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1 Introduction

In this paper we further investigate cyclic spaces of generalized derivations re-
lated to the elementary symmetric functions. There are important correlations
between these derivations and problems in additive number theory, as described
in details in our previous paper [2]. Before presenting the problem addressed
here, some definitions are necessary.

Let m, k € N such that k¥ < m. Denote by Q. the set of all strictly increas-
ing mappings from {1,---,k} into {1,---,m} and let Xy, ..., X, be m distinct
indeterminates. The kth elementary symmetric function on the indeterminates
Xi1,...,X,, may be written as

Sk (X1, oo, Xin) = Z Xomy - Xo@) Xk
WEQK,m
Let V' be an n-dimensional vector space over the field F. Let L(V,V) be
the F-algebra of linear operators on V and let T € L(V,V). We denote by
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@MV =V ®---®V the mth-tensor power of V (the tensor product of m copies
of V). If T is a linear operator, we denote by Pr the minimal polynomial of T,
and by I the identity linear operator on V.

Let Aj,---, A, be algebras over a commutative ring, and take a; € A;, for
i =1,---,m. Let us denote by

A, ={w € Qim |1 € Im(w)}.
Now, for w € Qg m, define the map 4, from A; X ---x A, to 41 ®@--- @Ay,
by
0u(A1y .o ym) =Uu1 @+ @ Up,

where
w — a; if weA;
! 14, otherwise.
We denote by sk, (X) the element of @Z[X] = Z[X] ® - - - ® Z[X] defined
as

sem(X) = Y 0L(X,..., X).

WERK,m

Let us denote by sg,m (T) the linear operator on @™V

sen(T) = Y 6u(T,...,T).
WEQK,m
Let p be the characteristic of the field F. Then p is a prime number if the
characteristic is finite, or let p = oo, otherwise. In [2] the authors discussed
the existence of a lower bound for the degree of the minimal polynomial of
sk,m(T), proving, among other results, one that contains, as a particular case,
the following theorem:

Theorem 1.1 Let m, k be positive integers and k < m. Let T € L(V,V) and n
be the degree of Pr. Then

deg(Py o) = |0 |, (1)

for p sufficiently large.

From [2, prop. 2.1], a trivial bound can be obtained to the sizes of the primes
p, that is p > b¢, where

b:(?) and (= Vl(”k_l)J

But in general it seems to be a very difficult problem to describe precisely
for which p’s the theorem is not valid. It is a problem related to the number
of (0,1)-matrices with prescribed row sum vector and column sum vector. The
hypothesis “p sufficiently large” can be lifted in the spacial cases of k = 1 and
k =m — 1, giving the following result:



Theorem 1.2 Let m, k be positive integers and k < m. LetT € L(V,V) and n
be the degree of Pr. Then

(i) deg(Ps, . () = min{p, m(n —1)+1}.

(’LZ) deg(Psmfl,m(T)) 2 min{p’ {WJ * 1}

Our goal is to present some results on the structure of operators T, for
which the degree of the minimal polynomial of sj , (T) is small. The techniques
involved come from Linear Algebra and Combinatorics, and their use for the
purpose of describing these polynomials seems to be new.

We say that an operator T € L(V,V) is critical if (see (1))

deg(Ps, ,.(1)) = {m(nk_l)J + 1.

And we will call the minimal polynomial Pr a critical polynomial if T is a
critical operator. We are now in position to state our main result.

Theorem 1.3 (Main Theorem) Let m,k be positive integers and k < m.
Assume that m(n — 1) = k — 1 (mod k), and p is sufficiently large. If Pr is a
critical polynomial of degree n then

Pr(X)=X"=>" A, yX"*,
=1

where r = L%J

It is important to observe that for every k,m € N, 1 < k < m, the polyno-
mials of the form X™ are critical. It is also interesting to mentioned that, for
k = m, one can prove that the polynomials,

P(X) = X" = Ap_yp X",

for ¢ = 1,...,r, are all critical. These proofs and some other examples are
presented at the final sections of this paper.

To prove the theorem above, we will study the powers of the operator
sk,m(T), and find conditions for the set

(I, skm(T), ..., 86m(T)}

to be linearly dependent.



2 Multilinear Algebra

Denote by 1p the identity of F. Consider the Z-algebra homomorphism ¢ from
Z into F satisfying ¢(n) = 1g + 1p + - - + 1p for all n € N. Denote also by ¢

n times
the canonical extension of ¢ from Z[X] into F[X] satisfying
aX™— ¢(a)X™, meNy=NU{0},a €Z.
Then

P=9pRPR--®¢

is a Z-algebra homomorphism from ®™Z[X] into "F[X].
It is well known that

&= {Xsl Q- @Xm|s; €Ny, i = 1,...,m}
is a basis of the free Z-module, ®Z[X] and,

5[F:{Xsl®"'®X$m|5i€N0, i=1,...,m}

is a basis of the vector space F|[X], over F. Hence, if

2= Y o) X @ @ X € @M E[X]
(815-+38m)

is the expression of z as linear combination of the elements of £ then

q)(z) = Z ¢(C(sl,...,sm))Xsl ® - X™
(8150-,8m)
is the expression of ®(z) as linear combination of the elements of E.
Denote by I';, v, the set of all mappings from {1,---,m} into Ng = NU{0}.
We will identify the mapping « € TI'y, n, with the m-tuple (a(1),---, a(m)).
Using Theorem 2.3 of [2] we can easily derive the following theorem.

Theorem 2.1 Let k and m be as before and t be a positive integer.
Then

(sk,m(x))t = Z C(Slsanm)XSl ® o ® XSW’
(8150es5m) EAm1ig ()

where

A (@) ={(s1,---,8m) €T, | Zsi =kt and s; <t, for1<i<m},
i=1
and Cis, .5,y 5 equal to the image by ¢ of the number of (0,1)-matrices of

type m X t with row sum vector equal to (s1,...,8m) and whose column sum
vector is equal to (k,... k).



Definition 2.1 Let W be a vector space over the field F. Let € = {e; | i € I}
be a basis of W. We say that e; £-occurs in w € W if the coefficient of e; in the
expansion of w as a linear combination of the elements of € is different from
zero.

Corollary 2.1 Let (s1,...,5m) € I, and let (s4,...,s),) be a permutation
of (81, 8m). If the term X°* @ --- @ X*m does Ep-occur in the expression of
($k.m (X)! then all the terms X1 ® --- ® X*m also E-occur in (sg.m(X)" and
with the same coefficient.

It is easy to see that the mapping from I'y, , into &p

S:(Sl,"'7sm)(—)X51®"'®Xsm’

is a bijection. Then we will identify S with X! @ --- ® X*m. For §' =
(sh,---,s.,), we may define S + .5 to be the addition

XSI®...®X5m+XSI1®...®XSin_ (2)

Consider the action of Sym(m), the full symmetric group of degree m, on
Lo (0,5) — So~t. Denote be Og the orbit of S by this action. We define
for S = (s1,-++, Sm)s

((S) = ((s1,-++5m) = > 5. (3)
S'€0s
Before continuing, we would like to open a parenthesis to define a linear oper-
ator on @™V that will play a important role in the sequel. Let o € Sym(m), and
denote by Py (o) the linear operator on @™V satisfying, for every vy, ..., v, € V
(see [3, p. 72)),

PV(U)(Ul R ® ’Um) = Vy-1(1) R ® Vo—1(m)-

These linear operators are related with the m-th powers of the linear mappings
as follows.

Proposition 2.1 Let V and W be vector spaces over F. Let D be a linear
mapping form V into W. Then the linear mapping D ® ---® D from ™V
into @MW satisfies the following equality

Pw(o)(D®---®@D)=(D®---® D)Py (o), (4)
for every o € Sym(m)
Proof: For vy,...,v,, € V we have

(D& @ D)Py(@)v1 ® - B vm) = D(Uy-11)) © - © D(Vo-1(m))
= ’PW(U)(D®'-'®D)(U1 Q- ®Um)~

Since the decomposable tensors v1 ® - - - ® v,,, span the tensor product @™V, we
get the equality (4). [ |



Remarks 2.1 (i) Let S = (s1,...,8m) € I'mn,, and define Gg to be the
stabilizer of S by the action above described. Then (see (3))

Yoo STt =|Gs| Y 8
oceSym(m) 5€0s (5)
= |Gsl((s1, .-, 5m)).

(i) Observe that if S = (s1,...,8m) € I'mn,, and considering the former
identification, we have

So~! = Prx)(0) (X @ ... @ X*™).

Therefore, bearing in mind (5), we have

1

(($1,.-.y8m)) = m

Y Pax(o) | (XU @@ X)), (6)
ceSym(m)

(i) If 8" = (sy,...,s.,) € Og then

(815 80)) = ((S15-- -, 8m))

and for every S = (s1,...,5m) € I'mn,, there is one and only one de-
creasing m-tuple in Og (i.e. a partition of Y s;).

Suppose that S = (s1,- -, S, ) has coefficient C's in the expansion of (sj (X))
as a linear combination of the elements of &g. Then we can rewrite theorem 2.1
as

(Sk’m(X»t = Z 05(81,...,Sm). (7)

SEAm 1 (£)
Let II be the set of partitions S = (s1,---,8,) of kt satisfying s; < ¢, for
1=1,...,m,
II= {(51,"'78771) € Am,No(t)) ‘ t 2 S1 2 52 Z 2 Sm}'

Grouping the right hand side of the equality (7) by the orbits of the action of
Sym(m) on I'y, , we have, by theorem 2.1 (observe that, if S € Ay, n,(¢) then
Os C A, (1)),

(sk,m(X))" = Z Z Csi(sh,...,80).
S€eIl S’€0g
Now using corollary 2.1 we have
(@) = 305 3 8.
Sell  S'e0g

Therefore, we may write the expansion of (sj ,,, (X)) in (7) as (see theorem 2.1)



Lemma 2.1 We have

(s1,m (X))" = D Cs((s1,+, 5m)). (8)

Sell

From this we can easily see that s ., (X)" belongs to the subspace of the
vector space ®F[X], spanned by the linearly independent set

(€r)) = {((s15---,8m)) | (S15.-.,8m) € II }.

2.1 The Algebra L(V,V)

Let T be a linear operator on V whose minimal polynomial has degree n and
(T") be the cyclic subalgebra of L(V, V') spanned by T over F. Consider the basis
of @™(T')

B={Tr T --@T" | 0<b;<n-—1,i=1,...,m}.

Denote by Iy, , the subset of I, n, of all mappings from {1,---,m} into
{0,1,--+,n — 1}. In this setting and for convenience of the exposition we will
denote the m-tuple of a of T'yy, ,, by [a(1),...,a(m)] or briefly by [a]. It is easy
to see that the correspondence

b1, bm] = T QT @ --- @ TP

is a bijection from I',, , onto B. As before we will identify [by,...,by,] with
Th ® ---® T’ and give the meaning that follows from this identification to
the sum of m-tuples of I',,, ,, (see (2)).

We consider defined the action (o,B) — Bo~! of Sym(m) on I, ,,. Let

B =[bi,...,bp] € 'y, pn, and let us use the notation (following the analogy with
((81, ) Sm)) )
B = bulli= Y Bt
[b,l""’b[m]eo[b1=--->b7n]
to describe the sum of the elements of the orbit of the element [by,---,by,] of
the basis B.

Remarks 2.2 (i) Let B = [by,...,by] € Ty, and define Gp to be the
stabilizer of B by the action above described. Then

Z BO'_l = Z [bo'(l)y"'abo'(m)}

JESym(m) G'Esym(m)
=G5l 3 Bt
(b7, 0 €O L, b (9)
= |Gsl[b1, .-, bp]]



(ii) Observe that if B = [by,...,bn] (considering the former identification) we
obtain
Bo™' =Poro(0)(T" ®@...@ Tt),

where (T') denotes the subalgebra of L(V, V) spanned by T.
Using the item (i) above we get

1

[[bl,...,bm}]:m

> Pers(o) | (MM ®...@T).  (10)
aeSym(m)

(iii) Again using the identification we can rewrite the basis B as
B={[b1,...,bm] | 0<b;<n—-1, i=1,...,m}.
Therefore,
(1B]] = {[[b1;---,bm]] | 0<b;<n—1, i=1,...,m}.
is a linearly independent set of @™ L(V, V).
(iv) From the definition of [[bi,...,bn]], we can see that
[by,.... 0] € Op = [[b),..., 0] = [[b1,- -, bm]]-

Let 7 be the homomorphism from F[X] into (T}, defined by ¥(f(x)) = f(T).
Then ¥ := 1) ® - ®41 is the algebra homomorphism form ®™F[X] into ™ (T')
satisfying

\I/(Xlel ®~~-®X§1’") = Tet ®...®Tem.

If z € F[X] we say that the image of z by W is obtained by replacing X by
T and we use the notation zx—_r for the image ¥(z), in particular

X'®- X )x=r =¥ X{'®--- X)) =T"®@---T. (11)
Suppose that the minimal polynomial of T is
X" — A, X AL X — AplL

Then we have

T = Ap TV -+ A\T + Aol (12)

For each j € Ny, let AD ,A(()j ) be the elements of F such that

n—17"
Tt :A;leTnfl +...+A§j)T+Aéj)I, (13)

assuming Ago) =A;for j=0,1,---,n—1 (see (12).
In the next lemma we give a complete description of how the image by ¥ of
the elements ((s1,- -, $m)) can be written in terms of the elements [[b1, - -, by ]].



Lemma 2.2 Assume p is large enough. Let S = (s1,---,8m) be a partition
belonging to I1;

(i) If s1 > n, take d =max{j|s; >n}. Then ((s1,---,5m))x=1 is equal

to

Z qbl’m,bdAl(jlin) e Al()zdin)[[bl, ey bd, Sd+1s-- - Sm]] (14)

0<by,...,b4<n—1

where
@ b = |G[b17~~abd75d+1,~~75m]‘
15--+50d |GS‘

is a non-zero element of the prime field of F.

(i1) If sy <n—1 then
(51,5 8m))x= = [[81,- -+, sm]]. (15)

Proof: Since the item (ii) above is an immediate consequence of the definitions,
let us assume that s; > n. Writing d = max{j | s; > n }, we have

812832+ 283=> N >8441 2 = S (16)

Using (6) and (11) we have

((817-..7sm))X:T =V @( Z P]F[X](O’) (X51®'~-®X5'm,)
oceSym(m)
1
:@\P Z PF[X](U) (Xsl®...®Xsm).

o—eSym (m)

Using proposition 2.1 we obtain, from the previous equalities,

1
((815--+38m)) x=T :@ Z Piry(o) | ¥(X @@ X5)
oceSym(m)
1 s S
el X Pom@)|mreer
oceSym(m)
Bearing in mind (13) and (16) we get from the previous equalities that ((s1,...,$m))x=7
equals to
1 n—1 n—1
@ Z P(T) (U) (Z Al(-slin)Tl) Q- (Z Agsdin)Tz) QT+ Q-+ QT5m.
s aeSym(m) 1=0 =0



Now, by multilinearity, we get ((s1,...,8m))x=1 equals to

1 s1—n S4—n
en >, Puo) SooApT AR (@PT)
s oceSym(m) 0<b1,...,bg<n—1
1 —_ < p—
gy X AT X P | @)
o 0<by,....bg<n—1 Uesym(m)

where @BT = T" @ -+ @ TP ® T%4+1 @ --- @ T*. From (10) follows that
((s1,---,8m))x=r is equal to

1 S1—n Sd—n
Gl > AT APTIGE, basarssml 1 - by St S]]
0<by - ba<n—1

Defining

|Gy bassatasim)
qbl,...,bd - |GS| )

we see that the coeflicients gp, .. 5, are quotients of integers numbers (factors of

m!), hence they belong to the prime field of F. The hypothesis of p large enough

guarantees that all coefficients g, ... 5, are nonzero, completing the proof. N
It follows from (8)

(5km(T))"

= U((sk,m(X))")
= ZCS((sla”-asm))X:T. (17)

Sell

An immediate consequence is that (si ., (T))* belongs to the subspace spanned
by [[B]], that is

Lemma 2.3

(81,m (T))" = Y Hipypllbn o ball,
(b1, b 1€ 5]

with H[[bh--.,bm]] el.
Definition 2.2 Let S = (s1,- -, S$m), be a partition and let [[by, ..., by]] € [[B]].

(i) We say that ((s1,--+,8m)) is an ascendent of [[b1,...,bn]], if the follow-
ing conditions hold:

(a) For somet, ((s1,...,8m)) ((Er))-occurs in sg.m(X)t, i.e.
sS14+ -+ sn=kt and s;<t,i=1,...,m.

In this case we will say that ((s1,...,8m)) is at level ¢.

10



(b) [[b1,- -+, bm]] [[B]]-occurs in ((s1,- -, 8m))x=T-

(1) An element ((s1,---,Sm)) is said to have weight w if > s; = w.

Remark 2.1 Let d = max{j|s; > n}, and assume that ((s1, -+, Sm)) s an
ascendent of [[by,--,bm]]. Then by lemma 2.2 and remark 2.2(iv), there exists
a o € Sym(m) such that

[ba(l)a Tty ba(m)] = [b/17 o ,b/da Sd+1y+ -+ Sm]-
The coordinates by(1y, - - -, by(a) will be called generated coordinates of [[b1, -, by,]]
with respect to ((s1, -, $m))

3 Powers of T

Bearing in mind (12) and (13) we have for all j € Ny,

n—1
T = N (4,4 AD)T
=0

where we make the convention A(_Ji = 0. And immediately we have for j € Ny

A(J) — A, 1A(J 1)+A(J 1) (18)

nzlv

fori=1,---,n.

Lemma 3.1 The following relations between the coefficients hold

l
Ang)—t = ZAS:{)An7t7j+1 + Anftflv le Na t= ]-7 cees N

where A, =0 if r <0 andAEO):Ai, 1=0,...,n—1.

Proof: (Induction on 1). The case l =1 and t = 1, - -, n follows directly from
(18). So assume this is true for all s <[. By (18) we have

AEfftl) = An—tAif)_l + ASLl)—t—U

and by induction hypothesis
AV, ZA(Z DAy + Api,

which gives

11



I+1 l l
40D An_A()1+Ai)t1

n—t

= n tA(l 1+ZA(Z j)An t—j+An—t—1—l

= An—tAff),l + Z A,(zlj_ll_j)An—t—j—&-l + Ap—t—+1)
j=2
I+1
!
= Z A( +1 ])An t—j+1 T+ An7t7(1+1)-

Corollary 3.1 In particular

A(l —1 _An 1(A(l 1)+An l +ZAU ])An j+An—l—1
Jj=2

Theorem 3.1 Let s € N, such that s =gk +r, with 1 <r <k —1. Suppose
that
A, +=0, Vte{l,---,s} and t#0(mod k).

Then
ASllzofor 0<lI<s—1, l#k—1(mod k), (19)

and, forv=1,...,q,

v—1
A,Ezikl_l) == ZASﬁIl)k_l)An—ik + An—vk~ (20)

i=1

Proof: (Induction on ¢). If ¢ = 0 then s = r < k — 1. So, from corollary 3.1

above follows that Agll =0forl<r—1.
Now suppose ¢ = 1, then s = k + r and

Ap 1= =Ap k11 =4y 1=-=A,_s=0. (21)

From lemma 3.1 we have

!
AV =N AP Ay + AV A+ Ani (22)
j=1
kJj
Assuming [ < s — 1 we have

l—k<(s—1)—k<r—1<k-2.

12



Then we can use the case ¢ = 0 above to have Agll:f)

A(l*k)

n—1

= 0. Replacing (21) and
=0 in (22) gives

o _f0 i I#k-1
AnlAn—(z+1>{ Ao if 1=k—1,

proving the theorem also for the case ¢ = 1.
Let us assume that the theorem is true for all ¢ < u and let s = (u+ 1)k +r.
Again, from corollary 3.1, follows that

l u+1
AV =3 AP A Y AP A + A
j=1 i=1
kfj
Assuming [ < s — 1 we have
l—ik<(u+Dk+r—ik=(u+1—-0k+r<uk+r,
thus, using the induction hypothesis, either (19) or (20) holds for Ag:ik), that

is
=ik _ 0 if l—ik#£k—1(modk)
ol AUETD e ik =k — 1 (mod k).
It is important to observe that if | — ik = k — 1 (mod k) for some i, then
l—ik=k—1 (modk) for all 4, and | = k — 1 (mod k).
Hence, for [ < s — 1, we must have (together with the hypothesis) either

AD =0 if 1 #£k—1 (mod k)

or
v—1
A;Ufl_l) - ZA;(EIl)k_l)An—zk + An—vk
i=1
if l=vk—1 (ie. I =k—1 (mod k)), concluding this proof. |

4 Genealogy of B;

Let us start by recalling our assumptions that k,m,n e N, 2 <k <m, Visa
vector space over F, and T € L(V,V), a linear operator. We are denoting by
Pr is its minimum polynomial, and n = deg(Pr). Hence {I,T,...,T" '} is a
linearly independent set over the field F, and, as before, write

TV = Ay T V4o + AT + Aol

(= |me=n) -

Let

13



In [2, thm.3.5], the authors proved that the set
{L, s1m(T), -+, 51, (T)} (24)

is linearly independent over F, provided p is large enough.
Here we are interested in finding conditions to the extended set

S = {1, 85m(T), ..., Sim(T)+1} (25)

to be linearly independent over I, or equivalently, conditions when this set is
linearly dependent over F. In general this seems to be a difficult problem and
here, and in what follows we will be assuming the extra hypothesis

m(n—1) =k —1 (mod k).
This, together with (23), gives that
El=m(n—1)—k+1. (26)

The main strategy is the determination of the list of ascendents of some special
elements of the basis B, in order to find conditions for sj ., (T)**! not to be
written as a linear combination of the smaller powers of s, (T).

Definition 4.1 For j =0,...,n— 1, let us define
Bj=[n-1,---,n—1,n—-1—j],
and the sum of its coordinates to be §; which is equal to m(n — 1) — j.

Clearly B; is an element of the basis B.
Next we present, without proof, two basic and immediate propositions that
will be useful later in the text.

Proposition 4.1 Assume that

{I’ Sk,m(T)v ) Sk,m(T)g}

is linearly independent and that B = [[b1,...,bn]] [[B]]-occurs in sg ,(T) !
and does not [[B]]-occur in sgm(T)" for any t = 0,...,0. Then S is linearly
independent.

Proposition 4.2 Let [[by,...,by,]] € [[B]] and § = Z;nzl bj. Assume that
((81,.-+,8m)) is an ascendent of [[b,...,bn]] such that b;; are generated co-
ordinates, for every j = 1,...,d. Then the weight of ((s1,...,8m)) is 0 +

Z?Zl(sj —bi;) (see definition 2.2 and remark 2.1).
The following lemmas give information on the ascendents of

(Bi]l=[lrn—-1,---,n—-1,n—1-4]], 5=0,...,n— 1.

14



Lemma 4.1 Let j € {0,...,n—1}, j Z (k—1) (mod k). If ((s1,...,8m)) is an
ascendent of [[B;]], then sy > n.

Proof: It follows from the hypothesis that j = ¢k + r with r < kK — 2. By
proposition 4.2, definition 4.1 and (26) we have

Zsl 6 =k(l+1—q)—(r+1).

Since >_1", s; is a multiple of k (see definition 2.2) and 1 <r+1 <k —1, we
have

m
Z S; > 5j. (27)
i=1

If sy < n —1, then lemma 2.2(ii) tells us that

(8155 8m))x=1 = [[b1,-- ., bu]] = [[Bj]],

in particular,

contradicting inequality (27). |
Lemma 4.2 Assume that p is large enough. Let j £k — 1 (mod k). Then,
((SSP)) = ((nvn -1, n- 1))

is the only ascendent of B; at level at most (£ + 1), for which n —1 — j is a

generated coordinate of [[B,]] for j =0,1,...,n—1. Moreover
n—1
(non—1,...,n=1)x=r =Y _ ¢ An_1-; [[B;]], (28)
§=0
where the g;’s are nonzero elements of F, 7 =0,...,n —1.

Proof: The formula (28) follows from (14). Now let ((s1, ..., Sm)) be an ascen-
dent of [[B;]] satisfying the requirements of the hypothesis. Hence lemma 4.1
tells us that s; > n. By proposition 4.2

Siysio=(mn—1)=j)+ (51— (n—j— 1)+ X5 (s5—n—1)
=mn—1)+ X5 (s; —n—1).

Since we are assuming that ((si, ..., $m)) is at level at most (£+1) (see definition
2.2), we have

i m(n—1) +Z n—=1)) < k(fl+1)=mn—-1)+1.
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The last equality follows from (26). Thus, since s; > n, we must have d = 1
and s = n. | |

From now on we start a list of results that give necessary conditions for the
set S to be linearly independent.

Lemma 4.3 The set S = {I,85m(T), -+, sk.m(T)F1} is linearly independent
if An_1 # 0, provided p is large enough.

Proof: Assume that ((s1,...,Sm)) is an ascendent of By (see definition 4.1) at
level at most (£ + 1). By lemma 4.1 we must have s; > n. Therefore n — 1 is
a generated coordinate of [[Bg]] with respect to ((s1,...,$m)). Now, by lemma
4.2 we have that ((s1,...,5m)) = ((Ssp)) and, from (14) and (28),

_ G| - ) ) )
((Sep))x=1 = s, An—1[[Bo]] +;qg An—1- [[Bj]]- (29)

From (17) we have

(sk.m(T))" = Cs,, ((Ssp)) x=1 + Z Cs((s1,---,8m))x=r (30)
S#S.p

Since ((Ssp)) is the only ascendent of [[By]] at level (£+ 1), we can use (29) and
(30) having that

|G,

sem (T =C
(s ()1 = Cs,, e

An1[[Bo]] + R

where R € ([[B]] | [[B]] € [[B]] — [[Bo]])- It is very simple to see that |Gg,| = m!
and |Gg,,| = (m — 1)!, hence

(s5,m(T)* =mCs,, An1[[Bo]] + R.

The hypothesis of p large enough guarantees that m Csg,, # 0, thus [[Bo]] [[B]]-
occurs in sk, (T)F! if A,_1 # 0. On the other hand [[Bo]] does not have any
ascendent at levels 0,1,...,¢. Therefore it cannot [[B]]-occur in sy ., (T)" for
t=0,1,...,¢. Now the result follows from proposition 4.1. |

Theorem 4.1 Suppose k < m, and m(n —1) = (k — 1) (mod k). Then, for p
large enough, if the set

S ={I, $t.m(T), -+, s (T)T1}

is linearly dependent then A,_s = 0, for all s satisfying 1 < s < n, s #
0 (modk).

Proof: Consider the following property:
Property P = P,: If S is linearly dependent then

An_t =0, t#£0 (modk)and 1 <t <w.
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The theorem is equivalent to the statement that P, is true for w € {1,...,n}.
We are going to prove this last statement by induction on w.

The case w = 1 was treated in lemma 4.3. So assume (induction hypothesis),
property P, _1 is true.

Observe that if w =0 (mod k) then

{t|t#£0 (mod k) and t <w}={t|t#£0 (mod k) and t<w—1}.
Then, by induction hypothesis,
Ant =0, t£0 (mod k) and 1 <t <w,

and P, holds.

Now assume that w # 0 (mod k), and let r = w — 1. Observe that if
P,41 is not true then A,,_,_1 # 0. We are going to prove that if A,,_,_1 # 0
then there are ascendents of [[B,]] only at level £ + 1, and they are ((Ssp))
and ((S;)) =(n+rn—-1,...,n—1,n—r —1)). This will lead to the linear
independence of S, contradicting the hypothesis.

Suppose that ((S)) = ((s1,.-.,5m)) is an ascendent of [[B,]] at one of the
levels 0,1,...,¢+ 1. By lemma 4.1 we have s; > n. Let d = max{j|s; > n}.

If the coordinate (n —r — 1) of B, is a generated coordinate with respect to
((S)) then, by lemma 4.2, ((S)) = ((Ssp)). So assume that n —r — 1 is not a
generated coordinate of [[B,]] with respect to ((S)). Hence (see remark 2.1)

((S)=((s1,--+y8asn—1,...,n—1,n—r—1)). (31)

Let
li:Si—’n, ’L:].,,d

We will finish the proof by considering the following three cases:

(A) l,=k—1(mod k), i=1,...,d.

(B) There exists an ¢ < d such that I; <r —1and [; Z k — 1 (mod k).

(C) There exists an ¢ < d such that I; > r and [; Z k — 1 (mod k).
Assume (A) holds. So

for some nonnegative integers vy, ..., vq.
By definition of ((s1,...,8m)), (81,-..,8m) is a partition of uk, for some

nonnegative integer u. Then using (31)

m d

uk:Zsi:Z(li—Fl)—l—m(n—l)—r.

17



Using equalities (32) we get from the previous equalities
d
= sz )k +m(n—1)—r.
i=1
Now (26) implies that k(¢ + 1) = m(n — 1) + 1, therefore
d
sz e+ k(l+1)—1—uk.
i=1

Thus r + 1 = 0 (mod k). A contradiction, since we are assuming w = r + 1 #
0 (mod k).
Assume that (B) holds. The induction hypothesis says that
Ap—t =0, tZ0(mod k) and 1<t<r.

Then, from theorem 3.1, we get

AD =0, for 0<I<r—1, 1% (k—1) (mod k). (33)
Using the assumptions of case (B), we obtain, from the previous equalities

l;
AV =0

for some ¢ < d. Therefore, from (14), we see that ((S)) cannot be an ascendent
of [[B]] (see definition 2.2 of ascendent). A contradiction.

Hence, if (n —r — 1) is not a generated coordinate of [[B,]] with respect to
((S)), we must have that case (C) holds, that is,

I; >r and [; £ (k—1) (mod k), (34)

for some 7 < d.
Then, using (31) we have (since we are assuming that ((S)) is at one of the
levels 0,1,...,0+1)

k(£ +1) i > O+ 1) +mn—1) —
i=1 Jj=1

Therefore, using (34), we obtain

k(+1)> O L+ 1)+ (mn—1)+1) + (L — 7).
J#i

Since m(n — 1) + 1 = k(£ + 1), we must have >, ;l; +1=0and l; = 7.
Thus d =1, sy =n+r and

(S)=((n+rm-—1,...,n—1,n—r—1)).
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Hence we have proved that there are only ascendents of [[B,]] at level £ + 1
and they are

((Ssp)) and  ((Sr))-

From (14) we have

((SS;D))X:T =qAn—r—1[[B]] + Ra (35)
and
((80)x=r = @AY [[B.)] + Ra (36)
with R1, Ro € ([[B]] | [B]] € [B]] — {[[B:]]}), and
Lo losl _(Gs]
|Gs.,|’ |Gs, |

A simple calculation gives
|Gs,| = (m—2)!, |Gs,,|=(m—1)! and |Gp,|=(m—1).

Hence ¢y = 1 and g2 = (m—1). As we have seen, (33) follows from the induction
hypothesis and theorem 3.1. And this, together with corollary 3.1 give that

A= A,y
Therefore (see (17))
Sk.m (T)EH? ZCS ((s1y+-y8m))x=

Sell

= Cs,,((Sep))x=1 + Cs,((S))x=r+ > Cs((s1,--,5m))x=1-
S#Ssp,Sr

Since [[B,]] has only ((S;)) and ((Ssp)) as ascendents, and substituting (35)
and (36) above, one has

Sk,m(T)e+1 = (OSSP + (m - I)CST)AH—T‘—l[[BT]] +R3

where R € ([[B]] | [[B]] € [[B]] - {[[B ]]}>- Hence, for p large enough, (Cs,, +

(m—1)Cs,) # 0 (in fact, for p > m(kf) ). Thus, if A,,_._1 # 0, then [[B,]] [[B]]-
occurs in sk, (T)“F!. And since [[B,]] has only ascendents at level £+ 1, it does
not [[B]]-occur in sy, (T)" for ¢ < £. Then, by proposition 4.1, if A,_,_1 #0
then S is linearly independent. B

Theorem 4.2 (Main Theorem) Let m,k be positive integers and k < m.
Assume that m(n — 1) = k — 1 (mod k), and p is sufficiently large. If Pr is a
critical polynomial of degree n then

Pr(X)=X"=) A,_pX"7",
where r = L%J
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Proof: Now observe that if S = {I, s, (T), -, 8g.m(T)*T'} is linearly depen-
dent then
deg(Ps, () < £+ 1.

Since we have proved that (see (24))
deg(Ps, ,.(m)) > L+ 1,

we must have that

“S linearly dependent over F <= deg(Ps, (1)) = ¢+ 1.” (37)
Now the conclusion of this proof follows from the theorem 4.1 above. |
5 Examples

Here we are going to present some examples of critical polynomials, for special
values of k and m.

5.1 The case Pr = X"

Assume p large enough. By Theorem 2.1, for any nonnegative integer ¢ there

exist a family of nonnegative integers (Cs)se Aoy Such that

EEm®)' = D Clps) X" @@ X
(515-s8m) EAm. g (1)

Let T be a linear operator on V with minimal polynomial Pr = X™. Since
for t > ¢+ 1 we have

s14+ -+ 8 2k(l+1)>mn—1)+1, VS =(s1,...,5n) € Ay ny(e)-
Then, for S = (s1,...,5m) € Ap Ny (1), there exists i € {1,...,m} such that

S; > n.

Therefore deg P, (1) < ¢+ 1. Using now Theorem 1.1 we conclude that
deg(Psk,m('JT)) ={+1

5.2 The case k=m

Let us assume that k = m, and prove (as stated in the introduction) that the
polynomials
P(X)=X"—A,_j X"k
are all critical. Let T; € L(V, V) such that Pr,(X) = P;(X). Observe that, for
t>0,
Sk,k‘(X)t = ((t’ T 7t))'
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Therefore

((07 ’O))X:TL = [[Oa ’0]]

((17 ) 1))X=T, = [[la ) 1]]
(n=1,...n—D)xer, = [—1,...,n—1]
((n,...,n))x=1, = AF_ . lln—ik,...,n—ik]].

Hence, it follows at once that

S= {I’ Skﬂﬂ(Ti)v B Sk,m('[rz)n}

is linearly dependent over F. But since

T

this proves that the degree of Py, (r,)(X) is £+ 1, fori = 0,1,..., L%J (see
(37)). [ |

5.3 The case k=n=2

Lemma 5.1 Let k =2 and suppose Pr(X) = X? —a®. Then, for any m € N,
m > 2, and p sufficiently large, the set

S = {Ia Sk,m(T)v ST sk,m(’]r)é+1}
1s linearly dependent over F.
Proof: From the hypothesis we have that n = 2 and, for s > 1,

s _ a’l if s is even
T @77 if sis odd.

Let us define

d?t :[ 17"'a1 70a"'703]
——
2t times
an element of the basis B (see remark 2.2(iii)).
Suppose that ((s1,--*,sm)) ((Er))-occurs in the expansion of sy, (X)! (see
(8)), then we must have ) s; = 2t, hence the number of odd entries s; is even.
Therefore, from (38) we get (see (14) with n = 2)

((Sla S sm))X=T =K [[dT”
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with I € F and where r is the number of odd entries s;. But this implies that,
for any ¢

s2m(T) € ([[do]], [[da]] -+ [[dael]) for £= || (sce (23)).

And from this follows the result of this lemma.

Corollary 5.1 Pr(X) = X2 —a? is a critical polynomial, for any m > 2.

5.4 The Case: k=2 and m=n=3

Since we are now assuming k = 2 and m = n = 3, we have

P LIURO) Y
=

Let us write

T3 = AT? + A\ T + Aol

hence
T* = (A2 + AT? + (A Ay + Ag)T + As Aol

From (8), we have for every t

(523(X)" =Y Cs((s1,52,53))

Sell

where II is the set of all partitions of 2¢, having s; < ¢, and Cg is the number
of (0,1)-matrices of type 3 x ¢, with row sum vector equal to (s1, s, s3), whose
column sums are equal to 2 (see theorem 2.1). For this particular case, this
number can be easily calculated, and we refer the reader to [2, cor.1, prop.2.3]

to have
t!

(t — 51)!(15 — Sg)'(t — 53)! '

Now we can explicitly write the expression (s23(X))! for 1 <t </+1=4

Cs =

(s2,3(X))° = ((0,0,0))

(SQ’S(X))I = ((17 1’0))

(3273(X))2 = ((2’ 2, 0)) +2 ((27 L, 1)) (39)
(s23(X))° = ((3,3,0)) +3((3,2,1)) +6((2,2,2))

(s23(X)* = ((4,4,0)) +4((4,3,1)) +6((4,2,2)) +12((3,3,2))

A simple use of lemma 2.2 (or via a tour of force) we have
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((0,0,0))x=7 = [[0,0,0]]
((1,1,0)) x=r = [[1,1,0]]
((2,2,0)x=r = [[2,2,0]]
(2,1, ))x=r = [[2,1,1]
((2,2,2))x=r = [[2,2,2]]

((3’ 3) O))X:T = A2A1 [[27 1, OH + 2A2A0H2’ O’ 0]] + 2A1A0[[1’ 07 OH
+A3([1,1,0]] + 3A42[[0,0,0]] + A42[[2,2,0]]

((37 2, 1))X:T = 2A2H27 2, 1]] + AO[[27 1, 0” + 2A1[[27 17 1”

((4,4,0))x=7 = (A3 + A1)?[2,2,0]]
+(A3 + A1) (A241 + Ag)][[2,1,0]]
+2(A3 + A1) A2 A0[[2,0,0]]
+2(A2A1 + Ag)A240][[1,0,0]]
+(A2A1 + Ap)?[[1,1,0]] + 343 A32[[0,0,0]]

(40)

((4a 3) 1))X=T = ZAQ(A% + A1)[[2, 2; 1” + A0(2A§ + Al)[ 2a 17 OH
+245A2[[1,0,0]] + 6(Ay A + Ag)A1[[1,1,1]]
+2(243A; + A% + AxAp)[[2,1,1]]
+2(240A1 A2 + AR)[[1,1,0]]

((3.3,2))xer = 3A2[[2,2,2]] + 245 A1[[2,2, 1] + A, Ao[[2, 1, 0]]
+A3[[2,0,0]] + 240 45([2,2, 0]]
+A3[[2,1,1]]
((4,2,2))x=r = 3(14% + A1) [[2,2,2]] + (A2A1 + Ao)[[2,2,1]]
+ Ao As[[2,2,0]).
AR,

((4a 2; 2))X:T = S(A% + Al) [[Qa 2’ 2]] + (A2A1 + AO)[[27 27 1“
+4045([2,2,0]].

In order to continue this investigation we need a closer look at list (40) of
possible ascendents at the levels 1,2,3,4, of the elements

[[1,0,00], [[1,1,1]], [[2,0,01}, [[2,1,0]], [[2,2,1]], [[2,2,2].

There are only 6 possible ascendents at the list (40) above, thus from in-
spection we can make a list of possible ascendents for the group above:
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possible ascendents:  ((3
possible ascendents: ((4
possible ascendents:  ((3
possible ascendents:  ((3,
possible ascendents: ((3
possible ascendents: ((4

Lemma 5.2 Forp > 5, the set
S = {1, 52,3(T), (52,3(T))?, (52,3(T))*, (s2,5(T))"}
is linearly independent if A1(AsA; + Ag) # 0.

Proof: Looking at (40) we can see that [[1,1,1]] has only one ascendent,
((4,3,1)), and it is at level 4. From (39) and (40) it follows that

(5273(T))4 = 24A1 (A2A1 + Ao) [[1, 1, 1” + R

with R € ([[B]] | [[B]] € [[B] - {[[1,1,1]]}). Hence [[1,1,1]] [[B]]-occurs in
(s2.3(T))* if A1(A2A; + Ap) # 0, since we are assuming p > 5. The conclusion
of the lemma follows now from proposition 4.1. |

Lemma 5.3 Suppose p > 7 and AsA; + Ag = 0. If Ag- Ay - Ay # 0 then the
set S is linearly independent.
Proof: Let ag, a1, as,as € F, and suppose we can write:

3

(s23(T))* = D @i (s23(T))".

=0
In particular, looking at (39) and (40), we have that [[2,1,0]], [[2,2,2]] and
[[2,2,1]] [[B]]-occur only at levels 3 and 4. Therefore (since A3 A; + Ag = 0)

az(Ag Ay + Ag + 240) [[2,1,0]] = (440(242% + Ay) + 124, 40) [[2,1,0] =
2Apa3 = 164041 + SA()A% -
as = 8A1 + 4A%,

6as[[2,2,2]] = (36A3 + 18(A3 + A41)) [[2,2,2]] =
a3 = 9A§ + 3A1
From these two equations we have
AZ=A; and az=124;. (41)
Now
6as As [[2,2,1]] = (244241 + 8A42(A3 + A1) [[2,2,1]] =
3(13 = 4A% =+ 16A1

Replacing A% = A; in the equation above we have 3az = 20A1, which implies
164; = 0, by (41). This is a contradiction for p > 7 and A; # 0, hence the set
S must be linearly independent. |
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Lemma 5.4 If p > 23, T3 # 0 and A; = 0 then the set S is linearly indepen-
dent.

Proof: With this hypothesis applied to (40) we see that the element [[1,0,0]]
only appears at level 4 with coefficient 104243 (see (39) also). If A; = 0, then
the term [2, 0, 0] will only occur at level 4 with coefficient 12A42. Since we can not
have Ay = A; = Ag = 0 (for T3 # 0), the set S must be linearly independent.
Now suppose Ag = 0 and As # 0. As in the proof of the previous lemma, let
us try to write (s2,3(T))* as a linear combination of the smaller powers. If it
happens (with the hypothesis of A; = 0) we must have

6as[[2,2,2]] = (3642 +1842) [[2,2,2] —
a3 = 9A%,

and
6az As [[27271]] = SA% [[27271” =
3043 = 4A%
But this implies that 2345 = 0, a contradiction. Hence the set S is linearly
independent.
[ |

Lemma 5.5 Suppose p > 7 and zero is not a double root of Pr(X). If A1 =0
then the set S is linearly independent.

Proof: From the proof of lemma 5.4 above, the hypothesis A; = 0 implies
that if 104243 # 0 then S is linearly independent. Furthermore, the condition
Ay = 0 also gives that S is linearly independent. So assume Ay = 0. But this,
together with A; = 0, tell us that Pr(X) = X3 — A3 X2, which has zero as
a double root contradicting the hypothesis. Hence we must have As.Ag # 0,
which gives that the set S is linearly independent.

|

Lemma 5.6 If p > 5 and Ay = Ay = 0 then the set S is linearly dependent.

Proof: With these hypothesis we can easily calculate:

((37 3, O))X:T = A%[[la L, OH ((37 2, 1))X:T =24 [[27 L 1”
((47 4, O))X:T = A%[[Z 2, OH ((47 3, 1))X=T = 2‘4%[[2’ L, 1”

((37 3, 2))X:T = A%[[Z 1, 1” ((47 2, 2))X:T =34 [[2a 2, 2”
Now we can write (see (39)), for p > b5:

(s23(T))* = A2[[2,2,0]] +2043[12, 1, 1]] + 184, [2, 2, 2]]
(s2,3(T))* = AR[[L, 1, 0]] + 6A4[[2, 1, 1]] + 6[[2, 2, 2]].

Hence we can write
(52,3(T))* = 3A1(52,3(T))* + A3 (52,3(T))* — 343 (s2,3(T))",
which gives the result. |
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Theorem 5.1 Suppose that either
(i) p>23 or
(ii) p > 7 and zero is not a double root of Pr(X).

Then the set

S ={I,s2,3(T), (SQ,S(T))Za (SQ,S(T))3a (52,3(T))4}
is linearly dependent if and only if Ay = Ay = 0.

Proof: If Ay = Ag = 0 then the lemma 5.6 tells us that S is linearly dependent.
Conversely, suppose S is linearly dependent. Then we must have A; # 0,
otherwise lemma 5.5, together with the hypothesis would prove that the set
S is linearly independent. But now lemma 5.2 shows that As Ay + Ag = 0. If
Ag.Ag # 0, then lemma 5.3 would prove that S is linearly independent. Hence
we must have AsA; + Ag = 0 and either Ay = 0 or Ap = 0. But this implies
Ay = Ay = 0 as desired.

[ |

Corollary 5.2 Assuming the same conditions as in the theorem above, the poly-
nomial Pr(X) = X3 — Ay X? — A1 X — Ay is critical if and only if Ay = Ag = 0.
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