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Multiple positive solutions for a quasilinear
system of Schrodinger equations

Giovany M. Figueiredo and Marcelo F. Furtado

Abstract. We consider the quasilinear system
—ePdiv(|VulP~2Vau) + V(2)uP ™t = Qu(u, v) + vHu (u,v) in RY,
—ePdiv(|VoP72Vo) + W (2)vP ™! = Qu(u, v) + vHy (u,v) in RY,
u,v € WHP(RY), u(z),v(z) >0 for all ze R,
where € > 0,2 < p < N, V and W are positive continuous potentials, @ is
an homogeneous function with subcritical growth, H(u,v) = |u|®[v|® with
a, 3 > 1 satisfying o+ 8 = Np/(N — p). We relate the number of solutions
with the topology of the set where V and W attain it minimum values. We

consider the subcritical case v = 0 and the critical case v = 1. In the proofs
we apply Ljusternik-Schnirelmann theory.
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1. Introduction

In the first part of this paper we are concerned with the existence of multiple
solutions for the quasilinear system

—ePApu + V(2)uP~' = Qu(u,v) in RY,
(Fr) —ePApu 4+ W(2)vP~! = Q,(u,v) in RY,
u,v € WHP(RY), w(z),v(z) >0 forall z € RY,

wheree > 0,2 < p < N and A,u = div(|Vu|[P~2Vu) is the p-Laplacian operator. In
order to make precise assumptions on the continuous potentials V and W we define

Vo := inf V(z), Wo:= inf W(x),
zeRN zERN
Voo = liminf V(z) and Wy := liminf W(x).

|z]|—+o0 |z|—4o00
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and suppose that V and W satisfy
(Hp) Vo =Wy > 0 and the set
M= {zeRY :V(z) = W(z) =V}
is nonempty.
(Hy) Vo < max{Voo, Woo }.

Setting R2 := (0, 00)x (0, 00), we can state our hypothesis on Q € C? (Ri, R)
in the following way.

(Qo) there exits p < g < p* := Np/(N — p) such that

Q(tu,tv) = t1Q(u,v) forallt >0, (u,v) € RY.

(Q1) there exists C' > 0 such that

|Qu(u, v)| + Qo (u,v)] < C (u?™' +v971) for all (u,v) € RY.

(@2) Qu(0,1) =0, @y(1,0) =0.
(@3) Qu(1,0) =0, @y(0,1) =0.
(Q1) Quv(u,v) >0 for all (u,v) € Ri_.
We recall that, if Y is a closed set of a topological space X, catx(Y) is the

Ljusternik-Schnirelmann category of Y in X, namely the least number of closed
and contractible sets in X which cover Y. We denote by

Ms := {z € RY : dist(z, M) < §}

the closed §-neighborhood of M, and we shall prove the following multiplicity
result.

Theorem 1.1. Suppose that (Hy) — (H1) and (Qo) — (Q4) hold. Then, for any
0 > 0 given, there exists £5 > 0 such that, for any € € (0,¢s), the system (P) has
at least catpr, (M) solutions.

Note that the system (P.) has a variational structure and therefore the
solutions can be found as critical points of the functional

eb
T(wo) =5 /RN (IVul? + [VolP + V(@) ul? + W(@)|ol?) dz — /RN Q(u, v) dx

defined on an appropriated subspace of W'?(RY) x WLP(RY). In order to
obtain such critical points we use a technique introduced by Benci and Cerami
[7], which consists in making precise comparisons between the category of some
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sublevel sets of 7 and the category of the set M. This kind of argument for a
scalar Schrodinger equation has appeared in [11]. Since we are intending to apply
Ljusternik-Schnirelmann theory, we need to prove some compactness property for
the functional Z. Following the ideas of [28, 11], we prove that the levels of com-
pactness are strongly related with the behavior of the potentials V(x) and W (x)
at infinity.

In the second part of the paper we deal with a critical version of (P.), namely
the problem

—ePApu+ V(2)uP™' = Qu(u,v) + alul* 2uv)? in RY,
(CP.), —ePApv 4+ W(2)vP~t = Q,(u,v) + Blu|®|v|?~2v in RY,
u,v € WHP(RY), u(z),v(z) >0 for all z e RV,
where the coefficients «, 8 > 1 are such that the sum a + 3 is equal to the critical

Sobolev exponent p*. In order to deal with the critical growth of the nonlinearity
we assume the same technical condition of [25], namely

(Qs) Q(u,v) > M0 for all (u,v) € R2, with 1 < &, 3 < p*, a+5 = q1 € (p,p*)
and A\ satisfying
(Qsa) A > 0 if either N > p?, or p< N < p? and p* —p/(p— 1) < q1 < p*,
(Qsb) A is sufficiently large if p < N < p? and p < 1 <p* —p/(p—1).

The critical version of Theorem 1.1 can be stated as follows.

Theorem 1.2. Suppose that (Hy) — (H1) and (Qo) — (Qs) hold. If o, B € [1,p*)
satisfy a + B = p* then , for any § > 0 given, there exists s > 0 such that, for
any € € (0,e5), the system (CP:) has at least catp, (M) solutions.

The proof of Theorem 1.2 follows the same lines of the subcritical case. How-
ever, this new problem has an extra difficult when compared with the subcritical
one. This occurs because the level of non-compactness is affected by the critical
growth of the nonlinearity. This problem is overcame by using the ideas of Brezis
and Nirenberg [10], some adaptations of the calculations performed in [25], besides
the paper [2], where it is proved that the number

/|Vu\pdac+/ |Vo|Pdz
RN RN

1in(f N\ {0} p/p*
u,veWbLP(R 0
([, wtebras)
RN

plays an important role when dealing with critical systems with coupled critical
part as in (CP.).

§(a,ﬁ) =
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The semilinear scalar case of the problems considered here are related with
the equation
€

2
5 Au+ a(z)u = ylu|""?u in RY, (1.1)

which naturally appears when we look for standing wave solutions v (z,t) :=
exp(—ie~t)u(z) for the nonlinear Schrédinger equation

2
z'saa—qf = —;—mAw +a(2)y — y|u""2u in RY,
where €,m and + are positive constants and r > 1. There is vast literature
concerning the existence and multiplicity of solutions for the equation (1.1) (see
[19, 26, 27, 32, 13, 14, 4, 33, 15] and references there in). In particular, we would
like to cite the paper of Rabinowitz [28] where it is supposed that the potential a
verified
0 < inf a(z) < liminfa(x).
z€RN |z|—o0

The conditions (Hy)— (H;) are clearly inspired by the above hypotheses. However,
in our multiplicity results, we allow the situation where Vj = min{Vy, W}
provided Vp < max{Vs, W }.

Some existence results about systems can be found in [17, 16, 9, 3, 21, 22, 23].
The hypothesis on @ used here have appeared in [17], where some properties and
examples of nonlinearities @ verifying (Qo) — (Q4) were presented. In [3] the
authors considered the subcritical problem (P.) with p = 2. In order to explain
their results we define, for any fixed ¢ € RY, the functional Ze « H LRY) x
HY(RY) - R as

Te(u,v) = %/RN (\Vu|2 + |Vv|2 + V(ﬁ)u2 + W(f)vQ) do — /]RN Q(u,v)dz

and the ground state function C : RY — R by setting

C(€)= inf Te (tu, tv).
() = ,.nf  maxTe(tu, tv)

They proved results concerning the existence and concentration behavior, for e > 0
small, of ground state solutions of (P.) provided V > 0, W > 0 and

inf C(£) < Coo.
EERN

Here C, denotes the ground state level of the functional 7, obtained by replacing
V(&) and W (£) by Voo and W, respectively, in the definition of Z¢. Note that the
above assumption is weaker than (Hy) — (H;). We do not know if our multiplicity
results can be proved in this weaker setting.
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Some multiplicity results for scalar Schrodinger equations via Ljusternik-
Schnirelmann theory can be found in [6, 12, 11]. For systems, we can cite three
recent papers [5, 18, 31], which deal only with the semilinear case p = 2 and
subcritical nonlinearities. Among them, the most related with our results are
[18, 31]. In [18] it was supposed V = W and that Q is a coupled power. In [31]
the authors studied a Hamiltonian version of the problem (P.) with V' = W. Note
that our condition (Hp) — (Hy) are weaker than V = W.

In view of the results presented in [9, 5, 3, 31], it is natural to ask if we
can obtain multiplicity results for the quasilinear systems (P:) and (CP:). In this
paper, we present a positive answer for this question. Our results also complement
most of the aforementioned works, since we consider multiplicity of solutions, the
quasilinear problem and both, subcritical and critical growth. Finally we would
like to emphasize two points: first that, although we deal with the quasilinear case,
our result seem to be new even in the semilinear case p = 2; secondly that, to the
best of our knowledge, there is no results concerning multiplicity of solutions for
systems with critical growth via Ljusternik-Schnirelmann theory.

The paper is organized as follows. In Section 2 we present the abstract
framework of the subcritical case besides the compactness properties of the func-
tional associated to (P). Section 3 is devoted to the proof of Theorem 1.1, while
the multiplicity result in the critical case is proved in Section 4.

2. Variational framework

Since we are interested in positive solutions, we extend the function @) to the whole
R? by setting Q(u,v) = 0 if u < 0 or v < 0. For simplicity, we write only Ju
instead of f]RN u(z)dz. We also note that, since Q is g-homogeneous, the following
holds

qQ(s,t) = sQs(s,t) +tQi(s,t) for all (s,t) € R (2.1)

Hereafter, we will work with the following system equivalent to (P-), which
is obtained under the change of variables z — ez

—Apu+ Viex)|uP~?u = Qu(u,v) in RY,
—Apv 4+ W(ez)|v|P~2v = Qy(u, v) in RY, (

u(x),v(z) >0 for all z € RV,

)

Ul
~—

For any € > 0, we consider the Sobolev space
X, = {(u,v) e WHPRN) x WP(RY) /(V(ex)|u|p + Wiex)|v|P) < oo}

endowed with the norm

1w, v)lle = {/ (IVul” + [Vol?) +/(V(€x)\u|p + W(ax)lvlp)}l/p~
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The growth condition (1) imply that, for some other constant C' > 0,
1Q(u,v)| < C(Jul? 4 |[v]?) for all (u,v) € R?. (2.2)

Hence, the weak solutions of the system (165) are related with the critical points
of the functional I. : X. — R given by

1
L, i= 3w o)~ [ Qo)
We introduce the Nehari manifold of I. by setting
Nz = {(u,v) € X\ {(0,0)} : (IZ(u,v), (u,v)) = 0}

and define the minimax c¢. as being

Ce = (uﬂi)r)lé\/E I (u,v).

In what follows, we present some properties of ¢, and N;. Its proofs can de done
as in [34, Chapter 4]. First of all, we note that there exists r > 0, independent of
¢, such that

|(u,v)|]c > >0 forany e >0, (u,v) € N.. (2.3)

Since I, satisfies Mountain Pass geometry, we can use the homogeneity of @ to
prove that c. can be alternatively characterized by

.= inf max L(y(t) =  inf I (tu, tv) > 0, 2.4
e = o e LOW) = ) dil ooy TE o 0) > 24)

where ' := {v € C([0,1], X.) : v(0) = 0, I.(v(1)) < 0}. Moreover, for any
(u,v) # (0,0), there exists a unique ¢ > 0 such that (fu,tv) € M. The maximum
of the function ¢ — I.(tu,tv) for t > 0 is achieved at t = t.

2.1 The autonomous problem

As we will see, it is important to compare the number ¢. with other one, which is
related with the following autonomous problem

—Apu+ VolulP~2u = Qu(u,v) in RY,
(4) — Ao+ Wolo 20 = Qu(u,v) in RY,
u(x),v(x) >0 for all z € RV,

If we denote by Xy the space W1P(RY) x WP(RY) endowed with the norm

liwodto={ f 9+ 9+ f G + Wo|v|p)}1/p
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we have an associated functional Iy : Xg — R given by

Io(uso) = | (w) I~ [ Quvv),
and the minimax level

co:= inf Iy(u,v) = inf max Iy (tu,tv) > 0,
0 (u,v)ENY O( ) (u,v)€X0\{(0,0)} tZéK 0( )

where Ny := {(u,v) € Xo \ {(0,0)} : (I{(u,v), (u,v)) = 0} is the Nehari manifold
of Io.

We shall prove that ¢y is achieved. For that, we need the following technical
lemma, whose proof was inspired by [3].

Lemma 2.1. Let ((uy,v,)) C Xo be a bounded sequence such that I} (un, v,) — 0.
Then we have either

(@) [l(un; vn)llo — 0, or

(ii) there exists a sequence (y,) C R and constants R,y > 0 such that

liminf/ (lun|? + |vnlP) >~ > 0.
Br(yn)

n—oo

Proof. Suppose that (ii) does not hold. Then we have

lim sup / |unP =0 and lim sup / |vn|P =0,
n4>+ooy€RN Br(y) nHJrOOyERN Br(y)
for any R > 0. This and [24, Lemma I1.1] imply that
lim [ |up|?=0 and lim /|vn|q =0.

Thus, we can use (2.2) to conclude that [ Q(uy,,v,) — 0. Since ((uyn,vy)) is
bounded we have that (I{)(un,vn), (tn,vs)) — 0. This and (2.1) provide

s 0|12 = @ / Q. vn) = 00(1),

where 0,,(1) denotes a quantity approaching zero as n — oco. Hence (i) holds and
we conclude the proof. O

Proposition 2.2. The problem (A) has a weak solution.
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Proof. Since I has the Mountain Pass geometry, there exits ((u,, v,)) C X such
that

Io(un,vy) — co and I (un,vy,) — 0.

In view of (2.1), we have that

co + On(l)‘l(unavn)no IO(uann) - %U(/)(Um Un), (unvvn)>

(; _ ;) 1ty ) 2.

Since p > 2, it follows from the above expression that ((uy, vy,)) is bounded in Xj.
Hence, up to a subsequence, (un,v,) — (u,v) weakly in Xy and u,(z) — u(z),
vp(z) — v(z) ae. in RY. By adapting standard calculations [35] we can obtain a
subsequence, still denoted by ((un,vy)), such that

Vu, () — Vu(z), Vo, (z) — Vo(z) ae zeRY,
ou ou

p—27"" _\ p—2 77 : (MmN Y)*
|V, oz, |Vu| oz, weakly in (LP(R™))*,
|an|p72gixj - \Vv|p72§—;i weakly in (LP(RY))*,

for all 1 <4 < N. The weak convergence of ((u,,v,)), the above expression and
(Q1) imply that I} (u,v) = 0.

Suppose first that « Z 0 and v Z 0. Then, if we denote by ©~ = max{—u,0}
and v~ = max{—v,0} the negative part of u and v, respectively, we get

0 = <I(/)(u7 U)v (u_vv_»

= [[(w™, v 7)o - /(Qu(uav)lf + Qu(u,v)v7) = [[(u™, 075,

where we have used in the last equality that @, =0 on (—00,0) x R and Q, =0
on R x (—00,0). It follows from the above expression that w,v > 0 in RY. Since
@ is g-homogeneous, we have that V@ is (¢ — 1)-homogeneous. Thus, we can
use conditions (Q3), (Q4) and the Mean Value Theorem to prove that @, and
Q. are nonnegative functions. Moreover, adapting arguments from [20, Theorem
1.11] we conclude that u,v € L>*(R™) N C’llo’g(]RN) for some 0 < o < 1. Since we
already known that u,v > 0, we can use Harnack’s inequality [30, Theorem 1.1]
to conclude that  and v are positive functions.

We claim that I(u,v) = ¢o. Indeed, since (u,v) € Ny, we can use (2.1) and
Fatou’s lemma to get
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co < Ip(u,v) = %/Q(u,v)

IN

liminfq_p/Q(un,vn)

n—00 p

n—oo

= liminf (Io(unavn) - 1<I(/)(u7hvn)v (Un,l)n») = Co-
p

Thus, (u,v) is the required solution.
We now consider the case u = 0 or v = 0. If u = 0 then we can use
(I} (u, ), (u,v)) = 0 and (2.1) to get

0l = [ @ui0.000 = [ @0.0) =0

and therefore v = 0. Analogously, v = 0 implies v = 0. Hence, if u = 0 or
v = 0, we must have (u,v) = (0,0). Recalling that ¢g > 0 and I is continuous,
we conclude that ||(un,v,)|lo cannot goes to zero. The above lemma provides a
sequence (y,) C RY and constants R, > 0 such that

liminf/ (|lunl? + |vnlP) >~ > 0.
neee BR(yn)

If we define (U, (x), 0, (x)) := (un(x + yn), vn(x + yn)) we can use the invariance
of RY by translations to conclude that Iy(tn, 0n) — co and I))(tn, 0n) — O.
Moreover, up to a subsequence, (i, ,) — (4, 0) weakly in Xy and @,, — @, ¥, —
¥ strongly in LP(Bg(0)), with (@, ?) being a critical point of Iy. Since

/ ([af? + [3) = lim inf / (tnl? + [0al?) = 7 > 0,
Br(0) n=90 JBR(yn)

we conclude that % # 0 or 0 Z 0. Hence, as at the beginning of the paragraph, we
can conclude that both @ and ¢ are nonzero. Arguing as in the first part of the
proof we conclude that (@, o) is the desired solution. |

2.2 The Palais-Smale condition

We start this subsection by recalling the definition of the Palais-Smale condition.
So, let E be a Banach space, V be a Cl-manifold of E and I : E — R a C'-
functional. We say that I|y satisfies the Palais-Smale condition at level d ((PS)q
for short) if any sequence (u,) C V such that I(u,) — d and ||I'(uy)|[+ — 0
contains a convergent subsequence. Here, we are denoting by ||I’(u)|+ the norm
of the derivative of I restricted to V at the point u

If max{Vy, Wy} < 0o, we define the limit functional I, : Xo — R as

1
ool ) 1= / (IVl? + [Vol? + Vic ul? + Waclol?) — / Qlu,v),
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and denote by ¢, the ground state level of I, namely

= inf I (u,v) = inf Lo (tu, tv) > 0,
Coo (u,vl)nef\foo oo (1;) <u,v>)§§1\{<o,0)}r?§‘8< oo (fu, v)

where N = {(u,v) € Xo \ {(0,0)} : (I, (u,v), (u,v)) = 0}. If max{Vy, Woo} =
00, wWe set Coo 1= 00.
We state below our compactness result for I..

Proposition 2.3. The functional I. constrained to N satisfies the (PS)q condi-
tion at any level d < cop.

For the proof of this proposition we need the following auxiliar result.

Lemma 2.4. Suppose that max{Vs, W} < 00. Let ((un,vy)) C Xc be a (PS)qg
sequence for I. such that (un,v,) — (0,0) weakly in Xc. If (un,v,) # (0,0)
strongly in X, then d > c.

Proof. Let (t,) C (0,400) be such that (t,un, thvn) € Noo. We start by proving
that
to :=limsupt, < 1.

n—oo

Arguing by contradiction, we suppose that there exists A > 0 and a subsequence,
still denoted by (t,), such that

t, >1+ X forallneN. (2.5)

Since ((tn,vy)) is bounded in X, we have that (I.(un,vy), (un,vn)) — 0,
that is

/(|Vun|p + [V |P + V(ex)|uy P + W(ez)|v,|P) = q/Q(un,vn) + 0, (1).
Moreover, recalling that (¢, (un,vn)) C Noo, we get
/ (IVtal? + [V0n? + Vsoltn[? + Woolunl?) = qtg;P/Q(un,vn).
These two equalities imply that
ot = 1) [ Qunvn) = [V = Vi) unp
+/(Woo — W(ex))|vn|P + on(1).

Given ¢ > 0 we take R > 0 such that

Viex) > Voo — ¢, Wi(ex) > Wy — (¢ for all |z| > R. (2.7)



Vol. 15 (2008) Multiple solutions for a system of Schrédinger equations 319

Since ((un,vy,)) — (0,0) in WP (Bg(0)) x WP(Br(0)) we can use (2.5), (2.6)
and (2.7) to obtain

q((L+ N9~ /Q U, Up) < q(87P — /Q U, V) < CC + 0,(1), (2.8)

where C' > 0 is such that ||(un,v,)|le < C.
Since (un,vy) 7 (0,0) we can argue as in the proof of Lemma 2.1 to obtain
() € RY and R,~ > 0 such that

[l sy 200 2.9)
BR(yn)

If we define (U, (z),vn(2)) := (un(x + yn), vn(x + yn)) we may suppose that, up
to a subsequence,

(Up, Up) — (u,v) weakly in X,
(tn, Un) = (u,v) in LP(BR(0)) x LP(Br(0)),

(Un (2), Un(z)) — (u(z),v(x)) for ae. z € RY,

for some nonnegative functions w,v with I’(u,v) = 0. In view of (2.9) we have
that u # 0 or v # 0. Hence, as in the proof of Proposition 2.2, u and v are positive
in RY.

Letting n — oo in (2.8) and using Fatou’s lemma, we obtain

0 < q((1+ N~ /quc

Since ¢ > 0 is arbitrary, we obtain a contradiction by taking ¢ — 0. Hence, tg <1
as claimed.
Now, we divide the proof in two complementary cases.

Case 1 t5 < 1.

In this case we may suppose, without loss of generality, that ¢,, < 1 for all n € N.
Thus,

Coo < Too((tptun, tnvy)) — 1(I’ (tntn, tnvn), (Entin, thvn))
= (q p)/Q Unﬂ]n > (q p)/Q unavn

= I.(up,v,) — p(I'(uﬂ,vn) s (Un,vn)) = d 4+ 0,(1).

Taking the limit we conclude that d > co.
Case 2 tg = 1.
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Up to a subsequence, we may suppose that ¢, — 1. We first note that
d+ On(l) > Coo + Ia(um 'Un) - Ioo(tnun; tn'Un)-

Given ¢ > 0 we can use (H7) as in the beginning of the proof, the g-homogeneity
of @, the boundedness of ((u,,v,)) and t,, — 1 to estimate

(1-)
I (tun,vn) = To (tntn, thvy) = T (IVunl? + |Vu,|P)
1 t
2 / (VE)ual? + Wizl ) — 2 / (Vaottnl? + Woclvn?)

-1 [ Qlunion)

= on(1) = ¢C.
Hence
d+0n(1) > coo — CC + 0,(1),
for any ¢ > 0. By taking n — oo and { — 0, we conclude that d > c. O

Corollary 2.5. Suppose that max{Veo, Woo } = 00. If ((un,v,)) C Xc is a (PS)
sequence for I. such that (un,v,) — (0,0) weakly in X, then (u,,v,) — (0,0
strongly in X..

—

Proof. For any (a,b) € ]Rf_ we can define

= inf I tu,t
Cat) = oimf R (a.b) (tu, tv),

where
1
o (s0) = [ (9u? + (90 + alul? + o) = [ Qo).

The same calculations performed in Proposition 2.2 show that, for any fixed
(a,b) € ]Rf_, the number ¢, is achieved by a pair (u,v) of positive functions.
It is easy to check that, if @ > ', then c(qp) > c(ap). Moreover, limgzyp2 o0
C(a,b) = Q.

Since max{Vao, Wao } = 0o we can take (a,b) € R% in such way that c(, ) > d
and, for any given ¢ > 0, there exists R > 0 such that

Viex) >a—¢, Wi(ex)>b—( forall |z| > R. (2.10)

For example, if W, < 0o, we take b = W, and a > 0 large. If Vo = W = o0
we take both a and b large.

Now, suppose by contradiction that (un,v,) 7 (0,0). Then we can use
(2.10) and argue as in the proof of Lemma 2.4 to conclude that d > ¢4, which
does not make sense. Hence (uy,v,) — (0,0) and the corollary is proved.
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We are now able to prove our compactness result.
Proof of Proposition 2.3. Let ((un,vy)) C Nz be such that
I (up,v,) — d and |1 (tun,vy)|« — 0.

Then there exists a sequence (\,) C R such that

I (up, vy) = A FL(tn, vn) + 0n(1),
where F. : (u,v) — [|(u,v)|? — q [ Q(u,v). Hence

0 = (2 (ttns ), (1 00)) = An{FL (1t 00, (t0m, 0)) + 00 (1)
= AP = @l (un, va) |2 4 on(1).

This expression and (2.3) imply that A, — 0, and therefore I’ (u,,v,) — 0 in the
dual space X.
Since Palais-Smale sequences of I. are bounded, up to a subsequence we
have that (un,v,) = (u,v) weakly in X, with (u,v) being a critical point of I.
Moreover, we can show that I/ (u,, — u, v, —v) — 0 and
nILH;oIE(u” —u,vp —v) =d— I.(u,v) = d.

Recalling that I’ (u,v) =0 we get
1 _
Ie(u,0) = L) = (o), (00) = =2 [ Quw) 20

and therefore d < Coo- If max{Vi, W} < o0, it follows from Lemma 2.4 that
(up, — u,v, —v) — (0,0), ie., (tun,vn) — (u,v) strongly in X.. In view of
Corollary 2.5, the same occurs in the complementary case max{Vy,, Weo} = 00.
The proposition is proved. O

Corollary 2.6. The critical points of the functional I. constrained to N are
critical points of I, in X,

Proof. It suffices to argue as in the second part of the above proof. We omit the
details. 0

3. Proof of Theorem 1.1.

We commence with a technical result.

Lemma 3.1. Let e, — 01 and ((un,vn)) C Nz, be such that 1., (uy,v,) — co.
Then there exists (3,) C RY such that the translated sequence

(U (), V() = (Un (T + Fn), V(T + Un))

has a subsequence which converges in Xo. Moreover, up to a subsequence, (y,) :=
(enn) is such that y, —y € M.
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Proof. Since (I. (un,vn), (tun,v,)) = 0 and I, (un,v,) — co, we can proceed as
in the proof of Proposition 2.2 to conclude that ((uy,,v,)) is bounded. Moreover,
since ¢g > 0, we cannot have ||(un,v,)|le, — 0. Hence, arguing as in Lemma 2.1,
we obtain a sequence (7,,) C RY such that

(U, V) — (u,0) weakly in X,

where (U, (), 0y (2)) := (un(z + Yn), vn(x + ¥n)) and (u,?) # (0, 0).
Let (t,) C (0,400) be such that (U, 0n) = (tnln, tnUn) € No. If we set
Yn ‘= EnYn We can use the change of variables z — x + ¥, to get

~ o~ 124 ~ ~ ~ ~
(@) < 2 [V + [9507) - [ QleattnstT)
p
£9
p
= Ien (tnu'rutnun) < IE” (un; Un) =co+ On(l)

+= [ (V(en(@ +n))[unl” + Wien (@ + §n))[on]”)

Since ¢y < Iy(@p, Up) we conclude that Iy(ty, ) — co.

Since ((tn,vn)) and ((Un,0,)) are bounded and (@n,v,) # (0,0), the
sequence (t,) is bounded. Thus, up to a subsequence, t, — tog > 0. If t;, = 0
we can use the boundedness of ((y,,v,)) to get (U, Un) = tn(Un, v,) — (0,0).
Hence Iy(ty,v,) — 0, which contradicts ¢g > 0. Thus, to > 0. We notice that,
up to a subsequence, (Up,0,) — to(4,v) = (4, 0) weakly in Xy. Since tp > 0 and
(u,v) # (0,0), we have concluded that

Io(Up,0p) — o and  (Un,0,) — (w,0) # (0,0) weakly in Xj.

We can now use (2.1) and the same calculations performed in [1, Theorem 3.1] to
conclude that (u,,v,) — (u,?) in Xy, which implies that (@,,v,) — (@,?) in Xj.

It remains to show that (y,) has a subsequence such that y, — y € M.
We start by proving that (y,) is bounded. Indeed, suppose by contradiction that
there exists a subsequence, still denoted by (y,), such that |y,| — 4+o0o. We will
obtain a contradiction by considering two cases.

Case 1 max{Vy, We} = 0.
Since (un,vy,) € N, we have that

g / Q@+ T vm(x + ) > / V(ent + yn)lun (e + )P

+/W(5nx + yn)|vn(z + Yn)|P.

Applying Fatou’s lemma we obtain

timinf [ Qa4 o). vnle + 7)) = o

n—oo
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On the other hand, the boundedness of ((uy,v,)) and (2.2), imply that the left
hand side in the above expression is bounded. Thus, we obtain a contradiction.

Case 2 max{Ve, Weo} < 0.

In this case, since (i, 0,) — (4, 0) strongly in X and Vp < max{Vu, W} we
have

co = Io(u,v) < Ino(u,)
1
< 1iminf{/(van|1’+wn|?)/Q(ﬂn,ﬁn)
n—oo p

(3.1)
+;/kvwmz+%omup+w«%m+ymwmm}

= liminf I, (tnun,tnv,) < liminf I, (u,,v,) = co,
which does not make sense.
We then conclude that (y,,) is bounded and therefore, up to a subsequence,
yn — y. If y & M then Vy < max{V (y), W(y)} and we have that

co < %/(\Vmp +|VOIP + V() [alf + W (y)|alP) — /Q(ﬁ, 9).

This inequality and the same kind of calculations performed in (3.1) provide a
contradiction. Thus, y € M and the lemma is proved. O

Fix 6 > 0 and choose a cut-off function n € C§°(R, [0, 1]) such that n(s) =1
if0<s<§/2and n(s) =0if s > 4. Let (w1,ws) € Xo be the solution of (A4)
given by Proposition 2.2. For each y € M we define

ex — )
me@%—ﬂwwy%a< Ey>,z—L2

If t. denotes the unique positive number satisfying

rgag{ I, (tll'l,&yv t\I/lE,y) = Is(teqll,&y’ tew?,s,y)v

we introduce the map &, : M — N_ by setting
(I)e(y) = (telpl,s,mtsq/ze,y)-

Since Ip(wi,ws) = ¢p we can use the Lebesgue’s theorem and the compactness of
M to check that

lim I.(®.(y)) = ¢p, uniformly for y € M. (3.2)

e—0t
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We take now p = ps > 0 such that Ms C B,(0) and consider T : RY — RN
defined as Y(x) := z for |z| < p and Y(x) := pz/|x| for |z] > p. We define the
barycenter map f. : N- — RY as being

/ T(ex) (ul@) P + [v(z) ) dz
/ (u@)P + p(@)P)dz

Be(u,v) :=

Lemma 3.2. The function ®. satisfies

lim B.(®.(y)) =y wuniformly fory € M. (3.3)

e—0*t

Proof. Suppose, by contradiction, that the lemma is false. Then, there exist
00 >0, (yn) C M and &, — 0 such that

wsn ((I)sn (yn)) - yn| > do.

By using the change of variables z := (e,2 — y,)/en, We can write

/RN (Yenz +yn) = yn) 0(lenz)” (Jw0r (2)” + |wa(2)[7) dz

Be, (Pe,, (Yn)) = yn +
/RN In(lenz)|? (lw1(2)[P + |wa(2)|7) dz

Since M C B,(0) and Y|p, o) = Id, we can use the above expression and the
Lebesgue’s theorem to conclude that

1Be, (e, (Yn)) — yn| = on(1),

which is a contradiction. The lemma is proved. O

Following [11], we take a function A : [0,00) — [0, 00) such that h(c) — 0 as
e — 0" and set

Yo = {(u,v) € No: I.(u,v) < o+ h(e)}.

Given y € M, we can use (3.2) to conclude that h(e) = |I.(P-(y)) — co| is such
that h(e) — 0 as ¢ — 0. Thus, ®.(y) € X, and we have that X, # @ for any
€ > 0. Moreover, the following holds

Lemma 3.3. For any § > 0 we have that

lim sup dist(5:(u,v), Ms) = 0.
=07 (uw)es.
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Proof. Let (¢,) C R be such that €, — 07. By definition, there exists ((un, v,)) C
>, such that

dist(fe,, (un,vn), Ms) = sup dist(5;, (u,v), Ms) + o, (1).

(u,v)€8c,,
Thus, it suffices to find a sequence (y,) C My such that
1B, (un, vn) = Yn| = 0n(1). (3.4)
Since ((un,v,)) C X, C N:,, we have that
o < ¢, < Ie, (Un,vn) < co+ h(en),

and therefore I., (un,v,) — cop. We may now invoke Lemma 3.1 to obtain a
sequence (J,) C RY such that (y,) := (enn) C Ms. We set

(an(x)7’ﬁn(x)) = (Un(éfnl' + yn)vvn(‘snw + yn))

and observe that, since (u,,v,) — (u,v) in Xg and e, + y, — y € M, a direct
calculation shows that ., (tn,vn) = yn + 0n(1). The lemma is proved. |

We are now ready to present the proof of the multiplicity result in the
subcritical case.

Proof of Theorem 1.1. Given § > 0 we can use (3.2), (3.3), Lemma 3.3, and argue
as in [11, Section 6] to obtain €5 > 0 such that, for any ¢ € (0,¢5), the diagram

M 22w P g

is well defined and (. o ®. is homotopically equivalent to the embedding ¢ : M —
Ms;. Using the definition of ¥, and taking €5 small if necessary, we may sup-
pose that I. satisfies the Palais-Smale condition in ¥.. Standard Ljusternik-
Schnirelmann theory provides at least caty_ (X.) critical points (u;,v;) of I.
restricted to N.. The same ideas contained in the proof of [8, Lemma 4.3] show
that cats_(X:) > catp,(M). By using Corollary 2.6 and the arguments of the
proof of Proposition 2.2 we conclude that u; > 0, v; > 0 and (u;,v;) is a solution

~

of (P.). The theorem is proved. O

4. The critical case

In this section we present the proof of Theorem 1.2. Since many calculations are
adaptations to that presented in the two early sections, we will emphasize only
the differences between the subcritical and the critical case.



326 Giovany M. Figueiredo and Marcelo F. Furtado NoDEA

We first consider the critical version of the problem (A), namely
—Apu+ VolulP~2u = Qu(u,v) + alu|*2ulv|? in RY,
(C4) A+ WoluP~20 = Qu(u,v) + Blul*[v)~2v in RY,
u(z),v(z) >0 for all z € RY,

whose solutions are related with the critical points of Jy : Xg — R defined as

Jo(,v) = [|(u, )12 — / Qlu,v) - / () ()",

We denote by mg the ground state level of Jy, that is,

mg = inf max Jy(tu, tv) > 0.
0 )Xo\ {(0,0)} 120 o )>

As usual, we denote by S the best constant of the embedding W'»(RY) —

LP"(RY), that is
/ Vul?
S = inf

weW P (RV)\{0} (/ )
We also consider

_ [rvap+ [ vl

08) = inf

u,weWL.P(RVN)\{0}
( [l |v|@>

The above number was introduced in [2], where the authors proved an interesting

relation between S and S , hamely

Lemma 4.1. The constants S and S satisfies

B/p* o/p”
o p
ORNONE
Moreover, if w realizes S, then (Aw, Bw) realizes S for any constants A and B
such that (A/B) = (a/B)"/P.

§:

Proof. The proof is similar to that presented in [2, Theorem 5]. O

Lemma 4.2. Let ((un,vn)) C Xo be a (PS)q sequence for the functional Jy with
1 ~
d< NSN/”. Then we have either
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(©) [[(un;vn)llo = 0, or

(ii) there exists a sequence (y,) C RN and constants R, v > 0 such that

lim inf (Jun|? + |vn|?) =~ > 0.

"7 JBr(yn)

Proof. Suppose that (ii) does not hold. Then, as in Lemma 2.1, we can prove that
J Q(un,v,) — 0. Since ((un,vy,)) is bounded, (J§(un,vy), (Un,v,)) — 0. Taking
a subsequence, we obtain [ > 0 such that

|(ny ) [f — 1 and p* / (W) — 1. (4.1)

Since Jo(un,vs) — d, we can use (4.1) to conclude that [ = Nd. Recalling the
definition of S we get

ol = 5 |un|a|vn|f’)p/p* >5(f <u:>a<v:>ﬁ)p/p* |

Taking the limit we conclude that [ > SIP/P" 1f I > 0 we obtain
Nd=1> 8NP,

which does not make sense. Hence [ = 0 and therefore (i) holds. O

Proposition 4.3. The problem (CA) has a weak solution.

Proof. Since Jy has the Mountain Pass geometry, there exits ((uy,v,)) C Xo such
that
Jo(tn,vn) — mo and  J|(un,v,) — 0.

We claim that the number mg satisfies
mo < igN/p-
N

Assuming for a moment that this is true, we can use Lemma 4.2 and argue as in
the proof of Proposition 2.2 to obtain the desired solution.

It remains to prove the claim. In view of the definition of myg it suffices to
obtain (u,v) € Xy such that

15y
tu, tv) < —SN/P.
ntazagcJo( u,tv) < =S

We proceed as in [16, Lemma 3] and firstly recall (see [29]) that, for any § > 0,
the instanton

ws(x) = [m @l‘f)

)

1 (N—p)/p?
p—1 _
] (5+|m|p/<p—1>>(” M/
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satisfies the problem
—Apw=w! "1 in RY,
we WH(RY), w(z) >0 forall z € RY,

and

J 19t = [l =

Let A, B be positive constants such that (A/B) = (a/3)'/?. By Lemma 4.1
we know that (Aws, Bws) realizes S. Hence, we can easily obtain the following
relation between S and S

(4r + Br)

§= S(AaBﬁ)p/p* ’

(4.2)
Let € C°(RY, [0, 1]) be such that 7 = 1 on B;(0) and n = 0 on R™ \ By(0).
Setting
x)ws(z
i) = M8E)
Inws

we can use the definition of ¥5 and (Q5) to get

p*

tP "
Jo(tAvs,tBis) < —Ds(AP 4+ BP) — — A*BP — \t? A" B / |s|T,
p p B2(0)

where ¢; € (p,p*) is given by condition (Q5) and

Ds :/ww T VolwslP.

Let hs(t) be the t-function on the right hand side of the above expression
and denote by ts; the maximum point of ks on (0,00). Since hj(ts) = 0 we have
that

ts 1= >ts > 0.

s Ao P 2 ts
Since the function t — t? Ds(AP + BP)/p — t?" A% B /p* is increasing in (0, %), we
can use the definition of hs to get

] {D(;(AP + Bp)} 1" =)

hs(ts) < 1 [D5(Ap + Bp)}N/p

- @ 7 _ a1 A91 Rq1 q1
¥ | s AT AT B / s (4.3)

B»(0)
If a,b > 0 and s > 1, then (a + b)® < a® + s(a + b)*"*b. Therefore, there
exists C; > 0 such that

DYP < sNIP  O(sN-P/P) 4 cl/ 5]
B2(0)
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Moreover, we can obtain p > 0 such that ¢5 > p for any § small. Hence, it follows
from the above inequality, (4.3) and (4.2) that

Cs /
O+~ bs[P — ACulebs| | |,

for positive constants Cs, C's and Cy4. In view of the hypotheses on A > 0 given in
(Qs), we can argue as in the proof of [25, Claim 2| to check that, if ¢ is sufficiently
small, the second term in the right hand side above is negative. Thus,

hs(ts) < %gN/p + §(N=-p)/p

1 ~
max Jo(tAvs, tBips) < max hs(t) = hs(ts) < NSN/IJ

and the proposition is proved. O
In order to obtain solutions for (C'P.) we will consider the system
—Apu+ Viex)|[uP~2u = Qu(u,v) + alul*2ulv|? in RY,
— A+ W(ez)|v|P~2v = Qy(u, v) + Blu|®|v|?~2v in RY, (CP,)
u(z),v(z) >0 for all z € RY

and to look for critical points of the functional J; : X, — R given by

T v) = %n(u,v)nf; - / Qu,v) - / (W) (),

where X; is the same space defined at the beginning of Section 2.
The critical points of J. belong to the Nehari manifold

M = {(u7v) € X:\ {(07())} : (J;(u, v), (u7v)> = 0}
and the ground state level is given by

M= i, )= el g0y T 1) > 0

As before, the Palais-Smale condition for the functional J. is related with
Vs and W,,. When these two quantities are finite we define the limit functional
Joo : Xo — R as being

1
Joo (U, v) := 5/(|Vu|p + | VoulP + Vo lul? + Woo|v|p)—/Q(u,v)—/(u+)“(v+)ﬁ,
and its ground state level

Moo 1= inf max Joo (tu, tv) > 0.
(u,v)€Xo\{(0,0)} t>0
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If max{Vy, Weo} = 00, we set my, := 00.

Since the function (u,v) — [(u™)*(v*)? is positively p*-homogeneous, we
can argue as in Subsection 2.2 to get a compactness result for the functional J..
We only notice that, in this new setting, we need to use Lemma 4.2 instead of
Lemma 2.1. Hence, the following result holds.

Proposition 4.4. The functional J. constrained to M. satisfies the (PS)q
condition at any level d < min{mes, SN/?/N}. Moreover, critical points of J.
constrained to M. are critical points of J. in X..

We are now ready to prove our second multiplicity result.

Proof of Theorem 1.2. Since the proof is very similar to that presented for
Theorem 1.1, we only sketch it. Fix § > 0 and choose n € C§°(R, [0, 1]) such
that n(s) = 1if 0 < s < 6/2 and 7n(s) = 0 if s > §. Let (W1,w9) € Xo be the
solution of (C'A) given by Proposition 4.3 and define, for each y € M,

= _ [(ex— .
Ty (a) = n<|ax—y>wi( . y), i—12.

We introduce the map ®. : M — M. by setting

(I)s(y) = (’tVE\I/l,s,yaftvs\IIQ,s,y)v
where . is the unique positive number satisfying

r?>33< Je (tﬁ;l,e,ya t‘iZ,e,y) =Je (?Eﬁ;l,e,ya %;:CI}Q,E,y)-

The following holds

Let T : RN~ — RY be the function defined in Section 3 and consider the
barycenter map f. : M. — R” given by

[ 1) (u@P + o) as
[+ @ma

Bg(u, v) =

As before we can check that

1ir(rj1+ B-(®.(y)) =y uniformly for y € M
E—
and _

lim sup dist(8:(u,v), Ms) =0,

+ _~
0T (w)es.
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where
e o= {(uv) € Mo 2 J(u,v) < mo + h(e)}

and h : [0,00) — [0, 00) satisfies h(g) — 0 as e — 0.
The above equations provide €5 > 0 such that, for any ¢ € (0,¢e5), the
diagram

M 25 P g

is well defined and BE o d, is homotopically equivalent to the embedding ¢ : M —
Ms. Hence we conclude that catg (X.) > catpg, (M). In view of Proposition 4.4
and recalling that

1 ~
< SN/,
mo N

we may suppose that es is small in such way that J. satisfies the Palais-Smale
condition in Y.. The proof now follows from Ljusternik-Schnirelmann theory and
the same arguments used in the subcritical case. O
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