AMPLE AND SPANNED VECTOR BUNDLES OF TOP CHERN NUMBER TWO ON PROJECTIVE VARIETIES

Atsushi Noma

1. Introduction

We work over an algebraically closed field k of characteristic zero. Let X be a normal projective variety of dimension n. Let E be an ample and spanned vector bundle of rank r ≥ n on X. Here E is said to be ample if the tautological line bundle OP(1) of the projective bundle P = P_X(E) is ample. And E is said to be spanned if E is generated by its global sections.

The purpose here is to classify ample and spanned vector bundles E of top Chern number two when X is a smooth projective variety of arbitrary dimension and when X is a normal Gorenstein surface: for the first case, we give only an outline of a proof here and for the details we refer the reader to [11]; for the second case, we give a proof in detail.

There are several studies on the problem of classifying ample and spanned vector bundles of small top Chern number on normal projective varieties.

In case c_n(E) = 1, Lanteri-Sommese [9] have shown that (X, E) ∼=

(P^n, OPn(1)^{⊕n}) when X is a normal surface or a Gorenstein 3-fold with only iso-

lated singularities. In the higher dimensional case, Wiśniewski [14] has shown that the same is true when X is a smooth projective variety. Fujita has pointed out that the same result for a variety X with only log terminal singularities also follows from Zhang’s result [15] together with Lanteri-Sommese’s argument in [9] (see Proposition 3.1). These results for c_n(E) = 1 have been proved in this way: if c_n(E) = 1, then the adjoint bundle K_X ⊗ det E is not nef by

Lanteri-Sommese [9], namely there is a curve C with (K_X ⊗ det E, C) < 0; hence theorems on bundles with non-nef adjoint bundles in [14] and [15] imply (X, E) ∼= (P^n, OPn(1)^{⊕n}).

In case c_2(E) = 2, the structure of (X, E) has been described explicitly when X is a smooth surface, along the idea of Ballico [1] ([10], see also [8]).

Our main results are the following:

Theorem 1.1. ([11, Theorem 1.1]). Let X be a smooth projective variety of dimension n ≥ 2, and E an ample and spanned vector bundle of rank r with r ≥ n and c_n(E) = 2 on X. Then r = n and (X, E) is one of the following:

(1) There exists a finite morphism f X → P^n of degree 2 over a projective space P^n, and E ∼= f^∗OPn(1)^{⊕n}.

(2) (X, E) ∼= (P^n, OPn(2) ⊕ OPn(1)^{⊕n−1} ).

(3) (X, E) ∼= (Q^n, OQn(1)^{⊕n}), where Q^n is a smooth quadric hypersurface in

P^{n+1}, and OQn(1) is the hyperplane line bundle.

(4) X is isomorphic to a projective space bundle P_C(F) over an elliptic curve C with the projection π : P_C(F) → C and with the tautological line bundle

OPC(F)^{(1), and E ∼}=^{π∗E ⊗ O}PC(F)^{(1). Here F and E are indecomposable}

rank-n vector bundles of degree 1 on C.

(5) X is isomorphic to a projective space bundle P_C(F) over a hyperelliptic curve C of genus g ≥ 2 with the projection π : P_C(F) → C and with the tautological line bundle OP_{C(F)}(1), and E ∼= π^∗E ⊗ OP_{C(F)}(1). Here F and E are vector bundles of rank n on C such that the system | det F ⊗ det E| is the hyperelliptic pencil g^1_2 .

Conversely, every bundle in the all cases but (5) is ample and spanned with c_n(E) = 2.

Remark. When n = 2, the case (5) is void (see Theorem 1.2 below and [10,

Theorem 6.1 and Proposition 5.4]). When n ≥ 3, I do not know whether a bundle in the case (5) exists or not.

Theorem 1.2. Let E be an ample and spanned vector bundle of rank r ≥ 2 on a normal Gorenstein projective surface X. If c_2(E) = 2, then r = 2 and (X, E) is one of the following :

(1) There exists a finite morphism f : X → P^2 of degree 2 whose branch divisor has no double components and E ∼= f^∗OP2(1)^{⊕2}.

(2) (X, E) ∼= (P^2, OP2(1) ⊕ OP2(2)).

(3) (X, E) ∼= (Q^2, OQ2(1)^{⊕2}).

(4) (X, E) ∼= (Q^2_0, OQ2_0(1)^{⊕2}), where Q^2_0 is an (integral) quadric cone in P^3.

(5) X is isomorphic to a geometrically ruled surface P_C(F) over an elliptic curve C with the projection π : P_C(F) → C and with the tautological line bundle OP_{C(F)}(1), and E ∼= π^∗E ⊗ OP_{C(F)}(1). Here F and E are indecomposable rank-2 vector bundles of degree 1 on C.

Conversely, every bundle above is ample and spanned with c_2(E) = 2.

To prove both theorems, the essential case is rankE = dim X. In this case, an invariant sp(E) of Ballico [1] divides our situation into two cases: sp(E) = n and sp(E) > n. When sp(E) = n, Ballico’s theorem [1] and, for a smooth higher dimensional variety X, Zhang’s theorem [15] together with Lanteri-Sommese’s argument [9] imply the precise structure. When sp(E) > n, a key step is to show that the adjoint bundle K_X ⊗ det E fails to be ample. Then Fujita’s theorem [4] for smooth X, and a normal surface version of Lanteri-Maeda’s theorem for a normal Gorenstein projective surface X tell us the structure of (X, E). We pick up the bundles in our case and determine the precise structure.

Our exposition proceeds as follows. In §2, we recall the definition of Ballico’s invariant sp(E) and some results on it. In §3, we outline a proof of Theorem

1.1. In §4, we study the adjoint bundle of an ample and spanned vector bundle on a normal Gorenstein projective surface. In §5, we give a proof of Theorem 1.2.

I would like to thank the organizers of the XIV-th Brazilian Algebra Meeting, especially, Professors, Arnaldo Garcia, Abramo Hefez, and Eduardo Esteves. Thanks also go to Instituto de Matemática Pure e Aplicada for support during my stay at IMPA.

2. Ballico’s invariant sp(E)

In this section, we recall the definition of the invariant sp(E) of Ballico [1] (see also [10]).

Let X be a normal projective variety of dimension n, and E a spanned vector bundle of rank n with c_n(E) > 0 on X. By |E| we denote P(H^0(X, E)^∨) = (H^0(X, E) \ {0})/k^∗ and by [t] the point of |E| corresponding to t ≠ 0 ∈ H^0(X, E). We consider the family of zeros F = {([t], p) ∈ |E| × X; t(p) = 0}, the projective space bundle P_X(F_E) associated with the vector bundle F_E whose dual bundle is the kernel of the evaluation map ev : H^0(X, E) ⊗ O_X → E. Hence we get the following diagram: |E| × X ⊃ F^Ψ→ X ϕ ↓ |E|. (2.1)

Here Φ : F → |E| and Ψ : F → X denote the first and second projections. Then Φ is a finite flat morphism of degree c_n(E) over a dense and open subset

|E|_{reg} := {[t] ∈ |E|; dim(t)_0= 0 and (t)_0 is on the Cohen-Macaulay locus of X}.

Thus we have a morphism τ : |E|_{reg} → Hilb^{cn(E)}_X by the universality of the Hilbert scheme Hilb^{cn(E)}_X of c_n(E) points in X. By considering the norm morphism ν : Hilb^{cn(E)}_X → S^{cn(E)}(X), we also have a morphism ρ = ν ∘τ : |E|_{reg} → S^{cn(E)}(X) to the c_n(E)th symmetric product of X.

Then we define sp(E) by

sp(E) = dim τ (|E|_{reg}).

Since ν is isomorphic over the open subset parameterizing distinct smooth c_n(E) points of X, we have sp(E) = dim ρ(|E|_{reg}). Hence this invariant is Ballico’s in [1]. By definition, we have n ≤ sp(E) ≤ n · c_n(E). By [10, Proposition 1.1], for every [t] ∈ |E|_{reg}, the fibre τ^{−1}(τ ([t])) of τ over τ ([t]) is |E ⊗ I_{(t)0} | ∩ |E|_{reg}, where |E ⊗ I_{(t)0} | := P(H^0(X, E ⊗ I_{(t)0} )^∨) ⊆ |E|. Hence, for a general section t ∈ H^0(X, E), it holds that

sp(E) = dim_k H^0(X, E) − dim_k H^0(X, E ⊗ I_{(t)0} ). (2.2)

If sp(E) = n and if E is ample, the finite morphism from X to the Grassmann of n-quotients associated with the evaluation map H^0(X, E) ⊗ O_X → E maps (t)_0 to one point. Thus we have the following proposition.

Proposition 2.3 (Ballico [1, Theorem 4.1], see also [11, Proposition 4.1]). Let E be an ample and spanned vector bundle of rank n on a normal projective variety X of dimension n. Assume that sp(E) = n. Then there exist an ample and spanned vector bundle E^′ of rank n with c_n(E^′) = 1 on a normal projective variety X^′ of dimension n, and a finite morphism f : X → X^′ of degree c_n(E) such that E ∼= f^∗(E^′). Moreover if n = 2, then X^′ ∼= P^2 and E^′ ∼= OP2(1)^{⊕2}.

3. Outline of proof of Theorem 1.1

Now we outline a proof of Theorem 1.1. First we assume that r = n. In view of Ballico’s invariant sp(E), we divide the proof into two cases; sp(E) = n and sp(E) > n.

If sp(E) = n, by Proposition 2.3, X has a double cover f : X → X^′ over a normal projective variety X^′ of dimension n and E is the pull-back of an ample and spanned vector bundle E^′ with c_n(E^′) = 1 on X^′. Since X and X^′ are normal and deg f = 2, there exists the involution ι on X such that the quotient X/⟨ι⟩ is X^′, and hence, X^′ has only log terminal singularities. Thus by the following Proposition, which is a consequence of Zhang’s Theorem [15, Theorem 1] along with Lanteri-Sommese’s argument [9], we have X^′ ∼= P^n and E^′ ∼= OPn(1)^{⊕n}; this is the case (1). (The above argument determining the structure of (X^′, E^′) is due to Fujita).

Proposition 3.1 (See [11, Proposition 5.1]). Let X be a projective variety of dimension n with only log terminal singularities and E an ample and spanned vector bundle of rank n with c_n(E) = 1 on X. Then (X, E) ∼= (P^n, OPn(1)^{⊕n}).

If sp(E) > n, for a general point p ∈ X and a general line ℓ ⊂ |E ⊗ I_{{p}}|, C := {q ∈ X|{p, q} = (t)_0 for some t ∈ ℓ ∩ |E|_{reg}} is a complete curve on X, where ¯· denotes the closure. Assume that ℓ ⊂ |E|_{reg}. (∗) Then we have (K_X ⊗ det E, C) ≤ 0: Indeed, Φ is a double cover over ℓ, and hence Φ^{−1}(ℓ) = ℓ × {p} ∪ ℓ̃, where ℓ̃ := {(q, t) ∈ F |t ∈ ℓ, (t)_0 = {p, q}}. Note that Φ(ℓ̃) = C. Thus for the canonical line bundle K_F of F , we have (K_F , ℓ̃) = (K_F , ℓ × {p}). On the other hand, (O_F (1), ℓ̃) = (O_{|E|}(1), ℓ) = (O_F (1), ℓ × {p}). Since K_F ∼= Ψ^∗(K_X ⊗ det E) ⊗ O_F (−N + n − 1), we have (Ψ^∗(K_X ⊗ det E), ℓ̃) = (Ψ^∗(K_X ⊗ det E), ℓ × {p}). Since the right hand side is zero, we have (K_X ⊗ det E, C) = (Ψ^∗(K_X ⊗ det E), ℓ̃) = 0 by the projection formula.

Unfortunately, the assumption (*) above is not true in general (for example, the case (4) in Theorem 1.1): namely, Φ has a positive dimensional fibre on ℓ even if p ∈ X and ℓ ⊂ |E ⊗ I_{{p}}| are general, hence we cannot apply the above argument directly. But we can modify it so that we have the following proposition (see [11, Proposition 7.1] for the details).

Proposition 3.2. Let X be a normal projective variety of dimension n and E a spanned vector bundle of rank n with c_n(E) = 2 on X. Assume that sp(E) > n and that X is Gorenstein. Then there exists a projective integral curve C on

X through a general point of X such that (K_X ⊗ det E, C) ≤ 0. In particular, K_X ⊗ det E is not ample.

Therefore the adjoint bundle K_X ⊗ det E is not ample if sp(E) > n. Hence by Fujita’s theorem [4], the following three cases fit our situation:

(a) (X, E) ∼= (P^n, OPn(2) ⊕ OPn(1)^{⊕n−1} );

(b) (X, E) ∼= (Q^n, OQn(1)^{⊕n});

(c) There exist vector bundles F and E of rank n on a smooth projective curve C, such that X is isomorphic to a projective space bundle P_C(F) over C with the projection π : P_C(F) → C and with the tautological line bundle

OPC(F)^{(1), and E ∼}=^{π∗E ⊗ O}PC(F)^{(1).}

The cases (a) and (b) correspond to (2) and (3) respectively. If the case is (c), we have (4) if g(C) ≤ 1 and (5) if g(C) ≥ 2, and conversely, we can check that the bundles but in (5) are ample and spanned with c_n(E) = 2. (For the details, see [11, §8]).

To complete our proof, we have to show that there is no bundle when r > n, by using a standard argument (see, [8], [11]): If r > n, by Serre’s lemma, we have an exact sequence of vector bundles 0 → O^{⊕r−n}_X → E → E^′ → 0, since E is spanned. Then E^′ is an ample and spanned vector bundle of rank n with c_n(E) = 2. By Theorem 1.1 for r = n, we easily check in each case that H^1(X, E^{′∨}) = 0. Therefore the exact sequence above is split in each case. This contradicts the ampleness of E. This completes the proof of Theorem 1.1.

4. The adjoint bundle of an ample and spanned bundle on a normal surface

To prove Theorem 1.2, we need the following proposition.

Proposition 4.1 (Normal surface version of Theorem of Lanteri-Maeda [7]). Let E be an ample and spanned vector bundle of rank r ≥ 2 on a normal projective surface X. Then the adjoint system |K_X ⊗ det E| on the Gorenstein locus Gor(X) of X has no base points on Gor(X) unless (X, E) ∼= (P^2, OP2(1)^{⊕2}).

Before proving Proposition 4.1, we need the following three lemmas.

Lemma 4.2. Let E be an ample and spanned vector bundle of rank r ≥ 2 on a projective curve C. Then E contains a subline bundle of degree ≥ 1 and hence deg(E) ≥ r.

Proof. See [7, Lemma 2]. 2 Lemma 4.3. Let E be an ample and spanned vector bundle of rank r ≥ 2 on a Gorenstein projective surface X. Assume that K_X ⊗ det E ∼= O_X. Then (X, E) is isomorphic to one of the following.

(1) (P^2, OP2(1) ⊕ OP2(2)).

(2) (P^2, TP2), where TP2 is the tangent bundle of P^2.

(3) (P^2, OP2(1)^{⊕3}).

(4) (Q^2, OQ2(1)^{⊕2}) where Q^2 is a smooth quadric surface in P^3.

(5) (Q^2_0, OQ2_0(1)^{⊕2}) where Q^2_0 is an (integral) quadric cone in P^3.

Proof. By the assumption, X is a normal Del Pezzo surface (See Brenton [2], Hidaka-Watanabe [6]). Set L = det E. Let π : fX → X be the minimal resolution. If fX is non-rational, by [6, Theorem 2.2], fX is a geometrically ruled surface p : P_C(O_C ⊕L) → C over an elliptic curve C, where deg(L) > 0. And X is obtained by contracting the minimal section C_0, and K e_X ⊗ O e_X(C_0) = π^∗K_X . Since K e_X = O e_X (−2C_0) ⊗ p^∗L^{−1}, we have π^∗L = π^∗K^{−1}_X = O e_X(C_0) ⊗ p^∗L. Hence for x ∈ C, we have π^∗L · p^{−1}(x) = 1. By (4.2), this is a contradiction.

Thus fX is rational. By [6, Theorem 3.4], X has only rational double points as singularities, and hence K e_X = π^∗K_X = π^∗L^{−1}. By (4.2), fX has no (−1)-curve. By [6, Theorem 3.4] again, X ∼= P^2, X ∼= Q^2, or X ∼= Q^2_0.

When X ∼= P^2, we have L ∼= OP2(3), and r = 2 or 3, by (4.2). If r = 2, by a theorem of van de Ven [13], (X, E) ∼= (P^2, OP2(1) ⊕ OP2(2)) or (P^2, TP2), which is the case (1) or (2). If r = 3, by uniformity, (X, E) ∼= (P^2, O(1)^{⊕3}), which is the case (3).

When X ∼= Q^2, we have L = K^{−1}_X = OQ2(2). For every fibre f ∼= P^1 of the projection p : Q^2 ∼= P^1 × P^1 → P^1, we have L|f ∼= OP1(2) and hence E|f ∼= OP1(1)^{⊕2} by ampleness. Thus p_∗(E ⊗ OQ2(−1)) is locally free of rank 2 on P^1 and E ⊗ OQ2(−1) ∼= p^∗(p_∗(E ⊗ OQ2(−1))) by Grauert’s theorem ([5, ch. III, Corollary 12.9]). Hence E is the direct sum of ample line bundles with det E ∼= OQ2(2). Therefore we have (X, E) ∼= (Q^2, OQ2(1)^{⊕2}), which is the case (4).

When X ∼= Q^2_0, we have fX ∼= F_2 := PP1(OP1 ⊕ OP1(−2)) and π : fX → X is the contraction of the minimal section C_0. Let p : fX = F_2 → P^1 be the projection. Since every fibre f of p is not mapped to a point by π, π^∗E|f is ample and spanned. Since π^∗L = π^∗K^{−1}_X = K^{−1}e_X = O(2C_0 + 4f), we have π^∗E|f ∼= OP1(1)^{⊕2}. Thus π^∗E ∼= O(C_0 + af) ⊕ O(C_0 + bf) with a + b = 4 by Grauert’s theorem. Since π^∗(E) is spanned, a = b = 2. Since O e_X (C_0 + 2f) ∼= π^∗OQ2_0(1), we have (X, E) ∼= (Q^2_0, OQ2_0(1)^{⊕2}), which is the case (5). 2 Lemma 4.4. Let E be an ample and spanned vector bundle of rank r ≥ 2 on a normal projective surface X. Then c^2_1(E) − c_2(E) ≥ 3 holds.

Proof. By considering an exact sequence of vector bundles 0 → O^{⊕(r−2)}_X → E → E^{′′} → 0 for r ≥ 3, we may assume that r = 2. Set L = det E. Let t ∈ H^0(X, E) be a general section so that the Koszul sequence 0 → O_X → E → L ⊗ I_{(t)0} → 0 is exact and (t)_0 is a set of smooth c_2(E) points. And

f_{X := Proj(⊕n≥0I}n_{(t)0 ) is the blowing-up of (t)0 with the projection π :} f_{X → X}

and with the exceptional Cartier divisor A defined by the ideal π^{−1}I_{(t)0}O e_X . Let

ι : f_{X →} P_{X(E) be the inclusion corresponding to E → L ⊗ I(t)0 . Set O} e_{X(1) =}

OP(1)| fX. Then O e_X(1) = π^∗L ⊗ O e_X(−A) and O e_X(1)^2 = c^21(E) − c2(E) > 0. We

have to show that O e_X(1)^2 = 1, 2 do not occur.

If O e_X(1)^2 = 1, since O e_X (1) is ample and spanned, then the Δ-genus

Δ( f_{X, O} e_{X(1)) := O} e_{X(1)}2_{+ 2 − h}0_( f_{X, O} e_{X (1)) = 0 (see [3, (4.2)]), and hence} ( f_{X, O} e_{X (1))} ∼_{= (}P2_{, O}2_{P(1)) by [3, (5.10) and (5.15)]. This contradicts the mini-}

mality of P^2.

If O e_X (1)^2 = 2, then Δ( fX, O e_X(1)) = 0 or 1. If Δ( fX, O e_X(1)) = 0, fX is isomorphic to an integral quadric surface in P^3, which has no (−1)-curve supported on the nonsingular locus, contradiction. If Δ( fX, O e_X(1)) = 1, then h^0( fX, O e_X(1)) = 3, so ψ = ϕ_{|O} e_{X(1)|} : fX → P^2 is a flat morphism of degree 2, since fX is normal of dim fX = 2. Hence fX is of the form SpecP2(OP2 ⊕

OP^{2(−g − 1)) for the sectional genus g = g(} f^{X, O} e_X^{(1)) as a scheme over} P^{2 (see}

[3, p.49, (6.11) and (6.12)]). In particular, fX is Gorenstein with the canonical line bundle K e_X = O e_X(g − 2). Since π is an isomorphism around the singular points, X is also Gorenstein. So P_X(E) is Gorenstein with the canonical line bundle KP= OP(−2) ⊗ π^∗(K_X ⊗ det E). Since fX ∈ |OP(1)|, by the adjunction formula, we also have K e_X = π^∗K_X ⊗ O e_X(A). Calculating the intersection number K e_X · A by using the two expression of K e_X , we have −c_2(E) = (g − 2)c_2(E) and hence g = 1. Thus π^∗L^{−1} ⊗ O e_X(A) = O e_X(−1) = K e_X = π^∗K_X ⊗ O e_X(A). Hence K_X ⊗ L ∼= O_X. But, by (4.3), we have O e_X (1)^2 = c^2_1(E) − c_2(E) > 2, contradiction. Thus we have the claim. 2 Proof of Proposition 4.1. Set L = det E. As in (4.4), we may assume that r = 2. Note that c_2(E) > 0 since E is ample and spanned. If c_2(E) = 1, then by [9, Theorem 1], (X, E) ∼= (P^2, OP2(1)^{⊕2}). If c_2(E) ≥ 2, then c^2_1(E) ≥ 5 by (4.4). Suppose to the contrary that |K_X ⊗ det E| has a base point in Gor(X). By Reider-type-Theorem of Sakai [12, Theorem 4], there exists a nonzero effective divisor B on X such that B.L ≤ 1. This contradicts the ampleness and spannedness of E by (4.2). 2 5. Proof of Theorem 1.2

Now we prove Theorem 1.2. If E is ample and spanned with c_n(E) = 2, and if rankE = 2, as in the proof of Theorem 1.1, we divide the proof into two cases, sp(E) = 2 and sp(E) > 2.

When sp(E) = 2, by (2.3), there exists a finite morphism f : X → P^2 of degree 2 and E ∼= f^∗(OP2(1)^{⊕2}), i.e., this is the case (1). Note that the condition on the branch divisor is a necessary and sufficient condition for a double cover X to be integral and normal.

Next we assume that sp(E) > 2. By (4.1), φ = ϕ_{|KX⊗det E|} : X → P(H^0(K_X ⊗ det E)) is a morphism defined everywhere on X. By (3.2), we have dim φ(X) = 0, 1. If φ(X) is a point, then K_X ⊗ det E ∼= O_X. By (4.3), the case (2), (3) or (4) occurs. If φ(X) = C^′ is an integral curve, we take Stein factorization π : X → C and C → C^′ of φ : X → C^′. Then C is a nonsingular projective curve, and π is a flat morphism of connected fibres, and K_X ⊗ det E is the pullback of a line bundle on C. Since a general fibre f is smooth and irreducible and since

deg K_f = (K_X + f) · f = K_X · f = − det E · f ≤ −2,

we have f ∼= P^1. By the theorem of Noether-Enriques, X is ruled. Since deg(K_X |π^{−1}(x)) = −2, we have deg(det E|π^{−1}(x)) = 2 for every x ∈ C. By (4.2), every fibre π^{−1}(x) is irreducible and reduced. Since π is flat, we have π^{−1}(x) ∼= P^1. Therefore X is a (smooth) geometrically ruled surface over C. Thus by [10, Theorem 6.1] (see also [10, Proposition 5.4]), we have (5).

As in Theorem 1.1, there is no bundle with r > 2. Conversely every bundle in the cases is ample and spanned with c_2(E) = 2 as in [10] (see also [11]). This completes the proof of Theorem 1.2.

References

[1] Ballico. E., Rank-2 vector bundles with many sections and low c_2 on a surface, Geom. Dedicata 29 (1989), 109-124.

[2] Brenton, L., On singular complex surfaces with negative canonical bundle, with applications to singular compactifications of C^2 and to 3-dimensional rational singularities, Math. Ann. 248 (1980), 117–124.

[3] Fujita, T., Classification theories of polarized varieties, London Math. Soc.

Lecture Note Ser. Vol. 155 (1990).

[4] Fujita, T., On adjoint bundles of ample vector bundles, Complex Algebraic Varieties, Proceedings, Bayreuth 1990, (K. Hulek et al., eds.), Lecture Notes in Math. 1507, Springer-Verlag (1992), 105–112.

[5] Hartshorne, R., Algebraic Geometry, Graduate Texts in Math. 52 Springer- Verlag, Berlin/New York (1977).

[6] Hidaka, F., and Watanabe, K.-i., Normal Gorenstein surfaces with ample anti-canonical divisor, Tokyo J. Math. 4 (1981), 319–330.

[7] Lanteri, A. and Maeda, H., Adjoint bundles of ample and spanned vector bundles on algebraic surfaces, J. Reine Angew. Math. 433 (1992) 181-199.

[8] Lanteri, A., and Russo, F., A footnote to a paper by Noma, Rend. Mat.

Acc. Lincei S. 9 (4) (1993), 131–132.

[9] Lanteri, A., and Sommese, A. J., A vector bundle characterization of P^n, Abh. Math. Sem. Univ. Hamburg 58 (1988), 89–94.

[10] Noma, A., Classification of rank-two ample and spanned vector bundles on surfaces whose zero loci consist of general points, Transactions Amer. Math. Soc. 342 (2) (1994), 867-894.

[11] Noma, A., ample and spanned vector bundle of top chern number two on smooth projective varieties, Proc. Amer. Math. Soc. 126 (1) (1998), 35-43.

[12] Sakai, F., Reider-Serrano’s method on normal surfaces, Algebraic Geometry, Proceedings, (L’Aquila 1988) Lecture Notes in Math. 1417, Springer- Verlag, (1990) 301–319.

[13] Van de Ven, A., On uniform vector bundles, Math. Ann. 195 (1972), 245-248.

[14] Wiśniewski, A., Length of extremal rays and generalized adjunction, Math.

Z. 200 (1989), 409–427.

[15] Zhang, Q., Ample vector bundles on singular varieties II, Math. Ann. 307 (1995), 505–509.

Department of Mathematics Faculty of Education and Human Sciences Yokohama National University Tokiwadai, Hodogaya, Yokohama 240-8501 Japan E-mail: noma@ms.ed.ynu.ac.jp