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ABSTRACT

Existence and multiplicity of solutions are established, via the
Variational Method, for a class of resonant semilinear elliptic
system in R

N under a local nonquadraticity condition at infin-
ity. The main goal is to consider systems with coupling where
one of the potentials does not satisfy any coercivity condition.
The existence of solution is proved under a critical growth
condition on the nonlinearity.
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1. INTRODUCTION

This paper is concerned with the existence and multiplicity of solutions
for the system
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��u þ aðxÞu ¼ Fuðx, u, vÞ, x 2 R
N ,

��v þ bðxÞv ¼ Fvðx, u, vÞ, x 2 R
N ,

�
ðPÞ

where N � 3 and the potentials a and b are positive continuous functions. In
the scalar case Rabinowitz[23] showed the existence of a nontrivial solution
by assuming that the nonlinearity is superlinear with subcritical growth and
the potential is coercive. In Ref. [3] Bartsch & Wang consider the scalar case
under assumptions similar to those in Ref. [23] and a condition weaker than
coercivity for the potential. Proving that the associated functional satisfies
the Palais-Smale condition they were able to establish existence and
multiplicity of solutions. We should also mention the articles[27,28,4,8,16,19]

where the scalar case is considered.
We observe that there exists an extensive bibliography in the study of

elliptic systems on bounded domains (see Refs. [17,10,14,9] and references
therein). In particular, we should mention the articles[7,25] where a condition
on F similar to the one used here is assumed. For systems in R

N we refer the
interested reader to the articles[11,2,12] where Hamiltonean elliptic systems
are considered. In the case of gradient systems in R

N , Costa[5] proves the
existence of a nonzero solution for ðPÞ under the coercivity of the potentials
a and b, and a nonquadratic condition on F. One of the main goals of this
article is to consider ðPÞ in a class of resonant systems that allow us dealing
with it without any coercivity condition on one of the potentials. More
specifically, we suppose

ðA1Þ there are constants a0, b0 > 0 such that aðxÞ � a0, bðxÞ � b0 for all
x 2 R

N ,
(A2) for every M > 0

�ðfx 2 R
N : bðxÞ 	 MgÞ <1,

with � denoting the Lebesgue measure in R
N .

We observe that condition ðA2Þ was introduced by Bartsch &
Wang[3] for the scalar case. To compensate the lack of coercivity on
the potential a we suppose that the system is coupled in the following
sense

ðF1Þ lim
jzj!1

Fðx, zÞ � �kuv

jzj2
¼ 0, uniformly for a.e. x 2 R

N ,

where �k is a positive eigenvalue for the associated coupled linear problem

��u þ aðxÞu ¼ �v, x 2 R
N ,

��v þ bðxÞv ¼ �u, x 2 R
N :

�
ðLPÞ
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In our first result we establish the existence of a solution for the system
ðPÞ by verifying that the associated functional satisfies the hypothesis of a
version of the Saddle Point Theorem[21] characterized by the fact that it
requires a compactness condition with respect to the weak topology of the
space. This fact allows us to deal with a nonlinearity satisfying the critical
growth condition.

Considering 2� ¼ ð2NÞ=ðN � 2Þ the critical Sobolev exponent and
denoting by rFðx, zÞ the gradient of F with respect to the variable z 2 R

2,
we assume

ðF2Þ F 2 C1
ðR

N
� R

2,RÞ,

ðF3Þ there are constants c1, c2 > 0 and 2 	 � 	 2� such that

jrFðx, zÞj 	 c1jzj
��1

þ c2jzj, 8 ðx, zÞ 2 R
N
� R

2,

ðF4Þ there are constants c3, c4 > 0 and � 2 L1
ðR

N
Þ such that

jFðx, zÞj 	 c3juj jvj þ c4jvj
2
þ
�ðxÞ

2
juj2, 8 ðx, zÞ 2 R

N
� R

2,

where � satisfies

lim sup
jxj!1

�ðxÞ ¼ �1 < a0:

In order to establish the existence of a solution for ðPÞ, based on a
previous work,[13] we assume a local nonquadraticity condition on F: given
	 > 0 we set

�	 ¼ x 2 R
N : bðxÞ <

	

a0
�2k

� �
and suppose
(NQ) there exists 	 > ða0=ða0 � �1ÞÞ

2 and A 2 L1
ðR

N
Þ such that

lim
juj!1

jvj!1

rFðx, zÞ � z � 2Fðx, zÞ ¼ 1, a:e: x 2 �	 ,

rFðx, zÞ � z � 2Fðx, zÞ � AðxÞ, 8 ðx, zÞ 2 R
N
� R

2,

8<:
where a � b denotes the usual inner product between a, b 2 R

2. The reader
should be aware that �	 , for this choice of 	, is a nonempty open subset
of R

N (see Remark 3.3). Now we may state a result on the existence of
solution.
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Theorem 1.1. Suppose ðA1Þ and ðA2Þ hold. If F satisfies ðF1Þ�ðF4Þ and ðNQÞ,
then problem ðPÞ possesses a solution.

In our next result we study the existence of a nontrivial solution for the
system ðPÞ when Fðx, 0Þ � rFðx, 0Þ � 0 and F satisfies

ðbF2F2Þ F 2 C2
ðR

N
� R

2,RÞ,

ðbF3F3Þ there are constants c1, c2 > 0 and 2 	 � < 2� such that

jD2Fðx, zÞj 	 c1jzj
��2

þ c2, 8 ðx, zÞ 2 R
N
� R

2,

ðcF4F4Þ there are constants c3, c4, p, q > 0 with 2p þ 2�q � 2ð2� � 1Þ and
p þ q < 2� � 1 and � 2 L1

ðR
N
Þ such that

jFuðx, zÞj 	 c3juj
p
jvjq þ c4jvj þ �ðxÞjuj, 8 ðx, zÞ 2 R

N
� R

2,

where � satisfies

lim sup
jxj!1

�ðxÞ ¼ �1 < a0,

ðF5Þ D2Fðx, 0Þ � D2Fð0Þ and we have either

ðiÞ Fuuð0Þ, Fvvð0Þ � 0 and �k < Fuvð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
,

or

ðiiÞ Fuuð0Þ, Fvvð0Þ < 0,Fuvð0Þ > ��1 and

�k�1 > Fuvð0Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
:

Under these conditions we are able to prove

Theorem 1.2. Suppose ðA1Þ and ðA2Þ hold. If F satisfies ðF1Þ, ðbF2F2Þ�ðbF4F4Þ, ðF5Þ,
ðNQÞ and Fðx, 0Þ � rFðx, 0Þ � 0, then problem ðPÞ possesses a nonzero
solution.

Our final task is to verify the existence of multiple solutions for ðPÞ
under the assumption that the primitive is even with respect to the variable
z. In order to obtain such result we apply a version of the Symmetric
Mountain Pass Theorem of Ambrosetti–Rabinowitz.[1,22] Since we need a
compactness condition with respect to the norm topology we assume ðF3Þ

with � < 2� and

ðbFF5Þ Fðx, zÞ �
1

2
Az � z ¼ oðjzj2Þ, as jzj ! 0,
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where A ¼
�1 �2

�2 �3


 �
is a symmetric matrix such that �1,�3 < 0, �2 > ��1

and

�2 �
ffiffiffiffiffiffiffiffiffiffiffi
�1�3

p
< �j < �k:

ðF6Þ Fðx, zÞ is even with respect to the variable z 2 R
2.

Now, we may state

Theorem 1.3. Suppose ðA1Þ and ðA2Þ hold. If F satisfies Fðx, 0Þ � 0, ðF1Þ,
ðF2Þ, ðF3Þ with � < 2�, ðbF4F4Þ, ðbF5F5Þ, ðF6Þ and ðNQÞ, then problem ðPÞ possesses
k� j pairs of nonzero solutions.

As in Ref. [23], Theorems 1.1–1.3 will be proved by finding critical
points for the associated functional defined on an appropriated Hilbert
space. In Section 2, we state the abstract results that we need to prove
our main theorems. There we also obtain the variational characterization
of the eigenvalues of the coupled linear system ðLPÞ. In Section 3 we prove
Theorem 1.1 and in Section 4 we present the proof of Theorem 1.2. Finally,
in Section 5, we prove Theorem 1.3.

2. PRELIMINARIES

In this section we present some abstract results that will be used in
the proofs of Theorems 1.1–1.3. We also study the linear problem associated
to ðPÞ.

Let E be a real Hilbert space and I : E ! R a functional of class
C1. We recall that a sequence ðznÞ � E is said to be a Palais-Smale
sequence if IðznÞ ! c and I 0ðznÞ ! 0 as n ! 1. As it is well known,
minimax theorems are based on the existence of a linking structure and
on deformation results. In general, in order to derive such deformation
results, the functional must satisfy a compactness condition. In this arti-
cle, we deal with a condition introduced by Silva in Ref. [26] and defined
bellow.

Definition 2.1. The functional I 2 C1
ðE,RÞ satisfies the strong Cerami con-

dition [(SCe)] if any Palais-Smale sequence ðznÞ � E such that kznkkI
0
ðznÞk is

bounded possesses a convergent subsequence.

To establish the existence of a critical point for the functional we only
need a version of the (SCe) condition for the weak topology.
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Definition 2.2. The functional I 2 C1
ðE,RÞ satisfies the strong Cerami con-

dition for the weak topology [(SCe)’] if any Palais-Smale sequence ðznÞ � E
such that kznkkI

0
ðznÞk is bounded possesses a subsequence which converges

weakly to a critical point of I.

Assuming the above condition, we have the following version of the
abstract results in Refs. [24,26].

Theorem 2.3. Let E ¼ V � W be a real Hilbert space with V finite dimen-
sional and W ¼ V?. Suppose I 2 C1

ðE,RÞ satisfies (SCe)’ and

(I1) there exists � 2 R such that IðzÞ 	 �, for all z in V,

(I2) there exists 	 2 R such that IðzÞ � 	, for all z in W .

Then I possesses a critical point.

Proof. Arguing by contradiction, suppose that I does not have a critical
point. Then, I satisfies (SCe). Indeed, in this case we do not have any
Palais-Smale sequence ðznÞ � E such that kznkkI

0
ðznÞk is bounded because,

otherwise, I would have a critical point since it satisfies (SCe)’. Invoking
Theorem 2.13 in Ref. [26], we obtain a critical point for I. This concludes
the proof of the theorem. œ

For the proof of Theorem 1.2 we apply the following version of the
Lazer–Solimini’s theorem[18] proved in Ref. [13] (see also Ref. [20] for a
related result).

Theorem 2.4. Let E ¼ V � W be a real Hilbert space with V finite dimen-
sional and W ¼ V?. Suppose I 2 C1

ðE,RÞ satisfies (SCe), ðI1Þ, ðI2Þ and

ðI3Þ the origin is a critical point of I, D2Ið0Þ is a Fredholm operator and either
dimV < mðI , 0Þ or mðI , 0Þ < dimV .

Then I possesses a nonzero critical point.

Here, mðI , zÞ [mðI , zÞ] denotes the Morse index [augmented Morse
index] of the functional I at the point z.

Theorem 1.3 will be proved by applying the following version of the
symmetric Mountain Pass Theorem.[24]

Theorem 2.5. Let E ¼ V � W be a real Hilbert space with V finite dimensional
and W ¼ V?. Suppose I 2 C1

ðE,RÞ is even and satisfies Ið0Þ ¼ 0, (SCe) and

(I4) there exists a finite dimensional closed subspace bVV of E and � 2 R such
that bVV � V and IðzÞ 	 �, for all z in bVV ,
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(I5) there exists 
 > 0 such that IðzÞ � 0, for all z in B
ð0Þ \ W .

Then I possesses dim bVV � dimV pairs of nontrivial critical points.

Actually, in Ref. [24], Theorem 2.5 is stated for the Palais-Smale con-
dition. The version of the (SCe) condition is based on a deformation lemma
proved in Ref. [26].

For applying the abstract results we set E ¼ Ea � Eb where

Ea ¼ u 2 W1, 2
ðR

N ,RÞ :

Z
R

N
ðjruj2 þ aðxÞu2Þ dx <1

� �
and

Eb ¼ v 2 W1, 2
ðR

N ,RÞ :

Z
R

N
ðjrvj2 þ bðxÞv2Þ dx <1

� �
endowed with the inner product

hðu, vÞ, ð�, Þi ¼

Z
R

N
ðrur�þ rvr þ aðxÞu�þ bðxÞv Þ dx,

and associated norm given by

kzk2 ¼

Z
R

N
ðjruj2 þ jrvj2 þ aðxÞu2 þ bðxÞv2Þ dx, 8 z ¼ ðu, vÞ 2 E:

ð2:1Þ

For z 2 E the functional

IðzÞ ¼
1

2
kzk2 �

Z
R

N
Fðx, zÞ dx ð2:2Þ

is well defined and of class C1 via ðF2Þ and ðF3Þ. Moreover the critical points
of I are precisely the weak solutions of the system ðPÞ.

The conditions ðA1Þ, ðA2Þ and the Sobolev Theorem imply that the
immersion E ,! Ls

ðR
N ,RÞ � Ls

ðR
N ,RÞ is continuous for 2 	 s 	 2�. In

Ref. [3] it is proved that, in fact, the embedding Eb ,! Ls
ðR

N ,RÞ is
compact for 2 	 s < 2�. It is worthwhile mentioning that in our problem
the embedding E ,!Ls

ðR
N ,RÞ � Ls

ðR
N ,RÞ may not be compact. This fact

is compensated by the coupling of the system.
For the sake of completeness we prove a proposition that generalizes

for the system ðPÞ a well known fact for the scalar case.
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Proposition 2.6. Suppose F satisfies ðF2Þ�ðF3Þ. Then every bounded sequence
ðznÞ � E such that I 0ðznÞ ! 0 possesses a subsequence which converges weakly
to a critical point of I.

Proof. Let ðznÞ � E be a bounded sequence such that I 0ðznÞ ! 0. We may
assume that

zn * z in E,
znðxÞ ! zðxÞ, a:e: x 2 R

N :

�
ð2:3Þ

It suffices to show that, for every w 2 E, we haveZ
R

N
rFðx, znÞ � wdx !

Z
R

N
rFðx, zÞ � wdx:

Given " > 0 we set �R
¼ R

N
nBRð0Þ, for R > 0, and use ðF3Þ and

Holder’s inequality to obtainZ
�R

jrFðx, znÞ � wj dx 	 c1

Z
�R

jznj
2��1

jwj dx þ c2

Z
�R

jznjjwj dx

	 c1kznk
2��1
L2� kwkL2� ð�RÞ

þ c2kznkL2kwkL2ð�RÞ:

Since ðznÞ is bounded and w 2 L2
ðR

N
Þ \ L2�

ðR
N
Þ, we obtainZ

�R

jrFðx, znÞ � wj dx <
"

3
, ð2:4Þ

for R sufficiently large. Taking R larger if necessary, we may suppose thatZ
�R

jrFðx, zÞ � wj dx <
"

3
: ð2:5Þ

On other hand, by (2.3), ðF3Þ and the Lebesgue Convergence Theorem,
there exists n0 2 N such thatZ

BRð0Þ

jrFðx, znÞ � w � rFðx, zÞ � wj <
"

3
, 8 n � n0:

The above estimate, (2.4) and (2.5) show thatZ
R

N
jrFðx, znÞ � w � rFðx, zÞ � wj dx < ", 8 n � n0:

This concludes the proof of the proposition. œ

An immediate consequence of the above proposition is

1522 FURTADO, MAIA, AND SILVA
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Corollary 2.7. Suppose F satisfies ðF2Þ � ðF3Þ. If every Palais-Smale sequence
ðznÞ � E such that kznkkI

0
ðznÞk is bounded possesses a bounded subsequence,

then I satisfies (SCe)’.
Now, we proceed with the study of the linear interchanged eigenvalue

problem

��u þ aðxÞu ¼ �v, x 2 R
N ,

��v þ bðxÞv ¼ �u, x 2 R
N :

�
ðLPÞ

A simple calculation shows that � is an eigenvalue of ðLPÞ if, and
only if,

Tðu, vÞ ¼
1

�
ðu, vÞ,

where T : E ! E is a selfadjoint bounded linear operator defined by

hTðu, vÞ, ð�, Þi ¼

Z
R

N
ðv�þ u Þ dx:

Moreover, the following result holds.

Lemma 2.8. Suppose ðA1Þ and ðA2Þ hold. Then T is a compact operator.

Proof. Let ðznÞ ¼ ðun, vnÞ � E be a sequence such that zn * z ¼ ðu, vÞ in E.
Writing T ¼ ðT1,T2Þ and using the compact embedding of Eb in L2

ðR
N
Þ we

have that vn ! v in L2
ðR

N
Þ and T2ðzn � zÞ ! 0 in L2

ðR
N
Þ. Now, by the

definition of T,

0 	 Tðzn � zÞ,Tðzn � zÞ

 �

¼

Z
R

N
ðvn � vÞT1ðzn � zÞ dx þ

Z
R

N
ðun � uÞT2ðzn � zÞ dx

	 kvn � vkL2kT1ðzn � zÞkL2 þ kun � ukL2kT2ðzn � zÞkL2 :

Since T and kun � ukL2 are bounded we conclude that TðznÞ ! TðzÞ. The
lemma is proved. œ

Observing that ðu,�vÞ is an eigenfunction associated with the eigen-
value �� whenever ðu, vÞ is an eigenfunction associated to �, we invoke
Lemma 2.8 and the spectral theory for compact operators to conclude
that ðLPÞ possesses a sequence f�mgm2Z� of eigenvalues

� � � 	 ��m 	 � � � 	 ��2 	 ��1 < 0 < �1 	 �2 	 � � � 	 �m 	 � � � ,
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such that ��m ! �1 as m ! 1. Furthermore, denoting by f’mgm2Z�

the orthonormal basis of eigenfunctions associated to the sequence
f�mgm2Z� , the variational characterization of the eigenvalues provides
the inequalities

1

2
kzk2 	 �m

Z
R

N
uv dx, 8 z ¼ ðu, vÞ 2 spanf’1, ’2, . . . , ’mg, ð2:6Þ

and

1

2
kzk2 � �mþ1

Z
R

N
uv dx, 8 z ¼ ðu, vÞ 2 spanf’1, ’2, . . . ,’mgð Þ

?,

ð2:7Þ

where �m is a positive eigenvalue. For negative eigenvalues we have analo-
gous inequalities. In particular,

1

2
zk k

2
� ��1

Z
R

N
uv dx, 8 z ¼ ðu, vÞ 2 spanf’�1, ’�2, . . . , ’�m, . . .g:

ð2:8Þ

Finally we observe that, by the orthogonality of the eigenfunctions and
the definition of T we have that, if ’l ¼ ðul, vlÞ and ’m ¼ ðum, vmÞ, with
l 6¼ m, thenZ

R
N
ðulvm þ umvlÞ dx ¼ 0: ð2:9Þ

3. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1 by verifying that the functional I
defined in (2.2) satisfies the hypotheses of Theorem 2.3.

Considering k given by ðF1Þ we set V ¼ spanf’1, ’2, . . . , ’k�1g and
W ¼ V? (without loss of generality �k�1 < �k and V ¼ � if k ¼ 1). In
order to show that I satisfies (SCe)’, we use the following technical result.

Lemma 3.1. Suppose F satisfies ðF2Þ and ðF4Þ. Then, given R > 0 and " > 0,
there exists M ¼ MðRÞ > 0 such thatZ

fjzj	Rg

Fðx, zÞ dx 	 M þ "þ
�1
2a0

� �
zk k

2, 8 z 2 E: ð3:1Þ

Proof. Given b"" > 0, the compact embedding of Eb in L2
ðR

N
Þ and the

Monotone Convergence Theorem imply that there exists R1 > 0 such that

1524 FURTADO, MAIA, AND SILVA
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Z
R

NnBR1
ð0Þ

jvj2 dx 	b"", 8 zk k ¼ 1: ð3:2Þ

Taking R1 larger if necessary, using the above estimate and Holder’s
inequality we getZ

R
NnBR1

ð0Þ

jujjvj 	b"", 8 zk k ¼ 1: ð3:3Þ

Invoking ðF4Þ, we also may suppose that

�ðxÞ 	 �1 þb"", 8 jxj > R1:

Defining the sets

�1
¼ fjzj 	 Rg \ BR1

ð0Þ and �2
¼ fjzj 	 Rg \ ðR

N
nBR1

ð0ÞÞ,

we can use (3.2), (3.3), the above inequality, ðF2Þ and ðF4Þ to obtainZ
fjzj	Rg

Fðx, zÞ dx 	

Z
�1

Fðx, zÞ dx þ

Z
�2

c3jujjvj þ c4jvj
2
þ
�ðxÞ

2
juj2

� �
dx

	 M þ c3b""þ c4b""þ b""
2a0

þ
�1
2a0

� �
zk k

2:

Taking b"" > 0 sufficiently small we conclude the proof of the lemma. œ

The following result provides the compactness for the functional I.
Hereafter we use the notation

zk k
2
�¼

Z
�

jruj2 þ aðxÞu2 þ jrvj2 þ bðxÞv2
� �

dx

for a measurable set � � R
N and z ¼ ðu, vÞ 2 E. We also denote by S a

positive constant such that kzk2L2 	 Skzk2, for all z 2 E.

Proposition 3.2. Suppose F satisfies ðF1Þ�ðF4Þ and ðNQÞ. Then I satisfies
(SCe)’.

Proof. Let ðznÞ � E be such that IðznÞ ! c, I 0ðznÞ ! 0 and kznkkI
0
ðznÞk is

bounded. In view of Corollary 2.7, we need only to verify that ðznÞ possesses
a bounded subsequence. Arguing by contradiction, we suppose that
kznk ! 1. Since IðznÞ ! c and kznkkI

0
ðznÞk is bounded there exists

M > 0 such that
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lim inf

Z
R

N
Hðx, znÞ dx ¼ lim inf 2IðznÞ � I 0ðznÞzn

� �
	 M, ð3:4Þ

where Hðx, znÞ ¼ rFðx, znÞ � zn � 2Fðx, znÞ. On the other hand, for n suffi-
ciently large, we have

1

2
kznk

2
	 ðc þ 1Þ þ

Z
R

N
Fðx, znÞ dx: ð3:5Þ

Given " > 0, the hypothesis ðF1Þ implies that there exists R > 0
such that

Fðx, zÞ 	 �kuv þ "jzj
2, 8 x 2 R

N , jzj > R:

Using this inequality and (3.5), we get

1

2
kznk

2
	 M1 þ

Z
fjzj>Rg

�kjunjjvnj þ "jznj
2

� �
dx þ

Z
fjzj	Rg

Fðx, znÞ dx,

and therefore

1

2
ð1� 2S"Þkznk

2
	 M1 þ �k

Z
R

N
junjjvnj dx þ

Z
fjzj	Rg

Fðx, znÞ dx:

Now we use Lemma 3.1 to obtain

�

2
zn

�� ��2	 M2 þ �k

Z
R

N
junjjvnj dx, ð3:6Þ

where � ¼ 1� 2"ðS þ 1Þ � ð�1=a0Þ.
Let 	 be given by ðNQÞ. Since 	 > ða0=ða0 � �1ÞÞ

2 we choose " > 0
sufficiently small such that �	 > 1 and �	 > ��1. Taking � > 0 such that
�	 > 1þ � > ��1, we can use (3.6) and Young’s inequality to get

�

2
kznk

2
�	

þ

Z
R

Nn�	

jrznj
2 dx

 !
þGðznÞ 	 M2 þ �k

Z
�	

junjjvnjdx, ð3:7Þ

where GðznÞ ¼
R
R

Nn�	
ðH1ðxÞu

2
n þH2ðxÞv

2
nÞ dx, with

H1ðxÞ ¼
1

2
�aðxÞ �

a0
1þ �

� �
and H2ðxÞ ¼

1

2
�bðxÞ �

�2kð1þ �Þ

a0

 !
:

ð3:8Þ

Hypothesis ðA1Þ, the definition of �	 and the choice of � provide
�1, �2 > 0 such that
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H1ðxÞ �
�1
2

aðxÞ, H2ðxÞ �
�2
2

bðxÞ, 8 x 2 R
N
n�	 :

Setting �0 ¼ ð1=2Þminf�, �1, �2g, the above expression and (3.7) imply

�0kznk
2
	 M2 þ �k

Z
�	

junjjvnj dx: ð3:9Þ

Defining bzzn ¼ ðbuun,bvvnÞ ¼ 1=ðkznkÞðjunj, jvnjÞ, we may assume that

buun *buu in L2
ð�	Þ,bvvn !bvv in L2
ð�	Þ :

(

Hence, by (3.9), we get

�0 	 �k

Z
�	

buu bvv:
Since we are supposing that kznk goes to infinity, the above expression

implies that limn!1 junðxÞj ¼ 1 and limn!1 jvnðxÞj ¼ 1 on a subset of �	

with positive measure. Finally, using the Fatou’s lemma and (NQ), we have

lim inf

Z
R

N
Hðx, znÞ dx �

Z
R

N
lim inf Hðx, znÞ dx ¼ 1:

This contradicts (3.4) and concludes the proof of the proposition. œ

Remark 3.3. By taking Fðx, zÞ ¼ �kuv and zn ¼ n’k, the proof of
Proposition 3.2 up to (3.9) implies that �	 6¼ ; for every 	 > 1.

The next result is a version of Lemma 3.1 in Ref. [6] (see also Ref. [13])
and will be used to check condition ðI2Þ for the functional I.

Lemma 3.4. Suppose F satisfies ðF1Þ and ðNQÞ. Then

Fðx, zÞ � �kuv 	 �
AðxÞ

2
, 8 z 2 R

2, a.e. x 2 R
N :

Proof. Defining Gðx, zÞ ¼ Fðx, zÞ � �kuv, we have

rGðx, zÞ � z � 2Gðx, zÞ ¼ rFðx, zÞ � z � 2Fðx, zÞ:

Thus, for any s > 0 and z 2 R
2 such that jzj ¼ 1, by ðNQÞ, we have

d

ds

Gðx, szÞ

s2


 �
¼

rGðx, szÞ � ðszÞ � 2Gðx, szÞ

s3
�

AðxÞ

s3
:
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Integrating over ½s, t# � ð0,1Þ, we get

Gðx, szÞ

s2
	

Gðx, tzÞ

t2
�

AðxÞ

2

1

s2
�

1

t2


 �
:

Taking the limit as t goes to infinity on the above expression and using ðF1Þ,
we conclude that

Gðx, szÞ 	 �
AðxÞ

2
, 8 s > 0, z 2 R

2 s.t. jzj ¼ 1, a.e. x 2 R
N :

The argument for s < 0 is similar, hence the lemma is proved. œ

The next proposition establishes the geometric conditions for the
associated functional.

Proposition 3.5. Suppose F satisfies ðF1Þ, ðF2Þ, ðF4Þ and ðNQÞ. Then the
functional I satisfies ðI1Þ and ðI2Þ.

Proof. For any z 2 W we have, by (2.7) and Lemma 3.4,

IðzÞ ¼
1

2
zk k

2
� �k

Z
R

N
uv dx �

Z
R

N
Fðx, zÞ � �kuvð Þ dx � �

Ak kL1

2
:

Consequently, I satisfies (I2).
In order to verify (I1) we first observe that (2.6) and the definition of V

provide � > 0 such that

1

2
zk k

2
� �k

Z
R

N
uv dx 	 �� zk k

2, 8 z 2 V :

Hence,

IðzÞ 	 �� zk k
2
þ

Z
R

N
�kuv � Fðx, zÞð Þ dx, 8 z 2 V :

Given " > 0, we may use ðF1Þ to obtain R > 0 such that

jFðx, zÞ � �kuvj 	 "jzj2, 8 x 2 R
N , jzj > R:

and therefore

IðzÞ 	 �� zk k
2
þ "

Z
R

N
jzj2 dx þ

Z
fjzj	Rg

�kjujjvj � Fðx, zÞð Þ dx, 8 z 2 V :

Since dimV <1, the above inequality, ðF2Þ, ðF4Þ and a similar argument to
the one employed in the proof of Lemma 3.1 imply that there exist
M1 ¼ M1ðRÞ > 0 such that

IðzÞ 	 M1 þ ��þ "ðS þ 1Þð Þ zk k
2:
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Taking " > 0 sufficiently small we have that IðzÞ ! �1 as zk k ! 1, z 2 V .
This concludes the proof of the proposition. œ

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Conditions ðF2Þ and ðF3Þ imply that I 2 C1
ðE,RÞ and

the critical points of I are the weak solutions of ðPÞ. In view of Proposition
3.2 the functional I satisfies (SCe)’. Furthermore, by Proposition 3.5, I
satisfies the geometric conditions ðI1Þ and ðI2Þ. The proof of Theorem 1.1
is concluded by invoking Theorem 2.3. œ

4. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. We begin by showing that I
satisfies (SCe).

Proposition 4.1. Suppose F satisfies Fðx, 0Þ � 0, ðF1Þ, ðbF2F2Þ � ðbF4F4Þ and ðNQÞ.
Then the functional I satisfies (SCe).

Proof. Let ðznÞ � E be a Palais-Smale sequence such that kznk�

kI 0ðznÞk 	 M <1. Since Fðx, 0Þ � 0 we can use ðF1Þ, ðbF3F3Þ and ðbF4F4Þ to
show that condition ðF4Þ holds. Hence, in view of Proposition 3.2, we
may suppose that ðznÞ is bounded and zn * z, with z a critical point of I.
Furthermore, up to a subsequence, we have

un * u in Ea,

un ! u in Ls
locðR

N
Þ, 2 	 s < 2�,

unðxÞ ! uðxÞ, a.e. x 2 R
N ,

vn ! v in Eb,

vn ! v in Ls
ðR

N
Þ, 2 	 s < 2�:

8>>>>>><>>>>>>:
ð4:1Þ

Our objective is to verify that un ! u in Ea. Recalling that I 0ðznÞ ! 0
and I 0ðzÞ ¼ 0, we get

kun � uk2Ea
¼ kunk

2
Ea

� 2 un, u

 �

þ uk k
2
Ea

	 oð1Þ þ

Z
R

N
Fuðx, znÞðun � uÞ dx þ

Z
R

N
Fuðx, zÞðu � unÞ dx,

ð4:2Þ
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as n goes to infinity. Given 0 < " < �1 � a0, we claim thatZ
R

N
Fuðx, znÞðun � uÞ dx 	 oð1Þ þ

�1 þ "

a0

� �
kun � uk2Ea

, as n ! 1:

ð4:3Þ

Indeed, defining GðznÞ ¼
R
R

N Fuðx, znÞðun � uÞ dx, we may use ðbF4F4Þ to obtain
R > 0 such that

GðznÞ 	 c3

Z
R

N
junj

p
jvnj

q
jun � uj dx þ c4

Z
R

N
jvnkun � uj dx

þ

Z
BRð0Þ

�ðxÞjunjjun � uj dx

þ �1 þ "ð Þ

Z
R

NnBRð0Þ

jujjun � uj þ jun � uj2
� �

dx: ð4:4Þ

First note that, by the local convergence in (4.1),Z
BRð0Þ

�ðxÞjunjjun � uj dx ! 0, as n ! 1: ð4:5Þ

Since unðxÞ ! uðxÞ for almost everywhere x 2 R
N and junj

p
jun � uj is

bounded in L2�=ð pþ1Þ
ðR

N
Þ, we have that junj

p
jun � uj* 0 in L2�=ðpþ1Þ

ðR
N
Þ

(see Lemma 4.8 in Ref. [15]). Hence,Z
R

N
junj

p
jvnj

q
jun � uj dx ! 0, as n ! 1, ð4:6Þ

because jvnj
q
! jvjq in Lð2�=ðpþ1ÞÞ0

ðR
N
Þ from 2 	 ð2�qÞ=ð2� � ð p þ 1ÞÞ < 2�

and (4.1). AnalogouslyZ
R

N
jvnjjun � uj dx ! 0,

Z
R

NnBRð0Þ

jujjun � uj dx ! 0, ð4:7Þ

as n goes to infinity. For the second term of the last integral in the right hand
side of (4.4) we have

ð�1 þ "Þ

Z
R

NnBRð0Þ

jun � uj2 dx 	
�1 þ "

a0

� �
kun � uk2Ea

:

This and equations (4.4)–(4.7) prove the claim. In a similar wayZ
R

N
Fuðx, zÞðu � unÞ dx ! 0, as n ! 1:
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The above inequality, (4.2) and (4.3) shows that

1�
�1 þ "

a0

� �
kun � uk2Ea

	 oð1Þ, as n ! 1:

By our choice of " we conclude that un ! u in Ea and therefore the propo-
sition is proved. œ

Proof of Theorem 1.2. Since rFðx, 0Þ � 0, we may suppose, without loss of
generality, that 0 is an isolated critical point of I. By Proposition 4.1, I
satisfies (SCe). As mentioned before, conditions ðF1Þ, ðbF3F3Þ, ðbF4F4Þ and
Fðx, 0Þ � 0 imply that ðF4Þ holds. Thus, by Proposition 3.5, the geometrical
conditions ðI1Þ and ðI2Þ are satisfied. In order to verify that D2Ið0Þ is a
Fredholm operator we first note that

D2Ið0Þðz, zÞ ¼ zk k
2
�Fuuð0Þ

Z
R

N
u2 dx �

Z
R

N
2Fuvð0Þuv þ Fvvð0Þv

2
� �

dx:

Since, by ðbF4F4Þ, Fuuð0Þ 	 �1 < a0, the above expression implies that D
2Ið0Þ is

of the type L � K , where L is an isomorphism and K is compact.
In view of Theorem 2.4, we need only to verify that mðI , 0Þ > dimV or

mðI , 0Þ < dimV . Suppose first that ðF5Þ (ii) holds and

Fuvð0Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
< �k�1 < Fuvð0Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
: ð4:8Þ

For z ¼ ðu, vÞ 2 ðspanf’1, ’2, . . . , ’k�2gÞ
?
¼ Wk�2 we have, by (2.7),

D2Ið0Þðz, zÞ � �k�1

Z
R

N
uv dx �

Z
R

N
D2Fð0Þðz, zÞ dx ¼

Z
R

N
QðzÞ dx,

where QðzÞ is a quadratic form represented by the positive definite
symmetric matrix

Q ¼
�Fuuð0Þ �k�1 � Fuvð0Þ

�k�1 � Fuvð0Þ �Fvvð0Þ


 �
:

Thus, mðI , 0Þ < dimV .
In the case that

�k�1 � Fuvð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
, ð4:9Þ

given z ¼ ðu, vÞ 2 Wk�2, we write z ¼ z� þ zþ with

z� ¼ ðu�, v�Þ 2 spanf’�1, ’�2, . . . , ’�j, . . .g
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and

zþ ¼ ðuþ, vþÞ 2 spanf’1, ’2, . . . , ’j , . . .g \ Wk�2:

By (2.7)–(2.9), we get

D2Ið0Þðz, zÞ � �2ð�1 þ Fuvð0ÞÞ

Z
R

N
u�v� dx

þ 2 �k�1 � Fuvð0Þð Þ

Z
R

N
uþvþ dx

�

Z
R

N
Fuuð0Þu

2
þ Fvvð0Þv

2
� �

dx:

This and the hypothesis ðF5Þ (ii) implies that D2Ið0Þðz, zÞ > 0 for all
z 2 Wk�2 with z 6¼ 0. Hence mðI , 0Þ < dimV when ðF5Þ (ii) holds.

We claim that mðI , 0Þ > dimV when the condition ðF5Þ (i) is satisfied.
Indeed, if �k < Fuvð0Þ we have, by (2.6),

D2Ið0Þðz, zÞ 	 2 �k �Fuvð0Þð Þ

Z
R

N
uvdx�

Z
R

N
Fuuð0Þu

2
þFvvð0Þv

2
� �

dx< 0

for all z ¼ ðu, vÞ 2 spanf’1, ’2, . . . , ’kgnf0g, since
R
R

N uv dx > 0. Thus,
mðI , 0Þ > dimV . In the case that

Fuvð0Þ 	 �k < Fuvð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuð0ÞFvvð0Þ

p
we may have Fuuð0Þ > 0 and Fvvð0Þ > 0. By analyzing a quadratic form as
before we also have mðI , 0Þ > dimV . The proof is complete. œ

Remark 4.2. Condition ðF5Þ in the previous result can be replaced by related
conditions. For example, if Fuuðx, 0Þ and Fvvðx, 0Þ are non-negative functions
on LN=2

ðR
N
Þ and �k < Fuvðx, 0Þ, then the same argument employed before

shows that mðI , 0Þ > dimV . If we suppose that Fuuðx, 0Þ,Fuvðx, 0Þ and
Fvvðx, 0Þ are in LN=2

ðR
N
Þ and satisfy Fuuðx, 0Þ > 0, Fvvðx, 0Þ > 0 and

Fuvðx, 0Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuðx, 0ÞFvvðx, 0Þ

p
< �k < Fuvðx, 0Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fuuðx, 0ÞFvvðx, 0Þ

p
,

for all x 2 R
N , then we also have mðI , 0Þ > dimV .

5. PROOF OF THEOREM 1.3

In this section we will prove Theorem 1.3. In view of ðF6Þ and
Fðx, 0Þ � 0 we have that I is even and satisfies Ið0Þ ¼ 0. Moreover, by
Proposition 4.1, the functional I satisfies (SCe).
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Considering k, j given by ðF1Þ and ðbF5F5Þ we set V ¼

spanf’1, ’2, . . . , ’j�1g, W ¼ V? and bVV ¼ spanf’1, ’2, . . . , ’k�1g. By the
definition of bVV and Proposition 3.5, condition ðI4Þ is satisfied. Thus, in
view of Theorem 2.5, we need only to verify that ðI5Þ holds. With this
purpose, for the matrix A given by ðbF5F5Þ and z 2 E, we define

 ðzÞ ¼ zk k
2
�

Z
R

N
Az � z dx:

With this setting, we can use ðbF5F5Þ and the subcritical growth ðF3Þ to obtain

IðzÞ ¼
1

2
 ðzÞ �

Z
R

N
Fðx, zÞ �

1

2
Az � z

� �
dx ¼

1

2
 ðzÞ þ oð zk k

2
Þ, ð5:1Þ

as zk k ! 0. Now we claim that there exists � > 0 such that

 ðzÞ � � zk k
2, 8 z 2 W : ð5:2Þ

This fact and (5.1) imply that condition ðI5Þ holds and therefore we may
invoke Theorem 2.5 to obtain dim bVV � dimV ¼ k � j pairs of distinct non-
zero critical points for I.

It remains to prove the claim. Consider first the case that

�2 �
ffiffiffiffiffiffiffiffiffiffiffi
�1�3

p
< �j < �2 þ

ffiffiffiffiffiffiffiffiffiffiffi
�1�3

p
: ð5:3Þ

This assumption and the hypothesis ðbF5F5Þ imply that the matrix

Q ¼
��1 �j � �2

�j � �2 ��3


 �
is positive definite, and therefore there exists �1 > 0 such that
Qz � z � �1jzj

2, for all z 2 R
2. Now, we define

W1
¼ spanf’j, ’jþ1, . . . , ’jþlg,

where �j ¼ �jþ1 ¼ � � � ¼ �jþl < �jþlþ1, and W2
¼ W \ ðW1

Þ
?. By this setting

we have the orthogonal decomposition W ¼ W1
� W2. Hence, for any

z ¼ z1 þ z2 2 W1
� W2, we get

 ðzÞ ¼ kz1k2 þ kz2k2 � 2�j

Z
R

N
u1v1 þ u2v2
� �

dx þ

Z
R

N
Qz � z dx

� 1�
�j

�jþlþ1

� �
kz2k2 þ �1

Z
R

N
ðu1 þ u2Þ2 þ ðv1 þ v2Þ2
� �

dx,
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where we are writing zi
¼ ðui, vi

Þ 2 Wi, for i ¼ 1, 2. Defining �2 ¼
ð1� ð�j=�jþlþ1ÞÞ > 0, we can use the above expression to obtain

 ðzÞ � �2kz
2
k
2
þ �1 zk k

2
L2 , 8 z ¼ z1 þ z2 2 W : ð5:4Þ

Now, arguing by contradiction, we suppose that (5.2) is false for every
� > 0. Then there exists a sequence ðznÞ � W such that kznk ¼ 1 and
 ðznÞ ! 0 as n ! 1. In view of (5.4) we have that kz2nk ! 0 and
kznkL2 ! 0. Since W1 is finite dimensional, we may suppose that

z1n ! z1 in E,

z1n ! z1 in L2
ðR

N
Þ,

(

with kz1k ¼ 1. Recalling that in W1 the norms �k k and �k kL2 are equivalent
we conclude that kz1kL2 > 0 and therefore

0 ¼ lim
n!1

kznkL2 � lim
n!1

kz1nkL2 ¼ kz1kL2 > 0:

This contradiction concludes the proof in the case that ð5:3Þ holds.
Arguing as in the proof of Theorem 1.2 and as above we can prove

that the claim is also true in the complementary case �j � �2 þ
ffiffiffiffiffiffiffiffiffiffiffi
�1�3

p
:

Theorem 1.3 is now proved. œ
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