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Abstract

In this paper we investigate cyclic spaces of generalized derivations related to the sym-
metric functions, and its relation with a generalization of the Cauchy—Davenport Theorem. ©
2002 Elsevier Science Inc. All rights reserved.

Keywords: Additive number theory; Generalized derivations

1. Introduction

A classical approach to the study of the structure of a linear operator has been
through the understanding of its associated cyclic subspace. During the decade of
the 1980s, an interesting element was added to this theory, and some problems were
solved with results from Additive Number Theory (e.g. [13]). More recently, a two-
way path was established and results on Linear Algebra were used to solve problems
in Additive Theory, and the value of these methods was tested with the proof of a
longstanding conjecture of Erdos—Heilbronn (see [6]). In the last years other papers
appeared presenting results on Linear Algebra also with significance in Additive
Theory [3-5,7].
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In this paper we are going to investigate cyclic spaces of generalized deriva-
tions related to the symmetric functions, and its relation with a generalization of the
Cauchy—Davenport Theorem.

Let [ be an arbitrary field of characteristic p, a prime number, if it is of finite char-
acteristic or p = oo otherwise. If b € R, denote by |b] the greatest integer less than
orequaltob.Letrandny,ny, ..., n,, nbe positive integers. We denote by I'¢; ... »,)
the set of all mappings « from {1, ..., r} into N satisfying (i) < n;,i =1,...,r.
We abbreviate to I',, the notation I'(n, ... n). The set O, is the subset of I', ¢

——

r times

of the strictly increasing mappings from {1,...,r}into {1,...,s}. Let m € N and
let k € N such that k < m. Let Xy, ..., X,, be m distinct indeterminates. The kth
elementary symmetric function on the indeterminates X1, ..., X,
Z Xo) Xw@) Xok)

wer.m
will be denoted by sx (X1, ..., X;) or by s (if there is no ambiguity to avoid),
k=1,...,m.

Let A1, ..., A, be finite subsets of F. We denote by

Sk(Als cey Am)
the set

si(Ar, ..., Ay) = {Sk(bl,...,bm) (b1,...,by) € Ay Xx Ay X --- X Am}.

Let V; be a finite dimensional vector space of dimension n; over the field F. Let
L(V;, V;) be the [F-algebra of linear operators on V;. We denoteby Vi @ V, ® - - - ®
Vin the tensor product of Vi, ..., V,,. If T is a linear operator, we denote by Pr the
minimal polynomial of 7, by o (T) the spectrum of T (the n-tuple of characteristic
roots of T'in F, the algebraic closure of F) and by [ the identity linear operator.

Let 71, ..., o/, be algebras over a commutative ring, and take a; € .o/; for i =
1, ..., m. Let us denote by

A4; = {a) € Okmlice Im(a))}.

Now, for w € Qi m, define the map §,, from .71 X --- X o, t0 L1 Q- ® A, by
@1y . yam) =Uu1 Qur @+ Q Uy

where

U = a; ifa)EA,',
"7 11 otherwise.

Consider T; € L(V;, V;) (1 < i < m) linear operators and denote by s (71, ..., Tn)
the linear operatoron Vi ® - - - ® V,

st Tu) o= ) So(Theee, T

we Qk,m
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Theorem 1. Let T; be a linear operator on V; and let (A; 1, ..., Ain;) be the spec-
trumof T;, i = 1, ..., m. Then the spectrum of s (Ty, ..., T;y) is

(Sk ()\l,a(l)v cees )\m,a(m)))aefm,,,-
Proof. This proof follows along the lines of Theorem 2.4 in [11, p. 233]. Let T; €
L(V;, V;) be a linear operator and S; € L(V;, V;) be invertible, i =1, ..., m. Using
the elementary properties of the tensor product of linear operators we can easily see
that
S1®- Suls(Ti, ., TS ©--® 8,1
= sk SIS o ST Sy Y.

Then, considering V; over F,i=1,...,m,and making, if necessary, an extension
of the field of scalars, we can always assume that 7; is an upper triangular linear
operator with respect to the basis (e;1,...,eip,) of Vi, i=1,...,m. LetT; , =1

if w & A4; and T; , = T; if w € 4;. Then considering, ordered lexicographically, in

.....

sk (Ti, o T (e@)= Y 8u(Ti, ..., Tu)(ed)
wEQk.m
= Z Tl,a)(el,a(l)) Q& Tm,w(em,ot(m))~
wer,m
We are assuming 7; to be an upper triangular operator, so
Ti(eij) = hijeij + uij,
where u;; € {(ej1, ..., e; j—1) (the subspace of V; spanned by {e;1,...,¢; j—1}),i =
1, ..., n. Thus from the former equality we get
sk(T1, -, T)(el)
= Y elat) ® - ® (o) o) Cobaw) + hobaw1))
wer,m

® -+ ® (homaw®)o®a@®) T ho®awE)) ® - ® emam)

k
= Z le(z)a(w(m €2 + Ry,

we Qk,m t=1

by multilinearity.

Since u;;j € {(e;1, ..., e;,j—1), the tensors of the form e%’, B € I'y,. , that are present
in Ry, have the property f(¢) < «(t),t =1,...,m. Since B # «, for at least one
j we must have that S(w(j)) < a(w(j)). Therefore § < o (by the lexicographic
order) and the matrix of s; (71, ..., T),) is upper triangular with respect to the basis
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The entry (o, o) of that matrix is then

k
Z H)Lw(t),a(w(t)) =st(AMa(): - Ama(m))- O

W€Qk,m t=1

Corollary 1. Let A; = {Ai1,..., Ain;} beasubsetof F, i =1,...,m. Let T; be a
diagonal linear operator on an n;-dimensional space V; such thato (T;) = (A 1, ...,
Ain). Then the set of eigenvalues of sk (T1, ..., Tp) is sg (A1, ..., Am). Therefore

lo Gk (T1, .., Tu)| = Isk(Ar, ... Al

Our goal is to present lower bounds for the degree of the minimal polynomial of
si(T1, ..., T,y) and for the cardinality of s¢ (A1, ..., Ap).

2. Auxiliary results

Let X1, ..., X,, be indeterminates and consider the basis
E; ={X"|m € No}

of Z[X;],i =1, ..., m. Now consider the basis Ein Z[X1] ® - -- ® Z[X,,], induced
by the bases Eq, ..., Ep.

Given X|' @ X7’ ® --- ® X, € E we call degree of X|' @ X’ ® -~ ® X" to
the integer s1 + - - - + Sy,

Proposition 1. Let A; as before and b = (’Z). Writing X = (X1, ..., X;u), we have
inZ[X11® - Z[Xy], fort € N,

t

Y| = Y i

N, Ny Ny, !
@EQk.m ()’lwl,.‘.,nwb)ENb ! 2 b

N+t =t

Za} ne ) (2
x X} €41 ®...®X,§E“"’n.
Proof. It is well known that if A is a commutative ring and ay, . . ., aj are elements
of A, we have
1!
(Cl1+a2+"'+ab)t= Z 7am]-a£n2...a;;nb.

mylmy! - myp! 1
mi+my+---+mp=t

If we consider the tensor algebra Z[X ] ® - - - ® Z[X,,], we have
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t

> 8u(X)

wEQk,m
r!
= E ,—‘Swl (X)"‘”l .. 'wa (X)”wb
, Mo Map! - ngy,!
(e, :~~~s”wb)€N0
Nwy Hwy +FNw, =t
t‘ ZweA Ny Z n
1 weA w
= X o oan ®--@X; . O
, oMoyl 1y, !

Let N be a positive integer. A nonincreasing sequence of nonnegative integers
R = (r1,...,1s) is a partition of Nif ri + --- 4+ r, = N. Identifying partitions of
N that differ only by a string of zeros, we can then represent (when convenient) any
partition of N by an N-tuple.

Let us define the conjugate partition R of N to be the partition R’ of N, R’ =
(r{, 75, ...,ry), such that

ri=Wjefl,...,N}y:r; =i}, i=1,...,N.

Given two partitions of N, R = (r1,...,ry) and S = (s, ..., sy) we say that R
dominates S and we write R > S if

n+---+rpz2s1+---+s, i=1,...,N.
The following result can be found in [9, Lemma 1.4.11]:
R>S & S >R.

If S=(s1,...,sy) is a sequence of nonnegative integers, define the partition
S = (51, ..., 5y) to be the reordering of (sy, ..., s,,) such that

S1 =822 2 S

The Gale—Ryser theorem [2] is useful in the sequel:

Theorem 2 (Gale and Ryser). Let
S=0(1,5,....8,) and R=(@r1,ra, ..., 1)

be nonnegative integral vectors. Assume that sy > sy 2 - 2 sy andry > ry--- 2
ry. Assume that s; <t,i =1,...,m. Then there exists an m x t (0, 1)-matrix with
row sum vector S and column sum vector R if and only if R < S’

Below we give a condition for an element X|' ® X3* ® - - - ® X,,", belonging to

t
the basis Eof Z[X1] ® - - - ® Z[X,,], to occur in the expression of (Zwer . Sw(X))

referred in Proposition 1.
Let Ny be the set of nonnegative integers.
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Proposition 2. Let k, m and b be as before and t be a positive integer. Let S =
(s1, ..., Sm) be a sequence of nonnegative integers such that

S14 -+ s = kt.

Then the system in the variables (Xy, , . . ., Xy),)
wa=s,», i=1,....m, (1)
we;

is solvable in Ny if and only if

si<t, i=1,...,m. 2
Proof. Let w € QO ,.We are going to denote by [, = (cf;")) the (0, 1)-matrix of
type m x 1 over F, where

c@ _ 1 ifi eIm(w) (i.e. w € 4;),
il 710 otherwise.

Let us start by writing the system (2.1) in the matricial form
[Toylos - 1oy | 2 = &,

where the coefficient matrix is a (0, 1)-matrix of type m x b, Z is the column ma-
trix of the indeterminates x,, /.’s and & is the column matrix of the s;’s, which is
equivalent to

Xy loy + Xuyloy + -+ xyy 1y, = & 3)

If (qu,, -, 9w,) 1s a solution of (2.1), then we can construct the following (0, 1)-
matrix

with vector row sum (sq, ..., S;) (this follows from (2.3)). By assumption s; +
-+ 4+ s, = kt, and thus the matrix above has exactly kt entries equal to 1. Now each
of its columns [, has m lines and k entries equal to 1. Therefore ./ is an m x ¢
matrix (in particular, Y g, ; =1).
Then since .# has t columns inequalities (2) hold.
Suppose that inequalities (2) hold. Then we have
(51,52, .., 8m) < (l;,i,t)

-
k times

Using Gale and Ryser theorem, we can conclude that there exists a (0, 1)-matrix,
M, of type m x t such that the sum of each column is k and the sum of row i is s;,
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i =1,..., m. Therefore, for each column C; of .# there exists an w € Q. such
that C; = [,. Denote by ¢g,, the number of columns of .# equal to [,. It is now easy
to conclude that (ge, ; Ga,s - - - » Gu,) 18 a solution of (1). O

Using the arguments of the former proof we can conclude the following theorem.

Theorem 3.

(a) Let k, m and b be as before and t be a positive integer. Let & = (s1, ..., Sm) be
a sequence of nonnegative integers such that s1 + - - - + s, = kt.
Then, the element X il ® X;z ® -+ ® X, of the basis E occurs in the expansion

of

> Su(Xi... Xm)

@€ Qk.m
if and only if the sequence & satisfies
s;<t, i=1,...,m.

(b) If the term X;l ® X;z ® - ® X, does occur, its coefficient is equal to the
number of (0, 1)-matrices of type m X t with row sums equal to (s, ..., Spy)
whose column sums are equal to k.

Proof. Statement (a) is an immediate consequence of Propositions 1 and 2. So now
we concentrate on (b).
Let

Okm = o1, ..., wp}.

It is easy to see that

D7 800 = ) Supy Xte o X) By (X1 X

WEQk,m acl; )

Leta € I'y . Define

Aai={j € {l,....1}|i € Im(waj))},
G={a € Tip|S = (dail [ dazl, .. [Aaml) = (51, sm) ],
and

M;(S; k) = The set of all (0, 1) — matrices of type m x t with row sum

vector S and column sum vector (%, ..., k).
——

t times

Then, since
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Ay Ay Aq,m
Sy ) -+ By 00 = X1l @ X M2l @ . g xlileom,

. t
the coefficient of X“lvl ® X;z ® --- ® X,™ in the expansion of (Zwer,m (Sw(X)) is
equal to |¥9|.

From now on, assume S = (sq, ..., S;;) and define
A:G— M(S; k)

a— A(),

where

A@) = [y loge ** * loga ]

with [, = (cf‘lu" )) as defined in the proof of the previous proposition.

This map A is well defined for the sum of the ith line of A(«) which is equal to

( o ) . cy .
¢, = {j lwajy € 4}l = W li € Im(@gi)}] = |ail,

j=1

and each [, has exactly k entries equal to 1.

To conclude this proof, we need to show that A is a bijection. If «, 8 € ¥ and, for
some j, (j) # B(j), then Iy, ;) F Doy ;). So Ais 1-1.

Now take B = [Cy, ..., Ci] € M;(S; k). Since the sum of each column C; is
equal to k, there exists a unique w; such that C; = [,,. Now it is easy to define «
such that B = [I]wa(,) .- ﬂwoz(t)]' O

Theorem 4. Suppose that the term X{' @ X3* @ --- ® X, € E occurs with a coef-
ficient € in the expansion of

t
> 8u(X)

WEQk.m

Then Xa_sl ® X;_sz ® - ® X *™ € E occurs with the same coefficient €y in the
expansion of

D> 8%

we Q»sz,m

Proof. Using Propositions 1 and 2 we see that X' ® X5 ® --- ® X, occurs
t
in (Zwer m (Sw(X)) lf and Only lf Xa_sl ® Xg_sz ® e ® X'{’;sm occurs in

'
(Zwe Omim Sw(X)> . Using Theorem 3 we can see that it is enough to prove that
if S =(@1,...,8m),
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M (S, k)| = M ((t —s1, ..., 1 = Sp), m — k)|
to conclude the proof. _

Givena (0, 1)-matrix A = (g;;) denote by A = (a;;) the (0, 1)-matrix of the same
type than A such that a;; = 1 — a;;. It is easy to see that if A € M,(S, k), then Ae
M;((t —s1,...,t —58p),m —k). _

Since the mapBing from M, (S, k) into M;((t — s1,...,t —sp),m —k),A — A,
is an involution (A = A), then it is bijective and the theorem follows. [

For some special values of k, it is possible to determine explicitly the coefficient of
X ‘;1 ®X ;2 ® --- ® X,». These special cases are treated in the following proposition.

Proposition 3. Suppose that the term X|' @ X3* ® --- ® X, € E occurs with a
coefficient €5 in the expansion of

t
> 0%
wer,m
Then,
(@) ifk =1, we have
t!
5§ silsale syl
d) ifk =m — 1, we have
t!

@y = :
(= st —s2)! - (8 — sm)!

Proof. For k =1 we have Qi , = {®w1, w2, ..., wn} and 4; = {w;}. Hence (see
Proposition 1) there is only one solution for the system

dne=si (=1....m)

we;

that is, the solution n,, = s;, which gives the result (a) above.
Case (b) follows from (a) and Theorem 4. [

Corollary 2. With the same notations presented in the proof of Theorem 3, we have
|
@) M (S: )| =

splspleesy, 2

(b) M (S;m—1)| = 1

(E=sDU =)+t —5m)!"

So far we have established results in the Z-algebra Z[X1] ® - -- ® Z[X,,]. Next
we present a relation between this Z-algebra and the F-algebra F[X1] ® - - - @ F[ X, 1,
and how to interpret the previous results in this new algebra.

Let Ef be the basis of F[X1] ® - - - ® F[X,,,] induced by the bases

{X7|n € No}
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of F[X;],i =1,...,m.Given X]' ® X ® --- ® X' € Er we call degree of X|' ®
X7 ® - ® X, to the integer 51 + - - - + 5.

Denote by 1 the identity of [. Consider the Z-algebra homomorphism ¢ from Z
into [ defined by

nr— lp+1g+--- 4+ 1.

n times

Let ¢; be its canonical extension from Z[X;] into F[X;]
aX!" — ¢(a)X".

Then
P=01 0P Q - ® Pnm

is a Z-algebra homomorphism [1, p. A.II[.34] from Z[X1] ® - - - ® Z[X,,] into F[X1]
® - @ F[Xpm].
Let us define

Dim(Xi, o, X)) =@ D" 8u(X1, .., X))

we Qk,m

The next lemma summarizes the important properties of Dy ,, (X1, ..., X,;), and is
a straightforward consequence of its definition.

Lemma 1. The following equalities hold:
(i) Plas X' ®XF Q@ - ®@Xp')=¢as) X' ® X7 @@ Xp'.

(i) @ <(Zwegk,m 8o (X1, ...,Xm)>t ) = D (X1, X'

(iii) Let S = (s1,...,Sn) be a sequence of nonnegative integers satisfying si +
52+ -+ sm = kt. If € is the coefficient of X]' ® X3* @ --- ® X, in the

t
expression of (Zwer S0 (X1, ..o, Xm)> as linear combination of the el-

ements of E, then ¢(€s) is the coefficient of X|' @ X3* @ -+ @ X, in the
expression of Dg (X1, ..., Xim)" as linear combination of the elements of EF.

3. The cyclic subspace (si (T, ..., T;n)")

It is well known that if {1, T;, Tl.z, e, Tl.l’_l} is a basis of the cyclic F-subalgebra
(T;) of L(V;, Vi), i =1,...,m,thenl; = deg Pr, and

B={T'Q@ - @Te|0<e; <lj—1fori=1,2,...,m}

isabasis of (TR (D)X Q(Ty). If Z = Tf' ® - ®Ty" € A, we say that
> iL, e is the weight of Z. Define £ to be
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/ l RN S
Z={1+2+ + I mJH'

k
Let ¢ be an integer less than or equal to £ —1, andllf =min{t + 1,/;},i=1,...,m.
Let p; be the integer satisfying
(li—l)+~-~+(l;t_l—1)<kt (@Y)
and
G=D+--+ U, =1 =kt Q)
Define (6; 1, ..., 6;,m) as a m-tuple of nonnegative integers such that
Il =1 if i < py,
b= \kt — U+ +0,_ — (o= 1) ifi=p,
Let us define Ay ; to be the number of (0, 1) matrices with row sums equal to
61, -, 6.m), and whose column sums are equal to k fort =0,1,..., ¢ — 1.
Now define

6, 6, O m
7 :Xlt,l ®X2’2®®X”:
and

Z =T @Ty? @ - @Tn, 1=0,... (—1.

Our purpose is to decide if Z; belongs to the support of si (T4, ..., T),) and get,
from this, information on the linear independence of families of type

I,Sk(Tl, R Tm)a "'7Sk(T15 R Tm)s
Lemma 2. Z; is an element of 2 of weight kt for everyt =1,...,£ — 1.

Proof. Let us start by pointing out that the weightof Z, is 6,1 + 6,2 + - -+ + Oy.;p =
kt. By construction we have 6; ; < /; — 1 and the lemma follows. [

Lemma 3. The element Z; occurs in the expression of si(T1, ..., T,)" as a linear
combination of % with ¢ (hy ;) as its coefficient.

Proof. Let o/ = (T1) ® (I») ® --- ® (T),) (the subalgebra of L(V}, V) ® -+ - ®
LV, Vin)). Let ¢ be F-algebra homomorphism from F[X]® --- & F[X,,] into
.o/, obtained by

X'® - @Xy +—T'®--- QT

(cf. [10, p. 98]). Let #; be the set of elements of Ey of degree f and #/; the elements
of # of weight t. Let L =(—1,...,l,, — 1), and denote by 77 the set of all
elements X‘;l ® X;z ®---® X, of Ef satisfying s; <Il; —1, i =1,...,m. The
following can be easily obtained:



12 J.A. Dias da Silva, H. Godinho / Linear Algebra and its Applications 342 (2002) 1-15

@ se(Tr, ... Tw)' =¥ (Dem(X1, ..., Xm)"),
(b) ifz e #,NTL, theny(z) € W,
(¢) ifz € #,N(ER\T1), then ¥ (z) € U2y Wi

Let M = (¢, ..., t). Bearing in mind Theorem 3 and Lemma 1 we know that
N —
m times
Dim X1, X)) = Y 96z 6)
ZEX 1Ny

with 0 # €, € N.
Using (a), (b) and (c) we get

sk(T1, - T)' =Y (D (X1, -, X))

=y | D @+ D $®z

€M1 NTL Z€EH NI \TL)
= Y @@+ Y.  ¢@EIVQR.
ZEX 1t NTL 2€X 1 N(Tm\TL)

If we define Z = v (z), we get from these equalities the following:

st Tw)' = ) ¢(@IZ+Y, )
ZeW i
where Y is a linear combination of elements of 4 of weight less than 7.
By construction, z, € #k, N Ty, hence it occurs in Dy p (X1, ..., X;)" with the
coefficient ¢ (hg ) (see (6)). Therefore Z, = ¥ (z,) occurs in sg(T1, ..., Tp)' with

the same coefficient (see (7)), concluding this proof. [J

Theorem 5. Let0 < s < £ — 1. If p (the characteristic of F) does not divide hy ; for
t=0,...,s, then the degree of the minimal polynomial of si(T1, ..., T;y) is greater
than or equal to s + 1.

Proof. From the hypothesis we have that the coefficient ¢ (hy ) is different from

zero. Since every element of 4 that occurs in s; (71, . . ., T;;) has weight less than or
equal to kt, we can deduce, from Lemmas 2 and 3, that for every # < s the support
of s¢ (T, ..., T,) contains an element Z; € 4 that does not belong to the support of
any other power (less than #) of s¢ (71, ..., Tp).
Hence we have that
Losi(Ty, .. T)y s (Tyy . T2 o si(T . T)®
are linearly independentin L(V1 @ Vo ® --- Q@ V;,,, VI @ Vo ® - - - ® V). Therefore
the degree of the minimal polynomial of s; (71, ..., T,,) is greater than or equal to

s+1. O
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Corollary 3. Let di » be the degree of the minimal polynomial of si(Ty, ..., Tm).
Then,
(1) dy,m > min{p, deg Py, + deg Pr, + - - - + deg Py,

L, — m+ 1} .
. deg P: deg P, ---+deg Pr,, —
(2) dm—Lm > mln{p, L eg T1+ cg T2+ +deg Py, mJ +1 .

m—1

Proof. Using the same type of arguments that have been used in the proof of The-
orem 5 and bearing in mind Proposition 3 where the coefficients for these special
cases are explicitly calculated, we conclude the corollary. [

Proposition 4. Ifh; ;| (kt)!,t =0, ..., ¢ — 1, then the degree of the minimal poly-

nomial of si(T1, ..., Ty) is greater than or equal to
. p deg Pr, +deg Py, 4+ --- +deg Py, —m
min L;J , 3 + 1.

Proof. Observe that if + < | p/k], we have kt < p therefore p f(kt)! Thus, by
hypothesis, p does not divide hy, for t =0, ..., min{|p/k], [£]}. Now apply
Theorem 5. [

Lemma 4. Let

V- \‘degPT1 +deg Pp, + - +deg Pr,, _mJ‘*‘l-

m—k
Ifhjr| ki), j=0,....0—1,thenhjmm—i|(kj)!, j=0,...,¢ —1.

Proof. This is a consequence of Theorem 4. [

Remark. There are reasons to think that the conditions of Proposition 4 hold or at
least happen very often. Although there are several results (e.g. [8,12]) on the number
of (0, 1)-matrices m x n with prescribed row and column sums (for instance in [8,
p.- 204 Ex. 19] a formula is obtained that expresses this number in terms of the so
called Kostka numbers), the authors were unable to characterize the cases where the
conditions of Proposition 4 are implemented using this formula.

4. Additive results

We are now in a position to present lower bounds for the cardinality of the set
Isk(At, ..o Am)l.

These lower bounds are pointing to a generalization of the Cauchy—Davenport
Theorem, which in our notation can be written as
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[Ap+ -+ Anl=Is1(A1, ..., Ap)]
>min {p, |Ai| +|Az[ 4+ + [Ap| —m + 1}

For the following results, we are assuming all the notations and definitions presented
in Section 3.

Theorem 6. Let m, k be positive integers and k < m. Assume that p does not divide
hitfort =0,...,0 — 1. Let Ay, ..., Ay be finite subsets of F. Then

|A1|+|Az|+~-~+|Am|—mJ+1.

ISk(Al,-.-,Am)I>{

k
Proof. Assume that |A;| =1[;,i =1,...,m. Let T; be a diagonal linear operator
on a vector space V; of dimension /; over [, whose set of eigenvalues is A;,i =
1,...,m. We know from Corollary 1 that
lo (e (T, - -, Tu))| = Isk(Ar, .., Am)l.
Since si (11, . .., T,;,) is diagonal (see Theorem 1),
deg(Py(ty,...T,) = lo (s (T1, ..., Tu))| = Isk(Ar, ..., Ap)l.

Therefore, by Theorem 5, we conclude that

AL+ A2l + -+ [An| —m
k

Sk(Alﬂ"'vAm)|>\‘ J_’_l. D

Theorem 7. Let m, k be positive integers and k < m. Assume that hj i | (kj)!, j =
0,...,0—1.Let Ay, ..., Ay, be finite subsets of F. Then

p |A1|+|A2|+~-~+|Am|—m”+1_

e (AL - Ap)l >min{LEJ,L .

Proof. The proof can be carried out by using Proposition 4 and arguments similar
to the ones used in Theorem 6. [

The following result presents a generalization of the Cauchy—Davenport theo-
rem for the symmetric polynomial s,,—1(X1, ..., X;;) applied on the family of sets
A1, ..., Ay. The first inequality follows also immediately from Cauchy—Davenport
by an induction argument.

Theorem 8. Let m be a positive integer. Let Ay, ..., Ay, be finite subsets of F. Then
| AL+ + Ap| = min {p, |A1] + [A2] + - + [Am| = (m = D}.

and

: Atl+ 1A+ -+ |Aul —m
|Sm—1(A1,..-,Am)|>mln{p,L| 1+ 142 | Aml J+1}.

m—1



J.A. Dias da Silva, H. Godinho / Linear Algebra and its Applications 342 (2002) 1-15 15

Proof. The proof is a consequence of Corollary 2, using arguments similar to the
ones presented in Theorem 6. [
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