IVunV’—i—|un|[’)dz—fF(tnun)dz
n—>oo p

=liminf I, (tyun) <liminf I, (un)=m(ap),
n—oo n—>0oo

which does not make sense. Hence, up to a subsequence, y, — y € R¥. If y ¢ M then a(y) > ag
and we obtain a contradiction arguing as above. Thus, y € M and the lemma is proved. O

For any § > 0, let p = ps > 0 be such that Ms C B,(0). Let x:RY — RV be defined as
x(x) =x for |x| < p and x (x) = px/|x| for |x| > p. Finally, let us consider the barycenter map
Be : Ny — RY given by
S x(ex)|u(x)|? dx

S lu(x)|P dx

Since M C B, (0), we can use the definition of x and the Lebesgue theorem to conclude that

Be(u) =

lin}) Be(Pey) =y uniformly for y € M. (5.5)
e—
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Following [14], we introduce a subset of A, which will be useful in the future. We take a
function 4 : [0, 0o) — [0, co) such that h(¢) — 0 as ¢ — 07 and set

Y. = {u e Ne: I.(u) < m(ag) +h(s)}.

Given y € M, we can use Lemma 5.1 to conclude that A(e) = |1 (®,,y) — m(ap)]| is such that
h(e) = 0as ¢ — 0T Thus, P,y € X and we have that X # () for any € > 0.

Lemma 5.4. For any § > 0 we have that

lim sup dist(B, (1), Ms) =0.

e=>0" yex,

Proof. Let (¢,) C R be such that &, — 0. By definition, there exists (u,) C X, such that
dist(Be, (un), Ms) = sup dist(Bs, (u), Ms) + 0n(1).

ueXy,

Thus, it suffices to find a sequence (y,) C Ms such that
|Be, (tn) = yu| = 0n (D). (5.6)
In order to obtain such sequence, we note that (u,) C X, C N,. Thus
Ce, < Lg, (un) <m(ag) + h(en),

from which follows that lim sup,,_, ., ¢¢, < m(ap). On the other hand, since m(ap) < ¢, , we also
have m(ap) < liminf,_, « c,. Hence, taking the limit in the above expression, we conclude that
I¢, (up) — m(ap). We may now invoke Lemma 5.3 to obtain a sequence (3,) C R¥ such that
(yn) = (enYn) C M5 for n sufficiently large. Thus,

S x(en)unl?dx [ x(enz + yu)lun(z + 32)|P dz
[luglPdx [ lun(z 4 32)IP dz
S Enz 4 yn) = yu)lun(z + 3o)|P dz
flun(2+9n)|”dz

Since €,z + y, = y € M, we have that 8, (u,) = y, + 0,(1) and therefore the sequence (y,)
verifies (5.6). The lemma is proved. O

ﬂsn (uy) =

=yn+

We are now ready to present the proof of the multiplicity result.

Proof of Theorem 1.2. Given § > 0 we can use (5.5), Lemmas 5.1 and 5.4, and argue as in [14,
Section 6] to obtain g5 > 0 such that, for any ¢ € (0, &5), the diagram

M2 5, Py

is well defined and B, o @, is homotopically equivalent to the embedding ¢ : M — M. Moreover,
using the definition of ¥; and taking &; small if necessary, we may suppose that I, satisfies
the Palais—Smale condition in Y. Standard Ljusternik—Schnirelmann theory provides at least
caty, (X,) critical points u; of I restricted to N;. The same ideas contained in the proof of
[9, Lemma 4.3] show that caty, (X) > catpy, (M). By using Remark 3.5 and the arguments of
the proof of Proposition 2.2, we conclude that each u; is a solution of (P;). The theorem is
proved. O
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