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1. Introduction

The goal of this paper is to study the existence, multiplicity and asymptotic behavior of solutions
for the coupled elliptic system
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where N >3, A > 0 is a parameter, p,q > 1 and p +q < 2* :=2N/(N — 2). Our hypotheses on the
nonnegative potentials a and b are

(H1) a,b € CRN,[0,00)), £, :=inta '(0) and £, := inth~'(0) have smooth boundaries, 2, =
a=1(0), 2, =b~1(0), and 2, N §2p is a nonempty set;
(H3) there exists Mg > 0 such that the set F :={x € RN: a(x)b(x) < Mo} has finite Lebesgue measure.

Note that we do not assume any positive lower bound for the potentials a and b. Hence we do
not expect to find solutions for (S;) in the Sobolev space H!(RM). However, taking advantage of
the strong coupling of the system and the hypothesis (H2), we are able to use variational methods to
study (S) by considering the associated functional defined in a proper closed subspace of D!2(RN) x
D12(RN). We also observe that the sets §2, and £2, may be unbounded and that the fact that £2,N 2
is a nonempty set is essential for our results.

As in the scalar case [4], the main results in this article show that the semilinear elliptic system

—AUu= L |yp—2 q i
Au= p+q|u| ulv| in 24,
— = 9 yP|y|9—2 i
Av = Sz lulPlv[i™cy in £2p, (L)

weHY(2a), veHY(2).

may be seen as a limit problem for (S;) when A goes to infinity. It is worthwhile mentioning that,
although £2, and £2;, may be distinct open sets, the system (L) is variational. We also note that con-
dition (H) implies that £2; and £2, have finite Lebesgue measure. So, we have the Sobolev compact
imbedding H'(£2,) x H1(82p) < L (24) x L2(82p), 1 < 11,12 < 2%,

In order to state our results, we introduce the closed subspaces of D:2(RN) associated with the
potentials a and b:

Xo = {u e D2 (RY): /a(x)uzdx < oo},

RN

and

Xp = {u e D2 (RY): /b(x)uzdx < oo].

RN
For any given A > 0, we consider the Hilbert space X := X; x X, endowed with the norm
[ (u, V)Hi = f(qul2 + V]2 + ra()u?® + ab(x)v?) dx.
]RN

Notice that || - ||o is the usual norm of the space D2(RN) x D1-2(RN).
Associated with the problem (S;) we have the energy functional I, : X — R defined by

1 2 1
Li(u,v) :=§||(u,v)||/\—m/|u|p|v|qu, (u,v) e X.
RN

In view of the hypotheses (H{) and (H>), the functional I, is well defined and of class C!. Further-
more, standard regularity theory implies that the critical points of I, are classical solutions of the
problem (S;) (see Section 2).
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In our first result we consider the existence and behavior of least energy solutions of (S;). We
recall that a least energy solution of our problem is a critical point of I, associated with the lowest
positive critical level of this functional. In our setting, once proved the existence of a least energy
solution, we may always find a positive least energy solution. Here we observe that we call z= (u, v)
a positive function if the functions u and v are positive almost everywhere in RN,

Theorem 1.1. Suppose (Hy) and (Hy) hold. Then there is A > 0 such that, for all ». > A, the system (S;)
possesses a positive least energy solution z,. Furthermore, if (Ay) C R is such that A, — oo and (z,,,) is a
sequence of positive least energy solution of (Sy,), then (z;,) converges in DV:2(RN) x D1-2(RN) along a
subsequence to a positive least energy solution of (L).

In our next result we use the symmetry of our problem to establish multiplicity of solutions for
large values of 1. More specifically, we shall prove

Theorem 1.2. Suppose (H1) and (Hy) hold. Then, for any given k € N, there exists Ay > 0 such that, for each
A > Ay, the system (S,) possesses at least k pairs of nonzero solutions.

As in the case of the least energy solutions found in Theorem 1.1, the solutions derived from
Theorem 1.2 have uniformly-bounded energy with respect to A. This allows us to show that these
solutions converge in DV2(RN) x D1-2(RN) toward solutions of (L) as A — oo. More generally, we
have the following concentration result.

Theorem 1.3. Let (1) C R be such that A, — oo and (z,,) be a sequence of solutions of (Sy,) such that
liminfy_, « I, (z3,) < 0o. Then (z;,,) converges in D1:2(RN) x D12(RN) along a subsequence to a solution

of (L).

The results presented in this article are motivated by that obtained in [4,5] (see also [3]) for the
scalar case, where it is considered the potential c;(x) = Ac(x) + 1 with ¢ being such that the set
{x e RN: c(x) < M} has finite Lebesgue measure, for some Mg > 0. Concerning our multiplicity result
we follow a different approach from [5]. Instead of considering the Ljusternik-Schnirelmann category
of some set related with the limit problem, here we use the symmetry of the nonlinearity to derive
the existence of multiple solutions.

We observe that there exists an extensive bibliography in the study of elliptic systems on bounded
domains (see [15,16,19,9,17,8,11] and references therein). In the case of gradient systems in the whole
RN in [7] the author proves the existence of a nonzero solution for (P) under the coercivity of the
potentials a and b, and a nonquadratic condition on the nonlinearity. A related result for noncoercive
potentials is proved in [12] (see also [14] for the superlinear case). We should also mention the
recent papers [13,1] where some existence results of positive solutions for weakly coupled system
are established. We would like to emphasize that, instead of the aforementioned works, the coupling
in our system (S;) allows us to consider potentials which are not bounded from below by positive
constants. We may have one of the potentials going to zero as |x| — oo provided the other one goes
to infinity at an appropriated rate.

The paper is organized in the following way. In Section 2 we present technical results which will
be used throughout the work. We also investigate the behavior of the Palais-Smale sequences when
A goes to infinity. We prove Theorem 1.1 in Section 3. The final Section 4 is devoted to the proof of
Theorems 1.2 and 1.3.

2. Preliminaries

In this section we present some preliminaries for the proof of Theorem 1.1. In this paper, we denote
by By the open ball in RN of radius R > 0 and center at the origin. For any given set K ¢ RN, we
set K< :=RN\ K and we write £(K) for the Lebesgue measure of K whenever this set is measurable.
C3°(K) denotes the set of all functions u : K — R of class C* with compact support contained in the
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open set K C RN If u € LS(K), s > 1, we set u, := max{u, 0}, u_ := max{—u, 0} and write lullrscxy for

the LS-norm of u. In order to simplify the notation, we write fK u instead of fK u(x)dx. We also omit

the set K whenever K = RN. Finally, we use the symbols c;, i € N, to represent positive constants.
We start with two technical results.

Lemma 2.1. For any given measurable set K C RN there exists a constant ¢ > 0 such that

. B
f|u|’”|v|‘1<c|!<u,v)\|§+q‘2+2 ”r</|uv|) . forall (u,v) € X,
K

K
wherer:=2*/2* —p—q+2)>1,andt € (0, 1) satisfiesr =2*t/2 + (1 —t) and B := (1 —t)/r.

Proof. From the definition of r > 1 we have that

+-=1. (21

Hélder's inequality and the imbedding D"2(RV) > [2"(RN) imply that
[ < fap-tve v
Kk Kk

- (p—1)/2* - (q-1)/2* 1yr
(e () (fir)
K K K

1/r
<ala, v)l}é’*"‘z( / |uv|r) : (2.2)

K

Since 1 <r < 2*/2 there exists t € (0,1) such that r =2*t/2 4+ (1 — t). By using Hoélder’s inequality
with exponents 1/t, 1/(1 —t), and the imbedding D!-2(RN) < L2"(RN) again, we obtain

/|uv|r=/|uv|2*t/2|uv|(]—t)
K K
t 1—t
(i) ()
K K
1 . 2\ 1=t
< (5/(|u|2 +vf? )) <f|uv|>
K K

1—t
< co|(u, v)Hé t(/ |uv|> . (2.3)
K

Combining the last inequality and (2.2), we conclude the proof of the lemma. O
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Lemma 2.2. There exists a constant ¢ > 0 such that

/|u|P|v|q <e

Proof. By Lemma 2.1 we have that

+q—2+2%t/ a-=n/r
— T
f|u|P|v|‘J<c||<u,v)|§ I (/|uv|> : (2.4)

We recall that the set F given in (H2) has finite measure and a(x)b(x) > My in F¢. Applying Holder’s
inequality with exponents 2*, 2*, N/2 and using the imbedding D'2(RV) < [2"(RN), we obtain

/|uv|=/|uv|+f|uv|
F F¢

1
< Ml s gy IVl o g LYV + W/\/a(x)lulx/b(x)lﬂ
0
FC

1 172
<0 ||(U,V)||(2)+ —(/a(x)uz) </b(x)v2>
VMo \ | J

<afwwl;.

(u, v)”fﬂ, forall (u,v) € X.

1/2

The last inequality and (2.4) provide ¢ > 0 such that

_ _p2
/ TG U] Lol TR%1

p+q—2+2(2*t/2+(1-1))
1

’P+q
‘l 9

= ¢Ja.v|
=t v
where we have used that r =2*t/2 + (1 —t). The lemma is proved. O

Since we are interested in positive solutions of (S;) we will work with a functional slightly differ-
ent from that defined in the introduction. More specifically, we consider I, : X — R given by

1 1
Lwv) =} - m/uivi, (W, v) € X.

In view of the above lemma, it is well defined. Moreover, we may use the above results and hypothesis
(H3) to show that I, € C1(X,R) for any A > 0.

Let E be a Banach space and I € C!(E,R). We say that (z;) C E is a Palais-Smale sequence at
level ¢ ((PS). sequence for short) if I(z,) — ¢ and I’(z,) — 0. We say that I satisfies (PS). if any (PS).
sequence possesses a convergent subsequence.

Lemma 2.3. Let A > 1 and (z,) C X be a (PS). sequence for I,.

(i) (zn) is bounded in X;
(ii) limp o0 l|2all? = lima o [ @)} (v} =3 — A7
(iii) if c # 0, then ¢ = yo > 0, for some yy independent of A.
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Proof. We have that

1 1 1
3 p+g [ ——— L) = 1 , 2.5
(2 erq)llznllx 2(zn) i a L (zn) - zn=c+o(1)||znlln (2.5)

as n — oo, and therefore (i) holds. Moreover, as n — oo, we have that

1 1 ) 1,
= ||Zn||)\:C+0(1)||Zn||A:IA(Zn)—EIA(Zn)'Zn

2 p+q
—<2 p+q>f(un>+(vn+,

from which follows (ii). We now observe that, in view of Lemma 2.2 and A > 1,
/ 2 p p+q 1 2
L@ z=|zl7 — | ulvl > |zl —¢)zllf >5|IZIIA,

whenever ||z, < (2¢)~1/(P+9-2) .= /5. Suppose now that

(2-7+3)
c<dl=———).

2 p+gq

By (ii), there exists ng € N such that ||zy||x < +/3 for any n > ng. Thus,

—IIZnIIA [ (zn) - za <o) znllx  asn — oo,

and we conclude that z; — 0 in X. Hence, I,(z;) — 0 = ¢ and it follows that (iii) holds for yp :=
8(3 = p1g)- O

Lemma 2.4. Given ¢ > 0 and Cg > 0, there exist A = A(g,Cg) > 0 and Ry = R(g, Cp) > 0 such that, if
((up, vp)) C X is a (PS). sequence for I, withc < Co and A > Ag, then

lim sup / wn)h (vl <e
n—oo
B%E

Proof. Since |- |jo < | - |lx, we may use Lemma 2.1 and Lemma 2.3(i) to obtain

B
/ (un)i(vn)i<c1< / |unvn|) , (2:6)
B, B,

for any R > 0. By Young and Holders inequality, the imbedding D!2(RN) — LZ"(RN) and

Lemma 2.3(i), we get
1 2 2
|unVn|<§ (|Un| + [vnl )

BGNF BGNF
< L(BGNF)?/N
2
<cL(B4nF)N. 2.7)

2 2
(lunllZzs + valifor )
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On the other hand, since ((uy, vn)) is bounded and a(x)b(x) > Mg in B$ N F€, we have
1
f [unval < Mo / Vaax)|unly/ Ab(x)|vnl
BSNF¢ B&NF¢

1
< ST f(xa(x)uﬁ +Ab(x)vE) < c3/M.

It follows from the above estimate, (2.7) and (2.6) that

/ wn)? (vt < a1 £(B4 N )N 4 es/n)P.
BC

R

Since F has finite Lebesgue measure, we have that £(B, N F) — 0 as R — oo. Hence, for R and A
sufficiently large, the right-hand side of the above expression is small. This concludes the proof. O

In the next lemma we verify that [, satisfies the Mountain Pass geometry.
Lemma 2.5. There exist o, p > 0 and zg € X, all of them independent of A > 1, such that

(i) In(2) > a for all ||z, = p,
(ii) I).(z0) <I,.(0) =0and | zo|| > p.

Proof. By Lemma 2.2, we have that

1 1 1 ¢ 1
Iz=—zz——/upvq>—zz— Z|PT > p2,
2 (2) 2|| I3 prq) Y 2|| I3 p+q llzIl;, 2P

whenever |z[l, = p := ((p +q)/4¢)"/P+=2), Furthermore, if ¢ € C5°(£24 N £2p) \ {0}, ¢4 %0, we have
that a(x)¢ = b(x)¢ =0 on RN, Hence,

lim L (t(@, ) = lim (& | |[Vg|* - s PPt ) = —0
t>oo ’ t—00 p+q + ’

uniformly on A. It suffices to set zp :=to(p, ¢) with to > 0 sufficiently large. O

Remark 2.6. Let zg be given by the above lemma. For each A > 0 we may define the Mountain Pass
level of I as

Cy := inf max [ t)),
* yel te[0,1] A(J/( ))

where
r:={yec(0,1],X): y(0) =0, y(1) =z}.
For future reference we observe that

0<a<c < Bo:= max I, (tzg). (2.8)
te[0,1]
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3. Least energy solutions

We devote this section to the proof of Theorem 1.1. Let & > 0 to be chosen later, Co := Bo given
in (2.8), and consider Ag, R, provided by Lemma 2.4. In view of Remark 2.6 we obtain, for any fixed
A > Ag, a sequence (z;) C X such that

Lizy) —>coz>a and I (z) — 0.

By Lemma 2.3(i) (zx) is bounded in X and therefore, up to a subsequence, we have that z; — z; :=
(uy, v;) weakly in X.
We shall prove that I} (z,) = 0. Let ¢ € C3°(R) and denote by K the support of ¢. Since D12(RN)

p+q—1

Joc (RN, up to a subsequence, we have that

is compactly embedded in L

(U, Vi) = (U, v3) strongly in LPT971(K) x LPTI=1(K),
(uk®), vk(®)) = (ur(x), vA(x)) ae.inK,

)

lur@)|, [vie®)| <hg(x) € LPT71(K) ae.inK.

Hence, almost everywhere in K,
@ b lel < JulP vl <hET gl € LK),
It follows from the above convergences and the Lebesgue Dominated Convergence Theorem that
Jim. / Wl vl = f w)?  vle, Ve e P (RY). (31)
Analogously, we obtain
Jm [t oty = [aleot e, veeceE).

The two above limits and the weak convergence of (zy) imply that, for each (¢, V) € CSO(RN) X
CS°(RN), there hold

0= lim I} @) - (0. ¥) =,z - (@ ¥)

and therefore z; is a critical point of Ij.
Suppose that z; = 0. Since uy, v — 0 in LZ(BRS) we may use Lemma 2.1, the boundedness of (zj)
in X and Young’s inequality, to obtain

B B
/ (ukﬁ(vk)ism( f |ukvk|> <cz< / |uk|2+|vk|2) -0, (32)
Bre BRe Bre

as k — oo. So, it follows from Lemma 2.3(ii) and Lemma 2.4 that, for » > A,
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1 1 \!
- - =1 p q
CA<2 p+q) kg};/(um(vm

:klggo</(”k)ﬁ("k)i+ /(Uk)ﬁ(vk)i) <e.
Bre B¢

Re

If we choose ¢ > 0 sufficiently small, we conclude that c, = 0, contradicting (2.8). This shows that

z, #0.
Applying Fatou’s Lemma we get

. 1, /11
(ot =kll)rgo(1x(zk) -5 L@ 'Zk) =kli)rgo(§ - m) /(uk)i(vk)‘i

> (1 ! /upvq—l(z)>c
= 2 p+q AV = IAlLn) = Ca,

from which follows that I, (z;) = c,. Hence, z, is a least energy solution.

Since I'(z) - ((up)—, (vi)-) = | ((uy)—, (vk),)||§ =0, we have that uy, v, >0 in RN. Furthermore,
by applying the Strong Maximum Principle in each equation of (S;) we conclude that u;, v, > 0 in
RN. This proves the first part of Theorem 1.1.

We now consider the concentration behavior of the solutions. Suppose that (A,) C R is such that
An — oo and let z;,, = (u,,, v,,) be the associated solution of (S;,) such that I, (z,,) =c,. In what
follows we write only z,, u, and v, to denote z,,, u,, and v;, respectively.

First note that, in view of (2.8),

1 1 2
——— )z =1, (zn) =cy, < Bo. 3.3
<2 erq)ll nlly, = I (zn) = ¢, < fo (3.3)

Thus, up to a subsequence, we have that z, — z := (i1, V) weakly in D2(RN) x DV2(RN) and z,(x) —
Z(x) almost everywhere in RN. Given ¢ ¢ C§°(£2q), recalling that a =0 in £, and using (¢,0) as a
test function we get

/VunV(pz ﬁ/(un)i_l (Vn)i(0~

Since ¢ has compact support, we may take the limit in the above expression and argue as in the
proof of (3.1) to get

/ ViV = ﬁ / @’ ', Vo e CP(R2q). (3.4)
£2,U82) 2,U82y
Analogously, we have
/ ViVy = % / Py, Yy e CR(2). (3.5)
24U82p 24U82y

We claim that # =0 in £2{. In order to see this we take j € N, set

Cj:= {xij(O): a(x) > }}
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and notice that, by (3.3),
0< /u,zl < i/)»na(x)u,z1 < i||z,ﬁ,||§ —0, asn— oo.
An An "
Cj Cj

Since C; is bounded and u, — i in L3 (RN), we conclude that fcj 12 =0 for all jeN. Thus 1 =0
almost everywhere in £2¢ = (Jj_; C;. Recalling that 2, has smooth boundary we conclude that i €

H(l)(.Qa). Analogously, v € H(l)(.Qb). Thus, (u, v) is a solution of the limit problem (L).
In order to verify that z# 0 we define

m:= Zleﬂj\f/J(Z),

where ] : H}(24) x H}(2y) — R is given by
Jvyi=1 f (IVul +19v2) - —— / uf v
’ N 2 p+q + Y+
£24U82) 24U82)
and N is the Nehari manifold of J, namely:
N = {(u, v) € H}(824) x Hy(2p): (u,v) #(0,0), J'(u,v) - (u,v)=0}.

Since H})(Qa) X Hg)(Qb) can be viewed as a subspace of X, we have that ¢, <m, for all . On the
other hand

1, 1 1 b g
mzcy, = Iy, (zn) — ilxn(zn) =\ rq Un)i (V).

Taking n — oo, using Fatou’s Lemma and J'(i, V) = 0 we obtain

> lim ( 2 ! Fvn)t
m2 nl)ﬂ;lo 5 m (un) (vp) i
1 1

(o1 P v = (V) >m. 36
) [ et oo
2qU82)

Hence J(u,v) =m and therefore z # 0 is a least energy solution of (L). By using (3.4) and (3.5)
we obtain ||(i—,V_)|lo =0. Thus, u,v > 0 and it follows from the Strong Maximum Principle and
(3.4)-(3.5) that u >0 in £, and v > 0 in £2p.

In order to finish the proof we use the weak convergence of (z,), the fact that z, is a solution of
(S3,), (3.6) and (1, V) € NV to get

lza — 2|12, = /(|Vun|2 + IV [? 4+ An@(u2 + Anb(X)v2) — /(|Vﬁ|2 +|VV[?) +o(1)
=/(un)i(vn)‘i—/(|Vﬁ|2+ IV7[2) 4 o(1)

:fﬁﬁvi—f(wm%r|V\7|2)+o(1):o(1),
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as n — oo. Since |- [lo < || - Il;, it follows that z, — z in DI2(RN) x DV2(RN). This concludes the
proof of Theorem 1.1. O

4. Multiplicity of bound state solutions

In this section we present the proofs of Theorems 1.2 and 1.3. Since we are not interested in the
sign of the solutions, we redefine the functional I, by setting

I(u, v) = 1H(u, | - L[ wpve, wvex.
2 p+q

As in Section 2, the functional is of class C! and its critical points are the weak solutions of (Sy).
For future reference we notice that, arguing as in the proof of Lemma 2.1 and Lemma 2.2, we obtain
¢, ¢ > 0 such that

B
— — - - 2%
f|u|p v l|¢n|<c||u||‘;ﬁ(3§)||v||323(,5%)||(¢>,n>||0t/r(/wm) (41)
B B
and
5 2N 1 1/2 1/2
on<el@nlie@inn? + ([ awa?) ([ boort) @2
f HO (R ) m
BS BGNF¢ BGNF¢

for any R > 0 and (u, v), (¢,n) € X. Herer > 1, t € (0, 1) and B > 0 are given by Lemma 2.1.
In order to obtain multiple critical points for I, we shall use the following version of the Symmet-
ric Mountain Pass Theorem [2] (see also [18, Theorem 2.1]).

Theorem 4.1. Let E be a real Banach space and W C E a finite dimensional subspace. Suppose that I €
CY(E,R) is an even functional satisfying 1(0) = 0 and

(i) there exists a constant p > 0 such that I15p,(0) > 0;
(ii) there exists M > O such that sup,cy, [(z) < M.

If I satisfies (PS)¢ for any 0 < ¢ < M, then I possesses at least dim W pairs of nontrivial critical points.

Our first goal is to prove a local compactness condition for I. We start with the following version
of Brezis-Lieb Lemma [6] (see also [10]).

Lemma 4.2. Let ((un, vp)) C X be such that (uy, v4) — (u, v) weakly in X. Then

lim /(|un|P|vn|q — lup —ulPvy —v[%) =/|u|p|V|q-
n—oo

Proof. Let A, be the integral on the left-hand side of the above expression and notice that

1
d
An:—//a(lun—tulplvn|q+|un—ulplvn—tv|q)dtdx
0

1 1
:p//fn(t,x)udtdx+q//gn(t,x)vdtdx, (4.3)
0 0
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with
Fa(t, %) := |un — tulP~2 (up — tw)|vo|?
and
&n(t,%) 1= |up — ulP vy — tv|972 (v — V).

Since ((un, vy)) is bounded in X and p + q < 2*, taking a subsequence if necessary, we may suppose
that

(utn, Vi) = (u,v) strongly in LpF (RN) x LD F(RN),

(Un(®), va(®) = (u(x), v(x)) a.e.in RN,

’

|lu(x)

v, [un®)|, [va®)| <hg(x) € LP*9(Bg) a.e.in Bg, (4.4)

for any R > 0.
The pointwise convergence implies that, for almost every (t,x) € (0,1) x RN,

falt,x) > ft, %) ;=1 =P uP 2ulv|9, gu(t,x) = g(t,x) =0. (4.5)

We claim that

1 1
nli)n;O//fn(t,x)udtdx:/ff(t,x)udtdx (4.6)
0 0
and
1 1
nli)n;o//gn(t,x)vdtdx://g(t, x)vdtdx =0. (4.7)
0 0

Assuming the claim, noticing that for any measurable set K ¢ RN, we have fK fol fudtdx =
%fK |ulP|v|9dx, and taking the limit in (4.3), we obtain

1
lim An:p//f(t,x)udtdx:/|u|p|v|qu.
n—-oo
0

So, in order to prove the lemma, it suffices to verify (4.6) and (4.7).
In view of (Hj), for any given 0 < & <1 we may choose R = R(¢) > 0 such that

B2
1
max[p/|u|l’|v|‘%',c(372 nF)?*"N, (/auz) } <s, (4.8)
BS, BS

R

where 8 > 0 comes from Lemma 2.1. So, we have that
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‘/O/l(fn_f)lldtdx /Ofl(fn—f)udtdx /jfnUdth

Br B%
In view of (4.4) we have that

< + +e. (4.9)

|(fn = HHul < (lun — tulPval T+ [ulP~v|9)ul < cthr ()P € L' (Br),

for almost every x € Bg. Hence, we can use (4.5) and the Lebesgue Dominated Convergence Theorem

to get
1
/ / (fa— Pudtdx

Br O

lim =0. (4.10)
n—oo

On the other hand,

1
<//|un—tu|"‘1|vn|"|u|dtdx
0

Bk

1
/ O/ faudtdx

B

<Cz</(|un|p*1|\/n|q|u|+ |u|P|vn|q)). (4.11)

BR

Since ((un, vp)) is bounded in X, we may use (4.1), (4.2) and (4.8) to conclude that

B
-1 -1

/Iunl" [vnlT™ [uvn| <C3<f|uvnl> <48

B% Bg

and

-1 -1
/|u|P|vn|q:/|u|P [val T uva| < cse.
BR BR

By replacing these expressions in (4.11) we get

1
/ 0/ faudtdx

By

< CgeE.

The above estimate, (4.10) and (4.9) imply that

fj(fn—f)udrdx
0

Since 0 < & < 1 is arbitrary, we conclude that (4.6) holds. The proof of (4.7) is analogous and it will
be omitted. The lemma is proved. O

< 7€

lim sup
n—-oo
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Lemma 4.3. Let (z;,) = ((un, vn)) C X be a (PS). sequence for I,. Then, up to a subsequence, z, — z := (u, v)
weakly in X, where z is a critical point of I. Furthermore, (Z,) := (z, — 2) is a (PS). sequence for I,, with
d=c—1(2).

Proof. Since (z;) is bounded in X, up to a subsequence, z; — z := (u, v) weakly in X. Arguing as in

the proof of Theorem 1.1 we may show that I} (z) = 0. The weak convergence of (z,) and Lemma 4.2
imply that

1 1 1 1
Li(zn —2) = =z 2——zz——fupvq —/upvq o(1
1 (Zn — 2) 2IInIIA 2|||IA Pt q |n||n|+p+q [u]”|v|* +o(1)
=Li(zn) — L (2) +0(1) =c— I(2) + 0o(D),

as n— oo.
It remains to show that I'(z; — z) — 0. We first notice that, for any given (¢, ¥) € X such that

@, ¥l <1,

IA(Zn_Z) (o, w)—lk(zn) (o, W)_I)\(Z) (@, w)_—/fn(p_m gnv,

where

Sa@) = [un — ulP"2up — w)|vn — V|9 = [unlP2up|val? + [ulP~2ulv|?
and

8n(X) = [un — ulP vy — V|92 (v — v) — Jup|P V|92 vy + JulPv]v]|T2,

Since I’(zy) — 0 and I'(z) =0, it suffices to show that

lim  sup flfn||<p| 0= lim sup /|gn||w|, (412)
1 1

1= lg ) x, < Y llx, <
where we are denoting
lpll, = / (IVoP? +2a®¢?). ¥, = / (IV¥ P+ 2b(x)y?).

Given 0 < € < 1, we may choose R = R(¢) > 0 such that

B2
max{nunp*(gp,z:(la; nF)*'N, (/bﬂ) } <e, (413)

B

with g > 0 given by Lemma 2.1. Using Hélder’s inequality, the imbedding D'2(RN) — L2"(RN) and

10lx. <1, we get
(N+2)/2N 1/2*
f|fn||¢| < (f |fn|2”/‘”+2>) (/ o2 )
Br Br Br

(N+2)/2N
<a ( / |fn|2”/<”+2>> . (414)
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Setting 6 := (p +q — 1)2N/(N + 2) < 2*, we may suppose that

(Uun, vp) — (u,v) stronglyin L?(Bg) x L?(Bg),
(un(®), va(®)) > (u(x), v(x)) a.e.in Bg,
v(®)|,

lu(x) ,|va®)| <hr(x) € L?(Br) a.e.in Bg(0).

s Up ()
Hence,

-1 -1 -1 +g-1
[ful <lun —ulP~ vy = v|T + un P~ va )T + [uf? Iquéczhﬁq ,

and therefore | f,(x)|*N/(N+2) < ¢;h% (x) € L' (Bg), almost everywhere in Bg. Since fy(x) — 0 almost
everywhere in Bg, the Lebesgue Dominated Convergence Theorem and (4.14) imply that

lim / | fallgl =0 uniformly for [|¢|x, < 1. (4.15)
n—oo
Br

On the other hand, by adding and subtracting the term |u,; — u|P~2(u, — u)|va|? to f,, we have
/ | fallel < /Snl(ﬂl +/tn|90| + / |ulP~ v v (4.16)
B, BS, BS, BS,
with
sn 1= |un —ulP"!|vn — v|9 = |va|]
and
tn = ||un — ulP~% (un — u) — [un|P2up|val®.
Using (4.1), (4.2) and (4.13), we may estimate the last term in (4.16) as follows
f|u|P‘1|v|‘I‘1|<ov| <cseP™! forany gllx, < 1. (4.17)
By

Now, we proceed with the estimate of fB% snl@|. Setting w(t) := |v, —tv|9, recalling that ¢ > 1 and
using the Mean Value Theorem we obtain

|w(1) = w(0)| =|lvn — v|? — |va|?| <qlva —tov|T"|v|
for some tg € [0, 1]. The boundedness of ((u, vp)) in X, to € [0, 1], (4.1), (4.2) and (4.13) imply that
/snlwl < qf lun —ulP" vy — tov|? V| < cae forany [lg|x, < 1. (4.18)
By Bg

The estimates for fB% tnlp| are more involved since we may have p — 1 < 1. We consider two
possible cases:
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Casel. p > 2.

Suppose first p > 2 and define w(t) := |u, — tu|P~2(u, — tu). Applying the Mean Value Theorem
and proceeding as in (4.17) we obtain

ftn|(P| g(p—l)/|un—t0u|p*2|u||vn|q*]|<pvn|
BC

By R
< p—1 q—1 p—2 q—1
Ses( ) [l valT  eval + | Jual"T ulvalT @ val
By By
<C6<8P71 +/|Un|p72|u||Vn|q71|¢)Vn|>- (4.19)

By
In order to estimate the last integral we apply Holder’s inequality with

p—2 1 g—1 1
— - =1,
2% +2*+ 2% +r

to get
1/r
-2 -1
lunl P~ ullval " l@val < c7llull 2 pe lpval" ] <cse,
( R)
B BR

where we have used, in the last inequality, (4.13), |l¢|lx, < 1, the boundedness of (v,) in X}, the
same calculation performed in (2.3) and (4.2). So,

[tn|<p| <coe forany [¢llx, < 1.

Bk

If p =2 the second integral in the second line of (4.19) does not appear and therefore the above
estimate holds in this case too.

Case2. 1 <p<?2.

In this case the derivative of the function w defined in the first case can be singular, and we may
not apply the Mean Value Theorem directly. In order to overcome this difficult, we first set

hn (%) := [up — ulP 2 (up — u) — [up|P2up.

/tn|<p|=f|hn||vn|q*1|<pvn|

BR B

X (p=1)/2*
< Cw( / hn|? ”P*”) . (4.20)

B

As before, we have that
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We claim that the last integral in the above inequality is small. Indeed, first note that
lhal <crrlulP~!' a.e.in the set {|un| < 2lul} U {ju| = 0}. (4.21)

On the other hand, in the set {|u,| > 2|u| > 0}, as in the first case, we may apply the Mean Value
Theorem for w(t) := |un — tu|P~2(u, — tu) to get

ha| = |w(1) = w(0)| < crzlun — toulP|ul < cizfulP~,

for some tg € [0, 1], since for |up| > 2|u| we have that |u, — tou| > |un| — |tol|u| = |u|. This, (4.21) and
(4.13) imply that

*/(n_ * *
/|hn|2 /(=D <C14/|U|2 <cpse?.
BE BE

It follows from (4.20) that

/tnl(pl <cieeP™! forany [lo|x, < 1.

BR

All together, the two cases provide

/tn|<P| < cr7eMMP=1 forany [gflx, < 1.

Bk

Thus, we may use (4.15)—(4.18) and the above estimate to conclude that

/|fn||<p|=f|fn||w|+/|fn||so|<c1sem‘“m’—”,
Br BS,

for any ||¢|lx, <1 and n > ng. Since & > 0 is arbitrary we conclude that the first equality (4.12) holds.
The second one may be verified in a similar way and this concludes the proof of Lemma 4.3. O

In the sequel we follow [5] in order to obtain a local compactness property for the functional I,.

Proposition 4.4. For any given Cy > 0 there exists A = A(p, q, Co) > 0 such that I, satisfies (PS). for any
c<Coand A > A.

Proof. Let ) be given by Lemma 2.3(iii) and fix & > 0 such that

-1
e 0 (1 _ ;> ,
2\2 p+gq
Fixed Cp > 0, let A; and R be given by Lemma 2.4. We will prove that the proposition holds for

A= Ag. Let (zq) = ((un, vp)) C X be a (PS)c sequence for I, with ¢ < Cp and A > A. In view of
Lemma 4.3 we may suppose that (u,, vp,) — z:= (u,v) weakly in X and z, := (u, — u, vy, — v) is
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a (PS). sequence for I, with ¢’ =c¢ — I, (z). We claim that ¢/ = 0. If this is true, it follows from
Lemma 2.3(ii) that

1
. - 1 1
lim | Zy]13 :C,(, - —) =0,
n—o0 2 p+q
that is, z; — z in X.
Suppose, by contradiction, that ¢’ # 0. Lemma 2.3(iii) implies that ¢’ > y > 0. Since ii,, v, — 0 in

L?(Bg,), we may use Lemma 2.3(ii), Lemma 2.4, the same calculation of (3.2) and the choice of & > 0,
to get

-1 -1
1 1 1 1 = pE
Vo(———) <c’<———> = lim [ [tn|P|Vn|?

= lim < / |tn|P|Vn|T + / |ﬁn|p|‘7n|q>
n—-oo
BRre Bfeg
Yo (1 1\
< —°<f - —) : (4.22)
2\2 p+q
which contradicts yp > 0. This contradiction finishes the proof. O
We are now ready to prove Theorems 1.2 and 1.3 as follows.
Proof of Theorem 1.2. We first take a bounded open smooth set 2 C £2, N §2p. Given k € N we set

W :=span{(¢1, ¢1), - .., (¢k, Px)}, Where ¢; is an eigenfunction corresponding to the i-th eigenvalue
of (—A, H(])(.Q)). For eachi=1,...,k we have that

; . 2 ,  tPH
tlinso'k(f<¢f’¢f>)=t£f20<f / Vil =g [ 1l ) = —ec.

uniformly on A. Since W has finite dimension we obtain Mj > 0, independent of A > 0, such that

sup I, (z2) < M.
zeW

Moreover, as in the proof of Lemma 2.5 we may obtain p > 0, independent of A > 0, such that
I (2) >0 forany |z[, = p.

In view of Proposition 4.4 there exists Ay > 0 such that I, satisfies (PS). for any ¢ < My and A > Ay.
Thus, for any fixed A > Ay we may apply Theorem 4.1 to obtain k pairs of nontrivial solutions. The
theorem is proved. 0O

Proof of Theorem 1.3. We first notice that

(3= 535 Vol = i) = 15,2 = By i)
2 p+q An i, = a0 ¥ap 2)\-,1 An) = 1 Bdpn)-

Since liminfy—. o I1(2z,) < 00 we may suppose, taking a subsequence if necessary, that (z,) is
bounded. Thus, up to a subsequence, we have that
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Z, —Z:=(#,v) weaklyin D"?(R") x DI2(RV),
(RY),
(un(®), va(®) — (@, ¥) ae.inRN. (4.23)

(un, vn) — (@, V) stronglyin L} (RN) x L]

As in the proof of the last statement of Theorem 1.1 we can show that u € H(l)(.Qa). Ve Hé(.Qb) and z
is a solution of (L).

Given € > 0 we can argue as in the proof of Lemma 2.4 to conclude that, for some R > 0 large,
there holds

lim sup / [un|Plval? < e.
n—-oo
Br(0)¢

By taking R larger if necessary, we may suppose that fBR(O)C ||P|v|9 < &. Moreover, the local con-
vergence in (4.23) and the Lebesgue Dominated Convergence Theorem imply that |, BR(0) [un|P|vpld —

fBR(O) [t)P|v]9 as n — oco. Since
< / nlPVal? + f P

Br(0) Br(0)

’/(|un|1’|vn|q @)

)

+ / (lunlPval® = 1TIP|7]7)

BRr(0)

it follows from the above estimates and convergences that

lim sup
n—-oo

lim /|un|P|vn|‘I=f|ﬁ|P|V|q.
n—oo

Thus, we can argue as in the final of the proof of Theorem 1.1 to conclude that ||z;, — Z|lo <
Iz, — Zll;, — O as n — oo. Hence, z, — Z strongly in D12(RN) x D2(RN) and the theorem is
proved. O

< 2g,

f(lun|"|vn|q @)

and therefore
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