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Abstract

We consider the quasilinear problem div(|VulP~2Vu) + Aul92u + |u |P*_2u =0inQ,u=0o0n
0Q, where @ C R" is a bounded smooth domain, N > p2, A>0and p<qg < p*=Np/(N — p). We
show that if Q is invariant under a nontrivial orthogonal involution then, for /4 sufficiently small, there
is an effect of the equivariant topology of 2 on the number of solutions which changes sign exactly
once.
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1. Introduction and statement of results
In this paper we consider the following critical problem:

) —Apu = Aul?2u + ul” 2u in Q,

(D7) { u=0 on 0Q,

where Q ¢ RY is a bounded smooth domain, A pit = div(|Vul? ~2Vu) is the p-Laplacian
operator, N > p?, .>0and p<g < p* = Np/(N — p).
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The starting point on the study of the above problem is the pioneer work of Brezis and
Nirenberg [4], where the authors studied (D)) in the case p = g = 2 and showed that the
existence of positive solutions for (D)) is related with the interaction between the parameter
/ and the first eigenvalue 41 (€2) of the operator —A, on W(} "P(Q), defined by

},1(Q)=inf{/ IVulP dx :u e Wé”’(Q),/ u|P dx = 1}. (1.1)
Q Q

Among other results, they showed that the problem (D) has at least one positive solution
provided p = ¢ =2, N >4 and 0 < 1 < 41(Q). In [10], Garcia Azorero and Peral Alonso
extended the results of [4] to the p-Laplacian operator. The same authors proved in [11]
that, if p2 <N, q € (p, p*) and /> 0, then (D,) has at least one nontrivial solution (see
also [12]). The main interest in (D) is due to the lack of compactness of the embedding
WO1 P(Q) — LP"(Q), which makes that the associated functional does not satisfy the
Palais—Smale condition on some levels.

After the paper of Brezis and Nirenberg, a lot of papers concerning critical nonlinearities
have appeared. In particular, we recall that Rey [17] and Lazzo [13] proved, for p =g =2,
that the problem (D) has at least cat(£2) positive solutions (see also the well-known paper
of Benci and Cerami [2] where the subcritical case was considered), provided 4> 0 is
sufficiently close to 0. Here, cat(£2) stands for the usual Ljusternik—Schnirelmann category
of Q in itself. Recently, Alves and Ding [1] extended these last results for the p-Laplacian
operator and obtained a similar theorem.

We are interested here in nodal solutions of (D)), that is, solutions that change sign
in Q. The first result in this direction is due to Cerami, Solimini and Struwe [6], who
considered the case p = g = 2 and obtained one pair of nodal solutions, provided N >6
and 0 < 4 < 41(Q). Similar results were obtained by Zhang [24] and Tarantello [21]. The
question of multiplicity of nodal solutions was also discussed in [6], where the authors
proved the existence of infinitely many radial solutions when €2 is a ball centered at the
origin, p =g =2, N>7 and 0 < 4 < 41(Q). For domains with some kind of symmetry
Fortunato and Jannelli [9] showed the existence of solutions with arbitrarily large energy
for N >4 and 4 > 0. However, these solutions change sign many times.

In this paper we use a different approach which already appears in the work by Castro
and Clapp [5]. In order to obtain nodal solutions for (D) we denote by O(N) the set of
orthogonal linear transformations of RV in R" and suppose that the domain Q has the
following symmetry property:

(H) there exists T € O(N) such that 7 # Id, 2= Id and 7(Q) = Q.

This includes, e.g., domains which are symmetric with respect to the origin, as well as
cylindrical or rotationally invariant domains as those considered by Fortunato and Jannelli.
We deal with the symmetric problem

—Apu = Aul? 2y + u|” "2y in Q,
(D}) u(tx) = —u(x) forall x € Q,
u=20 on 09,
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where @ ¢ RY is a bounded smooth domain satisfying (H) and the parameters are as
before. We say that a solution u of (Dﬁ) changes sign exactly once if the set Q\u~'(0) has
exactly two connected components, u is positive in one of them and negative in the other.
We state below our main results.

Theorem 1.1. Suppose that (H) holds. Then, for any A € (0, 11(£2)), the problem (D})
has at least one pair of solutions which change sign exactly once.

Theorem 1.2. Suppose that (H) holds. Then there exists A € (0, 11(Q)) such that, for any
A € (0, Ay), the problem (DE) has at least t-catg(Q\ Q") pairs of solutions which change
sign exactly once.

Here, Q" = {x € Q : ©x = x} and 7-cat is the G-equivariant Ljusternik—Schnirelmann
category for the group G = {Id, t}. There are several situations where the equivariant
category turns out to be larger than the nonequivariant one. The classical example is the unit
sphere SN RN with r = —Id. In this case cat(SV ™) =2, whereas t-cat(S¥ 1) = N.
Thus, as an easy consequence of Theorem 1.2 we have:

Corollary 1.3. Let Q be symmetric with respect to the origin and such that O & Q. Assume
further that there is an odd map ¢ : SN 5 Q. Then there exists )y € (0, 21(Q)) such
that, forall & € (0, 1), the problem (D)) has at least N pairs of odd solutions which change
sign exactly once.

The problem (DE) was introduced by Castro and Clapp [5] in the case p = g = 2.
They obtained existence and multiplicity of solutions which change sign exactly once. The
above results improve the paper [5] in two ways: first, because we consider the p-Laplacian
operator and second, because we also deal with the case p < ¢ < p*. Hence, our results
seem to be new even in the semilinear case p = 2. In order to deal with the difference of
homogeneity between A ,u and A|u|? 24, we adapt some ideas introduced in [1]. Our work
also complements the papers [6,24,9,21] that deal with nodal solutions and [17,13,1], where
only positive solutions were considered.

The paper is organized as follows: Section 2 is devoted to establish the varia-
tional framework as well as to present some technical results. In Section 3, after recall-
ing some facts about equivariant Ljusternik—Schnirelmann theory, we prove our main
results.

2. Variational framework and some technical results

Throughout this paper we will consider the space W(} 'P(Q) endowed with the norm

1/p
||u||=(/ IWI”dX) .
Q
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As usual, we denote by S the best constant of the Sobolev embedding WOl P(Q) — LP'(Q)
given by

S=inf{||u||” ‘ue Wol”’(Q),/ | dx = 1}. @2.1)
Q

It is known that S does not depend on the set Q and is never achieved except when Q = RV .
We note that the involution 7 of € induces an involution of Wol’p (€2), which we also
denote by t, in the following way: for each u € W, " (Q) we define tu € W, " () by

(tu)(x) = —u(tx). 2.2)

The weak solutions of the problem (D);) are the critical points of the C!-functional I; :
Wy ”(Q) — R given by

1 A 1 %
Ii(u)z—/ |Vu|pdx——/ |u|qu——*/ lu|? dx.
P JQ qJQ P JQ

In order to obtain symmetric solutions, we will look for critical points that lie in the invariant
space WO1 P (Q)" defined as

Wy ()7 = {u € Wy (Q) : tu=u).
Let us consider the Nehari manifold associated with the functional 7
Ny ={u e WyP(Q) : (I} (u), u) =0}
= {u e WP (@) : ||u||f’=z/ l? dx—i—/ l?” dx}
Q Q
and the t-invariant Nehari manifold
C—{ue N iu=u)=N ;N W, Q).

Note that, if u € 47, then

11 11 \
Lu) = (— - —> / ul? dx + (— - —*> / lul?” dx >0, 2.3)
p q/)Ja p pr)Ja

and therefore the following minimization problems are well defined:

m;= inf I;(u) and m}= in{q Lu). (2.4)
ue NV ;

ueN'; .
For any t-invariant bounded domain 2 c R" we define | - ||, Lg, N )9, /V}Q, m; g
and m} ., in the same way, by taking all the integrals over & instead of . We denote by
luls,o the L® (Z)-norm of a function u € L*(Z). In order to simplify the notation, whenever
we omit the subscript reference of the set in the above notation, we are assuming that 2 = Q.
Also, for simplicity, we write only [, u instead of [, u(x) dx.
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Lemma 2.1. Suppose either q=p and /. € (0, 41 (2)) or p <q < p* and A > 0. Then there
exists r) 4 > 0 such that

lull=r; 4 (2.5)

forallu € ,/Vf1 In particular, mf1 > 0.

Proof. If ¢ = p and / € (0, 11(£2)), we can use the definition of 4;(£) and the Sobolev
embedding WOl P(Q) — LP"(Q) to get

/1 * *
— p P _ P _ 14 p
<1 /ll(Q)>”u” Slull? = Aulp = |ul . < Cillull”,

for some C| > 0. Thus,

A .
1 - —— gc P*P’
( mm) e

and (2.5) follows for r; , = {(1/C1)(1 — (A/41(2)))}"/?"~P). Consequently, if u € A",
we have

11
I(u) = (— - —) (lull? = Alulp)
p

(LN (- A\,
“\pr P @) e

and therefore m} > 0. Suppose now that p < g < p* and 4> 0. Then there exists C; >0
such that

" * " *
lull? = Alul + Iulﬁ*é/uCzIIullq + Crllull”,
that is,
L<AC ul|77P + Cyllul|” ~P,

forallu € 7. ?. Since ¢ > p and p* > p, the above expression shows there cannot exist
(uy) C /VT w1th ||un|| — 0 and (2.5) follows. To verify that m) > (0 we suppose, by
contradlctlon that m? ; = 0. Then there exists (u,) C A7  such that I; (u,) — 0. It follows

from (2.3) that |un|q — 0 and |un|§* — 0. Hence ||u,||? — 0, contradicting (2.5). The
lemma is proved. [J

In view of the definition of /" ¢, a standard calculation shows that mg ¢ = (1/N YSN/P,

On the other hand, if N > p2, Garcia Azorero and Peral Alonso [10] showed that, for
0 < A < 21(2) and any bounded smooth domain &,

|
: —gN/p
Y

and m g is achieved by 1; g on ./"; 5. Although the number m ; ¢ depends on the set ¥
we have the following asymptotic property.
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Lemma 2.2. For any bounded smooth domain Z C RY we have that

1
lim m)g=m O;Z—SN/p.
Pt YR 0,2 N

Proof. This proof follows quite similar lines as the proof of [1, Lemma 2.4] and will be
omitted. [

The next auxiliary result establishes the relation between the numbers defined in (2.4)
and the constant S.

Lemma 2.3. For any . € (0, 41(Q)) we have that

2 N
2mk~<m£<ﬁS /p,

Proof. We closely follow the arguments of [S, Proposition 5]. Given u € ./} we can use
(2.2) to conclude that u™, u~ € /", where u® = max{u, 0}. Thus
L) = Lw™h) + Lu™)>2my,

and the first inequality follows. Next, we choose y € (2, and r >0 such that y # 1y,
B.(y) € Q and B,(y) N By(ty) = ¥. Since 0 < A < 41(2) < 11(B,(0)), we can take a
positive radial function v; € A7, g (o) such that I, p ()(v;) = m; p (0)- By the choice of
r >0, we get

u;=v;(- —y) —v;(- —1y) € N7,
and therefore, since m; g ) < (1/N )SN/P | we conclude that
2
my < 1) =205,5,0)(0) < 5 SN
This concludes the proof of the lemma. [

Let DV?(RY) = {u € LP"(RY) : |Vu| € L?(RN)} and denote by .#(RY) the Banach
space of finite Radon measures over RY equipped with the norm
lul = sup

qbdu‘-
PeCoRY),ploo <1 /R”

We say that g, — p weakly in .#(RY) if for all f € Co(RY), [pv fdu, — [pv fdu
We state below a result that is a variant of the concentration-compactness lemma, see [14].

Lemma 2.4. Let (u,) C DVP(RN) be a sequence such that

U, = u weakly in DL (RN),

IV (up —u)|P — p weakly in M (RV),

lup —ul?” — v weakly in M (RN), (2.6)
uy(x) = u(x) ae x € RV,

Vu,(x) = Vu(x) ae xRV,
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and define

Hoo = lim lim sup/ [Vu,|?, veo= hm lim %up/ |un|1’*.
[x|>R [x|>R

R—00 p—oo R—0o0 p—oo

Then
|V|P/P* <S ul, 2.7
lim sup |Vu,|” RN = = |Vul’ v I Hoo, (2.8)
n—00 pPs
and
lim sup Iunl oy = lu I ey T IVl + Voo- (2.9)
n—0oo

Moreover, ifu =0 and |v|P/P" = S~V u|, then 1 and v are concentrated at single points.

Remark 2.5. In [22, Lemma 1.40] the above lemma is proved for p = 2 without the
assumption of pointwise convergence for the gradient. The proof for the general case follows
the same lines of case p =2 except for Eq. (2.8). As noted in [19, Example 2.3], it can fail
for p # 2 if we do not assume that Vu,, (x) — Vu(x) fora.e. x € R"Y. However, when this
last assumption is made, Eq. (2.8) can be verified as in [19, Lemma 2.1 and Remark 2.2].

For any r > 0 we define the set
={x € RV : dist(x, Q) <r}. (2.10)
We also define the barycenter map /5 : Wé P@)\{0} - RN by setting

fRN lu)?" x dx

For simplicity, we write m . instead of m_p ().
The following result is a version of [5, Lemma 14]. As we will see, it is a key ingredient

for the proof of the multiplicity result. Our proof is based in some ideas contained in [22].

Lemma 2.6. Foranyr > 0 there exists 1o=Ayg(r) > 0 such that, for all 0 < A < Ao, we have
that B(u) € QF whenever u € N and I,(u) <my .

Proof. Suppose, by contradiction, that the lemma is false. Then there exist 4, — 0T,
up € A, suchthat I (u,)<mj, , but f(u,) ¢ Q. Note that

1 An 1 *
p
mj, <1, (up) = ;””n”p — = lunlf - Flunlp* <My, r

and

«
0= (Iin(”n)» up) = llunll” — /Ln|un|g - |un|£*~
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Since 1, (u,) is bounded, we have that (u,) is bounded in WOl P (Q) (and also in L4(Q)).
Hence,

1 1 *
m;, +o(l) < ;”un > — Elunlz* <m,, » +o(l) 2.11)

and [lun|? — |un|: = 0(1), as n — 0. Thus,
luall? =b+0(1) and |yl =b+o(D), (2.12)

for some b > 0. Taking the limit in (2.11) and using Lemma 2.2, we conclude that b= S/,
We claim that, up to a subsequence,

Vu,(x) = Vu(x) (2.13)

for a.e. x € Q. Indeed, by (2.12), we have that the sequence v, := u,/|u,|,* satisfies
|vn]p+ = 1 and

— N/P)A=((N=p)/N) _ .

oy 7 = Mall” SN/p
P =
|Mn|£* S(N/p)(N—=p)/N)

Hence, (v,,) is a minimizing sequence for the best constant S defined in (2.1) and standard
calculations (see [23,18, Corollary 3.7]) show that Vv, (x) — Vu(x) for a.e. x € Q. This
convergence, (2.12) and the definition of v,, imply that (2.13) holds.

By going if necessary to a subsequence, we may assume that (2.6) holds and u,, — u in
LP(Q). Lemma 2.4, b = SV/? and (2.12) provide

SNIP = Jull? + |l SN = )+ )
and
PP N, D < ST ).

Note that, since €2 is bounded, the terms p, and v, do not appear in the above expressions.
The inequality (@ + b)’ <a' + b' fora, b> 0 and 0 <t < 1, and the above expressions

imply that |v| and Iulii are equal either to 0 or SV/7_ Indeed, if this is not the case, we get
SNPIP = ST ull? + LD = (ulh) PP+ v/
> (lulbe + )PP = sN=PI,
which is absurd. Suppose |u|§: = SN/P_ Since u, — u weakly in Wy'¥ (), we have that
lu]|? <lim inf,,_ o0 |lun||? = SN/P. Hence

lull? _ SN/P P
PN GWN=-pp
ulb, = SW=p)/p
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and we conclude that S is attained by u € WOl "7 (Q), which does not make sense. This shows
that u = 0 and therefore |v| = SV/P and v is concentrated at a single point y € Q. Hence,

P'xd _
ﬁ(un)szwn—wﬁsmp/xd_yeg,
e lua P dx 0

which contradicts f(u,) ¢ Q;. The lemma is proved. [

3. Proof of the main results

We start this section by noting that, if « is a solution of (DT) then it is of class C!. We
say it changes sign n times if the set {x € Q : u(x) # 0} hasn + 1 connected components.
Obviously, if « is a nontrivial solution of problem (DI), then it changes sign an odd number
of times. The relation between the number of nodal regions of a solution and its energy
is given by the result below. The proof can be obtained by following the same arguments
contained in [5, Proposition 6] and will be omitted.

Lemma 3.1. Ifu is a solution of the problem (Dz) which changes sign 2k — 1 times, then
L (u) >km§.

Let V be a Banach space, M be a C'-manifold of Vand I : V — R a C'-functional. We
recall that 7|y, satisfies the Palais—Smale condition at level c if any sequence (u,) C M
such that 7 (u,) — ¢ and ||[I'(u,)|lx — O contains a convergent subsequence. Here we
are denoting by ||I’(u)||+ the norm of the derivative of the restriction of I to M (see [22,
Section 5.3]).

We establish below a local compactness condition for the functional 7; on ./"}. Note that

the symmetry of the functions provides compactness below the critical level (2/N)SN/?,
which is exactly the double of the critical level for 7, on WO1 P(Q).

Lemma 3.2. Suppose either g=p and . € (0, 11(Q)) orq < p < p*and 2> 0. Let (u,) C
/VE be such that ||I;/L(u,1)||>,< — 0and I;(u,) — ¢ < @2/N)SN'P. Then (u,) possesses a

convergent subsequence.

Proof. Since (u,) is a Palais—Smale sequence, standard arguments [10,12] show that (u,,)
is bounded in WOI”’(Q). Since ||I;{(un)||* — 0, there exits (0,,) C R such that

I (up) — 0, J;(uy) — 0 in (Wol’p(Q))*, (3.1
where

Ty = Nlull? — Aulg — lul}., (3.2)
forallu e Wol’p(Q). Recalling that (u,) C L/t/"‘, we get

(J ), un) = 2(p = Plunlg + (p = p)lunly <0.
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Thus, we can suppose that (J }’ (up), up) — 1<0.If I =0 the above expression would imply
that ||u, || — 0, contradicting (2.5). Hence, [ < 0 and we infer from (3.1) that 6,, — 0, that
is, I (un) — 0in (Wy'" ().

Since (u,,) is bounded there exists u# € Wé’p (€2) such that, up to a subsequence,
Uy, = U weakly W(}’p(Q),
Uy — u in L7 (Q) and LY(Q),
uy,(x) — u(x) ae. xeQ.

Moreover, by applying the concentration compactness lemma of Lions as in [23], we can
also suppose that
Vu,(x) = Vu(x) ae. x € Q,

d
Vil aun - 'V”'Ha_u weakly in (LP(Q))*, 1<i<N,
i X

from which follows that 7/ (u) = 0.
Note that

1
c+o(l)=1;(u,) — ;(I,/l(un), Up)

11 11 .
_ o q - p
_)V<p q)lunqur(p p*)'”""’*’

where o(1) — 0 as n — oo. Recalling that u,, — u in L9(Q), we get

1

. 11
N|un|§*=c+2 (5 —;> luld +o(1)<c+o(1). (3.3)

Defining w, = u, — u, we can use the Brezis—Lieb lemma [3] to obtain

lwall? = Awal§ = llunll? — Aunlg — lull? + Auld + o(1),

Jwalbe = [l = ulf: + o(D).
Hence, recalling that (u,) C A}, I} (u) =0, and w, — 0in L9(Q), we get

lwal|” =b+o0(1) and |wn|£: =b+o(1) (3.4)
for some b € R. Moreover, by (3.3),

b+0(1) = |walf = gl — lulf +o(1) < Ne+o(D),
and therefore

b<Nc<2SN/P. (3.5)
Since (w,) C Wy (@)%, we know that [[w, [|” = 2[[w;" |” and |wy [}, = 2Jw;"|%.. Thus

Slw 17 <llwl 1P = b/2 + o(1).
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Taking the limit we conclude that S(b/2)?/P" <b/2. We have now two possibilities: b = 0
or b>28N/P_ The second case cannot occur by (3.5). Thus b = 0 and we infer from (3.4)

that u,, — u strongly in W&’I’(Q). The lemma is proved. [J
We are now ready to present the proof of our existence result.

Proof of Theorem 1.1. Let (u,) C Q/VE be a minimizing sequence for mi By Ekeland’s
variational principle [8], we may assume that it is a Palais—Smale sequence. In view of
Lemma 2.3, we have that m < (2/N)SN/P and therefore, by Lemma 3.2, we obtain a
minimum u of 7; on .A75. Now Lemma 3.1 and the principle of symmetric criticality [16]
(seealso[15, Proposmon 1]) imply that u (and also —u) is a solution of (DT) which changes
sign exactly once. [J

Before presenting the proof of Theorem 1.2, we recall some facts about equivariant
Ljusternik—Schnirelmann theory. An involution on a topological space X is a continuous
function 7y : X — X such that rg( is the identity map of X. A subset A C X is called
Tx-invariant if tx(A) = A. If X and Y are topological spaces equipped with involutions tx
and 1y, respectively, then an equivariant map is a continuous function f : X — Y such
that f o tx =ty o f. Two equivariant maps foy, f1 : X — Y are equivariantly homotopic
if there is a homotopy @ : X x [0, 1] — Y such that ©@(x, 0) = fo(x), O(x, 1) = f1(x)
and O(tx(x),t) =1y (O(x, 1)), forallx € X,r € [0, 1].

Definition 3.3. The equivariant category of an equivariant map f : X — Y, denoted
by (tx, Ty)-cat(f), is the smallest number k of open tx-invariant subsets X1, ..., Xy of X
which cover X and which have the property that, foreachi=1, ..., k, thereisapointy; € Y
and a homotopy ©; : X; x [0, 1] — Y such that ©;(x, 0) = f(x), O;(x, 1) € {y;, Ty (yi)}
and O;(tx(x), 1) =1y(0;(x, 1)) for every x € X;, t € [0, 1]. If no such covering exists we
define (tx, Ty)-cat(f) = 00

If A is a Tx-invariant subset of X and 1 : A < X is the inclusion map we write
tx-caty (A) = (tx, tx)-cat(1) and tx-cat(X) = tx-caty(X).

The following properties can be verified.

Lemma34. \)If f: X — Yandh : Y — Z are equivariant maps, then
(tx, tz)-cat(h o f)<ty-cat(Y).

() If fo, f1 : X—Y are equivariantly homotopic, then (tx, ty)-cat( fo)=(tx, Ty)-cat( f1).

Wedenoteby 1, : V — V the antipodal involution 7, (4)=—u on the vector space V. A 1,-
invariant subset of Vis usually called a symmetric subset. Equivariant Ljusternik—Schnirel-
mann category provides a lower bound for the number of pairs {u, —u} of critical points
of an even functional, as stated in the following abstract result (see [7, Theorem 1.1], [20,
Theorem 5.7]).
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Theorem 3.5. Let M C V be a complete symmetric C"'-submanifold of some Banach
space V. Suppose I € C'(V, R) is even, bounded below on M and satisfies (PS),. for all
c<d. Then the functional I has at least t,-cat({u € M : I (u) <d}) antipodal pairs {u, —u}
of critical points with I (fu) <d.

Coming back to our problem we set, for any given » > 0,
Q7 ={x € Q:dist(x,0Q U Q") >r}.

From now on we fix r > 0 small in such a way that the inclusion maps Q. — Q\Q" and
Q < QF are equivariant homotopy equivalences. In order to simplify the notation we
denote by I¢ the set {u € A% : I(u) <d}.

Lemma 3.6. Let Ay > 0 be given by Lemma 2.6. Then, for any A € (0, Ay), we have
ta-cat(I."*") > t-cato(Q\2Y).

Proof. Let 4 € (0, 49) be fixed. We claim that there exist two maps

o 2my, Vi +
Q= Ii — Q]

such that o (ty) = —o; (y), y,(—u)=1y,(u), and y, o« is equivariantly homotopic to the
inclusion map Q" < Q. If the claim is true, it follows from Lemma 3.4 and the choice
of r that

ta-cat(l;""") 2 t-catgr (Q)) = -catg(2\Q0).

In order to prove the claim we take v, € A", p (o) a positive radial function such that
I; B,y =m, , and define, for y € Q,",

o () =v(- —y) —vi(- — TY).

Itis clear that o) (ty) = —a, (v). Furthermore, since v, is radial and 7 is an isometry, we have

that o) (y) € WOI”’(Q)T. Note that, for every y € Q,”, we have |y — ty|>2r (if this is not
true, then y =(y +1y)/2 satisfies |y —y| < r and Ty =7y, contradicting the definition of Q).

mj r

Thus, we can check that o; (y) € A", and I;(o;(y)) =2m; ,, and therefore o (y) € If .

Ifue Ifm)”", we can use (2.2) to conclude that u™ € A7, and I; (u™) = Lw)/2<m, .
Hence, by Lemma 2.6, we conclude that y; (1) =f, wh) e Qf A simple calculation shows
that y,(—u) = 1y, (u) and y,(x,(y)) =y, for every y € €, . The lemma is proved. [

We are now ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. Since m; and m,_, have the same limit as A — OV, there exists
Ao > 0 such that

mj, <2m; (3.6)

forall 0 < A< :{0- We will prove that the theorem holds for 4, = min{4, Z)}, where g is
given by Lemma 2.6.
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Let 0 < A < A be fixed. By Lemma 2.3 we have that 2m , < (2/N)SN/P and therefore
I; restricted to JVE satisfies (PS). for any ¢ € [mE, 2m; ,]. It follows from Theorem 3.5,
Lemma 3.6 and the principle of symmetric criticality that I; has at least t-catg (Q2\ Q") pairs
=u; of critical points such that /; (fu;) <2m . By using (3.6) and Lemma 2.3, we get

L(Fui)<2mj , <4m; <2mj.

Hence, we conclude from Lemma 3.1 that the solutions +u; change sign exactly once. The
theorem is proved. [l

Proof of Corollary 1.3. Let 7 : RY — R be given by t(x) = —x. It is proved in [5,
Corollary 3] that our assumptions imply t-cat(€) > N. Since 0 ¢ Q, Q° = . It suffices now
to apply Theorem 1.2. [
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