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1. Introduction

We consider the nonlinear equation
—div(K®)Vu) = AK @) xP|ul9%u + K@ul* ~2u, xeRV, (P)

where N >3, 2<q <2*:=2N/(N —2), A > 0 is a parameter, K(x) := exp(|x|*/4), o > 2 and the
number B is given by
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As pointed out in [7], one of the motivations for studying the above equation relies on the fact that,
foro =q=2 and A = (N — 2)/(N + 2), it appears when one tries to find self-similar solutions

v(x,t) = t%u(xt%)

to the parabolic equation

ve—Av=|v|F2v, RN x (0, +00).

The radially symmetric case with o =q =2 was considered in [1]. As far as we know, the first
variational approach was done by Escobedo and Kavian in [6]. In that article the authors have con-
sidered « =q =2 and N > 3, and have proved that the existence of positive solutions is related with
the interaction of the parameter A with the first positive eigenvalue of the associated linear problem

—div(K®)Vu) = AK(®)|x|*%u, xeRN. (LP)

Among other results, they have noticed a dichotomy in the existence range of A for N = 3, relative to
space dimensions N > 4. More precisely, for N > 4, there is a solution if and only if A € (N/4, N/2). If
N =3, there is a positive solution for X € (1,3/2), and there is no solution for A <3/4 and 1 > 3/2.

Later on, many authors considered the case @« = q =2 and addressed questions of existence,
symmetry and asymptotic behavior of solutions of (P), of the associated parabolic equation and its
variants (see [8,10,12,9] and references therein). We also quote the paper of Ohya [11], where some
results for a p-Laplacian type operator can be found.

Recently, Catrina, Furtado and Montenegro [4] have obtained some results for o« > 2 and q = 2.
After calculating the first eigenvalue of (LP) as A1 = a(N — 2 4+ «)/4, they have proved that, if 2 <
o < N — 2, then the problem (P) has a positive solution if, and only if, A € (A1/2,11). f ¢ > N =2
and A € (@?/4, 11) then the problem (P) has a positive solution. Moreover, also in this last case, the
problem has no solution if A < Aq/2 or A > Aq. So, if o > 2, the critical dimension of the problem
depends on the value of «.

Due to the presence of the critical Sobolev exponent in (P), it is natural to make a parallel with
the Brezis and Nirenberg problem

—Au=Aul"2u+[u? 2, ueHLR), (BN)

where £2 ¢ RN is a bounded domain and N > 3. The aforementioned results of [6,4] can be viewed as
versions of those ones presented in [2] for the above problem when q = 2. The nonexistence results
for A > A1 are a consequence of a Pohozaev type identity. In the case that 2 < g < 2*, this identity
does not give any information. So, we can expect existence of solution for any A > 0. A result in this
direction to the problem (BN) was presented in [2, Section 2]. In our first result we give an answer
for this question when we deal with the problem (P). More specifically, we shall prove the following
result.

Theorem 1.1. The problem (P) has a positive solution in each of the following cases

() N>a+2,2<q<2%1>0;
(ii) 2<N<O(+2,2*—§<q<2*,k>0;
(iii) 2 <N <a+2,2 <q<2*— 2,1 > 0is sufficiently large.
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The restriction on A > 0 in the last item above is of technical nature. However, we would like to
emphasize that, for o = 2, this item becomes N =3, 2 <q <4 and A large. A similar condition have
already appeared in the paper of Brezis and Nirenberg (cf. [2, Example 2.4]) for the problem (BN). We
do not know if the statement (iii) holds for arbitrary values of A.

In order to present our second result let us recall that, according to [4, Theorem 1.1], the problem
(P) has no positive solution if ¢ =2 and A > A;. However, we can ask for the existence of sign
changing solutions. Actually, Capozzi, Fortunato and Palmieri have proved in [3, Theorem 0.1] that
(BN) has a sign changing solution whenever ¢ =2, N >4 and A is greater than or equal to the first
eigenvalue of (—A, H})(Q)) (see also [5] for a previous weaker result). In our second theorem we
present a version of this last result to the problem (P).

Theorem 1.2.[fq =2 and N > « + 2, then the problem (P) has a sign changing solution for any A > Aq.

Our problem is variational in nature. Indeed, for any o > 2, let us denote by H(«) the Hilbert
space obtained as the completion of C°(RN) with respect to the norm

lullg :== (fK(x)Wchlx)2

RN

which is induced by the inner product

(u, v)g ::/K(x)(Vu-Vv)dx.
RN

We shall look for solution belonging in H(«) and therefore our solution has a fast decay rate at
infinity.

Since it might happen g > 2, the minimization argument employed in [6,4] does not work here.
So, we shall use a different approach by considering the functional

1 A 1
I(w) ::/K(x) —Vul? = Z|x/Plul? — —u* )dx
2 q 2%
RN

which is well defined, belongs to C'(H(a),R) and whose critical points are precisely the weak
solutions of Eq. (P). By using the fast decay rate of the elements of H(«x) we are able to obtain
compactness embeddings of this space in some weighted Lebesgue spaces. Hence, we can argue as in
[2] to prove a local compactness result for the functional I.

In the proof of Theorem 1.1 we shall apply the Mountain Pass Theorem. The main difficult is
to localize correctly the minimax level in the range where we have compactness. We achieve this
objective by adapting some estimates performed in [6,4]. However, since we have many degrees of
homogeneity in our equation, the calculations are more involved and the estimates will be done in
several distinct cases depending on the relation between « and the dimension N. For Theorem 1.2 we
use the Linking Theorem and an adaptation of the ideas contained in [3]. As in the first theorem, the
calculations are more difficult. Moreover, since the domain is unbounded, some estimates presented
in [3] do not apply here. We are able to overcome the difficulties by making fine estimates and
calculating the precise decay rate of the solutions of (LP).

The paper is organized as follows. In the next section we present the variational setting of problem
(P) and we prove the local compactness result for I. Section 3 is devoted to the proof of Theorem 1.1.
The existence of sign changing solution is proved in the final Section 4.
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2. The variational setting

In this section we present the variational framework to deal with problem (P). Throughout the
paper we write [u instead of [y u(x)dx.
For each q € [2, 2*] we denote by L7(«) the following space

1/q
LY(a) := {u measurable in RN: [ulq x := (/ K(x)|x|ﬂ|u|q> < oo}.

Let S be the best constant of the embedding D!-2(RN) — 12" (RN). It is proved in [4, Proposition 2.1]
that

a-2);,2 8 2
/K(X)IXI [ul” < oz(N—2+a)/K(X)|Vu| (2.1)

and

2%/2
/K(x)|u|2* gs*z*ﬂ(/ K(x)qu|2> . (2.2)

It follows that the space H!(«) is continuously embedded in the spaces L?(«) and L?" (). Moreover,
the authors also proved that the first embedding is compact (see [4, Proposition 2.2]). By applying
interpolation we can obtain similar results for 2 < q < 2*, namely

Proposition 2.1. Let & > 2 be fixed. Then the embedding H (o) — L9 () is continuous for all q € [2, 2*] and
it is compact for all q € [2, 2%).

Proof. Let g € (2,2*) be fixed and T =2(2* —q)/q(2* —2) € (0, 1). Holder’s inequality with exponents
p=2*—-2)/(2* —¢q) and p’ = 2* — 2)/(q — 2) provides

[ Koo = [ keope 2@ 0/@ 2y

:/K(X)l/p |X|(Ol72)(2 -q)/(2 72)|u|qu(x)1/p |u|(1fr)q

1/p . 1/p’
< ( / 1<(x)|x|°‘*2|u|2) ( / K0 uf? )
1/p+2*/2p") q/2
<cq<f I<(x)|Vu|2> :cq(f K(x)|Vu|2> :

where Cq = 8'/P(a(N — 2 + &))" 1/P§~2"/@P) and we have used (2.1), (2.2) and the definition of p.
From the above inequality we obtain the first statement of the lemma. In order to prove the second
one we take q € (2,2%), 0 € (0,1) such that 1/g=0/2+ (1 —0)/2* and argue as above to obtain

lulg.k < [ulg gluly %, forallue L (@) NL* ().

Since the embedding H!() < L%(c) is compact, it follows from the above inequality and (2.2) that
H'(c) is compactly embedded in L9(«). This finishes the proof. O
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We consider in the sequel the linear problem
—div(K®)Vu) =K ®)|x|*%u, inRN. (LP)

If we denote by (x,y) := Z{V:] x;yi the scalar product of x, y € RN, we can easily check that (LP) is
equivalent to

(07
—Au— (X, Vu)|x|*"2 = Aulx|*"2, inRN. (2.3)

The compactness of the embedding H!(«) < L?(«) and standard spectral theory for compact opera-
tors provide a sequence of positive eigenvalues (Ap)nen such that limp_ oo Ap = +00.

Lemma 2.2. If u € H' () satisfies (LP), then u € C2(RN) and there exists C > 0 such that
1
lu)| < cemsM* foreachx e RN.

Proof. Let w := exp(|x|%/8)u = K (x)!/2u. Since u is a solution of (LP) we can use the Brezis-Kato
theorem and a standard boot-strap argument to conclude that u € C>(RVN). Hence, w is also regular
and we can easily compute

o2

202 o a2 o -2
X u—+ —|x x, Vu —N|x u
64| | +4| =7 ( )+8 |x]

Aw = K(x)]/2<
n %(oz — )X+ Au).

Recalling that u satisfies (2.3) and A1 = %(N + o — 2) we obtain
2
o A
Aw = — x| — A+ = ) |x* 2 w. 24
<64| | + 5 )I | (24)

Since u € H(«) we have that w € L2(R"N). Moreover,
/|Vw|2 gc]fl((x)|x|2“*2u2+c1/1<(x)|Vu|2. (2.5)

By setting 6 (x) := }‘|x|“, we can proceed as in [4, Proposition 2.1] to get

/K(x)|Vu|2 > 1/K(X)(AQ(X) + 1|V9(x)|2)u2 > a_z K (x)|x[22 22
~2 2 ~ 64 :

This, (2.5) and u € H(e) imply that [ [Vw]|? is finite, and therefore we conclude that w € H'(RN).
We now choose R > 0 such that

2
A
T X% —a+21 >0, foreach|x >R.
64 2
Let M = M(R) :=sup{w(x): x € Bg(0)} and suppose that M > 0. If we take ¢ = (w — M)™ as a test
function in the weak formulation of (2.4) we get
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2
o )\1
Vo2 =— — X% — A+ = | |Ix* *we <0,
/|§0| /(64" 2|| S
Br(0)¢ Br(0)°

from which it follows that ¢ =0, or equivalently, w(x) < M in RN, If M <0 for any R > 0 then w <0,
and therefore we also obtain an upper bound to w.
Since —w also satisfies (2.4) we can proceed as above to obtain an upper bound for —w. Thus

lwx)|<C:= sup |lw®)|,
xeBr(0)

for some large ball Bg(0). The result follows from the definition of w. O
Remark 2.3. We can employ the same argument above to conclude that any solution of (P) is of class
C%2(RN) and decay as e~ sXI® at infinity. More specifically, if u solves (P), then u and its gradient Vu

have this decay property (see [6] for details).

Since problem (P) has a variational structure we shall consider the functional I: H(«) — R given
by

I(u) :=%/K(x)qulz—%/K(x)|x|ﬁ|u|q— 2]—*/K(x)|u|2*.

Standard calculations and Proposition 2.1 show that I € C!(H(x),R) and the derivative of I at the
point u is given by

Y(u)v:/l((x)Vu‘Vv—A/l((x)|x|’5|u|q_2uv—/K(x)|u|2*_2uv,

for any v € H(«). Hence, the critical points of I are precisely the weak solutions of Eq. (P).

Lemma 2.4. Suppose that (u,) C H(«) satisfies
: 1 N/2 : /
lim I(up)=d < —S and lim I'(up) =0. (2.6)
n—oo N n—oo

Then (uy) is bounded and, along a subsequence, (u,) weakly converges to a nontrivial solution of the prob-
lem (P).

Proof. In view of (2.6) we have that

1
d+o(1) +o(Mlugllk < I(up) — 51’(un)un

1 1 2 1 1 o
< i—a lunll% + ¢ 5_2_* lunllk »

where 0(1) denotes a quantity approaching zero as n — oo. Hence (uy) is bounded and, up to a sub-
sequence, we have that u, — u weakly in H(w). Since K(x)|x|? € LE)OC(RN), we can use the Lebesgue
Theorem and standard arguments to conclude that I’(u) = 0.

In order to prove that u # 0 we suppose, by contradiction, that u = 0. Since the embedding
H'(or) < L9(a) is compact we have that
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lim / K (x)|x| @ 2@ =0/@ =2y 19 = 0. (2.7)
n—-oo

So, recalling that I(u,) — d, we obtain

%/K(X)qunlz— 21—*/K(x)|un|2* =d+o(1). (2.8)

Moreover, since (u,) is bounded and I’(u,) — 0, we have that I’(u,)u, — 0. This and (2.7) imply that
/I<<x>|Vun|2—f1<<x>|un|2* =o(1).

If 1 >0 is such that [ K (%)|Vun|? — 1, it follows from the above equation that S K(X)|un|?" — 1. Hence,

we infer from (2.8) that
1 1 l
d=[=-—)I=—. (2.9)
2 2* N

On the other hand, the inequality (2.2) implies that

2/2*
S(f 1<<x>|un|2*> </1<<x)|Vun|2.

Letting n — oo, we obtain SI2/2” < I. By combining this inequality with (2.9) we conclude that d >
&SN/2, which is a contradiction with the hypothesis. So, u # 0 and the lemma is proved. O

3. Positive solution for 2 < q < 2*

In this section we use the classical Mountain Pass Theorem to obtain a positive solution for (P)
when 2 < q < 2*. We start with an easy consequence of the embedding result of the previous section.

Lemma 3.1. There exists p,o > 0 such that 3B, = 0. Moreover, there exists e € H'(«) such that
lellx > p and I(e) < O.

Proof. By using Proposition 2.1 we get
T = 22 - g - L
u) = —|lullx — —lu — —ul5«
5 K q a.K 7 o 1Rl2e K
2 (1 q-2 252
2 |lullk E—CHIUIIK —callully >0 >0,

for any u € H(x) such that ||u||x = p, with p > 0 sufficiently small. Moreover, for any u € H! (@) \ {0}
there holds lim;_,  I(tu) = —oo. Thus, it suffices to set e :=tu, for t > 0 large enough, to obtain
lellx > p and I(e) <0. O

We now define

c:= inf max I(y(t)),
yel te[0,1] (J/( ))
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where

I:={y ec([0,1], H@)): y(0)=0and y (1) =e}.

It follows from the Mountain Pass Theorem that there exits a Palais—-Smale sequence for I at level c.
In view of Lemma 2.4 we can obtain a nontrivial solution of (P) provided

1
c<—SN2,
N
We devote the rest of this section to show that, under the hypothesis of Theorem 1.1, the above
inequality is satisfied.

We first notice that, arguing as in [13, Lemma 4.1], we can obtain the following characterization
for the minimax level

c= inf maxI(tu). (3.1)
ueH(@)\{0} t>0

Hence, it suffices to prove the following.

Proposition 3.2. Under the hypothesis of Theorem 1.1 there exists v € H' () such that

1
sup I(tv) < —SN/2,
0 N

Proof. We adapt the arguments and calculations performed in [4] (see also [2]). Let ¢ € C®°(RN, [0, 1])
be such that ¢ =1 on B1(0) and ¢ =0 outside B,(0). For any € > 0, let us consider

(N-2)/2
=Kkx)~?
Ug () <p(X)<5 T |X|2>

and consider

Ug

&= .
[Uuglox k

The function h(t) := I(tve), t > 0, has a unique maximum point t, > 0. By using h’(t;) =0 and
A > 0, we obtain

2 2%-2 q—2 q 2%-2
lvellx =tz + Atg |Vs|q.1< >ty %,
or equivalently,

~ 2/(2*=2
E= vl > ¢,

Since the function g(t) := (1/2)t%%" =2 — (1/2*)t*" is increasing on [0, f] and |ve|y x =1 we get

tl q
I(teve) = g(te) — Eklvelqyk

~ t 1 N/2 td
<m0—§M%ﬂK=NW%ﬁ)/—§M%ﬂK (32)
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In what follows we consider several cases depending on the values of N and «.

Case1. N > o + 2.
In this case, according to [4], we have that

S+ 0(e%2) + 0(e%) 4 0(eN/2-1y, if N > 20 + 2,
IVellx =1 S+ 0(s%/2) + 0(s%|loge]) + 0 (eN/21), if N =2a +2,
S+ 0(e%/2)y 4+ 0(eN/2- 1y, ifo +2 <N <20 +2,

where f(g) = 0(¢%) means that lim SUP,_, o+ f(g)/€% is finite. Since N > o + 2 we have that /2 <
N/2 — 1. Moreover, recalling that lim,_, o+ £%/%|log&| =0, we infer from the above estimates that

Ivelk =S+ 0(s*/?). (3.3)

We claim that t7 > qCq > 0 for some Co > 0 and any € > 0 small. Indeed, suppose by contradiction
that for some sequence &, — 0" we have that t,, — 0. Then it follows from (3.3) that t, v, — 0 in
H'(cr). Thus, we can use (3.1) and the continuity of I to obtain

0 <c<supl(tve,) =I(tg,ve,) — 1(0) =0,
t>0

which does not make sense.
We can now use (3.2), (3.3), the above claim and the Mean Value Theorem to get

N/2

1 t
I(teve) < (S + 0(e*/?))™" - ES)LlVS'g’K

1 N2 2 q
<3S /24 0(e*7?) — Corlveld
1 N/2 a/2 1 q
ZNS +¢& O(l)—)»C()mlvdq,K . (3.4)
In order to prove the lemma in this first case it suffices to show that

: q _
Jim o7z Velg i = +00.

We are going to estimate |vg|q k. We first recall that
|x
_— = =+
(1+ xP)a0N-272
B1(0) B1(0)*

<o+ [ Ix|P~IN=2 dx < 00 (3.5)
B1(0)¢

whenever g(N —2) — 8 — N < 0. Let us consider the linear function

r(@:=q(N—-2)—B—N.

Since N — 2 —a =1(2) < r(2*) it follows that
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x|
/ 13 xRy <o (orN=a+2). (3.6)

Since q > 2, we have that 0 < c; < K(x)179/2 for each |x| < 2. Hence, recalling that ¢ =0 on
B> (0)¢, we get

q (K(x)1=92¢9%)|x|P @9)x|P

|Us|q,1< W Y W (3.7)

On the other hand, by using the definition of ¢ again, we obtain

B R Y W ot -
(6 + |x|2)aN-2/2 (¢ + [x]2)IN-2)/2 (6 + |X[2)IN-2)/2
B2(0) B(0)

|x|P

(6 + IXR)IN-2)72
B2(0)

+0(1).

Hence, we can use the change of variable x — x/./€ to obtain

U a2 x1°
(e + xPy®-272 = @+ o &+ O

By /e ©)

By (3.6) and the Lebesgue Theorem we have that the integral on the right-hand side above is conver-
gent as € — 0. Thus, we can use (3.7) to deduce that

lueld > 0 (eP/2HNZmAN=22) 4 0 (1). (3.8)
According to [4, p. 1165] we also have
lug 3 x = / K®uel* =eN2Ag+0(1) (for N > 2), (3.9)
with
1
0= W (fOl‘ N > 2), (310)
from which it follows that

lueld.  =0(e N2+ 01) (for N> 2).

This and (3.8) imply that

_ luclg _ O@PRANRTAND2) 4 0(1)
0(e~9N=2/4) + 0(1)

[Velg k
e |u£|2*,K

0 (eP/2AN/2—a(N=2)/4y | ( (gq(N-2)/4)

0(1) 4 0(eI(N=2/4) (311)
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and therefore

05Dy 40 (SI(Q))

where s(q) and t(q) are the liner functions
B N qiN-2) « qIN-2) «
AT A t@q) = —= — —. 3.13
s@ =5+ 2 5 @ : 7 3 (313)

Since 0 =5(2) <s(2*) = —a/2 and 2 < q < 2* we conclude that s(q) < 0. Moreover, if N > o + 2, we
have that 0 < (N — 2 — a)/2 =t(2) < t(q), and therefore t(q) > 0 for any 2 < q < 2*. Thus, we can
take the limit in (3.12) to conclude that

lim = — v !
Jm = ZarzlVelox =

400 (for N> o +2).
This establishes the statement of the lemma in Case 1.

Case2. N=o +2.
In this case, we shall present a few more details on the estimate of ||v6|\?( since it appears that its
presentation in [4] contains a misprint. According to [4, p. 1167, Case 4] we have that

||us||%<=/1<(x)|w|2=e1—”/2m 1 ¢s]loge| + 0 (1),

with

2
Ap = (N—2)2[ % (for N > 2). (3.14)

Thus, we can use (3.9) and (3.10) to get

Ivelt = Mellic _ e"N2A1 +alloge| + 0(1)
ellK — - —
luel3. e1=N2a 7N L o(e)

A A, “THN | eN2- 1|log£|—i—O(e‘l““’\’/z)
1+ 0(eN2)

(3.15)

For any 0 < § < /2 we have that s~ 17N/2|logg| = ¢~ 1tN/2-3gd|log | = 0 (¢~ 11N/2-%), Moreover, as
proved in [2], A1A81+2/N = S. Thus, recalling that —1+ N/2 =«/2, we get

IVelli =S+ 0(e7MN27) =5+ 0(s*277).
This provides a positive lower bound for the values t; and therefore we can argue as in (3.4) to obtain
VN2 | gajz—s 1
Iteve) < NS te 0 —2Go g/2— 5|Vs|q K

As in Case 1, we get
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1 0 (e5@+8) 4 0 (et@+3)
ga/2— cazs !V 8|ql</ 0(1) + 0 (g4N=2)/4) ~

where s(q) and t(q) are given in (3.13). Since s(q) < 0 we can choose § > 0 small enough in such a
way that s(q) + & < 0. So, recalling that 0 =t(2) < t(q), we obtain

. 1
ggr}) ca/2— 5|V5|q g =100 (for N=o +2),

from which it follows that I(tsve) < % SV/? for & > 0 sufficiently small.

Case3.2 <N<o+2and2*—4/a <q<2*.

In this case, by using the calculations of [4, p. 1164] again, we have that
(2 Y (.
(e + [x|)N-1 (e + [x|H)N=2

lugls =e'™N2A1 +c4 +0(1)
e TM2Ar+ o),

where A was defined in (3.14). Thus, we can proceed as in (3.15) to get

luely — e'"N2A;+0(D)
uel3. v e1-N2ANN 4 0e)

||Va||1( =S+ 0(87]+N/2).

So, t¢ has a positive lower bound and we can argue as in (3.4) to obtain

_ 1
I(tsve) < NS”/2+8 l+”/2(0(1> AComivaZ,K)-

We now recall that (3.5) holds provided q(N — 2) — 8 — N < 0. By replacing the value of g in this
last inequality we can see that it occurs if, and only if,

2% (@ —2)+NQ2*—-2) _ 2*a
(N=2)2*=2)+(@—2) a+2’

q>dqi:=

Straightforward calculations show that 2 < q; < 2* if, and only if, N <« + 2. Hence, we are in the
setting of Case 3 and the expression in (3.11) also holds. Thus,

0(£5@) 4 0 (sl @)
87]+N/2| 8|q K> 0(1) + 0(g4N-2)/4)

where §(q) and £(q) are the liner functions

sy P _IN=2) pay = IN=2 N
S(q).—2 2 +1, t(q) = 2 +1 >

Since £(2) = 0 we have that £(q) > 0 for any q > 2. A direct calculation shows that 5(q) < 0 if, and
only if,

Pa-4_,. 4
=

q>qz:=
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Since N < « + 2 we have that g1 < qy. Thus, for any 2* — 4/a < q < 2*, we have that

lim = > IVelg
im = v
es0  gltN/2'78la.K

=40
and the proposition follows as in Case 1.
Cased. 2 <N<o+2,2<q<2*—4/a and A large.

In this case the proof is easier because we can take large values for A. More specifically, let v €
H(a) satisfying |v[3+ x =1 and consider t; > 0 such that [; (t,v) = sup;>¢ [ (tv), that is,

2 -2 2%-2
IVI% =2t lvlg =6 2

The above expression implies that (t;),cg+ is bounded. If limsup,_, ., = tp > 0, the above equality
would imply that v =0, which does not make sense. Hence, lim;_, o t; = 0. Thus,

sup I (tv) = (1 1>t2||v||2 + <1 ! )rz*
o 0 \2 q)H T g T )
and therefore,

lim sup I (tv) =0.

A—>00 =0

Hence, there exists A* > 0 such that, for any A > A*, the statement of the proposition holds. This
finishes the proof. O

4. Sign-changing solution for q =2

In this section we prove Theorem 1.2 by applying the following variant of the Mountain Pass
Theorem.

Theorem 4.1. Let X be a real Banach space with X =Y @& Z and dimY < oo. Suppose I € C1(XR) satisfies

(I1) thereexist p, o > 0 such that I35, 0)nz = 0;
(Iy) thereexiste € 9B1(0) N Z and R > p such that

Iy <0,
with
Q :=(IWOY)®{te: 0 <t <R}
If we define
c:= ylrellﬂ runeagl(y(u))
where

r={yeC(Q.,X): y=IldonaQ},

then there exists a sequence (u,) C X such that I(u,) — ¢ and I’ (u) — 0.
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Let A > 0 be such that 4; <X < Ap4+1 and set

Y =span{gi,...,¢n), Z=Y"1,
in such a way that H!() = Y @ Z. The following result is the key stone in the proof of Theorem 1.2.

Proposition 4.2. If N > o + 2 and A, < A < Apg1, then there exists z € Z \ {0} such that

1
max I(u) < —SN/2.
ueY+Rz N

The proof of this proposition is rather long and technique. Before presenting it, let us see how we
can use it to obtain a nodal solution for (P).

Proof of Theorem 1.2. Let Y and Z be defined as above. For any u € Z we have that

)\.+1—)\, 1 *
Kw>(l77—ﬂm&—§w@w

and therefore we can argue as in the proof of Lemma 3.1 to conclude that [ satisfies the condition
(I7) of the previous abstract result.
We also have that

An— A

] *
um<< ﬁm&—;wﬁﬂga Vuey.

Moreover, if z € Z \ {0} is given by Proposition 4.2, we can use the equivalence of norms in the finite
dimensional space Y & Rz, to get

I(u) > —o0 as|uljg > o0, ueY @ Rz.

Thus, condition (I) is satisfied for R > 0 sufficiently large.
By applying Theorem 4.1 and Proposition 4.2 we obtain (u,) C H!(«) satisfying

1
lim I(up) =c < —S"2 and lim I'(uy) =0.
n—o00 N n— 00

It follows from Lemma 2.4 that, along a subsequence, (u,) weakly converges to a nontrivial solution
of (P). Since this problem has no positive solution for A > A1, we conclude that this solution changes
signin RN, o

It remains to prove Proposition 4.2. We first introduce some notations which will be useful in the
sequel. For any u, v € H!(«) we denote by

(MWW=/K®VwVw wmnmzfxme%u

the inner product in H'(«) and L?(«), respectively.
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We divide the proof in two distinct cases related with A be or not to be an eigenvalue. We start
with the case Ap < A < Aypy1. For any € > 0 we set

(N-2)/2
Wei=e Tup =g T K@) 2p(x)
£ - & €+ |X|2 El

and

n
Zg :=Wg — Z(Ws, ©iKPi,
i=1

where {@;}icy is the sequence of eigenfunctions of the linearized problem (LP).
We shall prove that Proposition 4.2 holds for z =z, with & > 0 small enough. Since Y & Rz, =
Y ®&® Rwg and

max [(tu) = —

2 2
1 ||ll||K _)\|u|2'](
t>0 N

N/2
) , VYueHYa)\{0},

|”|§*,1<

it suffices to verify that
. 2 2
mg := max(|lully — Alul5 ¢) <, (4.1)
ueX, ’
where

Te={u=y+twe:yeY, teR, |Julpx=1}
Lemma 4.3. As ¢ — 07, the following estimates hold

N-2 N-2

/1<(x)|w,3|2*—1 =0(e 7)., |welpgny=0(e7), (4.2)

N-2

max{(y, we)k, (¥, We)a.k} =yl2k0(e 7 ), yeY. (4.3)

Proof. Since ¢ =0 outside B;(0), the definition of w, provides

. - K(x)’]/2<p (N+2)/(N—-2)

1

(N+2)/4
Sae / (e + |X|2)(N+2)/2

B2(0)
(N+2)/4 e
—a¢ f a+ypaz Y
LANAC)

1 N—2
_ (N-2)/4 — 5
= [ =0T,
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and therefore the first statement in (4.2) holds. For the second one it suffices to compute

1
(N=2)/4
IWelp1 gy < C28 / @t DN
B2(0)
< cpeN-2)/4 / 2N = 0 (sN-2/4).
B2(0)

If we take y = Z?:] Biwi € Y and recall that ¢; solves (LP), we obtain

n n
(v, wedk| = D 2iBi(gi, we)z k| < c3(2 |,3i|> / X 2w, (44)
i=1 i=1
with ¢3 := Ay max{|@1lec, - - -, |¢¥nloo}- Notice that
a2y, <o o(N-2)/4 |x|* 2
X" we < cag W
B2(0)
< caeN-2/4 / X2 = O(e(N*Z)/“).

B2(0)

Moreover, the equivalence of norms in Y, implies that 2?21 |Bi| < c4lyl2, k- By replacing this and the
above inequality in (4.4), we obtain

N-2

|(y. we)k|=1yl2.k0(e7% ).
The argument for (y, w¢)z k is analogous, and therefore (4.3) holds. The lemma is proved. O
Our next estimation is more involved.
Lemma4.4. Foranyu =y +tw, € X we have thatt = 0(1) as ¢ — 0.

Proof. Given u =y +tw, € X¢, we set
. 2% 2% 2%
A) = [ulge gk — Y15+ g — [EWel5 k-
Since dimV < oo and the eigenfunctions of (LP) are regular, we conclude that u € C2(RN). Hence,

Aw) = f K@) (ly + twel? = [y — jtwe*) dx
RN

1
=2* / (/ K®) (ltwe +sy12 72 (twe +sy) — Isy* “2sy)y ds) dx
RN 0

1

=2%(2*-1) / (/ K®X)[sy + twe0]* "2tw,y ds) dx,

RN "0
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where 0 < #(x) <1 is a measurable function. Recalling that the support of w, is contained in B;(0),
we can use the above estimate, (4.2), (4.3) and the equivalence of norms in Y, to obtain

|Aw)| <c1{|y|§2”|r||wg|u(R~> + |y|oo|t|2**1/K(xnwgﬁ*”}

N-2

<{WEE0(6"F) + Iyl ke 10 (e75) ). (45)

Given § > 0, we can apply Young's inequality with exponent s = 2*/(2* — 1), s’ = 2*, to obtain
c3 =c3(8) such that

EI0(e 7)) <8lyl3 g + sl 0 (e 5 ) 2.

Analogously, there exists ¢4 = c4(8) satisfying

*_ N—2 * * N2\ 2N
Yl [t 710 (e77 ) <8lyl3 ¢ +ealtl O(e77 ) V2,

By choosing § > 0 in such a way that 28c; < 1/2, we can replace the last two inequalities in (4.5)
to get

N—=2 N
2

1 * *
[AG)| < 51yl i +1617{0(e"2) + 0 (752

)}

It follows from the definition of A(u) and (3.9) that

Nz

1 *
)+ *U’@*,K

)}

and therefore we cannot have t — co as € — 0. The lemma is proved. O

2% 2% 2% N2,
1=[uld g > ltwel3.  + 62 0 (e V2

N—=2 N
2

=t)* {Ao—i-O(sz)—i-O( eNT2’

We are now able to prove that (4.1) holds in the first case.

Proof of Proposition 4.2 (Case A, < A < Ay41). As quoted before, it suffices to verify (4.1). With this
aim we take u =y +tw, € X and use (4.3) to get

lullz =yl +2¢(y, wg>1< + lltwe 1%

—||J/||1(+|}’|2 KO( )+||th||1<

Since an analogous estimate holds for |ul3 , and [|y[|% < Anlyl3 4., we obtain

N=2
lulk — Mul3 ¢ < O —MIYBx +1¥12k0(e 77 ) + ltwellk — Altwel3 g (4.6)

2 . . .
We now recall that —as® + bs < % whenever a > 0 and s € R. Thus, the above expression implies

that

1

G 0T )+ Qweiewe B (47)

2 2
lul% = rul3 ¢ <
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where

IvIZ = Alv3
Q) 1= — 2K

VI k

for any v e H' () \ {0}.
Since Q;(wg) = Q,(ug) and A > A1/2, we can use the calculations performed in [4, pp. 1166-
1167] to get

S+&%2d + 0(s%), if N > 20 + 2,
() = S+e%2d+ 0(%|loge|) + 0(e'7), if N=2a+2,
wTe S+e22d 4+ 0(e™D), ifo+2<N<2a+2,
N-2 .
S+¢e%2|logeld+ 0(s"2), ifN=a+2,

with d < 0 being a negative number. Hence, for ;¢ > 0 small, N > o + 2 and y given by

. N-2
y = mm{oz — 1L, —} >0, (4.8)

we have that
Qi (twe) = Qu(we) < S+de®/?71 + 0(e7). (4.9)

On the other hand, by using the Mean Value Theorem we obtain 6 = 6(x) € (0, 1) such that

1= / K@)ltwe +y2 = / K){ltwe|? +2*[twe +0y[* 2 (twe +0y)y}.

Thus, we can use the equivalence of norms in Y, Lemma 4.4 and (4.2), to get

* *_ * N-2
1>|tws|%*,,<+2*/1<<x>|rwg|2 "yl ltwel3e  — 1¥l2k0(e 7 ),

from which it follows that
* N-2
ltwel3e c <1+1yl2k0(e 7).

By replacing the above estimate and (4.9) in (4.7), we conclude that

1
——0
4(A — Ap)
N-2-«

=S+ &Y R(d+0(eV ) 4 0(e 2 THY).

Il — Aluf3 < (€"T") + S +ds*/>~1 4 0 ()

Recalling that N — o — 2 > 0 and using the definition of y, we conclude that min{y — o /2 + u, (N —
2—w)/2+ u} > 0. Since d < 0, it follows from the above expression that, for any ¢ > 0 small, there
hods

2 2
lully —Aluly g <S, Vue .

This concludes the proof in this first case. O
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We now consider the case where X = X, is an eigenvalue. Notice that, in this setting, estimation
(4.6) does not hold and therefore we need slightly change the argument. So, for any ¢ > 0 we define

We 1= wWe — (We, @n)K@n.
The next lemma shows that this new function has the same properties of w,.
Lemma 4.5. The following estimates hold as ¢ — 0
N-2 N-2

/K(x)|v~v€|2*_1 =0(e 1), |Welpgmy=0(e7),

maX{(y, We)k, (¥, VV&)Z,K} = |J/|2,1(O(8¥),

and
Qi(twe) = Qu(we) < S +de*>7H 4+ 0(e?), (4.10)
whered < 0, i > 0 is small and y is given by (4.8).

Proof. We have that

~ *_ *_ 2*¥ -1 *_
/K(X)|Ws|2 1<c1/1<(x>|wg|2 U |(we. gk /1<(x>|<pn|2 1

The exponential decay of ¢, implies that the last integral is finite. Since 2* — 1 > 1, it follows from
the above inequality, (4.2) and (4.3) that

/1<(><)|v~vg|2**l =0(e7),

and therefore the first statement holds. By using the exponential decay of ¢, and Lemma 4.3 we can
prove the second and the third statement in a similar way. We omit the details.

It remains to check the last assertion. Notice that, in view of the definition of W, and Lemma 4.3,
we have that

IWellg = lIwellk + (We, o) % l@nllF — 2(We, gn)k

2 N-2
§||W£||K+O(5 2 )
and
~ 2 2 N=2
|Wel3 = Wel3 x +0(e77).

In order to estimate |W,|3, , in terms of |w,|3, ., we write
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1
~ 2% 2% d 2%
|W5|2*,K_|Wa|z*‘K://E}W8—5(We,§0n)l<§0n| dsdx
RN O

<c2\<wg,<on>,<y/1<(><)|wg|2“1 d
]RN

2" *
+ c3|(We, @n)k | /K(X)|‘Pn|2 dx
RN
N-2 N-2

=0(e"7)0(e"T)+0(" ) =0(e"7),

where we have used the exponential decay of ¢, and Lemma 4.3. It follows from the above expression
that, for some 6 € (0, 1), there holds

|‘7Vs|%*,1< = (|‘7V€|2:,K)2/2* = (|W6|§1,1< + 0(8¥))2/2*
N-2 N-2

* * 2 * 2 _
= ((welpe k)" + S (el +60(e77 )" 0(e 7).

If follows from (3.9) that 0 < lim,_, o+ |wg|§:y,( < 0. Thus, we conclude that

~ 2 2 N-2
[Welge x = [Welge x +0(e77 ).

All together, the above estimates provide

N-2 —
Iwelld —Alwel3 ¢ +0(72) 0@

Qi (We) < - = Qu(we) + -
Wel3. y +0(T) Weld g +0("7)

The statement (4.10) is now a consequence of the above inequality and (4.9). This finishes the
proof. O

Let us now prove Proposition 4.2 in the resonant case A = Ap.

Proof of Proposition 4.2 (Case A = Ap). As in the first case, it suffices to show that

~ 2 2
e :=max(|luli — Anlulz ) <,
ueXe

where

Ye={u=y+tWe: yeY, teR, |ulpx =1}
Letu=y-+tw, e 5, and notice that the function y €Y can be written as

Y=Y+, on)ken.

Since (¢n, We)k = (¢n, We)2.k =0 and [|@nll% = Anl@nl3 4, we have that
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lulk = Malul3 g = 17 — AallFnll3 x + 27, tWe)k — 2An (V. tWe)ak

+ Q}\(tws)nwe@*,x-

Lemma 4.5 and the same argument employed in the proof of Lemma 4.4 show that t = O(1) as
& — 0. Thus, we can use the above inequality, ¥ € span{gs, ..., ¢y—1} and Lemma 4.4 to get

Wl = Al g <~ 0(e" ) + Qu (o) e e
K n 2,K X 4()\,1_1 _)\n) & E12% K-

It follows from the boundedness of t, (4.10) and the same argument used in the first case that, for
& > 0 small enough, there holds

2 2 S
lullx = Auly g <S, Vue Ze.
The proposition is proved. 0O
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