UNIQUENESS THEOREM AND EXACT BOUNDARY CONTROLLABILITY FOR A CLASS OF

DISTRIBUTED SYSTEMS

Boris V. Kapitonov^� Joel S. Souza^y

Abstract

Este paper apresenta resultados de unicidade e controlabilidade exata na fronteira para uma classe geral de sistemas lineares do tipo de Schrödinger. Demonstra-se, primeiramente, um resultado de observabilidade (Desigualdade Inversa via o método HUM) para o sistema homogêneo associado, para um tempo (explícito) suficientemente grande. Estabelece-se também a desigualdade direta para este sistema. Estas desigualdades são obtidas pelo método dos multiplicadores de Lagrange. Utilizando-se estas duas desigualdades e aplicando-se o método HUM, demonstra-se a controlabilidade exata no espaço natural associado ao sistema.

1. Introduction and Problem Formulation

Throughout this paper Ω is an open bounded domain in R^n with sufficiently smooth boundary Γ = ∂Ω. We denote by Γ_0 = Γ_0(x^0) the part of Γ for which the following inequality is satisfied: (x − x^0, ν(x)) > 0, where ν(x) is the unit outer normal, x^0 is a point in R^n, and (·, ·) is the inner product in R^n. We assign Γ_1 = Γ \ Γ_0.

In the cylinder Ω×]0, T [, T > 0, we consider the following initial boundary value problem that generalizes the Schrödinger equation:

�Supported by the Russian Fund of Fundamental Research, project 94-01-0078 and by CNPq, project 380504/98-7

ySupported by CNPq grant Proc. 20.0692/97.6, Brazil

i ∂u ∂t + (−1)^ℓ ∑ p,q ∂^ℓ ∂x_{p1} . . . ∂x_{pℓ} ( A^{pq} ∂^ℓu ∂x_{q1} . . . ∂x_{qℓ} ) + Q(x)u = 0, u(x, 0) = φ(x), in Ω, D^α_x u = 0, on ∑ = Γ×]0, T [, |α| = |(α_1, . . . , α_n)| ≤ ℓ − 1, (1)

where u = (u^1, . . . , u^m), u^κ = u^κ(x, t), A^{pq} = (A^{qp})^∗ and Q(x) = Q^∗(x) are square matrices of order m with real entries, and the summation goes over all possible collections p = (p_1, . . . , p_ℓ) and q = (q_1, . . . , q_ℓ), p_κ, q_r ∈ {1, . . . , n}. We assume that Q(x) ≥ 0, Q(x) ∈ [C^1(Ω)]^{m2} , and ∑ p,q A^{pq}ζ_q · ζ_p ≥ C_0 ∑ p |ζ_p|^2, C_0 > 0.

Here ζ_p = (ζ^1_p , . . . , ζ^m_p ) is an arbitrary, complex-valued vector whose components depend on the collections p = (p_1, . . . , p_ℓ), |ζ_p|^2 = |ζ^1_p |^2 + · · · + |ζ^m_p |^2, and the dot is the inner product of vectors:

ζ_p · ζ_q = ζ^1_p ζ^1_q + · · · + ζ^m_p ζ^m_q .

Our main purpose is to study the following exact controllability problem: Given the initial state φ(x), time T > 0, and a desired terminal state ψ(x), with φ(x) and ψ(x) in appropriate function spaces, find a vector-valued function p(x, t) in a suitable function space such that the solution of (1)_1–(1)_2 with the boundary condition

∂^κu ∂ν^κ | | | | | ∑ = 0, κ = 0, 1 . . . ℓ − 2, ∂^{ℓ−1}u ∂ν^{ℓ−1} | | | | |∑_1 = 0, ∂^{ℓ−1}u ∂ν^{ℓ−1} | | | | |∑_0 = p(x, t), (2)

satisfies: u(x, T, p) = ψ(x). (3) Since the system is linear, it is equivalent to seeking controls which cause the system to rest.

Several approaches are known to solving the problem of exact boundary controllability. One of them is based on Russell’s controllability via stabilizability principle (cf. [13]). Another method (the Hilbert uniqueness method), introduced by J. L. Lions (cf. [7] and [8]), is based on the construction of appropriate Hilbert space structures on the space of initial data. These Hilbert structures are connected with uniqueness properties.

In this paper, the controllability problem (1)_1–(1)_2, (2)–(3) is solved using the HUM.

For some results of the general theory of exact boundary control, we can cite the works of J. Lagnese, in that he studies the exact boundary controllability of Maxwell’s equations in a general region (cf. [5]), and the works of B. V. Kapitonov (cf. [3] and [4]). For specific results of the exact controllability theory applied to the Schrödinger equation, we can cite the work of E. Machtyngier, where she studies the exact controllability and the boundary stabilization for the Schrödinger equation (cf. [9]); the work of C. Fabre, where she studies the exact internal controllability for the Schrödinger equation (cf. [2]); the works of M. Milla Miranda and L. A. Medeiros (cf. [11] and [10], and finally the work of G. Lebeau (cf. [6]).

2. Well-Posedness of (1)

Let H be the Hilbert space consisting of u(x) ∈ [H^ℓ_0(Ω)]^m, with the inner product:

(u, v)_0 = ∫ Ω ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pvdx + ∫ Ω Q(x)u · vdx, where D^ℓ_pu = ∂^ℓu ∂x_{p1} . . . ∂x_{pℓ} , p = (p_1, . . . , p_ℓ), p_κ ∈ {1, . . . , n}.

In addition, below we use the notation:

D^i_qu = ∂^iu ∂x_{q1} . . . ∂x_{qi} , D^{ℓ−i}_q u = ∂^{ℓ−i}u ∂x_{qi+1} . . . ∂x_{qℓ} , (i ≤ ℓ), and Au = (−1)^ℓ ∑ p,q D^ℓ_p(A^{pq}D^ℓ_qu). In H, we define the unbounded operator B: D(B) = {u ∈ H; A⊓ ∈ H}, Bu = i Au + i Q(x)u, for u ∈ D(B). We remark that H = [H^ℓ_′ (Ω)]^⇕.

The following lemma is demonstrated in a standard way.

Lemma 2.1. The operator B is skew-self-adjoint.

From Stone’s theorem, it follows that the operator B generates a oneparameter group of unitary operators U(t) in H. Moreover, U(t) is strongly continuous in t and U(t)φ is strongly differentiable with respect to t for φ ∈ D(B). Furthermore, d dt U(t)φ = BU(t)φ, and ‖U(t)φ‖^2_0 = ‖φ‖^2_0, ∀t ∈ R, and U(t) takes D(B) over D(B) and commutes with B.

It then follows that u(x, t) = U(t)φ is the unique solution of the mixed problem (1) for φ ∈ D(B), and has the following regularity:

u ∈ C^0([0, T ]; D(B)) ∩ C^1([0, T ]; H).

3. Uniqueness Theorem

The proof of uniqueness is based on the invariance of the system (1)_1, without potential (Q(x) ≡ 0) relative to the one-parameter group of dilations in all

UNIQUENESS THEOREM AND EXACT BOUNDARY 161

variables. This property leads to the identity

2Re {( ℓu_t + (x − x^0, ∇)u + n 2 u ) · [ iu_t + (−1)^ℓD^ℓ_p(A^{pq}D^ℓ_qu) + Q(x)u ]} (4) = ∂ ∂t [ 2ℓt ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u ) + Im u · (x − x^0, ∇)u ]

− ∂ ∂x_κ [ −(x_κ − x^0_κ) ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u + Im u_t · u )]

−(−1)^ℓ ∑ p,q ℓ∑ σ=1 (−1)^σ ∂ ∂x_{pσ} [ 2Re ( D^{σ−1}_p (x_κ − x^0_κ)u_{xκ} + 2ℓtD^{σ−1}_p u_t + n 2 D^{σ−1}_p u ) · D^{ℓ−σ}_p (A^{pq}D^ℓ_qu) ] − [ (x_κ − x^0_κ)Q_{xκ} u · u + 2ℓQ(x)u · u ] .

Let u(x, t) be a solution of (1). It is easy to verify that ∫ Ω |u(x, t)|^2dx = ∫ Ω |φ(x)|^2dx, t ≥ 0, (5) and ∫ Ω ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Qu · u ) dx (6) = ∫ Ω ( ∑ p,q A^{p,q}D^ℓ_pφ · D^ℓ_pφ + Qφ · φ ) dx, t ≥ 0. The integration of (4) over Ω × (0, T ) gives us T ∫ Ω [ 2ℓ ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u )] | | | | t=T dx (7) + ∫ Ω Im u · (x − x^0, ∇)u | | | | t=T dx − ∫ Ω Im φ · (x − x^0, ∇)φ dx − ∫ T 0 ∫ Ω [ (x_κ − x^0_κ)Q_{xκ} u · u + 2ℓQ(x)u · u ] dx dt − ∫ T 0 ∫ Γ1 (x − x^0, ν) ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu dΓ dt = ∫ T 0 ∫ Γ0 (x − x^0, ν) ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu dΓ dt.

162 B. V. KAPITONOV J. S. SOUZA

Denote by C_1 the least positive constant for which ∫ Ω (|u|^2 + |∇u|^2)dx ≤ C_1 ∫ Ω ∑ p |D^ℓ_pu|^2dx, for u ∈ [H^ℓ_0(Ω)]^m.

Then we obtain the estimate | | | | ∫ Ω Im u · (x − x^0, ∇)u dx | | | | t=T t−0 ≤ R C_1 C_0 ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u ) dx, where R = max_{x∈Ω} |x − x^0|.

Thus, (7) implies the inequality ( 2ℓT − R C_1 C_0 ) ∫ Ω ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Qu · u ) dx (8) ≤ ∫ T 0 ∫ Ω [ (x_κ − x^0_κ)Q_{xκ}u · u + 2ℓQu · u ] dx + ∫ T 0 ∫ Γ0 (x − x^0, ν) ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_qu dΓ dt. Let us assume that Q(x) satisfies the following assumption:

(i) (x_κ − x^0_κ)Q_{xκ}ζ · ζ + μQζ · ζ ≤ 0, ζ = (ζ_1, . . . , ζ^m) ∈ C^m , for some 0 < μ < 1,

In view of this assumption, the inequality (8) gives us the estimate: ( T μ − R C_1 C_0 ) ∫ Ω ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u ) dx (9) ≤ R ∫ T 0 ∫ Γ0 ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu dΓ dt. We arrive at the following assertion:

Theorem 3.1. Suppose that the matrices A^{pq} and Q satisfy the assumption made earlier. Let a vector function u(x, t) satisfying the following conditions:

i ∂u ∂t + Au + Q(x)u = 0, in Ω×]0, T [, u, ∂u ∂ν , · · · , ∂^{ℓ−1}u ∂ν^{ℓ−1} = 0, on Γ×]0, T [, ∂^ℓu ∂ν^ℓ = 0, on Γ_0×]0, T [.

If T > T_0 = R^{C1}_{μC0} , then u(x, t) ≡ 0, for (x, t) ∈ Ω×]0, T [.

Proof. It suffices to observe that ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_qu = ∑ p,q A^{pq}ν_{q1} · · · ν_{qℓ} ∂^ℓu ∂ν^ℓ · ν_{p1} . . . ν_{pℓ} ∂^ℓu ∂ν^ℓ , since u(x, t) vanishes on Γ_0 together with the normal derivatives up to order ℓ. 2 Another consequence of (9) or Theorem 3.1 is the following assertion: for T > T_0, the expression (∫ T 0 ∫ Γ0 ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu dΓ dt ) 1_2

(10)

determines a norm on the set φ(x) of the initial data (in (10), u(x, t) is the solution of (1) with initial data φ(x)).

Denote by F the Hilbert space resulting from completion of the set of the functions φ(x) ∈ D(B) in norm (10). By virtue of the inequality (9), we have F ⊂ [H^ℓ_′ (Ω)]^⇕.

The following inequality for the solutions of (1) can be obtained by analogy with the inference of (9) by replacing the operator (x − x^0, ∇) by (∇φ, ∇) in the identity (4). We choose the function φ = φ(x) as follows: φ ∈ C^{ℓ+1}(Ω) and ∂φ ∂ν ≥ σ > 0, for x ∈ Γ. From the corresponding integral identity, we obtain the inequality ∫ T 0 ∫ Γ0 ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pudΓ dt ≤ ∫ Ω ( ∑ p,q A^{pq}D^ℓ_qu · D^ℓ_pu + Q(x)u · u ) dx dt.

Thus, F = [H^ℓ_′ (Ω)]^⇕ and the following scalar product is defined over the space [H^ℓ_0(Ω)]^m: (φ, ψ)_F = ∫ T 0 ∫ Γ0 ∑ p,q A^{pq}D^ℓ_pu · D^ℓ_qv dΓ dt, where T > T_0, u is the solution of (1), and v is the solution of (1) with the initial data ψ(x).

4. Exact Controllability

We consider the homogeneous mixed problem:

iv_t + Av + Q(x)v = 0, in Ω×]0, T [, ∂^κv ∂ν^κ = 0, κ = 0, . . . , ℓ − 1, in ∑ = Γ×]0, t[, v(x, 0) = ψ(x), in Ω. (11)

From this problem, we resolve the following non-homogeneous retrograde problem:

iw_t + Aw + Q(x)w = 0, in Ω×]0, T [, ∂^κw ∂ν^κ | | | |∑_{=Γ×]0} ,T [ = 0, κ = 0, . . . , ℓ − 2; ∂^{ℓ−1}w ∂ν^{ℓ−1} | | | |∑ 1=Γ1×]0,T [

= 0, ∂^{ℓ−1}w ∂ν^{ℓ−1} | | | | |∑_{0=Γ0×]0} ,T [ = ∂^ℓv ∂ν^ℓ | | | | |∑_0 , w(x, T ) = 0, in Ω,

(12)

and, with the solution w = w(x, t) of (12), we define the application: Λψ = iw(0). The following identity can be verified by direct computations: ∫ Ω ψ(x) · iw(x, 0)dx = ∫ T 0 ∫ Γ0 ∑ p,q A^{pq}D^ℓ_qv · ν_{p1} . . . ν_{pℓ} ∂^{ℓ−1}w ∂ν^{ℓ−1} dΓ dt.

Taking^{∂ℓ}

�1_w

∂ν^ℓ�^1 = ∂^ℓv ∂ν^ℓ , on ∑ 0 = Γ_0×]0, T [, we get:

⟨Λψ, ψ⟩_F0_{,F} = ‖ψ‖^2_F = ‖ψ‖^2_{[H}ℓ_{0(Ω)]}m , for T > T_0.

Consequently, the operator Λ is an isomorphism of the space [H^ℓ_0(Ω)]^m onto the dual space [H^{−ℓ}(Ω)]^m.

Consider the following control problem: Let φ(x) ∈ [H^{−ℓ}(Ω)]^m be an arbitrary initial data of the problem

iu_t + Au + Q(x)u = 0, in Ω×]0, T [, ∂^κu ∂ν^κ | | | |∑ = 0, κ = 0, . . . , ℓ − 2; ∂^{ℓ−1}u ∂ν^{ℓ−1} | | | |∑ 1 = 0, ∂^{ℓ−1}u ∂ν^{ℓ−1} | | | | |∑_0 = p(x, t) u(x, 0) = φ(x), in Ω.

(13)

Find p(x, t) ∈ L^2(Γ_0×]0, T [) such that

u(x, T, p) = 0, in Ω (14)

for a sufficiently large T > 0.

The control p(x, t) is constructed as follows: Determine the unique solution ψ ∈ [H^ℓ_0(Ω)]^m for the equation: Λψ = iφ. Let v(x, t) be the solution of (11) with ψ = Λ^{−1}(iφ). Then we put p(x, t) =^{∂ℓv}_{∂νℓ} . It is obvious that, by choosing p(x, t), u(x, t), the solution of (13) satisfies (14).

Acknowledgements. The second author would like to express his sincere gratitude to Professor Jim Douglas, Jr., for his invitation which made it possible for him to participate in the post-doc program at Purdue University, and to

Judy Stout for her constant help. He is also grateful to the Center for Applied Mathematics of Purdue University for the optimal ambiance and facilities in the preparation of this work. Finally, the author wishes to thank the CNPq for their financial support.

References

[1] Brezis, H., Analyse Fonctionelle, (Théorie et Applications), Masson, Paris, (1983).

[2] Fabre, C., Résultat de controlabilité exacte interne pur l’équation de Schrödinger et leurs asymptotiques, Asymptotic Analysis, 5, (1992), 343–379.

[3] Kapitonov, B. V., Uniqueness theorem and exact boundary controllability of evolution systems, Sibirkiǐ Matematicheskiǐ, vol. 34, No. 5, September– October, (1993), 67–84.

[4] Kapitonov, B. V., Stabilization and exact boundary controllability for Maxwell’s equations, SIAM J. Control and Optimization, vol. 32, No. 2, March, (1994), 408–421.

[5] Lagnese, J., Exact boundary controllability of Maxwell’s equations in a general region, SIAM J. Control Optim., 27, No. 2, (1989), 374–388.

[6] Lebeau, G, Contrôle de l’équation de Schrödinger, (à paraître).

[7] Lions, J. L., Contrôlabilité exacte des systèmes distribués, C. R. ACad. Sci.

Paris, Ser. I Math., 302, (1986), 471–475.

[8] Lions, J. L., Exacte controllability, stabilization and perturbations for distributed systems, SIAM Rev., 30, No. 1, (1988), 1–68.

[9] Machtyngier, E., Contrôlabilité exacte et stabilisation frontière de l’équation de Schrödinger, C. R. Acad. Sci. Paris, 6.320, Série I, (1990), 801–806.

[10] Medeiros, L. A., Exact controllability for wave equations — HUM, IM– UFRJ, Rio de Janeiro, RJ, Brasil, 37^∘ Seminário Brasileiro de Análise, (1993).

[11] Milla Miranda, M., Medeiros, L. A., Exact controllability for Schrödinger equations in non-cylindrical domains, 41^∘ Seminário Brasileiro de Análise, UNICAMP, Campinas, SP, Brasil, (1995).

[12] Russel, D. L., Controllability and stabilization theory for linear partial differential equations, Recent progress and open questions, SIAM Rev., (1978), 639–739.

[13] Russel, D. L., The Dirichlet–Neumann boundary control problem associated with Maxwell’s equations in a cylindrical region, SIAM J. Control Optim., 24, No. 2, (1986), 199–229.

Boris V. Kapitonov Joel S. Souza Institute of Mathematics Post-Doc Program at Siberian Branch of Purdue University and Russian Academy of Sciences and LNCC UFSC Rua Getulio Vargas, 333 Trindade – Caixa Postal 476 2561-070, Petropolis, RJ, Brasil 88040-900, Florianopolis, SC, Brasil E-mail: boris@mtm.ufsc.br E-mail:jsouza@mtm.ufsc.br