ON THE 2D NAVIER-STOKES EQUATION WITH SINGULAR INITIAL DATA AND FORCING TERM

Hebe A. Biagioni^� Todor Gramchev^y

Abstract

We consider the Cauchy problem for the Navier-Stokes equation for an incompressible fluid in IR^2 with a forcing term and the associated vorticity equation. The initial data and the forcing terms are singular in a suitable sense. We get results for the existence and uniqueness of strong global solutions, as well as L^q estimates of the solutions down to t = 0.

Resumo

Consideramos o problema de Cauchy para a equação de Navier-Stokes para um fluido incompressível em IR^2 com um termo forçante e para a equação de vorticidade associada. O dado inicial e o termo forçante são singulares num certo sentido. Obtemos resultados de existência e unicidade de soluções globais fortes, assim como estimativas L^q de soluções até o plano t = 0.

1. Introduction

This paper is concerned with the Cauchy problem for the Navier-Stokes equa-

tion for an incompressible fluid in IR^2 with an external forcing term and the

associated vorticity equation. The initial data and the forcing terms are singular

in a suitable sense.

We write the Navier-Stokes (NS) equation with a forcing term in the form ∂_tu − ν △ u + Π∂(u ⊗ u) = G, t > 0, x ∈ IR^2, u = Πu, G = ΠG, (NS) �Research partially supported by Grant CNPq, Brazil.

yResearch partially supported by FAPESP, Brazil, by GNAFA of the CNR, Italy and by grant MM-410/94 with MES, Bulgaria.

where u = (u_1, u_2) stands for the velocity field, Π is the projection onto the solenoidal vectors along gradients, u ⊗ u is a tensor with jk−component u_ku_j, 1 ≤ j, k ≤ 2 and the vector ∂(u ⊗ u) has as its j−th component ∂_k(u_ku_j) = u_k∂_ku_j (the summation convention), j = 1, 2, ν > 0 stands for the viscosity.

The associated vorticity equation for the scalar vorticity ζ = ∂_1u_2 − ∂_2u_1 with the corresponding forcing term F = ∂_1G_2 − ∂_2G_1 is written as follows ∂_tζ − ν △ ζ + ∂ · (ζS ∗ ζ) = F, S(x) = (2π)^{−1}|x|^{−2}(x_2, −x_1), (V ) where ∗ denotes convolution and S∗ is a linear operator such that u = S ∗ ζ solves the equations ∂ · u = ∂_1u_1 + ∂_2u_2 = 0 and ∂_1u_2 − ∂_2u_1 = ζ and S satisfies the Hardy-Littlewood-Sobolev inequality ‖S ∗ ϕ‖_p ≤ σ_q‖ϕ‖_q, ϕ ∈ L^q(IR^2), σ_q > 0, 1 p = 1 q − 1 2 , 1 < q < 2. (1.1) Setting ν = 0 we get the Euler equation.

The case of the free (NS) and (V ) in IR^2 with initial vorticity ω = ζ(0, ·) finite Radon measures has been settled by Y. Giga, T. Miyakawa and H. Osada [7] requiring smallness of the atomic part of ω (provided the total variation of ω is bounded) for the uniqueness (see also previous results in [2], [6]). Later on T. Kato [9] simplified their proof and gave, in particular, explicit bounds on the atomic part which imply the uniqueness. The recent paper of H. Kozono and M. Yamazaki [13] seems to be the first one dealing with initial velocity a = u(0, ·) for the free (NS) in IR^n, n ≥ 2 which could be in a certain sense more singular than Radon measures. There appears a smallness condition on the initial data which in particular recovers the previous results for the free (NS) and (V ) in IR^2 in case the initial vorticity has small enough total variation. The paper of T. Kato and G. Ponce [12] deals with the free (NS) in IR^n, n ≥ 2, with a belonging to the Sobolev spaces with negative indices and having a small norm. Finally we cite the recent article of M. Ben-Artzi [1] on the planar free Navier- Stokes and Euler equations with ω ∈ L^1(IR^2) and ω ∈ L^1(IR^2) ⋂ L^r(IR^2), r > 2, respectively. In particular [1] contains continuous dependence results for the Cauchy problem for (NS) and (V ).

Apart from the presence of forcing terms we allow the initial vorticity to be a fractional derivative of certain type of measures. The initial velocity becomes also singular and the spaces of initial vorticity and initial velocity which we introduce are strictly larger than those considered in [7], [9], [12], while comparing with [13] we point out that we have examples of initial data not covered in [13] and that in many cases we are able to remove the smallness restrictions imposed there. We require the forcing term to be L^q in IR^2 for certain 1 < q < ∞ while in t we assume L^1_{loc} without any decay conditions as t → ∞. The main result is an existence-uniqueness theorem for strong global (in time) solutions as well as L^q estimates on the solutions of (NS) and (V ) down to t = 0. Concerning the uniqueness we have either no restrictions on the initial data or explicit bounds which, in case of zero forcing term F ≡ 0, ν = 1 and ω finite Radon measure, coincide with the bounds on the atomic part of ω proved in [9]. We stress that the local existence and uniqueness result could be extended when the forcing term is more singular in x (e.g. finite Radon measure). We show also polynomial estimates of the L^q norms of the derivatives of the vorticity ζ(t, ·) and the velocity u(t, ·) uniformly in t up to t = 0 when both the initial data and the forcing terms are W^{∞,q} in x, provided 4/3 ≤ q < 2. These polynomial estimates (a new result by itself as far as we know) or rather the method of the proof have at least two implications: first, we are able to generalize the continuous dependence results in [1] and secondly, they allow us to examine the approximate regular solutions ζ^ε (respectively u^ε), ε > 0 of (V ) (respectively (NS)) when the initial vorticity ω (respectively velocity a) is strongly singular and lim_{ε↘0} ζ^ε(0, ·) = ω (respectively lim_{ε↘0} u^ε(0, ·) = a). Actually we can extend the polynomial estimates in the framework of L^q spaces for all indices 1 ≤ q ≤ ∞ and hence the corresponding continuous dependence results in [1] using a rather sophisticated version of the techniques for estimates in weighted spaces developed here. Moreover, we can get some results on uniqueness of the zero viscosity limits provided the viscosity goes to zero slowly enough as ε ↘ 0 with respect to the perturbation of the initial data. This will be worked out in another paper.

Finally we exhibit a family of strongly singular radially symmetric solutions to (V ) when the initial data is bD^kδ(x), where D = (−△)^{1/2}, k ≥ 0, b ∈ IR and δ(x) stands for the Dirac measure massed at 0 (a well known phenomenon, see e.g. the paper of C. Oseen [15] in 1911 for k = 0).

The paper is organized as follows. In section 2 we introduce some weighted spaces and relate them to other spaces used in the literature. In section 3 we deal with (V ) when the initial data and the forcing term are regular and prove polynomial type estimates for the derivatives of ζ. The approach of this section is used essentially in section 4 which deals with (V ) and (NS) with singular initial data and forcing terms. Section 5 gives examples of strongly singular solutions of (V ) and (NS).

2. Weighted spaces and the heat semigroup

We define several types of subspaces of S^′(IR^n). First we recall the weighted Hölder spaces used in [9], namely for α ∈ IR, 0 < T ≤ ∞, 1 ≤ p ≤ ∞ we set

C_α(L^p(IR^n) : T ) := {u :]0, T [→ L^p(IR^n); ‖u‖_{Cα(L}p_{(IR}n_{):T )} < ∞}, (2.1)

where ‖u‖_{Cα(L}p_{(IR}n_{):T )} := sup_{0<t<T} (t^α‖u(t)‖_p) will be also denoted by ‖u‖_{α,p,T} and ‖ · ‖_p stands for the L^p norm. The set of all u ∈ C_α(L^p(IR^n) : T ) such that lim sup t↘0 (t^α‖u(t)‖_p) = 0 is denoted by Ċ_α(L^p(IR^n) : T ). We point out that if α < 0 then C_α(L^p(IR^n) : T ) is embedded in Ċ_0(L^p(IR^n) : T ).

Following [12] we denote by L̇^{s,p}(IR^n), s ≤ 0, 1 ≤ p < ∞ the spaces L̇^{s,p}(IR^n) := D^{−s}L^p(IR^n), ‖ϕ‖_{L̇s,p} = ‖D^sϕ‖_p, ϕ ∈ L̇^{s,p}(IR^n). (2.2) The Morrey space M_{p,λ}(IR^n), 0 ≤ λ ≤ n, 1 ≤ p < ∞ is defined as the set of all f ∈ L^p_{loc}(IR^n) such that ‖f‖_{p,λ} := sup_{x∈IR}n_{,R>0}(‖f‖_Lp_{(B(x,R))}R^{−λ/p}) < ∞, with the convention that if p = 1 we allow f to be a measure with ‖·‖_L1_{(B(x,R))} being the total variation of f on the ball B(x, R). We have M_{p,0}(IR^n) = L^p(IR^n) for p > 1 and M_{1,0}(IR^n) coincides with the space of finite Radon measures M(IR^n).

Now, for every 0 ≤ d ≤ n, k ≥ 0, 1 ≤ p ≤ ∞, 0 < T ≤ ∞, we set M^k_{d,p}(IR^n : T ) = {f ∈ S^′(IR^n); ‖f‖_M k_{d,p(T )} < ∞} (2.3) where ‖f‖_M k_{d,p(T )} := sup_{0<t<T}(t^{k/2}‖e^{t△}f‖_p) + sup_{0<t<T} (t^{k/2+d/(2p)}‖e^{t△}f‖_∞). Clearly M^k_{d,p}(IR^n : T ) is a Banach space. We put M^k_{d,p}(IR^n) := M^k_{d,p}(IR^n : ∞), M^k_d (IR^n : T ) := M^k_{d,1}(IR^n : T ), M^k_d (IR^n) := M^k_d (IR^n : ∞). One notes that L^p(IR^n) → M^0_{n,p}(IR^n : T ), 0 < T ≤ ∞, 1 ≤ p ≤ ∞. Finally we define for r ∈ ZZ_+ ⋃ {∞} the space C^r(M^k_{d,p}(IR^n : T )) consisting of all f ∈ M^k_{d,p}(IR^n : T ) such that ∂^αf ∈ M^{k+|α|}_{d,p} (IR^n : T ) for α ∈ ZZ^n_+, |α| ≤ r.

The following result relates the spaces M^k_{d,p}(IR^n) with C_α(L^p(IR^n) : T ), M_{p,λ}(IR^n) and L̇^{s,p}(IR^n) and the heat group. Theorem 1. We have

i) if 0 < T^′ < T ≤ ∞, 1 ≤ p ≤ p^′ ≤ ∞, k, k^′ ≥ 0, 0 ≤ d, d^′ ≤ n then M^k_{d,p}(IR^n : T ) → M^{k′}_d′_{,p}′ (IR^n : T^′), (2.4) provided θ = min{k^′ − k +^{d′}_{p′} −^d_p , k^′ − k − d(^1_p −^1_{p′} )} ≥ 0, and M^k_{d,p}(IR^n) → M^{k′}_{d,p}′ (IR^n), if k^′ − k = d( 1 p − 1 p^′ ). (2.5) ii) the heat semigroup acts continuously M^k_{d,p}(IR^n : T ) ∋ ω −→ e^{t△}ω ∈ ∞⋂ q=p C_{k/2+d/2(1/p−1/q)}(L^q(IR^n) : T ), (2.6) with ‖e^{t△}ω‖_{k/2+d/2(1/p−1/q),q,T} ≤ ‖ω‖_M k_{d,p(IR}n_{:T )}, ω ∈ M^k_{d,p}(IR^n : T ), (2.7) if 1 ≤ p ≤ q ≤ ∞, k ≥ 0, 0 ≤ d ≤ n, 0 < T ≤ ∞.

iii) for all 0 < d ≤ n, k ≥ 0 we have (−△)^{k/2}(M_{1,n−d}(IR^n) ⋂ M(IR^n)) → C^∞(M^k_d (IR^n)). (2.8)

iv) for every 1 < p < ∞, k ≥ 0 we have L̇^{−k,p}(IR^n) → C^∞(M^k_n (IR^n)). (2.9)

Proof. In order to show i) we note that for 0 < t ≤ T^′ < T , ω ∈ M^k_{d,p}(IR^n : T ) we can write, taking into account the convexity property ‖f‖_q ≤ (‖f‖_p)^{p/q}(‖f‖_∞)^{1−p/q}, 1 ≤ p ≤ q ≤ ∞, t^{k′/2}‖e^{t△}ω‖_p′ ≤ t^{(k′−k)/2−d/2(1/p−1/p′)}‖ω‖_M k_{d,p(T )}, (2.10) t^{k′/2+d′/(2p′)}‖e^{t△}ω‖_∞ ≤ t^{(k′−k+d′ /p′−d/p)/2}‖ω‖_M k_{d,p(T )} (2.11) and combining (2.10) and (2.11) with the definition of θ we deduce (2.4). The proof of (2.5) is analogous and (2.6) and (2.7) are shown by similar arguments.

Concerning (2.8) we note that (2.2), Lemma 2.1, [8], yields the following two estimates: sup_{t>0} t^{d/2}‖e^{t△}ω‖_∞ < ∞ (respectively sup_{t>0} ‖e^{t△}ω‖_1 < ∞) for each ω ∈ M_{1,n−d}(IR^n) (respectively ω ∈ M(IR^n)). The arguments in [8] imply that sup_{t>0} t^{(k+d)/2}‖e^{t△}D^k ω‖_∞ < ∞ (respectively sup_{t>0} t^{k/2}‖e^{t△}D^kω‖_1 < ∞) for each ω ∈ M_{1,n−d}(IR^n) (respectively ω ∈ M(IR^n)) and all k ≥ 0 which proves (2.8). The rest of the theorem follows from the estimates on the heat kernel acting on the spaces M(IR^n), M_{p,λ}(IR^n) and L̇^{s,p}(IR^n) cf. [8], [9], [12], [16].

Remark 1. We note that: i) δ(x) ∈ M(IR^n) and δ(x) ∉ L̇^{n/p−2,p}(IR^n) for all p ≥ n. ii) Let μ = δ(x_1)g(x_2), with g(x_2) ∈ L^1(IR) ⋂ L^∞(IR). Then for each k ≥ 0 D^kμ belongs both to M^k_1 (IR^2) (in view of (2.8)) and to the functional space N^{−k}_{1,2,∞}(IR^2) defined by H. Kozono and T. Yamazaki in [13] which contains D^kM_{1,1}(IR^2) as a subspace (see Theorem 2.5, [13]). Straightforward calculations show that if D_1 = |∂_{x1} | then the distribution D_1μ belongs to M^k_1 (IR^2) while one can not apply Theorem 2.5, [13] for k ∉ ZZ_+ since the symbol |ξ_1|^k is not smooth as a function of (ξ_1, ξ_2) ∈ IR^2 \ 0. We point out that we are able to give a kind of microlocal versions of the spaces M^k_{d,p}(IR^n).

3. Polynomial estimates for (V)

The main result of this section is the following theorem.

Theorem 1. Let ω ∈ W^{∞,r}(IR^2) and let F ∈ W^{∞,1}_{loc} ([0, ∞[: W^{∞,r}(IR^2)), where 1 ≤ r < 2. Then there is a global solution ζ(t) = ζ(t, ·) on t > 0 of (V ) which has the following properties:

i) ζ ∈ W^{∞,1}_{loc} ([0, +∞[: W^{∞,q}(IR^2)) for every q ∈ [r, ∞].

ii) (uniqueness) for each q ∈ [q^∗, 2[, q^∗ = max{4/3, r} there is a unique ζ ∈ C([0, ∞[: L^q(IR^2)) solving (V) with ζ(0) = ω.

iii) for each k, s ∈ ZZ_+, q ∈ [q^∗, 2[, there exists a positive constant C = C_{q,s,k} such that ‖∂^k_t ζ(t)‖_{s,q} ≤ CΘ^k_{s,q}(ω, F ; T ) ( ν^{−1}(1 + Θ^k_{s,q}(ω, F ; T )) )sq/_{(2(}q_{−1))} , (P OL)_q for all ω ∈ W^{∞,q}(IR^2), F ∈ W^{∞,1}_{loc} ([0, ∞[: W^{∞,q}(IR^2)), 0 < ν ≤ 1 and where Θ^k_{s,q}(ω, F ; T ) = ‖ω‖_{s+2k,q} + k∑ μ=0 sup 0<t≤T ‖∂^{μ−1}_t F (t)‖_{s+2(k−μ),q}, (3.1) with the convention sup 0<t≤T ‖∂^{−1}_t F (t)‖_{s,q} := ∫ T 0 ‖F (τ )‖_{s,q}dτ, ‖f‖_{s,q} = ∑ |α|≤s ‖∂^αf‖_q. Moreover changing, if necessary, the constant C we claim that

‖∂^k_t (ζ_1(t) − ζ_2(t))‖_{s,q} ≤ CΘ^k_{s,q}(ω_1 − ω_2, F_1 − F_2; T )× ( ν^{−1}(1 + Θ^k_{s,q}(ω_1, F_1; T ) + Θ^k_{s,q}(ω_2, F_2; T )) )sq/_{(2(}q_{−1))} , (CD)_q provided ω_j ∈ W^{∞,q}(IR^2), F_j ∈ W^{∞,1}_{loc} ([0, ∞[: W^{∞,q}(IR^2)), j = 1, 2.

The proof of this theorem will be divided into several steps. For the sake of simplicity we deal with (P OL)_q when k = 0. If k ≥ 1 we observe that the L^q norm of ∂^k_t ζ(t) is equivalent to the L^q norm of (ν△)^kζ(t) + ∂^{k−1}_t F (t). We set Θ_{s,q}(ω, F ; T ) = Θ^0_{s,q}(ω, F ; T ). Further on, in order to simplify the proof, we shall assume ν = 1, r = 1, so that q^∗ = 4/3.

First we will establish a local existence-uniqueness result.

Proposition 2. Let F ∈ L^1_{loc}([0, +∞) : L^q(IR^2)) and let ω ∈ L^q(IR^2) for some 4 3 ≤ q < 2. Then the inhomogeneous vorticity equation (V) (we consider ν = 1) with initial data ζ|_{t=0} = ω has a unique local solution in C_{1−} 1_q (L^q(IR^2) : T_o), for some T_o > 0 chosen below.

Proof. Let B^q(R) = {ζ ∈ C_{1−} 1_q (L^q(IR^2) : T_o) : ‖ζ‖_{1−} 1_{q ,q,To} ≤ R}. We choose R > 0 and T_o such that J, defined on B^q(R) by J(ζ)(t) = e^{t△}ω − ∫ t 0 e^{(t−τ )△}[∂ · (ζS ∗ ζ)(τ ) − F (τ )]dτ, (3.2) 0 ≤ t ≤ T_o, maps B^q(R) into itself and it is a contraction. We have, for ζ ∈ B^q(R), using (1.1) and Lemma 1.1 in [9] with r =^{2q}_{4−q} , χ_q = χ(1/r − 1/q) t^{1− 1q} ‖J(ζ)(t)‖_q ≤ t^{1− 1q} Θ_{0,q}(ω, F, t) + χ_qt^{1− 1q} ∫ t 0 ‖ζS ∗ ζ(τ )‖ 2q_{4−q} (t − τ )^{− 1q} dτ ≤ A(t) + c( sup_{0≤τ ≤t} τ^{1− 1q} ‖ζ(τ )‖_q)^2, (3.3)

where A(t) = t^{1−1/q}Θ_{0,q}(ω, F, t) and c = c_q = χ_qσ_qB(^{2−q}_q ,^{q−1}_q ), B(·, ·) being the Beta function. T_o may be chosen as the unique solution of

t^{1− 1q} = 3 16cΘ_{0,q}(ω, F, t) . (3.4)

If R =^1_{4c} we have, from (3.3), that t^{1− 1q} ‖J(ζ)(t)‖_q ≤ R for 0 < t ≤ T_o. J is also a contraction: in fact let ζ_1, ζ_2 ∈ B^q(R). Analogously to (3.3) we get

t^{1− 1q} ‖[J(ζ_1) − J(ζ_2)](t)‖_q ≤ 2cR‖ζ_1 − ζ_2‖_{1−} 1_{q ,q,t} ≤ 1 2 ‖ζ_1 − ζ_2‖_{1−} 1_{q ,q,To}, for 0 < t ≤ T_o.

Now, in the following proposition, we prove linear estimates for ‖∂^αζ(t)‖_q uniformly in an interval [0, T_k], k = |α|, T_k ≤ T_o. First we recall the monotonicity property of ζ(t) which follows from Lemma 4.1 in [11] ‖ζ(t)‖_p ≤ ‖ζ(t^′)‖_p + ∫ t t^′ ‖F (τ )‖_pdτ, 1 ≤ p ≤ ∞, 0 ≤ t^′ ≤ t, (IM) provided the norms exist.

Proposition 3. Let now F ∈ L^1_{loc}([0, +∞[: W^{∞,q}(IR^2)) and ω ∈ W^{∞,q}(IR^2). If Θ_{k,q}(ω, F, T_o) and T_k denote, respectively, Θ_{k,q}(ω, F, T_o) = ‖ω‖_{q,k} + ∫ T_o 0 ‖F (τ )‖_{q,k}dτ and T_k = ( 3 16cΘ_{k,q}(ω, F, T_o) ) q_{q−1}

then there is c_k > 0 such that for all |α| ≤ k the following estimate holds sup 0≤t≤Tk ‖∂^αζ(t)‖_q ≤ c_kΘ_{k,q}(ω, F, T_o). (3.5)

Proof. The result holds for k = 0 with c_o = 1 in view of (IM). Let us assume that (3.5) holds for every |β| < k. Let |α| = k and 0 ≤ t ≤ T_k. Then

∂^αζ(t) = ∂^αζ_0(t) − ∂ · ∫ t 0 e^{(t−τ )△} ∑ 0≤β≤α ( α β ) ∂^βζ(τ )(S ∗ ∂^{α−β}ζ)(τ )dτ (3.6) where ζ_0(t) = e^{t△}ω + ∫ t 0 e^{(t−τ )△}F (τ )dτ . Taking the L^q-norm of (3.6) gives, using the estimates above and induction ‖∂^αζ(t)‖_q ≤ Θ_{k,q}(ω, F, T_o) + t^{1− 1q} 1 −^1_q χ_qσ_q2Θ_{0,q}(ω, F, T_o) sup_{0≤τ ≤t} ‖∂^αζ(τ )‖_q

+ ∑ 0<β<α ( α β ) c_{|β|}c_{k−|β|}Θ_{|β|,q}(ω, F, T_o)Θ_{k−|β|,q}(ω, F, T_o) T^{1− 1q}_k 1 −^1_q .

This implies, since B(^{2−q}_q ,^{q−1}_q ) ≥ 2 √ 2 for^4_3 ≤ q < 2, that sup 0≤t≤Tk ‖∂^αζ(t)‖_q ≤ 5 2 Θ_{k,q}(ω, F, T_o) ( 1+ 3 16c(1 −^1_q ) ∑ 0<β<α ( α β ) c_{|β|}c_{k−|β|} ) (3.7)

which shows (3.5).

Proposition 4. Given k ∈ ZZ_+, there is C_{k,q} > 0 such that, for every t^′ ≥ 0 there is h_k(t^′) > 0 satisfying:

i) if ζ solves (V ) in [0, t^′] × IR^2 then ζ is extended uniquely as a solution of (V ) to [0, t^′ + h_0(t^′)] × IR^2 and for all 0 ≤ h ≤ h_0(t^′) we have sup 0≤t−t′≤h (t − t^′)^{1− 1q} ‖ζ(t)‖_q ≤ C_{0,q} (3.8)

ii) if k ∈ IN then for all 0 ≤ h ≤ h_k(t^′), α ∈ ZZ^2, |α| = k we have sup 0≤t−t′≤h (t − t^′)^{k2} ‖∂^αζ(t)‖_q ≤ C_{k,q}(‖ω‖_q + ∫ t′_+h 0 ‖F (τ )‖_{k,q}dτ ) (3.9) provided the solution exists in [0, t] × IR^2, t^′ ≤ t ≤ t^′ + h.

Proof. Let us consider the Cauchy problem (V) with initial data at t = t^′. Analogously to the local existence proof in [0, T_o], one proves using (IM) that if h(t^′) > 0 is chosen as the unique solution of the equation

h^{1− 1q} = 3 16cΘ_{0,q}(ω, F, t^′ + h) ≤ 3 16c(‖ζ(t^′)‖_q + ∫ t′_+h t^′ ‖F (τ )‖qdτ ) then J is a contraction in B_t′ (R) = {ζ : sup_{t′≤t≤t′+h(t′)}(t − t^′)^{1− 1q} ‖ζ(t)‖_q ≤ R} and (3.8) is true. Here R = (4c)^{−1} as in Proposition 2.

Let, for each t^′ > 0 and k = 1, 2, · · · , h̃_k(t^′) be the unique solution of the equation h^{1− 1q} = 3 16c2^k2 [‖ω‖_q + ∫ t′_+h 0 ‖F (τ )‖_{q,k}dτ ] (3.10)

and let h_k(t^′) = min{1, h̃_k(t^′)}. Clearly h_k(t^′) is nonincreasing in k and t^′. We will prove (3.9) by induction. Let us denote K = χ_qσ_q.

Now assume that (3.9) holds for |β| < k. If 0 ≤ t − t^′ ≤ h ≤ h_k(t^′),

(t − t^′)^{k2} ‖∂^αζ(t)‖_q ≤ ‖ζ(t^′)‖_q + (t − t^′)^{k2} ∫ t′_+h t^′ ‖∂^αF (τ )‖_qdτ +K(t − t^′)^{k2} ∫ t+t^′_2 t^′ (t − τ )^{− k2 − 1q} dτ sup_{t′≤τ ≤t′+h} ‖ζ(τ )‖^2_q

+K(t − t^′)^{k2} ∫ t t+t′ 2 [ (t − τ )^{− 1q} [2‖ζ(τ )‖_q‖∂^αζ(τ )‖_q + ∑ 0<β<α ( α β ) ‖∂^βζ(τ )‖_q‖∂^{α−β}ζ(τ )‖_q ] dτ ≤ ‖ω‖_q + ∫ t′_+h 0 ‖∂^αF (τ )‖_qdτ +K(t − t^′)^{1− 1q} 1 1 −^k_2 −^1_q ( 1 − 1 2^{1− k2 − 1q} ) sup ‖ζ(τ )‖^2_q +K(t − t^′)^{1− 1q} {[ ‖ω‖_q + ∫ t′_+h 0 ‖F (τ )‖_qdτ ]2 sup[(τ − t^′)^{k2} ‖∂^αζ(τ )‖_q ]

+ ∑ 0<β<α ( α β ) sup [ (τ − t^′)^{|β|2} ‖∂^βζ(τ )‖_q(τ − t^′)^{k−|β|2} ‖∂^{α−β}ζ(τ )‖_q ]} 2^{1q + k2 −1} 1 −^1_q . Notice that, since the right hand side of (3.10) is a decreasing function of h, we have that, for t − t^′ ≤ h ≤ h_k(t^′) (< h_{|β|}(t^′)),

(t − t^′)^{1− 1q} ≤ 3 16c2^k2 [‖ω‖_q + ∫ t′_+h 0 ‖F (τ )‖_{q,k}dτ ] . Also, by the choice of c and K,^{3Kq21/q}_{16c(q−1)} <^1_2 . Then, using the induction hypothesis, we get (3.9).

Set now t_0 = h_0(0), t_j = t_{j−1} + h_0(t_{j−1}), j ∈ IN. Note that {t_j}^∞_{j=0} is a nondecreasing sequence. Clearly the globality of ζ(t) in t > 0 will follow from

Proposition 5. Under the hypotheses above lim_{j→∞} t_j = ∞.

Proof. Put t̃ = sup_{j≥0} t_j = lim_{j→∞} t_j. Assume that t̃ < ∞. Then necessarily h_j(t_{j−1}) = t_j − t_{j−1} tends to zero as j → ∞. On the other hand for j large enough h̃_j(t_{j−1}) = h_j(t_{j−1}) and since t̃ ≥ t_j we have

h_j (t_{j−1}) = 3 16c(‖ω‖_q + ∫ t_j 0 ‖F (τ )‖_qdτ ) ≥ 3 16c(‖ω‖_q + ∫_~t 0 ‖F (τ )‖_qdτ ) which clearly contradicts lim_{j→∞} h_j(t_{j−1}) = 0. The proof is complete.

Concerning the estimates (P OL)_q we note that their proof relies on the estimates (3.5) applied for 0 ≤ t ≤ h_k(0) and the estimates (3.9), the definition of h_k(t) and its monotonicity property for t ≥ h_k(0). Similar but technically more complicated arguments lead to (CD)_q.

Clearly now Theorem 1 follows from the assertions proved above.

Remark 1. We point out that the polynomial estimates yield the possibility to study more precisely the behaviour for ε → 0 of the family of solutions ζ^ε of (V ) with ω^ε ∈ W^{∞,1}(IR^2), F^ε ∈ W^{∞,1}_{loc} ([0, ∞[: W^{∞,1}(IR^2)) for 0 < ε ≤ 1 and ω^ε (respectively F^ε) approximating very singular initial velocity ω (respectively forcing term F ). The estimates (P OL)_q, 4/3 ≤ q < 2 combined with the property of the heat kernel and the operator S imply that ‖ζ^ε(t, ·)‖_{s,q} will have polynomial growth in ε^{−1} provided ‖ω^ε(·)‖_{s,q} and ‖F^ε(t, ·)‖_{s,q} have polynomial growth in ε^{−1}. In particular we can obtain generalized solutions of Colombeau type without any logarithmic growth conditions required in the papers of H.A. Biagioni and M. Oberguggenberger [4], [5] and H.A. Biagioni and R.J. Iorio Jr. [3], where other equations of Mathematical Physics are considered.

4. Solving (V) and (NS) with singular initial data

First we state a rather general theorem.

Theorem 1. Let q ∈ [4/3, 2[. Assume that F ∈ L^1_{loc}([0, ∞[: L^q(IR^2)) and ω ∈ S^′(IR^2) satisfying sup_{0<t≤T} t^{1−1/q}‖e^{t△}ω‖_q < ∞ for each T > 0. Then there is a unique solution ζ ∈ C([0, ∞[: S^′(IR^2)) ⋂ C_{1−1/q}(L^q(IR^2) : T ), T > 0, of (V ) with initial value ζ(0) = ω provided

η_q(ω) := lim sup_{t↘0} (t^{(1−1/q)}‖e^{t△}ω‖_q) < νε_q, ε_q = (4B̃_q)^{−1}, (4.1)

where B̃_q = π^{−1}σ_qB(^{q−1}_q ,^{2−q}_q )

√_3 q−2 2q (2πΓ(^q_{3q−2} ))^{3/2−1/q}.

Next we consider (V ) under the following hypotheses on the forcing term

F ∈ L^1_{loc}([0, ∞) : L^1(IR^2) ⋂ L^∞(IR^2)), (4.2)

and on the initial vorticity

ω ∈ M^k_d (IR^2 : T ), T > 0, 0 ≤ d ≤ 2, k ≥ 0. (4.3)

The crucial restriction on the admissible singularity of ω is

d = 2, k = 0 or k + d 2 < 1. (4.4)

Assuming (4.4) to be true, we set

q^∗ = {_{2−}d 2−d−k if 4k + d > 2 and d < 2 4 3 otherwise.

(4.5)

One notes that (4.4) and (4.5) imply^4_3 ≤ q^∗ < 2. Let

θ(q) = (1 − d 2 )(1 − 1 q ) − k 2 , q ∈ [q^∗, 2). (4.6) We note that θ(q) is strictly increasing if d < 2, θ(q) ≥ 0 for q ∈ [q^∗, 2[ and the definition of q^∗ shows that θ(q^∗) = 0 iff d < 2 and 2 < 4k + d.

Remark 1. We point out that if k = 0 and d = 2 we include finite Radon measures as initial vorticity. Moreover then q^∗ = 4/3 and the quantity η_q(ω) in (4.1) coincides (in the case ω ∈ M(IR^2)) with ℓ^q norm of the sequence {b_j}^∞_{j=1}, where ∑_∞ j=1 b_jδ(x − ξ^j ), ξ^j ∈ IR^2, j = 1, 2, . . . stands for the atomic part of ω.

Now we state the main result on (V ) with singular initial vorticity.

Theorem 2. Let ω and F satisfy (4.2)-(4.4). Then there is a global solution ζ(t) on t > 0 which has the following properties:

i) ζ ∈ C_{k/2+d/2(1−1/q)}(L^q(IR^2) : T ), for every T > 0 when 1 ≤ q ≤ ∞. Moreover if F ∈ W^{∞,1}_{loc} ([0, ∞) : W^{∞,1}(IR^2)) then ζ ∈ C^∞(IR^+ × IR^2) and for all α ∈ ZZ^2_+, r ∈ ZZ_+ and s ≥ 0 ∂^r_t D^sζ ∈ C_{(k+s)/2+r+d/2(1−1/q)}(L^q(IR^2) : T ), T > 0, 1 < q ≤ ∞, (4.7) ∂^r_t ∂^αζ ∈ C_{(k+|α|)/2+r+d/2(1−1/q)}(L^q(IR^2) : T ), T > 0, 1 ≤ q ≤ ∞. (4.8) ii) ζ ∈ C([0, ∞[: S^′(IR^2)) and ζ(0) = ω.

iii) (uniqueness) If θ(q) > 0, q ∈ [q^∗, 2[ or, if θ(q) = 0 and (4.1) holds, then there exists a unique solution ζ ∈ C_{1−1/q}(L^q(IR^2) : T ) ⋂ C([0, ∞[: S^′(IR^2)) for each T > 0.

iv) v(t) = ζ(t) − ζ_0(t) ∈ C_{k/2+d/2(1−1/q)−θ(q)}(L^q(IR^2 : T ) for all 1 ≤ p ≤ ∞, where ζ_0(t) = e^{tν△}ω + ∫ t 0 e^{(t−τ )ν△}F (τ )dτ. Proof. We write the integral equation:

ζ(t) = K(ζ)(t) = ζ_0(t) + K_0(ζ)(t), (4.9)

where K_0(ζ)(t) = −∂ · ∫ t 0 e^{(t−τ )ν△}(ζS ∗ ζ)(τ, ·)dτ. (4.10) Set ‖f‖_{q,T} := ‖f‖_{k/2+d/2(1−1/q),q,T}. For every q ∈ [4/3, 2[ we have, taking into account (1.1) and the estimates for the heat kernel,

t^{k/2+d/2(1−1/q)}‖K_0(ζ)(t)‖_q ≤ B_qν^{−1/q}t^{θ(q)}( sup_{0<τ<t} ‖ζ(τ )‖_q)^2, (4.11)

where θ(q) is given by (4.6).

In a similar way we deduce the estimate ‖K(ζ_1) − K(ζ_2)‖_{q,T} ≤ 2B_qν^{−1/q}T^{θ(q)}‖ζ_1 − ζ_2‖_{q,T} max{‖ζ_1‖_{q,T} , ‖ζ_2‖_{q,T} }, (4.12) where B_q = π^{−1}σ_qB(^{q−1}_q ,^{(1−k−d)q+d}_q )

√_3 q−2 2q (2πΓ(^q_{3q−2} ))^{3/2−1/q}.

Hence (4.10), (4.11) and (4.12) show that in order to apply ”Fixed Point Theorem” (FPT) we have to examine the equation a_{q,ν}(T )−z+B_qν^{−1/q}T^{θ(q)}z^2 = 0 where a_{q,ν}(T ) = a_{q,ν}(ω, F ; T ) = ‖ζ_0‖_{q,T} . If D(T ) = 1−4ν^{−1/q}T^{θ(q)}a_{q,ν}(T )B_q > 0 for some T > 0 we can apply the FPT in the ball B^q(r) = {f : ‖f‖_{q,T} ≤ r} with r being the smallest root of the quadratic equation, namely

r = 1 − √ D(T ) 2B_qν^{−1/q}T^{θ(q)} = 2a_{q,ν}(T ) 1 + √ D(T ) . (4.13)

Indeed, the estimate (4.11) implies that K acts in the ball B^q(r) while for the contraction (4.12) implies ‖K(ζ_1) − K(ζ_2)‖_{q,T} ≤ (1 − √ D(T ))‖ζ_1 − ζ_2‖_{q,T} for all ζ_1, ζ_2 ∈ B^q(r).

We deal first with the case θ(q) > 0, q ∈ [q^∗, 2[. We recall the estimate a_{q,ν}(t) ≤ A_qν^{−k/2−d/2(1−1/q)}, 0 < t ≤ 1, 0 < ν ≤ 1, (4.14) where A_q depends linearly on ‖ζ_0‖_{q,1}. We have D(T ) ≥ 1/4 for all T ∈]0, T_{ν,q}[ provided T_{ν,q} =

(_3 ν^{(k+d)/2+(1−d/2)1/q} 16AqBq )_1/θ_(q_) . Next we consider the case θ(q) = 0. Taking into account the definition of η_q(ω) we can write a_{q,ν}(T ) = ν^{−k/2−d/2(1−1/q)}(η_q(ω) + o(1)) as T ↘ 0 uniformly in ν ∈]0, 1]. Hence the smallness condition η_q(ω) <^{ν(k+d)/2+(1−d/2)/q}_{4Bq} guarantees the application of FPT in B^q(r) for T_{ν,q} > 0 small enough. However we do not have control of the dependence of T_{ν,q} on ν and ζ_0.

Now we show the estimates up to t = 0 in L^r(IR^2), 1 ≤ r < q^∗. Take first r ∈ [r^∗, q^∗[, where r^∗ =^{2q∗}_{4−q∗} and set q = 4r/(2 + r) ∈ [4/3, 2[. Putting z_q(t) = ‖ζ‖_{q,t} we can write (νt)^{k/2+d/2(1−1/r)}‖ζ(t)‖_r ≤ C_r + ν^{1/2−k/2−d/4}K_rT^{1/2−k/2−d/4}_{ν,q} (z_q(T_{ν,q}))^2 (4.15) for 0 < ν ≤ 1, 0 < t ≤ T_{ν,q} and C_r > 0, K_r > 0. If r^∗ > 1 we proceed further on by setting q_1 = max{4/3, r^∗} and then r_1 = 2q_1/(4 − q_1). We point out that r_1 = 1 if q_1 = 4/3. Since we have already proved that

ζ ∈ C_{k/2+d/2(1−1/q)}(L^q(IR^2) : T ), (4.16)

for q ∈ [q_1, 2[ we repeat the arguments used above and show that (4.16) is true for q ∈ [r_1, 2[. Then if r_1 > 1 we get q_2 = max{4/3, r_1} and r_2 = 2q_2/(4 − q_2) and so on until we arrive for some s at q_s = 4/3 and hence r_s = 1.

The validity of (4.16) for q ≥ 2 follows from the inequality

‖K_0(ζ)(t)‖_q ≤ C_{q,q̃}ν^{−2/q̃}(z_{q̃}(t))^2, C_{q,q̃} > 0 (4.17)

where q̃ satisfies 2/q̃ − 1/q < 1, q̃ ∈ [4/3, 2[ if q ≥ 2.

In order to extend (4.7) for s > 0 we modify for the inhomogeneous case the approach of [9]. Once done this we must deduce (4.8) globally. For 1 < q < ∞ we can use the identity ∂^α = (∂^α(−△)^{−|α|/2})(−△)^{|α|/2} and Mikhlin’s theorem on multipliers [14] (ξ^α|ξ|^{−|α|} is (positively) homogeneous of zero order) in order to verify (4.7) for all T > 0. The case q = ∞ follows from Gagliardo-Nirenberg inequalities while for q = 1 we use that the L^1 norm of ∂^αζ(t) is estimated via the L^{4/3} norms of ∂^βζ(t), β < α, taking into account (3.6), the proof of (3.9) and (4.15) with r = 1, q̃ = 4/3.

Now for the initial condition in ii) we proceed as in [9]. The claim that ζ(t) is global in t > 0 follows from the arguments used in the previous section since ζ(t) ∈ L^1(IR^2) ⋂ L^∞(IR^2) for t > 0 small enough. The uniqueness was also proved in view of the exact estimates on the length of the time interval in order to apply FPT and the monotonicity. The proof is complete.

We note that the arguments used in showing Theorem 2 yield the proof of Theorem 1. We also show in an analogous way

Theorem 3. Let ω and F satisfy (4.2)-(4.4). Let ζ be a solution of (V ) given by the previous theorem. Then u = S ∗ ζ is a solution of (NS) with the following properties:

i) u ∈ C_{(k−1)/2+d/2(1−1/q)}(L^q(IR^2) : T ), for every T > 0 when 2 < q ≤ ∞. Moreover if F ∈ W^{∞,1}_{loc} ([0, ∞[: W^{∞,1}(IR^2)) then for all α ∈ ZZ^2_+, r ∈ ZZ_+ such that r + |α| ≥ 1 ∂^r_t ∂^αu ∈ C_{(k−1+|α|)/2+r+d(1−1/q)}(L^q(IR^2) : T ), T > 0, 1 < q ≤ ∞. (4.18) ii) u ∈ C([0, ∞[: S^′(IR^2)), 2 < p < ∞ and u(0) = a = S ∗ ω. iii) (uniqueness) If θ(q) > 0, q ∈ [q^∗, 2[ or, if θ(q) = 0 and η_p(ω) is small enough, then there exists a unique solution u ∈ C_{1−1/p}(L^p(IR^2) : T ) ⋂ C([0, ∞[: S^′(IR^2)), p =^{2q}_{2−q} , for each T > 0.

iv) w(t) = u(t) − u_0(t) ∈ C_{(k−1)/2+d/2(1−1/q)−θ(2p/(p+2))}(L^p(IR^2) : T ), T > 0, for all 2 < p ≤ ∞, where u_0(t) = e^{tν△}a − ∫ t 0 e^{(t−τ )△}G(τ )dτ . Remark 2. We stress that the methods used in the proofs of the results on the Cauchy problem for (NS) and (V ) and the estimates (P OL)_q and (CD)_q will serve us in further extensions. More precisely:

i) We can show continuous dependence on the initial data and the right-hand side generalizing in particular Theorem B in [1].

ii) We can obtain local uniqueness, existence and continuous dependence results in weighted spaces when the forcing term F in (V ) belongs to C([0, ∞[: M(IR^2)).

iii) We can treat also the Euler equation with singular forcing term.

5. Strongly singular solutions

The main result in this section is the following one

Theorem 1. Let k ≥ 0. Then ζ(t) = (−△)^{k/2}δ(x) is a solution of (V ) with initial vorticity ω = (−△)^{k/2}δ(x) which clearly is radially symmetric in x ∈ IR^2. Moreover u(t) = S ∗ ζ(t) satisfies (NS) with initial velocity (−△)^{k/2}S.

Proof. Concerning (V ) it is enough to show that ∂ · (ζS ∗ ζ)(t) ≡ 0 for t > 0. (5.1) We sketch the calculations on a formal level. We note that ζ(t) ∈ L^q(IR^2), 1 ≤ q ≤ ∞ and u(t) ∈ L^p(IR^2), 2 < p < ∞ for every t > 0. Hence in view of the Hölder inequality ζ(t)u(t) ∈ L^1(IR^2). Therefore applying the Fourier transform F_{x→ξ} to (5.1) we see that (5.1) is equivalent to

û_1 ∗ ^∂_1ζ(t, ξ) + û_2 ∗ ^∂_2ζ(t, ξ) ≡ 0 for ξ ∈ IR^2, t > 0. (5.2)

We have ζ(t) = e^{t△}D^k δ, u(t) = S ∗ ζ(t) and taking into account the properties of the Fourier transform and the convolution we deduce that the left-hand side H(t, ξ) of (5.2) could be written as follows: H(t, ξ) = i(2π)^{−1} ∫ IR^2 (ξ_1η_2 − ξ_2η_1)e^{−t(|ξ−η|2+|η|2)} |η|^k |ξ − η|^2 dη. (5.3) We note that the integral above is absolutely convergent and H(t, ξ) is continuous in t > 0 and ξ ∈ IR^2. We introduce the polar coordinates η_1 = ρ cos θ, η_2 = ρ sin θ, ρ > 0, 0 ≤ θ ≤ 2π. Set a_ξ(θ) = ξ_1 cos θ + ξ_2 sin θ. Then we have

|ξ − η|^2 = ξ^2 − 2ρa_ξ(θ) + ρ^2, ξ_1η_2 − ξ_2η_1 = ρa^′_ξ(θ). Now we can rewrite H(t, ξ) as H(t, ξ) = ∫_∞ 0 (∫_2 π 0 d dθ (Q(ξ, ρ, θ))dθ ) dρ, (5.4) with Q(ξ, ρ, θ) = ρ^{k+1} ρ^2 − 2ρa_ξ(θ) + ξ^2 e^{−t(2ρ2−2ρaξ(θ)+ξ2)}. Evidently the integral in θ is zero if we integrate formally by parts since the function is 2π-periodic in θ. One can justify that this is rigorous by considering the integration with respect to ρ in |ρ − |ξ|| > ε for ε > 0 and then letting ε ↘ 0. One deals with (NS) in a similar way.

Remark 1. We can prove that the above assertion remains true if ω = (−△)^{k/2}δ_{Sr} , k ≥ 0, r > 0, with δ_{Sr} being the delta function on the circle S_r = {x ∈ IR^2 : ‖x‖ = r}. In particular, taking into account Theorem 2 in the previous section, we can show that if k < 1/2 the radially symmetric solution e^{tν△}ω is unique in C_{1−1/q}(L^q(IR^2) : ∞) ⋂ C([0, ∞[: S^′(IR^2)) for max{4/3, 1/(1 − k)} ≤ q < 2. References

[1] Ben-Artzi, M., Global solutions of two-dimensional Navier-Stokes and Euler equation, Arch. Anal. Rational Mech. 129, (1994), 329-358.

[2] Benfatto, G; Esposito, R.; Pulvirenti, M., Planar Navier-Stokes flow for singular initial data, Nonl. Anal. TMA 9, (1985), 533-545.

[3] Biagioni, H.A.; Iorio Jr., R.J., M., Generalized solutions of the Benjamin - Ono and Smith equations, J. Math. Anal. Appl. 182, (1994), 465-485.

[4] Biagioni, H.A.; Oberguggenberger, M., Generalized solutions to Burgers’ equation, J. Differential Equations, 97 (1992), 263-287.

[5] Biagioni, H.A.; Oberguggenberger M., Generalized solutions to the Korteweg - de Vries and the regularized long wave equations, SIAM J. Math. Anal. 23, (1992), 923-940.

[6] Cottet, G.-H., Équations de Navier-Stokes dans le plan avec tourbillon initial mesure, C. R. Acad. Sci. Paris, Ser. I 303, (1986), 105-108.

[7] Giga, Y.; Miyakawa, T.; Osada, H., Two-dimensional Navier-Stokes flow with measures as initial vorticity, Arch. Rational Mech. Anal. 104, (1988), 223-250.

[8] Kato, T., Strong solutions of the Navier-Stokes equation in Morrey spaces, Boletim da Sociedade Brasileira de Matemática 22, (1992), 127-155.

[9] Kato, T., The Navier-Stokes equation for an incompressible fluid in IR^2 with a measure as the initial vorticity, Diff. Int. Equations 7, (1994), 949-966.

[10] Kato, T.; Ponce, G., Well-posedness of the Euler and Navier-Stokes equations in the Lebesgue spaces L^p_s(IR^2), Revista Matemática Iberoamericana 2, (1986), 73-88.

[11] Kato, T.; Ponce, G., Commutator estimates and the Euler and Navier- Stokes equations, Comm. on Pure and Appl. Math. 41, (1988), 891-907.

[12] Kato, T.; Ponce, G., The Navier-Stokes equation with weak initial data, International Mathematics Research Notes 10, (1994), 1-10.

[13] Kozono, H.; Yamazaki, M., Semilinear heat equations and the Navier- Stokes equation with distributions in new function spaces as initial data, Comm. in Partial Differential Equations 19, (1994), 959-1014.

[14] Mikhlin, S.G., On the multipliers of Fourier transforms, Dokl. Akad.

Nauk SSSR 109, (1956), 701-703.

[15] Oseen, C.W., Über Wirbelbewegung in einer reibenden Flüssigkeit, Ark.

Mat. Astr. Fys. 7, (1912), 1-13.

[16] Taylor, M., Analysis on Morrey spaces and applications to Navier-Stokes and other evolution equations, Commun. in Partial Differential Equations 17, (1992), 1407-1456.

Hebe A. Biagioni Todor Gramchev Departamento de Matemática Dipartimento di Matematica UNICAMP Università di Cagliari Caixa Postal 6065 via Ospedale 72 13081-970 Campinas - SP, Brazil 09124 Cagliari, Italy e-mail: hebe@ime.unicamp.br e-mail: todor@vaxca1.unica.it

Received November 15, 1995